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1. Introduction

LetA be an associative unital ring and letZ(A) be the center of R. A ringA is said to be n-torsion
free if nx = 0 implies x = 0 for some positive integer n ∈ N and arbitrary x ∈ A. A biadditive mapping
φ : A×A → A is a (Lie) biderivation if it is a (Lie) derivation with respect to both components, that is

φ(xz, y) = φ(x, y)z + xφ(z, y) and φ(x, yz) = φ(x, y)z + yφ(x, z),
φ([x, z], y) = [φ(x, y), z] + [x, φ(z, y)] and φ(x, [y, z]) = [φ(x, y), z] + [y, φ(x, z)],

for all x, y, z ∈ A. If the algebra A is noncommutative, then the mapping φ(x, y) = λ[x, y] for all
x, y ∈ A and some λ ∈ Z(A) is called an inner biderivation. A biadditive mapping φ : A × A → A
is said to be an extremal biderivation if it is of the form φ(x, y) = [x, [y, a]] for all x, y ∈ A and some
a < Z(A) such that [[A,A], a] = 0. The biderivations play a significant role in the theory of functional
identities of algebras or rings, which was first introduced by Maksa [1, 2]. After that, the structures
of biderivations or Lie biderivations on various algebras or rings were studied by authors, forming a
series of interesting and systematic results, see [3–6]. The kind of problem belongs to the extension of
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Herstein’s Lie-type mapping research program proposed by Herstein in the AMS Hour Talk of 1961,
see [7].

The objective of this paper is to investigate bi-Lie n-derivations on triangular rings T . For this
purpose, we recall some necessary basic concepts. Assuming that n ≥ 2 is a positive integer, we
introduce a series of multi-variable polynomials in the following way:

P1(x1) = x1,

P2(x1, x2) = [x1, x2],
· · · · · ·

Pn(x1, x2, · · · , xn−1, xn) = [Pn−1(x1, x2, · · · , xn−1), xn],

where the symbol [x, y] is equal to xy−yx for all x, y ∈ A and Pn(x1, x2, · · · , xn−1, xn) is called (n−1)th-
commutator.

An additive mapping L : T → T is called a Lie n-derivation if

L(Pn(x1, x2, · · · , xn−1, xn)) =
n∑

k=1

Pn(x1, x2, · · · , L(xk), · · · , xn−1, xn)

for all x1, x2, · · · , xn−1, xn ∈ T . On this basis, we introduce the definition of bi-Lie n-derivation. A
bi-additive mapping φ : T × T → T is called a bi-Lie n-derivation if it is a Lie n-derivation with
respect to both components, that is,

φ(Pn(x1, x2, · · · , xn−1, xn), y) =
n∑

k=1

Pn(x1, x2, · · · , φ(xk, y), · · · , xn−1, xn),

and φ(y, Pn(x1, x2, · · · , xn−1, xn)) =
n∑

k=1

Pn(x1, x2, · · · , φ(y, xk), · · · , xn−1, xn),

for all x1, x2, · · · , xn−1, xn, y ∈ T . In recent years, many authors have studied the structure of (Lie)
biderivations on triangular rings and their related algebras, see [8–12]. The research related to the
mapping of Lie (Jordan)-type biderivation on triangular algebra can be roughly divided into two
directions. One is to use faithful bimodule structure and elementary methods to research, such as the
biderivation studied by Benkovic [11] and Wang [13] respectively, and the Lie (Jordan) biderivation
studied by the first author and his collaborators [12,14]; the other is to use the structure of the maximal
left ring of the quotient ring, which is the structure defined by Utumi in 1957 and also called an Utumi
left quotient ring, such that the biderivation on the triangular ring studied by Eremita [10], and the
Jordan biderivation on the triangular ring studied by Liu and his collaborators [6]. Therefore, under the
Herstein’s Lie-type mapping research program, a natural question is proposed: How to characterize the
structural form of bi-Lie n-derivation on a triangular ring? This problem leads us to study the structure
of bi-Lie n-derivations on triangular rings.

Inspired by Eremita [10] and Liu [6], we use the structure of Utumi left quotient ring to study
the decomposition form of bi-Lie n-derivation over triangular rings (see Theorem 3.1) in this article.
Meanwhile, we shall make use of Theorem 3.1 to upper triangular matrix rings, attaining the structures
of bi-Lie n-derivations.
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2. Triangular rings

This part is introduced to define triangular ring. Let T be a ring with unity I and idempotents e and
f satisfying a relation e + f = I. A unital ring T is called a triangular ring, if eT f is a faithful right
eT e-module and also left fT f -module and fT e = 0. Therefore, the triangular ring has the following
decomposition form:

T = eT e + eT f + fT f .

