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Abstract: In the present paper, we study frames associated with an operator (‘W-frames) in Krein
spaces, and we give the definition of frames associated with an operator depending on the adjoint of
the operator in the Krein space (Definition 4.1). We prove that the definition given in [A. Mohammed,
K. Samir, N. Bounader, K-frames for Krein spaces, Ann. Funct. Anal., 14 (2023), 10.], which depends
on the adjoint of the operator in the associated Hilbert space, is a consequence of our definition. We
prove that our definition is independent of the fundamental decomposition (Theorem 4.1) and that
having ‘W-frames for the Krein space necessarily gives ‘W-frames for the Hilbert spaces that compose
the Krein space (Theorem 4.4). We also prove that orthogonal projectors generate new operators with
their respective frames (Theorem 4.2). We prove an equivalence theorem for ‘W-frames (Theorem 4.3),
without depending on the fundamental symmetry as usually given in Hilbert spaces.
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1. Introduction

The frame theory for Hilbert spaces has its origin in [7] and was developed by I. Daubechies
in [4,5]. Frames can be considered as “overcomplete bases”, and their overcompleteness makes them
more flexible than orthonormal bases. They have proven to be a powerful tool, for example, in signal
processing and wavelet analysis [10].

In [8] a definition of frames for Krein spaces was established by replacing the positive definite inner
product in the definition of a frame for a Hilbert space by an indefinite inner product, and it is shown
that the theory of frames for Krein spaces and the theory of frames for associated Hilbert spaces are
analogous. GivruAfa in [9] defined K-frames in Hilbert spaces as a generalization of frames, which
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allows one to precisely reconstruct the images of a bounded linear operator on a Hilbert space. In [11]
Mohammed, Samir and Bounader defined K-frames in Krein spaces using the adjoint of the operator
on the Hilbert space associated with the Krein space and presented an equivalence result for K-frames
depending on the fundamental symmetry ( [11], Proposition 3.14).

In this paper, we give a definition (Definition 4.1) of “W-frames in Krein spaces which does not
depend directly on the adjoint of the operator in the associated Hilbert space. Instead, it depends on
the adjoint of the operator on the Krein space, and we prove that the definition given in [11] is a
consequence of ours. Following Wagner, Ferrer and Esmeral in [8], we prove that the definition given
in this investigation is independent of the fundamental decomposition and that having “W-frames for
the Krein space necessarily gives ‘W-frames for the Hilbert spaces that compose this space. We also
prove that the orthogonal projectors generate new operators with their respective associated frames.

2. Preliminaries
Theorem 2.1. [6] Let (Hy,<:,)1), (H2,{,+)2) and (H,{-,-)) be Hilbert spaces and W, € B(H,, H), W, €

B(H,, H) be bounded operators. The following statements are equivalent:

(i) R(W;) € R(W2);
(it) W\W; < W, W; for some 1> 0 ;
(iii) There exists a bounded operator X € B(H,, Hy) such that W, = W,X.

Definition 2.1. /I, 2] A space K with an indefinite inner product [-,-] that admits a fundamental
decomposition of the form

K =K'[+]K,
such that (K*,[-,-]) and (K, —[-,-]) are Hilbert spaces, is called a Krein space, which we denote
as (K, [+, D).

Definition 2.2. [1,2] Let (K, [-,-]) be a Krein space with a decomposition K = K~[+]K*, and two
operators are defined

PHK —-SK, P K— K,

naturally, respectively, for P*(x) = x* and P~(x) = x~ for all x € K, where x* € K*, x~ € K~ and
X = x" + x7. The operators P* and P~ are known as fundamental projectors.
The operator J : K — K defined by J = P — P~, that is,

Jx=P'x-Px=x"—x", forallxeK,

is called the fundamental symmetry of Krein space K.

Remark 2.1. For a Krein space with fundamental decomposition K = K~ [+1K* and a fundamental
symmetry J, from now on we will write it (K = K*[+1K,[-,-1,9).

