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Abstract: Dengue fever, a vector-borne disease, has affected the whole world in general and the
Indian subcontinent in particular for the last three decades. Dengue fever has a significant economic
and health impact worldwide; it is essential to develop new mathematical models to study not only
the dynamics of the disease but also to suggest cost-effective mechanisms to control disease. In this
paper, we design modified facts about the dynamics of this disease more realistically by formulating a
new basic S ,E,I,R;, host population and S, 7, vector population integer order model, later converting
it into a fractional-order model with the help of the well-known Atangana-Baleanu derivative. In
this design, we introduce two more compartments, such as the treatment compartment 7, and the
protected traveler compartment P, in the host population to produce S ,E;I,T,R,P,. We present some
observational results by investigating the model for the existence of a unique solution as well as by
proving the positivity and boundedness of the solution. We compute reproduction number R, by using
a next-generation matrix method to estimate the contagious behavior of the infected humans by the
disease. In addition, we prove that disease free and endemic equilibrium points are locally and globally
stable with restriction to reproduction number Ry. The second goal of this article is to formulate an
optimal control problem to study the effect of the control strategy. We implement the Toufik-Atangana
scheme for the first time to solve both of the state and adjoint fractional differential equations with
the ABC derivative operator. The numerical results show that the fractional order and the different
constant treatment rates affect the dynamics of the disease. With an increase in the fractional order
and the treatment rate, exposed and infected humans, as well as the infected mosquitoes, decrease.
However, the optimal control analysis reveals that the implemented optimal control strategy is very
effective for disease control.
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1. Introduction

The dengue fever caused by mosquitoes is one of the most dangerous transmissible disease. More
than 100 countries are effectively facing challenges from this disease. After malaria, dengue is
scrutinized as the most life-threatening disease in recent times. It has been shown in WHO reports
that every year 50 to 100 million cases of dengue are being observed. Earlier, dengue was considered
a disease of hot regions, but now it has spread to the other regions of the world due to global warming.
In the past 30 years, dengue infection has increased almost five fold. The symptoms of this disease
are identified by high fever, frontal headache, pain behind the eyes, joint pain, nausea, vomiting and
some other symptoms. The human population is mainly affected by the bites of the female mosquitoes
carrying the dengue virus. The infection occurs when a mosquito sucks the blood from an infected
person and transfers the virus to other healthy individuals by biting them. The symptoms do not appear
in infected individuals for approximately 4 to 7 days (on average) before they begin to experience a
sudden onset of fever.

There is no specific cure for dengue fever, but some precautions can be suggested to avoid or reduce
the effect of disease. They include hospital treatments, with complete bed rest in support of medication
to prevent fever and to give relief in pain. In addition, mosquito repellent must be used, wearing long-
sleeved shirts and pants. Outdoors must be avoided without having proper preventive measures at dawn
and dusk. It is highly recommended to clean uncovered stagnant water properly indoors and outdoors
and to avoid camping near still water. According to conventional wisdom, the human body’s natural
immune system eliminates dengue virus within 7 days of infection [1].

A useful tool for forecasting the dynamics of communicable diseases with preventive measures is
the mathematical modeling technique. Many epidemic models consisting of ordinary, stochastic or
delay differential equations have been suggested and investigated to analyze the dynamics of a variety
of vector-host infectious diseases. The transmission dynamics of dengue fever can be understood
with the help of the variety of models given in [2-13]. Researchers have conducted several studies
to investigate the transmission of dengue fever to control the disease and to compare various theories
to eradicate it from the society. For example, in [6], a compartmental deterministic model including
human prevention and vector control interventions for the dynamics of dengue fever spread is presented
to analyze the impact of various control strategies on disease control. An optimal control model
of dengue infection with partial immune and asymptomatic individuals is analyzed in [13], where
the authors introduced four time-dependent control measures and performed a cost-effective analysis
by suggesting five strategies for controlling dengue fever. The various modeling approaches used
in formulating these models are limited because of the local nature of integer order derivatives.
Recently, many researchers have started converting these mathematical models to fractional models
in order to add memory effects for the best analysis of dengue fever disease. For example, the
authors in [14,15] consider a compartmental model for the transmission dynamics of dengue fever with
nonlinear forces of infection through the fractional derivative and show that the biting rate, recruitment
rate of mosquitoes and index of memory are the most sensitive factors to lower the level of dengue
fever. Vaccination effect on the proposed system’s threshold is also explored here.

Fractional modeling for epidemiology is more productive than integer order with reference to the
memory as the past is required to explain the present. Classical integer order models consisting of
autonomous differential equations have no memory, as their solution does not depend on previous
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instant. This means, given an initial value, the solution is determined uniquely for any point of the
domain. However, this claim is not true for fractional-order differential equations. Thus, to introduce
the memory effect into a mathematical model, the order of the derivative of the classical model is
changed to the noninteger order [16, 17]. In the recent past, fractional calculus has been considered a
key tool to design epidemic models to obtain better results to eradicate diseases from society. Recent
literature on fractional modeling [18-26] shows that the mathematical models constructed by using
fractional operators behave more accurately and provide a better fit to the real data.

A variety of fractional derivative operators have been suggested in the last few decades, but
recently the fractional operators, namely, the Caputo [27, 28], Caputo-Fabrizio (CF) [29-31] and
Atangana-Baleanu-Caputo (ABC) [32-34] have obtained more attraction of the researchers. The
main disadvantage of the Caputo operator is the singularity property of its kernel. Although the
CF derivative has a nonsingular kernel, the function space of CF derivative is not clear and has no
memory effects [35]. The ABC fractional derivative operator, proposed by Atangana and Baleanu,
uses a Mittag-Leffler (ML) kernel with one parameter. The ML function is a generalization of the
exponential function in the context of fractional calculus, and the main advantage of this kernel is its
nonlocal and nonsingular behavior. The ABC fractional operator is thus considered to be superior and
is chosen as the best option for modeling real world phenomena, including epidemic diseases. The
applicability of this operator to models can be found in [36—38]. Some more attributes of this operator
were later reported by Losada and Nieto in [39]. Since then, many mathematical models have been
formulated by researchers by using this operator. The results associated with these models have shown
both the efficiency and suitability of the ABC operator.

Optimal control analysis is considered to be a very effective tool to provide reasonable control
strategies to eradicate or to minimize an infection in the human population. Moreover, such an analysis
gives better understanding of the disease flow pattern. Therefore, conveniently, the optimal control
problems involving fractional calculus are called fractional optimal control problems (FOCPs) and are
considered to be the general form of classical optimal control problems (OCPs). Many researchers
have applied FOCPs for better understanding and for speedy results about the behavior of eradicating
diseases [41—43]. We can say that by using FOCPs, we are able to do some new analysis to remove
the dengue disease from the face of earth. Hence, FOCPs have become potentially the most flexible
tool in modeling and analyzing biological systems related to time memory. The main objective of this
study is also to design a fractional optimal control problem of eradicating dengue disease from society.