There are many examples of meeting the structural form of the triangular ring, such as upper triangular
matrix rings and nest algebras, see [15]. The center of T is

Z(T ) = {a + b ∈ eT e ⊕ fT f aex f = ex f b, ∀ x ∈ T )} .

In this paper, we will study the decomposition form of bi-Lie n-derivation over triangular rings by
using the structure of quotient rings. Next, we will introduce some necessary knowledge points about
Utumi left quotient rings. Let A be a unital ring. In 1956, the concept of the maximal left ring of
quotients (also called Utumi left ring of quotients) was introduced by Utumi [16], which is recorded as
Qml(A). Its corresponding center is called the extended centroid of A and recorded as C(A). According
to [15, 17], the center C(T ) of T is

C(T ) = {q = a + b ∈ eQml(T )e ⊕ fQml(T ) f qex f = ex f q, ∀ x ∈ T )} .

It is easy to verify that the map τ : C(T )e→ C(T ) f is a ring isomorphism such that λe·ex f = ex f ·τ(λe)
for all x ∈ T and λ ∈ C(T ).

Let K, L be subsets of Qml(T ). Set

C(K, L) = {q ∈ K qx = xq, ∀ x ∈ L)} .

On behalf of [17, Proposition 2.5], we have C(T ) = C(Qml(T ),R).
With the help of [3, 5, 13, 15, 17] and above notations, we have listed many important conclusions

that are needed in the text. Since these conclusions have been proved, we have only listed them without
giving their proofs.

Proposition 2.1. [3, 5, 13, 15, 17] Let T be a unital ring. The maximal left ring of quotients Qml(T )
satisfies the following properties:

(1) T is a subring of the Utumi left quotient ring Qml(T ) with the same I;
(2) For any dense left ideal U of T and a left T -module homomorphism ϱ : U → T , there exists

q ∈ Qml(T ) such that ϱ be of the form ϱ(x) = xq for x ∈ U;
(3) Z(T ) ⊆ C(T ). Furthermore,Z(T )e ⊆ C(T )e andZ(T ) f ⊆ C(T ) f .

3. Bi-Lie n-derivations

This part is the mainbody of this paper. We mainly use the properties of Utumi left quotient rings to
study the structure of bi-Lie n-derivations on triangular rings. This method is simple and very efficient.
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Remark 3.1. Let T = eT e + eT f + fT f be a triangular ring. For any x ∈ T and for any integer
n ≥ 2, we have

Pn(x, e, · · · , e) = (−1)n−1ex f and

Pn(x, f , · · · , f ) = ex f .

In particular, [x, e] = −ex f and [x, f ] = ex f for n = 2.

Lemma 3.1. Let ϕ : T × T → T be a bi-Lie n-derivation on T , then ϕ has the following properties:

(1) ϕ(0, x) = ϕ(x, 0) = 0 for all x ∈ T ;
(2) ϕ(I, x) ∈ C(T ) and ϕ(x, I) ∈ C(T ) for all x ∈ T ;
(3) eϕ(e, e) f = −eϕ( f , e) f = −eϕ(e, f ) f = eϕ( f , f ) f .

Proof. (1) Suppose that ϕ is a Lie n-derivation in first component, then for any x ∈ T ,

ϕ(0, x) = ϕ(Pn(I, · · · , I), x) =
n∑

i=1

Pn(I, · · · , I, ϕ(I, x), I, · · · , I) = 0.