Proposition 2.1. [1, 2] Let (K = K*[+]K",[-,-1, ) be a Krein space, and then J is invertible,
J*=19"' =9, and J is symmetric, isometric and a self-adjoint operator

AIMS Mathematics Volume 8, Issue 7, 15712—-15722.



15714

Definition 2.3. [1,2] Let (K = K*[+]1K",[-,-1,J) be a Krein space. We define the function [-, 1 :
K x K — C for

[x.ylg = [T xy], x,yeK.
This function is called the J -inner product.

Note that if we have another fundamental decomposition, then we will have another fundamental
symmetry and consequently another J-inner product.

Definition 2.4. [1,2] The fundamental symmetry J associated with Krein space (K = K*[+1K, [+, -])
induces a norm in K defined by

Ixlly := +/[x, x]g, forall x e K,
and this norm is called the J -norm of K. Explicitly,

Ixlly = ([x*, x*] =[x, x D2, forall x € K.

Remark 2.2. It defines

Ixtls = VIxtxt], x" e K" and |x7|-= +-[x",x], x € K.

From now on, the topology studied in Krein spaces will be directly related to the J-norm of K.
Theorem 2.2. [1] Let (K, [-,-]) be a Krein space and let
K =K [+1K;, K =K [+]1K;,
be two fundamental decompositions. If J, and [, are the respective fundamental symmetries, it follows
that || - ||, and || - || 4, are equivalent norms.
Theorem 2.3. [2] Let (K = K*[+1K",[-, -1, ) be a Krein space. Then, (K, [-, ‘1) is a Hilbert space.

Definition 2.5. [1] Let (K, = K [+1K[, [, 1)) and (9 = K [+1K;, [, -]») be Krein spaces. The
adjoint of the linear operator W : K, — Ko, is the unique linear operator W*! : Dom(‘W") c
K, — K such that

[Wki, kalo = [ki, Wk, forall ki € K,

ky € Dom(W™), and W*3 : Dom(W*9) c K, — K, such that
[Wkl, kz]jz = [kl, W*jkz]jl, for all kl S 7(1 and kz S DOI’I’Z(W*J).

Theorem 2.4. [I1] Let (K = K [+]K",[-,-1,T) be a Krein space and W € L(K) be a bounded
linear operator. If W' and W*J are the adjoints in the Krein and Hilbert spaces, respectively, then
whl = gwI 7.

From the above result we get W*J = IWI = JIWITT = J(IWIT = FWHT.
Lemma 2.1. /8] Let (K = K*[+1K ", [,-1,T) be a Krein space and P be an orthogonal projector that

commutes with J. Then, the spaces PK and (I — P)K are Krein spaces with fundamental symmetries
P and (I — P)J, respectively.
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Example 2.1. /8] Now, {;,(N) can also be seen as a Krein space with an inner product whose inner
J -product coincides with the usual one. In this sense we define the following mapping:

[l @) X 6N) > C, [, Bubier]y, = Y (—1'@f,,
neN
for all {a,} e, {Brtnen € C2(N). Thus, if {e,}nen is the canonical orthonormal basis of €;(N), then £,(IN)
accepts the following fundamental decomposition:

6M) = GAD+IGM),

where {5 (N) = spanie, :n € N} and t;(N) = spanf{ey,.; : n € N} with associated fundamental
symmetry

jfz : (fz(N), [ ‘]472) - (fz(N), [ ']fz) >
given by Jo,({antnen) = {(=1)"@ulnen for all {a,}nen € 6(N). Therefore, [, -1, = (-, )¢,

From now on whenever we see {,(N) as Krein space we will understand that it is endowed with a
fundamental symmetry J,, such that [, -] T, = (» )¢, An example of such is the one developed above,
and more trivial is the symmetry given by the identity operator on ¢;(N). Thus we will write £,(IN)
instead of ¢,(IN) when viewed as Krein space with such properties and the fundamental symmetry
by J¢,, to avoid confusion.