To demonstrate the usefulness of the ABC fractional operator, we have developed a new ABC
fractional-order system of ordinary differential equations to explore the dynamics of dengue fever for
optimal control in the context of treated travelers. The choice of ABC operator is due to its nonlocal
and nonsingular kernel; moreover, the crossover attribute of epidemic models can be described in
a better way via this operator. Another advantage of this operator is its capability to capture more
susceptibilities and fewer infections than that of the other fractional operators such as Caputo and
Caputo-Fabrizio [34]. The purpose of developing this fractional model is to examine the impact of
fractional order on disease dynamics and to determine the possible control strategy. For this, we first
present some important features of the suggested model, such as the existence and uniqueness of the
solution, positivity, invariant regions, reproduction number and stability analysis. An important feature
of this study is to use Toufik-Atangana numerical scheme for the first time to optimally analyze the
proposed ABC fractional dengue fever model.
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The remaining sections of this paper are structured as follows: In Section 2, we formulate a
SLEW L, T,R, Py, host population and S,/, vector population integer order model by introducing two
compartments in the host population, i.e., treatment and protected travelers. Corresponding to this
integer-order model, a nonlinear fractional model is formulated with the help of the Atangana-Baleanu
fractional derivative in Section 3 for better analysis of the memory effects. Sections 4 and 5 address
the theoretical view of the proposed fractional model where the existence of the unique solution,
the positivity and boundedness of solutions, the calculations of the equilibrium points and the basic
reproduction number are presented. Section 6 presents the stability analysis of the model, where we
analyze the behavior of the model locally as well as globally. In Section 7, a numerical scheme
is presented to simulate the effect of order as well as the effect of various treatments levels on
the suggested model. In this section, we present sensitivity analysis to determine highly sensitive
parameters to reproduction number R,. The model is then adjusted with time-dependent control to
formulate an optimal control problem in Section 8. Associated optimality conditions resulting from
the Pontryagin principle are numerically solved by using the Toufik-Atangana scheme to determine the
best treatment strategy for dengue fever control. Conclusions drawn from numerical simulations are
presented in Section 9.

2. Description of dengue fever model

The central idea about transmission models is to describe the transmission of infected individuals
in a mechanical way. This approach makes it easy to transform the evolution of an epidemic in
mathematical form. Therefore, designing a mathematical model requires focusing on necessary
processes needed in formulating the epidemiology of an infectious disease and discerning the most
significant and tractable parameters for control. Consequently, in this section, we formulate a basic
SwEnIL,R;, host and S, 1, vector population model with the addition of two new classes, treatment class
T, and protected travelers class Pj, to make it more realistic. In the treatment class, the infectious
subjects receives proper treatment along with some preventive measures, and after treatment, they
move to the recovered class and finally become protected travelers. Protected travelers are free to
move anywhere in the society without being afraid of becoming infected again [44].

This model is represented by two populations, i.e., the human population and the vector
(mosquitoes) population. The total population is denoted by #(#), which is further partitioned into
various compartments, i.e., susceptible human population denoted by S ,(7), the exposed individuals
E) (1) after being bitten by mosquitoes, infected humans denoted with /,(f), humans under treatment
represented by 7),(f), R,(t) are the recovered or removed individuals and the protected travelers
represented by P, (¢). The vector (mosquito) population is subdivided into two classes, i.e., susceptible
mosquitoes denoted by S ,(¢) and the infected mosquitoes represented by 7,(¢). The human population
recruitment rate is denoted by A,. Susceptible humans are bitten by the mosquitoes at the rate of .
The probabilities of contact between an infectious mosquito and a susceptible person and between
an infectious person and a susceptible mosquito are given by S, and B,, respectively. Humans in the
exposed class become infectious at a rate . Infected people receiving treatment from the hospital
are recruited to the treatment class at the rate v;,, and they recover from dengue fever at a rate &, to
move into the class of protected travelers at the rate of ¢,. Humans die naturally at a rate y; in all
compartments and die due to disease at the rates dj,, dj, in the compartments [, and 7}, respectively.
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The mosquitoes are recruited at rate 4, to the susceptible class S, and become infected when they have
interaction with the infected humans. The mosquitoes die naturally at a rate u,. The real-valued state
variables S, Ej, I, Tn, Ry, Py, S,, I, are considered as time dependent functions that belong to class
C'[0, o). Figure 1 describes the disease flow pattern through the population compartments together
with the model assumptions and the parameters for the considered compartments.

The disease flow pattern given in Figure 1 is described in the form of the following nonlinear
coupled ordinary differential equations, called the S ,E,1, TR, P;,S I, model.
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Figure 1. Flow diagram for the dengue fever model.
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dl,
E = a’ﬁvsvlh - IJVI\M (21h)

with the initial conditions
S,(0)>0, E,0) >0, 1,00 >0, T,(0) > 0, R,(0) >0, P,(0) >0, §,(0)>0, 1,(0) >0, (2.11)

where $,(0), E,(0), 1,(0), T4(0), R,(0), P,(0), S,(0), 1,(0) represent the initial population sizes. The
parameters of this dynamical system for the human population and the vector population are given in
Table 1.

Table 1. Model parameters along with their numerical values.

Parameter Description Values Source
A Human population recruitment rate 0.05 [44]
A, Vector population recruitment rate 0.071 [44]
Jin Natural death rate of human population 0.05  Assumed
B Probability for a susceptible human to be 0.5 [44]

bitten by an infectious mosquito
By Probability for an infectious human to be 0.57  Assumed
bitten by a susceptible mosquito
a Rate at which susceptible humans are bitten 0.4 [44]
by the mosquitoes
&y Rate at which humans become infectious 0.03 [44]
& Rate of becoming recovered 0.02 [44]
Th Rate of becoming protected from susceptible 0.01  Assumed
oy Rate of becoming protected from recovered 0.06 [44]
Vi Rate of getting treatment 0.03  Assumed
dp, Disease-induced death rate of infectious humans 0.01  Assumed
dp, Disease-induced death rate of humans under treatment  0.01  Assumed
Wy Natural death rate of vector population 0.05  Assumed

3. Atangana-Baleanu fractional order model

Fractional-order derivatives are very useful in the field of mathematical epidemiology, as they give
very versatile results as compared to those of classical derivatives. Before applying the Atangana-
Baleanu fractional derivative to our proposed dengue model, we first describe some basic concepts
regarding the Atangana-Baleanu fractional derivative and other associated results.

Definition 3.1. Let Q C R be open and p € [1, 00), so HP(Q) can be defined as
HP(Q) = {w e L*(Q) : Dw € L?, forall la| < p).
Definition 3.2. [45,46] The Caputo derivative of fractional order p withn—1 < p <n, n € N, for an

integrable function g € C", can be presented as

1

CDPg(r) = f SO -y dy.
-p)

I'(n
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For either of the cases n = 1 or n = 2, the Caputo fractional derivative $D7g(t) tends to g'(t) as its
order p tends to 1.

Definition 3.3. [32] The Atangana-Baleanu fractional derivative of a differentiable function g(t), i.e.,
g : [a,b] — R of order p where p € (0,1), b > a, is denoted by 45 D*g(t), where g € H'(a, b) is defined
as:

M t
2CDPg(n) = % f g’(y)Ep[—I’%p(t - yY1dy,

where M(p) represents the normalization function satisfying M(0)=M(1)=1 and E, is known to be the
Mittag-Leffler (ML) function defined as

(9]

Definition 3.4. [32] The Laplace transform of the Atangana-Baleanu fractional derivative is defined
as:

_ -l
,Z[;‘Bcﬂfg(t)]: M(p))[spi”[g(t)](S) 577 2(0)

, §>0.
(1- s+ 15 ] *

Definition 3.5. [32,46] The fractional integral with a nonlocal kernel can be defined as:

1—
ABCIPo(r) = —L g(r) + gt — vy 'dy.

t
i )
‘ Mp)*" " M)
Definition 3.6. The fractional derivatives and integrals satisfy the following useful relation:
PIED u®)] =" PITDu(n)] =47 PP D u(n)] = u(t) — u(0).