Similarly, ϕ(x, 0) = 0 for all x ∈ T .
(2) Since ϕ is a Lie n-derivation in first component, it follows

0 =ϕ(0, x) = ϕ(Pn(I, y, f , · · · , f ), x)
=Pn(ϕ(I, x), y, f , · · · , f ) + Pn(I, ϕ(y, x), f , · · · , f )

+

n∑
i=3

Pn(I, y, f , · · · , f , ϕ( f , x), f , · · · , f )

=e[ϕ(I, x), y] f

for arbitrary x, y ∈ T , we get e[ϕ(I, x), y] f = 0.
Let’s prove the conclusion: ϕ(I, x) ∈ Z(T ) ⊆ C(T ) for all x ∈ T . Since Pn(I, y, ez f , f , · · · , f ) = 0,

we have
0 =ϕ(0, x) = ϕ(Pn(I, y, ez f , f , · · · , f ), x)
=Pn(ϕ(I, x), y, ez f , · · · , f ) + Pn(I, ϕ(y, x), ez f , · · · , f )

+ Pn(I, y, ϕ(ez f , x), · · · , f ) +
n∑

i=4

Pn(I, y, f , · · · , f , ϕ( f , x), f , · · · , f )

=Pn(ϕ(I, x), y, ez f , · · · , f )
=e[ϕ(I, x), y]ez f − ez f [ϕ(I, x), y] f ,

and then
e[ϕ(I, x), y]ez f − ez f [ϕ(I, x), y] f = 0.

With the help of the relation e[ϕ(I, x), y] f = 0, we obtain

[ϕ(I, x), y] = e[ϕ(I, x), y]e + f [ϕ(I, x), y] f ∈ Z(T ) ⊆ C(T )

for all x, y ∈ T . Since the element y is arbitrary, let y = e in above formula, we have eϕ(I, x) f = 0; on
the other hand, taking y = ez f in above formula, we arrive at eϕ(I, x)ez f − ez fϕ(I, x) f ∈ Z(T ), and
then eϕ(I, x)ez f − ez fϕ(I, x) f = 0, we have eϕ(I, x)e + fϕ(I, x) f ∈ Z(T ) ⊆ C(T ) for all x ∈ T .
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Likewise, we have ϕ(x, I) ∈ C(T ) for all x ∈ T .
(3) According to the conclusion (2), we arrive at

eϕ(I, x) f = 0 = eϕ(x, I) f . (3.1)

We assume x = e and substitute the equality e + f = I for I in (3.1), we may write

eϕ(e, e) f = −eϕ( f , e) f = −eϕ(e, f ) f . (3.2)

An argument similar to the above equations shows that

eϕ( f , f ) f = −eϕ( f , e) f = −eϕ(e, f ) f . (3.3)

Combining (3.2) with (3.3), thus, we conclude that

eϕ(e, e) f = −eϕ( f , e) f = −eϕ(e, f ) f = eϕ( f , f ) f . (3.4)

Theorem 3.1. Let T be a (n− 1)th-torsion free triangular ring with a nontrivial idempotent e. Assume
that ϕ : T × T → T is a bi-Lie n-derivation and C( f Qml(T ) f , fT f ) = C(T ) f and either eTC(T )e
or fTC(T ) f does not contain nonzero central ideals. Then it has the form ϕ = κ + δ + γ, where
δ : T ×T → T is an inner biderivation, κ : T ×T → T is an extremal biderivation and γ is a bilinear
central map vanishing at (n − 1)th-commutators.

In order to give a more concise proof, we review an interesting conclusion (see Lemma 3.2) coming
from [11, Remark 4.5.]. On this basis, we transform the bi-Lie n-derivation in Theorem 3.1 into
another simpler bi-Lie n-derivation, see Lemma 3.3. For this purpose, we will prove that the biadditive
mapping κ : T × T → T defined in Lemma 3.3 is a bi-Lie n-derivation of triangular rings T for the
case m0 = eϕ(e, e) f appears in Lemma 3.2.

Lemma 3.2. A triangular algebra T = Tri(A,M, B) has a nonzero extremal biderivation if and only
if there exists 0 , m0 ∈ M such that [A, A]m0 = 0 = m0[B, B].

Lemma 3.3. Let ϕ : T × T → T be a bi-Lie n-derivation on T . If ϕ(e, e) , 0, then ϕ = κ + ψ,
where κ(x, y) = [x, [y, ϕ(e, e)]] is an extremal biderivation and ψ is a bi-Lie n-derivation satisfying
ψ(e, e) ∈ C(T ).

Proof. Since ϕ is a Lie n-derivation of T for the second component, we arrive at

ϕ(e, ex f ) = ϕ(e, Pn(ex f , f , · · · , f ))

= Pn(ϕ(e, ex f ), f , · · · , f ) +
n∑

i=2

Pn(ex f , f , · · · , f , ϕ(e, f ), f , · · · , f )

= eϕ(e, ex f ) f + (n − 1)(ex fϕ(e, f ) − ϕ(e, f )ex f ).