3. Frames in indefinite metric spaces

The following results were established in [8] for Wagner, Ferrer and Esmeral.

Definition 3.1. Let (K = K*[+1K ", [-,-], ) be a Krein space and N C N. A sequence {x,},cn € K
is called a frame for K if there exist constants 0 < A < B < oo such that

A < DI xd? < Bl for x e K.
neN

Definition 3.2. Let (K = K'[+I1K,[-1, J) and (£,N), [ gz, Js,) be Krein spaces, such
that [-, -] Te, coincides with the standard inner product -, -) defined in {,(N). Given a frame {x,},en for
K, the linear mapping

T M) — K, T (anha) = ) @,

neN
is called a pre-frame operator.

Remark 3.1. The adjoint of T is given by

Tk = Te, {1k, X }pert) »  fork € K.
In fact, for all {a,},en € £,(N) and k € K, we have

[T (@ }nerr) . k] = [Z WX, ] = > lenxn kl = )" el kl = ) ek x,]

neN neN neN neN

= <{a’n}neN ) {[k’ xn]}neN>t’2 = [{a’n}neN ’ j£2 ({[k, xn]}neN)]-
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Definition 3.3. Ler (K = K [+]1K", [, 1, I) and (£,(N), [, -]jﬁz, Js,) be Krein spaces, so that [-, ']jfz
coincides with the standard inner product {-, -) defined in €,(N), and {x,},en C K is a frame for K. The

operator
S :=T9,TH

is called the frame operator.

Following the definition of frames in spaces with an indefinite metric introduced in [8] by Wagner,
Ferrer and Esmeral, in [11] the K-frames in Krein spaces are defined as follows.

Definition 3.4. Let (K = K [+1K",[--1,J) be a Krein space and W : K — K be a bounded
operator. It is said that {x,},cn is a W-frame for K if there exist constants A, B > 0 such that

AW I < 31 o x)P < By, forall x e K.

neN

WJ is the adjoint in the Hilbert space associated with the Krein space (K = KK 1, T).
4. Frames associated with an operator in spaces of indefinite metrics

In this section we give a definition similar to the previous one, using the adjoint of Krein space and
showing that the one given in [11] is a consequence of our own.

Definition 4.1. Let (K = K [+1K",[-,-1,J) be a Krein space and ‘W : K — K be a bounded
operator. It is said that {x,},cn is a W-frame for K if there exist constants A, B > 0 such that

AW < 1 lexl < Blldly, forall x e K.

neN
Remark 4.1.
AW = AT WA = AIWHT AR < 3 11T x5l = Y 1 L xlg P < BITE = Bl
neN neN
Therefore,

AWl < 10 x, 0P < By, forall x e K.

neN

Example 4.1. We consider the vector space C* over C, with the usual sum and product and the
function [-,+] : C?> x C*> — C given by

(e, y1), (X2, ¥2)] = X152 = yi). 4.1)

Well, it turns out that the space with inner product (C2,[-,-]) is a Krein space with fundamental
decomposition C* = K*[+]K~, where K* = {(x,0): x€ C} and K~ =1{(0,y): y € C}. Then, the
Jundamental symmetry is given by

j((x’)’)) = P+(X,y) - P_(X,)’) = (xa _y)
Let us consider the operator W : C* — C? defined by W((x,y)) = (y,—x), which is self-adjoint,
and {xn }5 = {(l7 0)9 (la O)s (07 _i)9 (O’ _i)7 (09 _l)}

n=1
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Let x = (m,r) € C2, and then, ||(m, r)llf7 = [(m,r),(m,r)]q = [T (m,r),(m,r)] = [(m,-r),(m,r) =
mm — (=r)r = |m]> + |r*.
Then,

5
Z 1%, 2, = 2IL0m, 1), G, O + 3|[m, r), (0, =DI = 2| = mil* + 3| = rif?

n=1

= 2lm|* + 3|r* < 3(ml* + [r[*) = 3li(m, NIF = 3lIx]|5-
Also,

||(W[*]x||§ = [(W[*]x, (W[*]X]J = [W[*](m, r)a (W[*](m’ r)]j = [(r’ _m)’ (r, _m)]j = [j(r’ _m)’ (r’ _m)]

= [(r,m), (r,—m)] = r7 — m(=m) = |r|* + [m* < 2|m|* + 3|r*.