Fractional order models are very widely used compared to the integer order models due to hereditary
and the description of memory. Therefore, to observe the internal memory effects of the dengue fever
biological model, we replace the first-order ordinary derivatives in (2.1) by the Atangana-Baleanu
fractional derivative of order p where 0 < p < 1 to obtain:

0FEDIS W) = Ay — auS Ly — (T + S i, (3.1a)
SECDLEN) = aByS uly — (& + ) En, (3.1b)
SECDEL() = GER — O+ i+ di)s 3.1¢)
ABCDIT(0) = vady — (& + i + diy) Ty 3.1d)
GECDER(t) = & T — (6 + pi)Ry, (3.1e)
0D Py(t) = T4S 1 + OnRy — 11 P, (3.1f)
0ECDIS (1) = A — aBuS Iy — S, 3.1g)
0D () = aBS I — ., (3.1h)
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with the initial conditions:
S,00)>0, E,0)>0, I,0) > 0, T,(0) >0, R,(0) >0,P,(0) >0, S,(00>0, 1,0) >0, (3.11)
where 0 < 1 < t; < co. We suppose that

X108, 8 5(0), En(0), (1), Ti(2), Ry(2), Py(2), S \(0), 1,(1)) = An — aBnS nly — (T + n)S s
X8, S 5(), En(0), (1), Tn(2), Ry(2), Pi(2), S (D), (1)) = BnS w1y — ({n + pn) En,s
X388 (D), En(0), 1n(2), Th(2), Pr(0), Pu(0), S (), 1,(1)) = {nEn — (Vi + pn + dp M,
Xa(t, S 5(0), En(0), (1), Ti(2), Ry(1), Py(2), S (1), 1,(1)) = vl — (En + pn + dp,) T,
Xo(t, S n(), En(2), (1), Tn(2), Ry(2), Py(2), S \(0), 1,(1)) = TpS 1 + 6nRy — pn Py

X5(8, S (), En(2), (1), Ti(2), Ry(2), Py(2), S (0), 1,(1)) = & Th — (61 + )R,

X7(8, S p(), En(2), (1), Ti(2), Ry(2), Py(2), S \(0), 1,(1)) = Ay — aBS oI — (S,

Xs(8, S (1), En(0), (1), Ti(t), Riy(2), Py(2), S (1), 1,(1)) = aB,S I — w1,

The compact form of the above model is
67D = x(t.n(),  7(0) =no 0. (3.2)
Since the given system of differential equations is an autonomous system, it can be written as:
0" D) = x (1), 7(0) = o, (3.3)

where n(t) = (S ,,(2), Ex(1), I(1), Ti(2), Ry(1), Pp(t), S (1), Iv(t))T e R and
10(2) = (S4(0), Ex(0), 1,(0), T(0), R,(0), P4(0), S,(0), 1,(0))" is the initial vector.

4. Existence and uniqueness of solutions

In this section, we prove the existence and uniqueness of solutions with the help of theorems
from functional analysis and fractional calculus. Some relevant material in the form of definitions
and theorems from fractional calculus and functional analysis is also given in this section to assist in
proving the stated theorems.

Definition 4.1. [48] A sequence (x,) in a metric space X = (X, d) is said to be convergent to x if for
every € > 0, there is an N = N(¢€) such that

d(x,,x) <€ foreveryn>nyeN.

Definition 4.2. [48] A sequence (x,) in a metric space X = (X, d) is said to be a Cauchy sequence if
for every € > 0, there is an N = N(¢€) such that

d(x,, x,) < € foreverym,n>ny€ N.

Definition 4.3. [48] A metric space X is known as a complete metric space if every Cauchy sequence
is convergent in X.
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Definition 4.4. [48] The space of bounded and continuous functions Cla, b] is a complete metric
space with the metric defined as:

d(x,y) = Supierap | f) —g@) | .

Definition 4.5. [48] A sequence (x,) is contractive in a metric space X if a constant C € (0, 1) such
that
d(xm xn—l) < Cd(xn—l’ -xn—Z),

foralln € N. C is called the contractive constant of the sequence.

Theorem 4.1. [48] A sequence is convergent in a complete metric space X if and only if it is Cauchy
sequence.

Theorem 4.2. [51] Every contractive sequence is a Cauchy sequence, and therefore, convergent in
complete metric space.

Theorem 4.3. [49] Let ¢ : D — R" with ¢ € C'(D) and x € D C R. Then ¢ fulfills a Lipschitz
condition on each convex compact set D C D with Lipchitz constant K > 0 such that

Theorem 4.4. The function xy(n) in Eq (3.3) is Lipschitz continuous.

Proof. LetS ={(t,n)| 0 <1 <t;, n€ R} and U C S be convex compact.
Letny,n, € S, then by Mean Value Theorem 3y € (171, 1,) such that

X)) = x(p(2))
o —m X

or
X(1(0) = x(1a(0)) =x (v(0) (1 (1) = 12 (0))

| x (11 (D) = x(2(8) | =1 X (y(0)). (i (2) = ma2(2)) |,
< I Wl = 72l

Since y € C'[0, tr], over convex compact set U, 9 a constant 6 > 0 such that

Iy Pl < 6,
hence,
| x(171(®) — x(m2)(@) | < 0Ollm — 172llcos
sup | x(m) = x(m2) | < 0l — 172/l
t€[0,t7]
(1) = x(2)lleo < Oll71 = M2llco-
Hence, y(n) is Lipschitz. O
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Theorem 4.5. We suppose that the function y(n) satisfies the Lipschitz condition

Iy (172) = x@D)lleo < Ol = 71llcos

then the problem (3.3) has a unique solution for

(1—p+ P
M(pp) M@E)X(p)

Proof. We prove that the function 7(¢) satisfies Eq (3.3) if and only if the equation

T*) <1.

(1) =" Ix(n()),

is satisfied by it.
Let n(¢) satisfy Eq (3.3). Applying the Atangana-Baleanu fractional integral to Eq (3.3), that is,

151" Do) =27 o).

After simplification, we obtain the following integral equation:

s Lop p
n(r) = n0) + M(p))((n(t))+ M)

For the converse implication, we let 17, be a sequence of solutions which converges to the solution (4.1)
with Picard successive iteration, defined as follows:

f (t =y 'x(y)dy. (4.1)

1 _ !
na(2) = n(to) + M—([S)((nn(t)) + m fo (t =y ' x(m)dy, with n(ty) = . 4.2)

First, we show that the sequence (4.2) is contractive if:

1-p + P T*) <1,
M(p) M(@E)X'(p)

where T* = £, and ' = sup,fg, 1t = vy~

k=6

7(0) = D () |:|]1W;(p’;mnn_1<t» — X(2(D)]
+ m fo t(t—)()'“‘l[x(nn_l(t)) — x(@u_a(t))]dy |,
< %Mnn_l(z» — a0 |
" m fo 0P e () — Xl

Using the Lipchitz property of function y(77), we obtain the following expression:

1 _
(t) = 0 (0) | < M—(p’;emn_l(r) — Taa(0) |

AIMS Mathematics Volume 8, Issue 7, 15499-15535.
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P T B

" M()T(p) fo (2 = x) " 1011 (t) = Nua(2) | d,
1 -

< _pe sup |77n—1(t) - 77n—2(l) |

M) ief0.4/1

+ m,’; 6 sup |(r=x Y| sup |-1(t) = aa(D)ldly,

1€[0,1f] te[0,17]

1 -
725) = 7t (1) | < 6 M(p’; ¥ M(p’)’r(p) TN -1 = T2l
l-p p

sup [, (1) = 71 (1) | < 6 T* )t = Nnallo

+
€[0.1/] M) M(E)I'(p)
”nn - nn—llloo < k”nn—l - 77n—2”ooa
which implies
A, Mp-1) < k d@p-1,Nn2)- (4.3)

Thus, from Eq (4.3), the sequence (4.2) is contractive; hence, Theorem 4.2 implies that the sequence
is Cauchy sequence. Now for m,n € N and m > n,

7 = 10 1= = =t + et = =2 + Mn—2e = Nt + Mot = 1 |,
S = Mt | 40000 = 1 = M2 |+ + s = M |
<K =m0 | +K" 2 =m0 | e+ K =0 |,
o A sy o [/

where

_ol=p P .
k = e(M(p) + M(p)r(p)T )< 1.