Multiplying by e from left and f from right, and since T is (n− 1)th-torsion free, we get eϕ(e, f )ex f =
ex fϕ(e, f ) f for all x ∈ T .
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Replacing element ex f with equation ex f = Pn(e, ex f , f , · · · , f ) in bi-Lie n-derivation ϕ(e, ex f ),
we can get

ϕ(e, ex f ) =ϕ(e, Pn(e, ex f , f , · · · , f ))
=Pn(ϕ(e, e), ex f , f , · · · , f ) + Pn(e, ϕ(e, ex f ), f , · · · , f )

+

n∑
i=3

Pn(e, ex f , f , · · · , f , ϕ(e, f ), f , · · · , f )

=ϕ(e, e)ex f − ex fϕ(e, e) + eϕ(e, ex f ) f + (n − 2)(ex fϕ(e, f ) − ϕ(e, f )ex f )
=ϕ(e, e)ex f − ex fϕ(e, e) + eϕ(e, ex f ) f .

It follows from above equation that eϕ(e, e)ex f = ex fϕ(e, e) f for all x ∈ T . Therefore, we have
eϕ(e, e)e + fϕ(e, e) f ∈ C(T ).

Assume that ϕ(e, e) , 0 and let us prove the map κ(x, y) = [x, [y, ϕ(e, e)]] is an extremal biderivation
of T . Note that

κ(e, e) = [e, [e, ϕ(e, e)]]
= [e, [e, eϕ(e, e)e + eϕ(e, e) f + fϕ(e, e) f ]]
= eϕ(e, e) f ,

then ϕ(e, e) − κ(e, e) = eϕ(e, e)e + fϕ(e, e) f ∈ C(T ).
In the following part, we prove that the element eϕ(e, e) f satisfies conditions

eϕ(e, e) f [b, b′] = 0 and [a, a′]eϕ(e, e) f = 0.

In fact, for any a, a′ ∈ eT e, we have

ϕ(Pn(e, a, f , · · · , f ), Pn(e, a′, f , · · · , f ))
=Pn(ϕ(Pn(e, a, f , · · · , f ), e), a′, f , · · · , f ) + Pn(e, ϕ(Pn(e, a, f , · · · , f ), a′), f , · · · , f )
= − a′ϕ(Pn(e, a, f , · · · , f ), e) f + eϕ(Pn(e, a, f , · · · , f ), a′) f

=a′aϕ(e, e) f − a′ϕ(a, e) f − aϕ(e, a′) f + eϕ(a, a′) f .

(3.5)

On the other hand,

ϕ(Pn(e, a, f , · · · , f ), Pn(e, a′, f , · · · , f ))
=Pn(ϕ(e, Pn(e, a′, f , · · · , f )), a, f , · · · , f ) + Pn(e, ϕ(a, Pn(e, a′, f , · · · , f )), f , · · · , f )
= − aϕ(e, Pn(e, a′, f , · · · , f )) f + eϕ(a, Pn(e, a′, f , · · · , f )) f

=aa′ϕ(e, e) f − aϕ(e, a′) f − a′ϕ(a, e) f + eϕ(a, a′) f .

(3.6)

Considering (3.5) and (3.6) together, we get that

[a, a′]eϕ(e, e) f = 0.

Through similar calculation process, it can be obtained that

eϕ(e, e) f [b, b′] = 0.
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Therefore, according to Lemma 3.2 and [11, Remark 4.4], we obtain that the biadditive mapping
κ(x, y) = [x, [y, ϕ(e, e)]] is an extremal biderivation of T and also is a biderivation. And then
κ(x, y) = [x, [y, ϕ(e, e)]] is a Lie biderivation. We know that every Lie derivation is a Lie n-derivation
of triangular rings, so we know that κ(x, y) = [x, [y, ϕ(e, e)]] is a bi-Lie n-derivation of triangular rings.
Set ϕ − κ = ψ. it is easy to check that ψ is a bi-Lie n-derivation satisfying ψ(e, e) ∈ C(T ). The proof of
the lemma is now complete.

Before proceeding further study, let us remake a note on the rationality of this method.