4
Thus, [|W™xIZ = mP + |r* < 2lmP + 31 = 3 |[x, x> < 3(mP* + ) = 3||x]..
Consequently, {xn}fl:1 ={(i,0), (i, 0), (0, =), (0, —i), (0, i)} is a W-frame for C>.

The definition of K-frames given in [11], which is an adaptation of the definition of frames given
in [8], was presented apparently depending on the fundamental symmetry. We will show below that
the “W-frames according to the definition given in this paper are independent of the fundamental
decomposition of the Krein space in question.

Theorem 4.1. Let (K, [-,‘]) be a Krein space with fundamental decompositions K = K [-'k](Kl‘ , K =
K5 [-i—]?(z‘ and fundamental symmetries J1, >, respectively, and ‘W : K — K is a bounded operator.
If {x,}nen is a frame for W with respect to I, then {x,},en is a frame for ‘W with respect to 7.

Proof. Let {x,},an C K be a frame for ‘W, in (K = 7(;[4]7(;,[-,],[]0, and then there exist
constants A, B > 0 such that A W™x|l7 < 3 |[x, x,1I* < Bllxll?,, Vx € K.
neN

Since the norms || - ||, and || - || 4, are equivalents, there exist constants C, D > 0 such that
Clixllg, < lIxlly, < Dllxllg, for all x € K. 4.2)

Since Wy € K for all x € K,

ClWH x5, < W7, < DIWH x|, for all x € K. (4.3)

Thus,
A . . B
BII(W[ Ixllg, < AWM, < g | [x, x,]1” < B[, < EIIXII?%,VX € K.

neN

Consequently {x,},c is a frame for W in (K = 7(;[4—]’](2‘, [, -1, 92).

Proposition 4.1. Let (K = K*[+]1K",[-,-1,9) be a Krein space and P be an orthogonal projection
that commutes with ;J. Then, ||Px|lps = ||xl| 5 for all x € K.

Proof. Let x € K, and then IISDXII,)%)L7 = [Px, Pxlpg = [PTPx,Px] = [TPPx,Px] = [TP?x,Px] =
[TPx, Px] = [Px,Px]q =[x, x]g = ||x||2j. Consequently, ||Px|lpg = ||x]|s for all x € K.
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The following result shows that orthogonal projectors in spaces of indefinite metric preserve W-
frames.

Theorem 4.2. Let (K = K*[+]K,[-,-1,9) be a Krein space, W : K — K is a bounded operator
in ‘K, and P is an orthogonal projection that commutes with . If {x,}en is a W - frame for K,
then {Px,}nen is a WP-frame for PK.

Proof. The subspace PK of K is a Krein space with fundamental symmetry PJ (see [8]).
Since {x,},.axv 1s a ‘W-frame for K, there exist constants A, B > 0 such that

AW < 3" xR < Bl forall x € K. (4.4)

neN

Also, if ¢ belongs to XK, then there exists k € K such that r = Pk.
Since Pk € K for (4.4), we have A||(W[*]7)kllzj < 3 |[Pk, x,1I> < BIIPkll?T.
neN

So,

ANWPY,, = AIPUIWINE, = AIPWIIHE,, = AW = Al WP,
< > 1Pk %P = > 1Pk 5P = Y 1Pk, PP = D llt PP < BIPKI

neN neN neN neN
= BIlPPkliys = BIPKlipq = BlPklizs = Blitlizg, for all 1 € PK.

Thus, AII((WP)[*]III;j < D 1, Px, 1P < Blltlléj, for all t € PK.