Hence, the right-hand side is a geometric series that is always convergent for 0 < k < 1.

1 = fgmn

1
I —no | <K"——Im —no | .

— <J"
T = 1 1<K —— "%

Since 0 < k < 1, lim(k") = 0. Therefore, we infer that the sequence (7,,) is Cauchy, and hence, from
Theorem 4.1, it is convergent. Let lim(n,) = y; then, Eq (4.2) gives

1 _
limysoota(2) = () = 0(0) + —x(n(8)) +

P ' -1
— £ - dy. 4.4
M) MO e) fo(t Y~ xm(y)dy 4.4)

Equation (4.4) is the required solution.

Uniqueness: To prove the uniqueness of the solution, we suppose on contrary that the sequence (17,)
converges to two different limits r7; and 7,. Then, there exist n; and n, € N such that

7, —ml<e, n>n,

7, —m |< &, n>n,.
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Let n = max{ny, n,}

m-ml=m-—-m+m-—mI<Im-—ml+th, —ml<ea+e=c¢

which implies,

7 —m|=0=mn =mn.

Hence, we have proved that solution (4.4) is a unique solution of (3.3). O

4.1. Invariant region

In this subsection, we determine the feasible region of solutions (S, Ey, I, T, Ry, Py, Sy, 1) of the
system of Eq (3.1) with initial data having nonnegative values. Here, our focus is to prove that the
feasible region lies in R®, which is a positive invariant region with respect to the model (3.1).

Theorem 4.6. For the Atangana-Baleanu fractional model (3.1), the epidemiological feasible region

is given by

A
T = {y = (Sh> En In T Ri, P S0, 1,) €RY 1 0 <P < ;}, (4.5)

where A = A, + A, and u = min (u, i) .

We have already proven the existence and uniqueness of solutions of model (3.1) in the last section;
it remains to be proven that the set II is positively invariant with respect to initial data $,(0) > 0,
Ey0) >0, I,(0) > 0, T,(0) > 0, R,(0) > 0, P,(0) >0, S,(0) >0, 1,(0) > 0. The following Lemma
proves Theorem 4.6.

Lemma 4.1. System (3.1) has bounded solutions.

Proof. Adding equations of the fractional model (3.1), we have

A5CDRP(r) =45C DES (1) +45C DYE(1) +45C DEIL(0) +25C DIT(0) +45C DIR(1) +47C DEPy (1)
+67C DS (1) +6"C D L,(v),
= Ap + A = (S (@) + En(0) + (1) + T (1) + Ry(2) + Py(2)) + (1S ,(2) + 1,(1))
= dp, 1i(1) — dp, Ti(2),

where P(¢) is the total of the host and vector populations. Clearly,
07CDIP(1) < A= uP(t) = diy In(0) = di, Ti(1) < A = uP(0),
where A = A, + A, and u = min(uy, u,). Therefore, it follows that
0PEDYP(t) < A — pP(o).

By applying the Laplace transform on both sides:
A
L DIPDIs) < < = pZTPDOI(s),
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15511

or

M(p)P(0)s*~!

M(p)s” —(p+1)
p?’(s)+,u50(s) < As + (=)

pr(-ps (+6)

where P(s) = [P(1)](s) and P(0) is the total initial population. Solving inequality (4.6) for P(s), we
obtain the following expanded expression:

Ap sPerD Al —p) M(p)P(0) 5!
P(s) < + + Pi
(—pu+Mp) o, PH (L—pu+ M)~ (L—pyi+ M) |3 + o
(1 —p)u+ M(p)

Applying the inverse Laplace, we obtain

Apt? A1 - p) M(p)P(0)
P() < P Eppur (-O0°) + [ p__, Mo ]Ep,l(—gzﬂ), 4.7
(I =p)p+ M(p) (I =pu+M@p) Mp)+0-ppu
where Q = PH , and E, 4 is the ML function with two nonnegative parameters a and f,
. M(p) + (1 - p)u
which are defined by

o n

_ Z
Eap(2) = Z C(an +p)

n=0

The following Laplace transform exists:

z[zﬂ”Eaﬂ(iAﬂ)] =

provided that s > |A|'/*. For nonnegative a, S, the ML function satisfies

1 1
Eup(d) = —[Eupa(d) - 7 ol

and in the case @ = p, 8 = p + 1 and z = —Q°, we obtain
L1
Eppi () = @[1 — E,1(-Q1)|. (4.8)

The ML function is bounded for all # > 0 and behaves asymptotically [32]. By using the
A

expression (4.8) in inequality (4.7), so we obtain £(f) < — as t — oo. Thus, $(¢) is bounded in a

region I1, and hence, all the state variables of model (3.1) are bounded. O

Thus, for any set of nonnegative initial data in II, the corresponding solution y(#) of model (3.1) in

R® approach asymptotically in finite time ¢ to enter and remain in II. This means that the region IT

attracts all solutions in R®. Therefore, the region IT is a positively invariant [34,50] for the model (3.1)
and hence, the proposed model (3.1) is epidemiologically correct.

AIMS Mathematics Volume 8, Issue 7, 15499-15535.
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4.2. Positivity of solutions

In this subsection, we prove that the state variables S, E;, I, T, Ry, Py, S,, and I, are greater
than or equal to zero for any # € R,. This implies that solution y(¢) of model (3.1) remains positive
corresponding to any initial data in R8. The proof of this property shows that model (3.1) is physically
realizable.

Theorem 4.7. The solution y(t) = (S, Epn, I, Th, Ry, Py, S, 1) of the model (3.1) always remains
positive against any positive initial data.

Proof. Let Eq (3.1a) be rearranged to write
SBEDES 1(0) = —aBuS ul, — (Th + u)Sh- 4.9)
Since all the solutions are bounded, Eq (4.9) can be rewritten as
05D (1) = —c S (D), (4.10)

where we take ¢ = a1, + (7, + ;) as a constant. With the Laplace transform, inequality (4.10) reduces
to

M(p)s® M(p)s!
O L15,01(s) -

p+(1-p)s (eSO 2 e ZISHON).

[M(p)s” + cp + (1 = p)s” | ZIS WD)(s) 2 M(p)s"™' S (0),

M(p)S 1(0) s

M(p) +c(1 — p) s* + —M(p)fﬁ(l_p)

ZIS 1) >

Applying the inverse Laplace transform to the above inequality, we obtain

M(p)S #(0) cp )).

Sh(t) > M(p) +C(1 _p) p’l( B M(p) +C(1 —p)tl

4.11)

Since both terms on the right-hand side of (4.11) are positive, the solution S ,(¢) remains positive for all
t > 0. Following a similar technique, it can be proven that other states are positive for all # > 0 against
any initial data in I1. Thus, the solutions in R always remain positive. O

5. Existence of equilibrium points
In this section, we describe the existence of disease-free and endemic points for our Atangana-
Baleanu fractional order dengue fever model (3.1) to discuss the stability and dynamical behavior of

the epidemic.
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5.1. Dengue fever free equilibrium point

The human population and the vector population free of dengue fever virus can be represented
by the disease-free point, which is obtained by considering G‘Bci)f n;(t) = 0 for each state variable
mi, i =1,2,...,8 and substituting EY = I = R = PY = I? = 0. Therefore, with these substitutions,
model (3.1) gives:

0 _ Ap 0 _ T A 0 _ A,
h

St )

Thus, the disease-free point, denoted by QY, can be written as:

ﬂ ’Lﬂ"[ ﬂv
" 0,0,0,0—2 )

Q% =S ELI, T, RO, PO, S0, I°) = , =,
h ho S She e R (Th+,uh (T + pp)

v2oy

Before describing the dynamics of model (3.1), we first determine the reproduction number in the next
subsection.