Remark 3.2. Owing to Lemma 3.3, we may always subtract an extremal biderivation κ(x, y) =
[x, [y, ϕ(e, e)]] from bi-Lie n-derivation ϕ on T in Theorem 3.1. Therefore, we consider only those
bi-Lie n-derivations ψ which satisfies eψ(e, e) f = 0. Further in view of Lemma 3.1, we see that

eψ(e, e) f = −eψ( f , e) f = −eψ(e, f ) f = eψ( f , f ) f = 0.

Lemma 3.4. Let ψ : T × T → T be a bi-Lie n-derivation on T . Then ψ satisfies

(1) ψ(ex f , y) ∈ eT f ;
(2) ψ(x, ey f ) ∈ eT f

for all x, y ∈ T .

Proof. For any x, y ∈ T ,

ψ(ex f , y) = ψ(Pn(ex f , f , · · · , f ), y)

= Pn(ψ(ex f , y), f , · · · , f ) +
n∑

i=2

Pn(ex f , f , · · · , f , ψ( f , y), f , · · · , f )

= eψ(ex f , y) f + (n − 1)(ex fψ( f , y) − ψ( f , y)ex f ).

(3.7)

According to above relation (3.7), multiplying e and f on both sides of the above identity
respectively, we find that eψ(ex f , y)e = 0 = fψ(ex f , y) f . Hence, we have ψ(ex f , y) ∈ eT f . Using
similar methods, we can show that ψ(x, ey f ) ∈ eT f .

Lemma 3.5. Let ψ : T × T → T be a bi-Lie n-derivation on T . Then ψ satisfies

(1) ψ(exe, ey f ) = −ψ(ey f , exe) = λexey f ;
(2) ψ(ex f , f y f ) = −ψ( f y f , ex f ) = λex f y f

for all x, y ∈ T .

Proof. For any x, y ∈ T , thanks to the equation ey f = Pn(ey f , f , · · · , f ), we have

ψ(exe, ey f ) = ψ(exe, Pn(ey f , f , · · · , f ))

= Pn(ψ(exe, ey f ), f , · · · , f ) +
n∑

i=2

Pn(ey f , f , · · · , f , ψ(exe, f ), f , · · · , f )

= eψ(exe, ey f ) f + (n − 1)(ey fψ(exe, f ) − ψ(exe, f )ey f ).

(3.8)

Multiplying by e from left and f from right, and since T is (n − 1)th-torsion free, we obtain

[ey f , eψ(exe, f )e + fψ(exe, f ) f ] = 0, (3.9)
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thus we arrive that
ψ(exe, ey f ) = eψ(exe, ey f ) f ∈ eT f .

On the other hand, it follows from (3.9) that

ψ(exe, ey f ) =ψ(exe, Pn(e, ey f , f , · · · , f ))
=Pn(ψ(exe, e), ey f , f , · · · , f ) + Pn(e, ψ(exe, ey f ), f , · · · , f )

+

n∑
i=3

Pn(e, ey f , f , · · · , f , ψ(exe, f ), f , · · · , f )

=ψ(exe, e)ey f − ey fψ(exe, e) + eψ(exe, ey f ) f .

It is easy to conclude [eψ(exe, e)e + fψ(exe, e) f , ey f ] = 0 and ψ(exe, ey f ) = eψ(exe, ey f ) f .
Through similar calculations, we can see ψ(ey f , exe) = eψ(ey f , exe) f ∈ eT f and [eψ(e, exe)e +
fψ(e, exe) f , ey f ] = 0. Define a map f : eT → T by f(x) = ψ(e, ex f ) for all x ∈ eT , then by
Eq (3.9), we get that

f(rx) =ψ(e, Pn(ere, ex f , f , · · · , f ))
=Pn(ψ(e, ere), ex f , f , · · · , f ) + Pn(ere, ψ(e, ex f ), f , · · · , f )

+

n∑
i=3

Pn(ere, ex f , f , · · · , f , ψ(e, f ), f , · · · , f )

=ψ(e, ere)ex f − ex fψ(e, ere) + ereψ(e, ex f ) f + (n − 2)(erex fψ(e, f ) − ψ(e, f )erex f )
=ereψ(e, ex f ) = rf(x)

for all x ∈ eT , r ∈ T . This implies that f is a left T -module homomorphism. On account of
conclusion (3) in Proposition 2.1, there exists q ∈ Qml(T ) such that f(x) = xq for all x ∈ eT . In
particular, f(e) = eq = 0. This implies that q = f q. Thus, f(x) = x f q f for all x ∈ eT . For any r ∈ fT f ,
we have

f(xr) =ψ(e, Pn(ex f , f r f , f , · · · , f ))
=Pn(ψ(e, ex f ), f r f , f , · · · , f ) + Pn(ex f , ψ(e, f r f ), f , · · · , f )