Proposition 4.2. Let (K = KH[+]K~,[-,-1,9) be a Krein space. If {x, = XH+ X, hew € K is a Bessel
sequence for (K = K[+I1K,[-,-]), then {x }hen and {x},env are Bessel sequences for (K, [-,-])
and (K~, - [+, -]), respectively.

Proof. Since {x, = x + x,},an 1S a Bessel sequence for (K = KH+]1K, [+, -]), there exists a
constant B > 0 such that
D Ix %] < Bl , for all x € K. 4.5)
neN

Let x* € K* c K and x~ € K~ C K, and then for (4.5) we have that

Z |[x+,x,,] < B||x+||; and Z |[x_,xn]

neN neN

' < B||x_||§r.

As[x*, x,] = [x", xF+x ] =[x, 0 ]+ [x7, x ] =[x, x]1+0 = [x*, x'] and [x7,x,] =[x, x+x,] =
[x,xf ]+ [x7,x,]=0+[x",x,]=[x",x]], then,

Dt 1] = it v

neN neN

PN EETES (D Pl Y [Fes

neN neN neN

2 < B||x+||f7, forall x* € K*,

and

2 < B”x‘“é, forall x~ € K.

Thus, {x}},en and {x;, },en are Bessel sequences for (K, [-,]) and (K, — [+, -]), respectively.
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The following result was presented in [11] with the restriction on the images of a sequence, under
the fundamental symmetry.

In this paper we present and show a result where it is observed that such a restriction is not necessary.
The result holds as usual in the Hilbert spaces for any sequence of Krein space.

Theorem 4.3. Let (K = K [+1K ", [-,-1,T) be a Krein space, {x,}ney € K, and W : K — K is a

bounded operator. Then, the following statements are equivalent.

(i) {Xu}new is a Bessel sequence for (K = K*[+]K ", [-,-1,.J), and there exists a sequence of Bessel
{Vatnen for (K = KH+1K [ 1, ), such that Wx = Z[x, Volx, for all x € K.
neN

(ii) {Xunert is a W—frame for (K = K*[+]1K, [, -1, T).

Proof. (i) — (ii)
Suppose that {x,},av is a Bessel sequence for (K = KH+1K, [+, -1, 9) and that there exists a
Bessel sequence {y,}pen for (K = K*[+]K, [+, -],), such that Wx = Z[x, v.]x, for all x € K.
neN

Since {X, }nerts (Vnlner are Bessel sequences for (K = K*[+]K, [+, -1, J), there exist M, B > 0 such

that )
DI < Bl and ) |[xy.]

neN neN

<M|ixll5 forall xe %K. (4.6)

It remains to prove that there exists A > 0 such that All‘W[*]xlf7 < Z |[x, x,,]|* for all x € K.

neN
Since  is an isometry in the Hilbert space (X, [, -]7), we have

Wl 1T Wy = sup {[[gWxy], [} = sup ([l Wit} = sup {[[rwt e ]}

lyllg=1 lIyllg=1 lyllg=1

= sup {' Whly, y } = sup {|[x,Wy]|} = sup {[X’Z [, vul xn} }
vlg=1 =1 Iyllg=1 e

= sup { [yl [, 241 } < sup {Z'y,yn] [x, xn]}

Mg=1 | |51 Mg=1 | frert

< sup 4|37 [ SIS ] }< sup {[aayiy] [ 3 . x07] )

Iylly= Iyllg=1

< sup {M"Iylly Zl xoxdP] = M2 1P sup {ibils)

IVl g=1 Ivllg=1
/
=M"2[ > 1x, %17
So, Wl < M % ILx, x,I* for all x € %K. This implies
ne.