5.2. Computation of threshold parameter R

The reproduction number, denoted by Ry, is a basic measure in epidemiology that shows the total
number of secondary cases produced by a single infected person in a fully susceptible population
during an infectious period. We focus on fractional differential equations associated with the
compartments of exposed E},, infected I, and receiving treatment 7}, human population and the infected
vector (mosquitoes) population /,. Here, we used the next generation method strategy to compute the
value of Ry. The column matrix of the rate of arrival of new infections denoted by F' is written as

a’,BhS hlv
0

0

ap,S 1
and the column matrix of transitional terms in Ej, I;, T}, and I, compartments is given by
(&n + Hn)Ey
=GEn + (i + i + di)Iy

—vpdy + (&p + py, + dp)T),

o,
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Jacobian of the matrices F' and V at point Q2 are calculated to give

0 0 0 aBs? _— . . .
, 00 00 N I RETAL 0 0
N R v Gtmrdn O
0 aBS° 0 0 . . . N
Then,
0 0 0 L CLZ 0O 0 0
CUY O E L oo

Fy'= :
00 00 G w1 g

CrC3Cy C3C4 Cy

0L, 0 0
> 0 0o o0 L

Hy

where L, (“ﬂ”)/l" and L, (“ﬂ‘M and Cy = &, + uy and C3 = vy, + y, + dy, and Cy = &, + py + dy,.
After multlphcatlon we compute the reproduction number R, as the spectral radius of the matrix
FV-!, which is given as:

aﬁv/lvgh

Ro = .
1y CrC3

5.3. Dengue fever endemic equilibrium point

Endemic equilibrium point of the fractional order model (3.1), denoted by Q,, is obtained by
considering {5 D/n;(r) = 0 for each state variable n;, i = 1,2,...,8 and by solving the resultant
equations to produce:

0, =(S,,E,I.,T, R, P,,S! TN,

where
sl = CoNy(uveB I, +/’lv)’
@*BuBy A,
[ e MCBBA-Cu
CoN,@?ByBu A, + C1CoN By
E, = NI,
T, = N»I;,
R} = NoNs1j,
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Thaﬁv/lvlhl + 6hN2N3I]1 (ﬂvaﬁvl}t + /13)

Py = 1 2
Hutty @B, + pnpty + iy
sl
v 1 ’
ap, I, + u,
1
5 af, A1,

B} + )’

where N, = %,

Ny= %, Ny= £
6. Stability investigation

In this section, we describe the dynamics of the model (3.1) at disease-free equilibrium point and
the endemic equilibrium point with the help of the following analysis. In that analysis, we present
the local and global stabilities of model (3.1) at both equilibrium points with the help of reproduction
number Ry.

6.1. Local behavior

Theorem 6.1. The equilibrium point Qg is locally asymptotically stable (LAS) when Ry < 1 and
unstable otherwise provided R, # 1.

Proof. We compute the Jacobian of system (3.1) at Q2 to obtain

-C; 0 0 0 0 0 0 -L
0 -C, O 0 0 0 0 L
0 & -G 0 0 0 0 0

J(Q)) = : (6.1)
T 0 0 0 - Op 0 0

O 0 -L, 0 0 0 -u O

O 0 L 0 0 0 0 -pu

The disease-free Jacobian matrix (6.1) has the following eigenvalues:
Al ==y, A = =y, i3 = —C3, Ay = —C, As = —%, Ao = —Cs, A7 = —Cy,
As = —Cy. As we can see that C, Cy, C3, Cs, Cs are positive so A, Ao, A3, As, Ao, A7, A5 are negative. s
can be written as A5 = u,(Ry — 1) < 0. Therefore, A5 < 0 as Ry < 1. Therefore, the proposed model is

locally asymptotically stable where all the eigenvalues are negative when Ry < 1. O
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Theorem 6.2. A dengue fever present equilibrium Q,ll is LAS whenever Ry > 1 and unstable whenever
Ro < 1.

Proof. Jacobian for the system (3.1) at Q,ll is computed to obtain

-M,-C; O 0 0 0 0 0 —-L;
M, -C, O 0 0 0 0 L
0 G —-C; 0 0 0 0 0
0 0 v, —-C4 O 0 0 0
J(Q)) =
0 0 0 & -Cs 0 0 0
T 0 0 0 On  —Mn 0 0
0 0 -L, 0 0 0 -My—u, O
0 0 L 0 0 0 M, —1,

The following eigenvalues have been computed for matrix J(Q,).

A =y,
b =-M, -,
A3 =-Cs,
Ay =-Cy,
As =-M; - C,,

5 WICICCM, + Ci1CaCapy + CrCM M + CoCMupy — Ci1CaLadi]

/l - ’
6 C2C3[C1M2+C1,UV+M1M2+M1/JV]

/_17 - _CSa

/_18 = _C4’

where M| = oI}, M = ap,1;, L = ap;S, and L, = ofB,S ). Therefore, A; is negative and A, =
—ap,I, — u, which is negative. We observe that A3, A4, A7, A3 are all negative as C,, C3, C4,Cs are

‘e 3 _ wC1Cr L, . . . . . mC1CaLla
positive. Therefore, d¢ = —py + 31 TC oyt 0T Mo which is negative if and only if &~ TC ot My ML

is Positive that is true. Thus, all the eigenvalues of the Jacobian matrix J (Q;I,) are less than zero, so the
systemis LAS at Q; = (S, E,. I}, T},R}, P;,S !, I}). ]

v>Ty

6.2. Global behavior

Theorem 6.3. A dengue fever free equilibrium Qg is globally asymptotically stable (GAS) in the region
IT when Ry < 1.
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Proof. Here, we use the disease-free value S 2 = and construct a candidate Lyapunov function

Yy : IT —» R [50-52] such that

Tn + U

S
Yo(S 1, En, In, Th, Ry, P, S, 1) = (Sh ~-S)-S%n S—’g) +E,+1,+T,+R,+P,+S,+1,.

h
By applying the Atangana-Baleanu fractional derivative, i.e., ‘(‘)‘BCDf , we have
0

S
DY = (1= L) DI+ DL % DR + DI,

ABC ABC ABC ABC
+9 DRy +°° DYPy+ (P DS+ DL,

Now, from system (3.1), we substitute the values of all fractional derivatives to have
ABC Sy
0CDNY = (1 - S—h)[/lh — afuSpl, — (11 +,Uh)Sh] + [a':BhSth — (& +,uh)Eh]
+ [ghEh — (v + pn + dhl)lh] + [Vhlh = (&n + pn + dhz)Th] + [thh —(On + ,uh)Rh]
+ [ThSh + 6nRy — ,UhPh] + [/lv —afS, I, — ,UvSv] + [CY,BVS vl — lev]-

This implies that

SO
ABCTYYy = Aj — /th—Z +uS% — uSy + S%aB,I, + 14) + pu(Ep + I + Ty + Ry, + Py)
_(dhllh + dhzTh) + /lv + ﬂv(Sv + Iv)

Clearly, S (eB,1, + 7;) > 0; therefore,

+7)
aBCDY, < —(’“’”S—h’l(s,, — SN —un(Ep + I + T, + Ry, + Py)

—u(Sy + 1) = Undy, + Tydp,) — Ay + T3S h.

Then, DYy < 0. We see that }5D/Y, = O if and only if S, = SV, E, = E) = 0,1, = I} = 0,
T, =T), R, =R, P, =P), S, =89 I, = I. Hence, by LaSalle’s invariance principle [58, 59],
Q! is globally asymptotically stable in I1. Therefore, we have the result that the very dangerous virus
disappears from the human population. O

Theorem 6.4. Dengue fever present steady state Q}l is GAS in the positively invariant region 11 if
R() > 1.