+

n∑
i=3

Pn(ex f , f r f , f , · · · , f , ψ(e, f ), f , · · · , f )

=ψ(e, ex f ) f r f + ex fψ(e, f r f ) f − eψ(e, f r f )ex f + (n − 2)(ex f r fψ(e, f ) − ψ(e, f )ex f r f )
=ψ(e, ex f ) f r f = f(x)r,

which leads to x f r f q f = x f q f r f for all x ∈ eT . Then we get eT ( f r f q f − f q f r f ) = 0 for all
r ∈ T . Using conclusion (3) in Proposition 2.1, we see that f r f q f = f q f r f for all r ∈ fT f .
Then f q f ∈ C( fQml(T ) f , fT f ) and hence f q f ∈ C(T ) f . Setting λ = τ−1( f q f ) and owing to the
conclusion (3) in Proposition 2.1, we have λex f = x f q f for all x ∈ eT . Thus ψ(e, ex f ) = λex f for all
x ∈ eT . Therefore,

0 = ψ(Pn(e, exe, f , · · · , f ), ey f )
= Pn(ψ(e, ey f ), exe, f , · · · , f ) + Pn(e, ψ(exe, ey f ), f , · · · , f )
= −exeψ(e, ey f ) f + eψ(exe, ey f ) f
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for all x, y ∈ T . It follows from above equation that ψ(exe, ey f ) = exeψ(e, ey f ) f = λexey f . Similarly,
there exists µ ∈ C(T )e, such that ψ(ex f , e) = µex f for all x ∈ T .

Next we will prove that ψ(e, ex f ) = λex f = −ψ(ex f , e) for all x ∈ T . It is sufficient to prove that
λ + µ = 0. For any x, y, z ∈ T , we have

ψ(Pn(eze, e, f , · · · , f ), Pn(eye, ex f , f , · · · , f ))
=Pn(ψ(Pn(eze, e, f , · · · , f ), eye), ex f , f , · · · , f ) + Pn(eye, ψ(Pn(eze, e, f , · · · , f ), ex f ), f , · · · , f )

+

n∑
i=3

Pn(eye, ex f , f , · · · , f , ψ(Pn(eze, e, f , · · · , f ), f ), f , · · · , f )

=ψ(Pn(eze, e, f , · · · , f ), eye)ex f − ex fψ(Pn(eze, e, f , · · · , f ), eye)
+ eyeψ(Pn(eze, e, f , · · · , f ), ex f ) f

+ (n − 2)(eyex fψ(Pn(eze, e, f , · · · , f ), f ) − ψ(Pn(eze, e, f , · · · , f ), f )eyex f )
=eyezeψ(e, ex f ) f − eyeψ(eze, ex f ) f .

(3.10)
On the other hand,

ψ(Pn(eze, e, f , · · · , f ), Pn(eye, ex f , f , · · · , f ))
=Pn(ψ(eze, Pn(eye, ex f , f , · · · , f )), e, f , · · · , f ) + Pn(eze, ψ(e, Pn(eye, ex f , f , · · · , f )), f , · · · , f )
= − eψ(eze, Pn(eye, ex f , f , · · · , f )) f + ezeψ(e, Pn(eye, ex f , f , · · · , f )) f

=ex fψ(eze, eye) − ψ(eze, eye)ex f − eyeψ(eze, ex f ) f + ezeyeψ(e, ex f ) f .
(3.11)

Considering (3.10) and (3.11) together, we get that

−[eye, eze]ψ(e, ex f ) = [ψ(eze, eye), ex f ] (3.12)

for all x, y, z ∈ T . Similarly, we obtain

ψ(Pn(eze, ex f , f , · · · , f ), Pn(eye, e, f , · · · , f ))
=Pn(ψ(Pn(eze, ex f , f , · · · , f ), eye), e, f , · · · , f )
+ Pn(eye, ψ(Pn(eze, ex f , f , · · · , f ), e), f , · · · , f )
= − eψ(Pn(eze, ex f , f , · · · , f ), eye) f + eyeψ(Pn(eze, ex f , f , · · · , f ), e) f

=ex fψ(eze, eye) − ψ(eze, eye)ex f − ezeψ(ex f , eye) f + eyezeψ(ex f , e) f .