1 *
AW < 3l forall x e K. 4.7)

1
We consider 0 < % = A, and using (4.6 and 4.7) we have

AW < 3" 11 %] P < Blalfy, for all x € K.

neN
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ii) — i) Suppose that {x,},cn is a W—frame for (K = KH+1K, [, -1, 9), and then there exist
constants A, B > 0 such that

AW < 3" v, )P < Bllx, forall x e .

neN

From the above inequality we have that Y |[x, x,]|* < B||x||?7 for all x € K, i.e., {x,},en 1S a Bessel

neN
sequence for (K = K*[+]1K, [+, -1,9).
In [8] the authors showed that the operator T : £,(N) — K given by T({a,},ar) = 2 @uXp, 1S
neN

well defined and bounded, and also ||T||y < VB. Since ‘W and T are bounded operators, and 7 is an
epimorphism (see [3]), R('W) c R(T) = K. By Theorem 2.1 there exists the bounded linear operator
M : (K,[,-1)) = €>(N) such that W = T M.
We consider
Fo:(K.[.]g9) = C,  Fux) = (Mx), = a’.

Since Mx € £,(N), and we write (Mx), to indicate the terms of the sequence Mx.
We define a* = Mx. We have

172

|Fu(0)] = la,| < (Z Iaiﬁlz) = lla*llz = IMxlle, < IM] []x]].5-
neN

Therefore, for each n € N, F, : K — C are continuous linear functionals. From the Riesz

representation theorem for Krein spaces (see [1]), it follows that there exists {y,},ex € K such that

a, = F,(x) = [x,y,] for all x € K.

Then, for x (S 7(, Wx=TMx = T(MX) = T({aﬁ}neN) = Z a,fxn = Z[x, yn]xn, SO,
Wx = Z [x’ yn]xn for all x € K. neN neN

It ;l;l;\lnains to prove that {y,},a« < K is a Bessel sequence. In effect,
Z |[x, Vnl 2 _ Z lay” = lla'll7, < IMIPlIxll5, and therefore, {y,}.ar is a Bessel sequence

neN neN

fOI‘ (7( = 7(+['i']7(_7 [" ']’ j)

As an application of the previous theorem, using the fundamental projectors below, we obtain
frames associated with these projectors for the subspaces that compose the Krein space.

Theorem 4.4. Let (K = K*[+]K",[-,-]) be a Krein space with fundamental symmetry J, and W :
K — K is a bounded operator. If the sequence {x, = X} + x; },en is a W-frame for K, then {x} },en
and {x, }yery are P*W and P~W frames for (K*, [, ]) and (K, —[-, ‘1), respectively.

Proof. Since {x, = x| +x, },en 1s a W-frame for K, then there exists a Bessel sequence {y, = y} +y, },en
for K such that for all x € K we have that Wx = ) [x, y,]x,.

neN
Since {x, = x} + x, },en and {y, = y; + y, ey are Bessel sequences for K by Proposition 4.2 {x} v,

{y}}sen are Bessel sequences for (K, [, -]). {x;, }sen. {V;, }nen are Bessel sequences for (K, — [+, -]).
Letx" €e KT c K and x € K~ c K, and then

Wx* = Z[x+,y,,]xn = Z[xﬂy::]xn and Wx~ = Z[X_,yn]xn = Z[X_,)’Z]Xn-

neN neN neN neN
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Additionally,

P*Wx" = P (Wx") =P (Z[f,y;]xn) = Z[XJ’,yZ]?DJr(xn) = Z[f,y;]ﬁ,

neN neN neN
and,

P Wx =P (Wx)=P" (Z[x_,y;]xn] = Z[X‘,y;]P_(xn) = Z([x‘,y,‘,])x,‘,.

neN neN neN

Theorem 4.3 ensures that {x},en and {x,},ey are P*W and P~W frames for (K7,[-])
and (K, —[+,]), respectively.

5. Conclusions

The W-frames in Krein spaces are well defined, and they are a generalization of the K-frames in
Hilbert spaces introduced by GivruA£a in [9]. The “‘W-frames are independent of the decomposition of
the Krein space. By having W-frames for a Krein space one necessarily has ‘W-frames for the Hilbert
spaces that compose the Krein space, and the orthogonal projectors project ‘W-frames on ‘W%-frames.
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