Proof. To show the global stability at Q;, we consider a Lyapunov function ¥, : IT —» R [50-52] such
that

S E I T,
Yi=S,-S,—S)In =t +E,—Ej —EjIn— + L, — [} — I} In = + T}, = T} = T} In -
Sh Eh Ih Th
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R P S 1,
1 1 h 1 1 h 1 1 v 1 1 h
+Rh_Rh_RhlnR_}ll+Ph_Ph_PhlnP_}ll+SV_SV_SV1HS_‘1}+IV_IV_IVIHE'

The Atangana-Baleanu fractional derivative of Y; can be written as

ABC Py — _S_flz ABC pyp _E_flz ABC pyp _Q ABC pyp _E ABC pyp
5y = (1 Sh)o 7Sy + (1 Eh)O VEy+ (1 Ih)o 7+ (1 Th)O °T)
1 1

R}l ABC Ph ABC S\ll ABC 1 ABC
+(1—R—)O Dth+(1—P—)O DfPh'F(l—S—)O DfSV'f‘(l—I—)O Dflv

h h v v

Utilizing the equations of model (3.1), we obtain

oDy =(1- )[/lh —@Buly + T+ ) S — Sy — (T4 + #h)Sh]

+(1

kmw1<gwm&—@%mﬁmwﬂ

+

1 - I—’i)[g,,Eh — n o+ i+ dy YT = 1) = O + g + i1 |
)[vhlh = G+ o+ i )T = T) = (& + i+ di)T |
)[éhTh — (& + )Ry = R}) = (& + )R}

1- )[ThSh + 84Ry = (P — P}) — P}
<

1-

1-
A= 0By = SO = 1Sy = S1) = apS 1y — S

(
(
(
+(1-
(
(
(
+(1 —)[aﬁvS Ii= = 1) = )|

Rearrangement of the terms yields us

ABC
0 Dlez(Tl—O'g,

where
S 1)2 (E})? (1})*
= Ay + A, + (afpS il +Th+,uh) + (& + ) + (v, + py + d, 7
Ej, h
(T})? ( h)z (P})? (Shy? (1))
d Sp + oLy + -
+ &+ + hz)T + (0 + ) R, + Mp P, + (o +,U)Sv + 1 I
+ (@BpS nl, + GER + updy + TSy + 05Ry + ET + S o 1),
and
S,li S, - S}ll)2 |
oy = /th_ +@BpSily + T + ) ———— + (@BpS il + T + )S ),
h h
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(E,—E})? . E

TN (4 ) ED + aByS l, =t

E (&h + )E, + afS E,
-1y 1,
(v + dp)I;, + {hEhI—]
h

+ (& + )

+ (v + py + dp))

(T, - T})* T,
" (& + )T+ Ul
T, Ty
(Rh _ Rl)2 Rl
—— + Op + )Ry + ETH—
h Ry,
(Ph _ Pl)Z Pl
+ +,UhP—h + Py, + (T4 p + 5th)P—h
h h

+ (& + pp + dp,)

+ (0n + Hp)

(S, — Sy s!

(@Bl + p)—— +%m%n+mmi+mgﬁ

-1y Il
— + w1, +af,S,I,—.

+ U,
A3 I,

As each parameter of the model (3.1) is positive, ;?“D}Y; < 0 for oy < 07, The equality ;°D)Y, = 0
holds if and only if S, = S,, E, = E,, I, =1,, T, =T,,R, =R,, P, = P,, S, = S, I, = I,. Implies
{Q,} is the maximum invariant set contained in

By = {(Si» En, I T Ry P Sy.1) € T2 37Dy = 0},

Hence, by LaSalle’s invariance principle [50], the disease present point Q}l 1s GAS in II. O
7. Numerical study

To obtain a numerical solution for the Atangana-Baleanu fractional order model of dengue fever for
the various values of p, we implement the Toufik-Atangana scheme [53,54] with the help of MATLAB
code. We use the scheme to study the dynamical behavior of The dengue fever epidemic over time ¢ for
various values of fractional order p. Furthermore, the validity of treatment program given to infected
people is analyzed numerically for various treatment levels.

7.1. Toufik-Atangana method for the fractional-order model

To discuss the numerical stability of the dengue fractional model (3.1), we present here a finite
difference scheme that is based on the Toufik-Atangana scheme [53] for fractional models. First, we
present the development of the iterative method for fractional differential equations in brief and then
write each fractional equation of the model (3.1) in discrete form. We apply the fundamental theorem
of fractional calculus to system (3.2) to obtain:

1 _ !
n@—n@%:Mé%ﬁm@¥+Mé%aigv—w“%@mWMW-
In discrete form, we have
1 - lg+1
n(ty+1) —n(0) = M—(;SXO (1) + m fo (tgr1 — V) x (v, n(y)dy,
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where t = 1,1, ¢=0,1,...,N with h = % Equivalently,
tq+l
t 0 ty1(t, toe1 =YY X, n(y))dy. 7.1
Niger) = 10) + 1 Aoy ) + Aﬂpﬂwp)ﬁjbf 1y =Y " Xran )y, (1.D)
The function x(y, n(y)) can be approximated over [f,, f,.1], by using the interpolation polynomial

X(tp’ n(tp)) X(tp—l’ n(tp—l))

X(V’ 77(7)) = A (t - tp—l) - A (t - tp)-
Putting in (7.1), we obtain
X(tp,n(ty)) [ -
N(tgr1) = n®)+ER5XUU(D Aﬂ;}v»;;[ - ”‘f‘(uﬂ—tf‘a—aFom

t,_1,n(t,_ Ip+1
X ;l]( p-1)) f (tyes — Pt = 1),
Ip

Evaluation of the integrals results in the following numerical scheme for solving equations of type (3.2).

1- hox(1p, n(2p))
(tg+1) = 1(to) + (p))((t () + M(p) Z[ );(p fz)p {(q —p+2+p)g+1-py

hp)((tp—l’ n(tp—l)) {( n

+1
Fp+2) 1-py —(q—p+1+p)(q—p)p}]-

—(q—p+2+2p)(q—p)p}—
Hence, the discrete form of the equations of the model (3.1) are given as:

Wx(tp, (1))
Su(tgs1) = Suto) + (p)x(t 1(tg)) + M(p) Z [ );(p +n2)p {(q —p+2+p)lg+1-py

hp)((tp—l’ n(tp—l)) {(

o) L=py" =(@=p+1+p0a-pr})

—(q—p+2+2p)(q—p)”}—

1- o [Px (i 1(2y))
En(tg41) = En(t0) + (p))((tq, 1(ty)) + M(p) Z [ r(pp " 2)" {(q —p+2+p)g+1-py

hp)((tp—l P n(tp—l)){

+1
Tp+2) 1 -py —(q—p+1+p)(q—p)”}],

—(qg-p+2+2p)g- p)"} -

[ HX (W, 1(2,))
In(tg41) = In(to) + (p)x(t 1(tg)) + M(p) ,,Z [ Fp+ 2)” {(61 -p+2+p)g+1-py

0
hp)((tp 1s n(tp 1)) {(

+1
rp+2) 1-py —(q—p+1+p)(q—p)”}],

—(g-p+2 +2p)(q—p)”}

1- Wx(tp, (1))
Th(tgs1) = Ti(to) + (p))((t 1(1g)) + M(p) Z [ );(p " 2)” {(q —p+2+p)g+1-py

AIMS Mathematics Volume 8, Issue 7, 15499-15535.
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hp/\/(tp—l > n(tp—l)) {(

+1
T +2) pY o —-(@-p+1 +p)(q—p)p}],

—(q—p+2+2p)(q—p)"}—

Wox(tp, (1))
Ri(tgs1) = Ry(to) + (p)x(t (1)) + M(p) Z [ Tp+ 2)” {(q —p+2+p)g+1-py

hp)((tp—lv n(tp—l)) {(

+1
Tp+2) Py —-(@-p+1 +p)(q—p)”}],

—(q—p+2+2p)(q—p)”}—

1- L 1R x (. (1))
Py(ty) = Pp(ty) + M—(;SW ,n(t,)) + M(p) Z(; [ Fp+ 2; {(q -p+2+p)g+1-py

th(tp 1777(tp 1 {(

+1
fp+2) pY" =(q-p+1+p)g- p)p}],

—(q—-p+2+2p)q- p)p}

1-p L X (. 1(1))
S1(tge) = $.000) + bt ) + 1o Z @+ 2e o1 - py

hp)((tp—la n(tp—l))
I'p+2)

—(g-p+2+2p)q —p)”} - {(q +1-pY' —(g-p+1+p)g- p)p}],

l-p o [Pty (1))
L,(tg1) = 1,(10) + M—(p))((t () + M(p) Z [ Fp+ 2)'7 {(q —p+2+p)Ng+1-py

hp)((tp—l» n(tp—l)){

+1
T(p+2) pY —(q—p+1+p)(q—p)p}]-

—(q—p+2+2p)(q—p)”}—

7.2. Effect of fractional order on disease dynamics

We use the above approximations to present the graphical picture of the proposed fractional
model (3.1) and to observe the impact of memory on the dynamics of the disease, particularly on
affected individuals.

Figure 2 shows the graphical behavior of the state variables under the influence of arbitrary
fractional order p. We observe that all of the state variables of the host and the vector populations except
the susceptibles decrease when the fractional order p increases. Initially, the exposed humans increase
with order but later on start decreasing. Therefore, we conclude that the number of affected individuals
reduce with an increase in the fractional order from 0.6 to 1. However, we notice a significant increase
in the vector susceptible population with an increase in fractional order p.
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Figure 2. Dynamics of the state variables of the dengue fever epidemic model (3.1) for
various values of fractional order p.

7.3. Disease control with different treatment rates

In this section, we quantitatively investigate the influence of different treatment rates on the
dynamics of the dengue fever model (3.1). Figures 3—6 show the impact of different treatment rates to
control the disease for fractional order p taken as 0.4, 0.6, 0.8, and 1.0.

It is obvious from Figures 3—6 that the exposed humans E) and the infected humans 7, decrease
with the rise in the treatment rate v, from 0.1 to 0.9. However, the reduction in infected humans
is comparatively higher than that in the exposed individuals. We also observe that the curve for
infected humans approaches its disease-free state when the fractional order p is increased along with
the treatment rate. A decrease in the infected vector population is also noticed when the treatment rate
is increased. For p = 0.4, the susceptible humans decrease by increasing the treatment rate, but this
behavior shifts to a rise in susceptibles when the fractional order moves to the higher value i. e., p = 1.
This analysis reveals that the infected host population decrease significantly to approach disease free
with a high treatment rate. However, the disease does not die out completely under the considered
treatment rates.
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Figure 4. Treatment impact on dengue fever flow for p = 0.6.
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7.4. Sensitivity analysis

Sensitivity analysis is used to determine those parameters of the model, which are highly sensitive
to Ry. The parameters having a high sensitivity index are highly sensitive to Ry. The approach is very
useful to design disease control strategies. The sensitivity index of a parameter w is determined by

using the formula
Ro — %2
7 0w Ry
where R, is the basic reproduction number.

The sensitivity indices of each of the parameters of R, have been determined by using this formula
and are listed in Table 2. Figure 7 shows the graphical representation of these values where the
upward and downward bars show, respectively the direct and indirect relationship of parameters with
reproduction number R,. Ignoring the sensitivity indices of parameters representing birth and death
rates, we observe that the parameters a, B, and ¢, have high positive sensitivity impact on R,. This
means that a unit increase or decrease in the value of j, causes an increase or decrease of 0.6250 in the
value of Ry. The same logic applies to the parameters « and 3,. The parameter v, has a negative high
sensitivity index of -0.3333. Thus, a unit increase in the value of v, causes a decrease of 0.3333 in the
value of Ry.

From the above observations, we conclude that the disease can be controlled significantly if it
is possible to reduce the values of the parameters @, B,, {, by some optimal strategy. However,
practically, it appears difficult to control these values. On the other hand, the treatment rate v, of
humans can be increased to reduce the impact of disease. Thus, this analysis suggests that we choose
the treatment rate v;, as the control variable to control the disease optimally.

Table 2. Sensitivity index for Ry.

Parameters Sensitivity Indices

U, -1.18055
& 0.6250
Vi -0.3333
dy -0.1111
a 1.0
A, 0.9999
My -1.0
By 1.0
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8. Optimization of the dengue fever model

In this section, we optimize the dengue fever model. For optimization, we update the dengue
fever model (3.1) to adjust the control variable, and we define an optimal control problem by defining
an objective functional. Then, the adjoint variables are introduced to attach the updated system of
fractional differential equations to the objective functional, resulting in the formation of a function
called the Hamiltonian. We consider the treatment rate denoted by v, as a time-dependent control
variable denoted by u;(f) and develop optimality conditions from the Hamiltonian function by using
Pontryagin’s principle [55-57]. The conditions are calculated numerically to produce solutions of the
optimal control problem.

8.1. Optimal control problem and optimality conditions

The main purpose of introducing an optimal control problem is to optimally explore the effect of the
treatment on the spread of dengue fever by implementing the best optimal control strategy. Therefore,
we apply a control strategy for the maximization of recovered individuals and for the minimization of
exposed or infected individuals at a minimal cost of control.

The suggested epidemic model of FODEs with the inclusion of control is given by

0EEDIS W) = Ay — aBuS Ly — (T + S i, (8.1a)
SECDLEN) = aByS il — (G + ) En, (8.1b)
SECDEL() = GEy — (i (1) + iy + di), 8.1¢)
SECDLTH) = wi (D], — (&, + i + di) Ty (8.1d)
GECDIR () = & T — (6 + )Ry, (8.1e)
0Dy Py(t) = T4S 1 + OnRy — 11 P, (8.1f)
0ECDIS (1) = A — aBuS Iy — S, 8.1g)
0D @) = aBS Iy — ., (8.1h)
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and the initial conditions are
S1,(0) >0, E,(0)>0, 1,00 >0, T,(0) > 0, R,(0) >0, P,(0) >0, S,(0) >0, 1,0) > 0. (8.11)
The objective cost functional that consists of state and control variables may be defined as

Ty

1
J(Ly, uy) = f [Kllh(t)+§;<2u%(z) dt, (8.2)

0

where T'; is the fixed terminal time, and u,(?) is the control variable.
The optimal control problem is then defined as:

rp)u}u J(I,, uy) subject to model (8.1), (8.3)
uy(r)e

where U is the control space.
To apply Pontryagin’s maximum principle for optimality conditions, we constructed the
Hamiltonian for the control problem (8.3) as follows:

1
H(®, uy) =k, 14(r) + Ekzu%(t)+

+ Gi| A = aBuSul, = (4 + ) S|
+ Go(0)|aBrS il = (G + ) En|
+ G3| GuEn = (i (0) + iy + di )i |
+ Gl Oy = &, + o + di,) T
|60 = (8 + )Ry
+ Go| TS 1 + OnRy — Py
+ G| A — aBS Iy - S, |
+ Gs|aBS Iy — .1, (8.4)

where ® = (S, Ep, I, Ty, Ry, Py, S, 1) 1s a vector of state variables, G;, i = 1,...,8 are adjoint
variables associated with the state equations given in (8.1) and G = (G1, Gy, Gs3,G4,Gs,Gg, G7,Gy) is
called the adjoint vector.

Theorem 8.1. Let S, Ey, I, Ty, Ry, Py, S, and I, be optimal state solutions for model (8.1) associated
with the optimal control variable u for the optimal control problem (8.3). Then, there exist an adjoint
system such that

OH

1D Gin) = a5, (8.52)
OH

DG =~ (8.5b)
OH

D5, Gy =~ (8.5¢)
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oH
D760 =~ (8.5d)
oH
DG =~ (8.5¢)
OH
?BCZ)%Gé(f) = _(9_Ph’ (8.5f)
, oH
12D Ga(n) = —o5 (8.52)
oH
1D Gy(n) = — TR (8.5h)
along with transversally conditions
Gi(Ty) = Go(Ty) = G3(Ty) = Ga(Ty) = G5(Ty) = Ge(Ty) = G1(Ty) = G3(Ty) = 0,
and a control variable uj characterized by
«(1) = min {1, max {63 —Gay o), o}}.
K2
m]

Differentiating the Hamiltonian (8.4) with respect to the state variables and then using (8.5), the adjoint
system of fractional-order differential equations is obtained as

?BCDngl = (G1 = Goepul, + Gi(Ty + pn) — GsTp, (8.6a)
?BCD‘}sz = (G2 = G3)g, + Gopy, (8.6b)
15D}, Gy = =1 + (Gs = Go)us + Gy + di,) + (G7 = Go)aB,S (8.6¢)
?BCD;/G4 = (G4 — G5)ép + Ga(uy, + dyy), (8.6d)
?BCD%GS = (G5 — Gg)oy + Gspy, (8.6¢)
?Bch}fG6 = 1,Ge, (8.6f)
?BCZ)%.G7 = (G7 — Gy)aB, I, + Gy, (8.6g)
VD Gy = (Gi = G)aBuS 1 + G, (8.6h)
with transversality conditions
G(Ty) = Go(Ty) = G3(Ty) = Go(Ty) = Gs5(Ty) = G(Ty) = G1(Ty) = Gs(Ty) = 0. (8.61)
Using the first condition of Pontryagin’s principle, we obtain an equation for the control, i.e.,
g—ff 0 = wn=2"%0.
Thus, the optimal control characterization for * with bounds is given as
W) = min{l, max {G3 - G 1o, 0}}. 8.7)

For an approximate solution of the state system (8.1), we implement the Toufik-Atangana scheme
developed and explained in Subsection 7.1, and for the adjoint system (8.6), we make use of the
Toufik-Atangana method backward in time ¢, together with the transversality conditions (8.61).
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8.2. Solution algorithm

We implement steps of the following algorithm to calculate the optimality conditions for the optimal
control problem (8.3). Here, ® represents each of the state variables, the adjoint variables, the control
variable, and o > 0 is the tolerance parameter.

1. Consider an initial control u; € U for k = 0.
2. Solve the state system (8.1) forward in time and the adjoint system (8.6) backward in time for
approximate solutions using control uy.
Use (8.7) to determine u*.
Update control u; by using u; = (uy + u™)/2.
5. Stop the iterative process when ||®; — O_;|| < o|®|| for £ > 0,
otherwise k + 1 «— k and move to step 2.

W

8.3. Optimal solutions

In this section, we describe the simulation results obtained by solving the necessary optimality
conditions derived from the fractional order optimal control problem (8.3). Steps of the algorithm are
implemented through MATLAB code. To implement the Toufik-Atangana scheme for approximating
solutions of state and adjoint equations, we discretize the domain [0, 7] into N + 1 discrete points
tj = jh, j=0,1,...,N where h = % The cost functional (8.2) is approximated at these discrete
points by using Simpson’s one by three rule. Simulation results are presented for different values of
fractional order, i.e., for p = 0.7, 0.8, 0.9, 1.

The main purpose of the study was to determine the optimal treatment rate v;(¢) (control variable)
that minimizes the cost functional (dengue fever infection in the society). Figure 8 shows the plots of
optimal control variable and the corresponding cost functional for various values of fractional order p.
From the figure, we observe that each curve for the cost functional reaches its minimum corresponding
to each time-dependent optimal treatment rate v,(¢) (control). We notice that the number of solution
iterations increases with the fractional order p.

1 35
‘‘‘‘‘‘ p=0.7 s p=07
0.9¢ p=0.8 p=0.8
ogh == p=0.9 SOy e p=0.9
E p=1 p=1
— 0.71
== : _ 25¢
g ]
% 0.6 .E
8 5
§ 050 [ g 20f
S 04l vt 3
g - © 15}
© 0.3t} s o
0.2} —=3 ol N
N 10}
01} \
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time (days)

iterations

Figure 8. Optimal control and cost functional for the various values of fractional order p.
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Figure 9 shows the solution curves for the state variables before and after optimization at final
time T's. Solid lines represent the optimal solution curves for state variables, whereas the dashed lines
represent the curves before optimization. A remarkable decrease in exposed and infected humans is
observed after optimization for each of the fractional order p = 0.7, 0.8, 0.9, 1. Each of the optimal
curves for recovered and protected individuals rise after optimization. The number of susceptible and
treated humans also increases with time under the optimal treatment rate. With the given control
strategy, we also observe a significant decrease in the infected mosquitoes for each of the fractional
orders p. The decline in the infected mosquitoes is another achievement of the implemented control
strategy. Thus, we conclude that the fractional order p affects the dynamical behavior of the disease
for a longer time. The study also reveals that the cost of implementing a treatment strategy reduces
continuously with an increase in the value of fractional order p. This analysis gives us the importance
of considering a fractional order dengue fever model over an integer order model. Further analysis
can be done to see the impact of other fractional operators on dengue fever model in comparison to
Atangana-Baleanu fractional operator.

1 1 0.4
0.8 0.8 0.3
= 0.6 =0.6 = 0.2
(9] \ g =
0.4 Q\\*\§______ 0.4 0.1
0.2 ST 0.2 0
(o] 50 100 (0] 50 100
time (days) time (days)
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(6]
(o] 50 100
time (days) time (days) time (days)
_ _ — — — without control (p=0.7)
—Z === =57 with control (p=0.7)
without control (p=0.8)
with control (p=0.8)
— — — without control (p=0.9)
with control (p=0.9)
— — — without control (p=1.0)
50 100 with control (p=1.0)

time (days) time (days)

Figure 9. State variables with and without controls for various p values.

9. Conclusions

In this study, we proposed a new ABC fractional-order model for dengue fever to analyze the disease
flow in the situation of protected travelers with proper treatment. We have proved that there exist a
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unique solution of the proposed fractional model that lies in a feasibly invariant region. The model
also satisfies both the local and global stability properties at the disease free and endemic equilibrium
points. All of these proofs conclude that the newly designed fractional model is well-posed. The
main objective of this study was to control the disease by minimizing the number of infected humans.
For this, we considered treatment rate v, as the control variable. First, we study the impact of the
memory index and the effect of different constant treatment rates on the control of disease. We noticed
that infected humans decrease by increasing the memory index (fractional order) and by increasing
the treatment rate of infected humans. The infected humans vanish with treatment rate v, = 0.5 for
fractional order p = 1. Later, we considered treatment rate v,(f) as the time-dependent control in
the proposed fractional model. We designed an optimal control problem by defining the objective
functional. Pontryagin’s maximum principle is used to establish optimality conditions for the solution
of the optimal control problem. Graphical results show the effectiveness of the strategy to determine
optimal treatment rates for various fractional orders that minimize the cost functional and significantly
reduce the number of exposed and infected humans. Numerical analysis of the study revealed that the
index of memory and the treatment rate can play a significant role in minimizing the impact of disease.
We also conclude that the time dependent control is more cost effective than the time independent
control. In future, we plan to consider different nonpharmaceutical control strategies to adjust in the
existing ABC fractional model for more reliable optimal control analysis. We are also working on a
dengue and COVID-19 coinfection model with an ABC derivative operator to develop various control
strategies with cost-effective analysis.
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