(3.13)

On the other hand,

ψ(Pn(eze, ex f , f , · · · , f ), Pn(eye, e, f , · · · , f ))
=Pn(ψ(eze, Pn(eye, e, f , · · · , f )), ex f , f , · · · , f )
+ Pn(eze, ψ(ex f , Pn(eye, e, f , · · · , f )), f , · · · , f )

+

n∑
i=3

Pn(eze, ex f , f , · · · , f , ψ( f , Pn(eye, e, f , · · · , f )), f , · · · , f )

=ψ(eze, Pn(eye, e, f , · · · , f ))ex f − ex fψ(eze, Pn(eye, e, f , · · · , f ))
+ ezeψ(ex f , Pn(eye, e, f , · · · , f )) f

+ (n − 2)(ezex fψ( f , Pn(eye, e, f , · · · , f ) − ψ( f , Pn(eye, e, f , · · · , f ))ezex f )
=ezeyeψ(ex f , e) f − ezeψ(ex f , eye) f .

(3.14)
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Considering (3.13) and (3.14) together, we get that

−[eye, eze]ψ(ex f , e) = [ψ(eze, eye),−ex f ]. (3.15)

With the help of the preceding two equations (3.12) and (3.15), we get

[eye, eze](ψ(e, ex f ) + ψ(ex f , e)) = 0, i.e., (λ + µ)[eye, eze]ex f = 0

for all x, y, z ∈ T . By [17, Proposition 2.6], we conclude that (λ + µ)[eT e, eT e] = 0. This leads to
[(λ+µ)eTC(T )e, eTC(T )e] = 0. Then (λ+µ)eTC(T )e is the central ideal of eTC(T )e. Without loss
of generality assume that eTC(T )e does not contain nonzero central ideals. Hence µ = −λ. Further,
we have

0 = ψ(ey f , Pn(e, exe, f , · · · , f ))
= Pn(ψ(ey f , e), exe, f , · · · , f ) + Pn(e, ψ(ey f , exe), f , · · · , f )
= −exeψ(ey f , f ) f + eψ(ey f , exe) f ,

and hence eψ(ey f , exe) f = exeψ(ey f , e) f for all x, y ∈ T . Therefore, ψ(ey f , exe) = −λexey f .
Therefore, conclusion (1) is valid. The second conclusion can be obtained by a similar method.

Lemma 3.6. Let ψ : T × T → T be a bi-Lie n-derivation on T . Then ψ satisfies

(1) ψ(exe, f y f ) = eψ(exe, f y f )e + fψ(exe, f y f ) f ∈ C(T );
(2) ψ( f x f , eye) = eψ( f y f , exe)e + fψ( f y f , exe) f ∈ C(T )

for all x, y ∈ T .

Proof. For any x, y ∈ T ,

0 = ψ(Pn(e, exe, f , · · · , f ), f y f )
= Pn(ψ(e, f y f ), exe, f , · · · , f ) + Pn(e, ψ(exe, f y f ), f , · · · , f )
= −exeψ(e, f y f ) f + eψ(exe, f y f ) f .

Thus, eψ(exe, f y f ) f = exeψ(e, f y f ) f . Using the property that the second component is Lie n-
derivation, we can get

0 = ψ(e, Pn(e, f y f , f , · · · , f ))
= Pn(ψ(e, e), f y f , f , · · · , f ) + Pn(e, ψ(e, f y f ), f , · · · , f )
= eψ(e, e) f y f + eψ(e, f y f ) f ,

which leads to eψ(e, f y f ) f = −eψ(e, e) f y f and hence eψ(exe, f y f ) f = −exeψ(e, e) f y f = 0. In view
of Lemma 3.4, we have

ψ(ex f , f y f ) = ψ(Pn(ex f , f , · · · , f ), f y f )

= Pn(ψ(ex f , f y f ), f , · · · , f ) +
n∑

i=2

Pn(ex f , f , · · · , f , ψ( f , f y f ), f , · · · , f )

= eψ(ex f , f y f ) f + (n − 1)(ex fψ( f , f y f ) − ψ( f , f y f )ex f ).
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Multiplying by e from left and f from right, since T is (n − 1)th-torsion free, we conclude that
[ex f , eψ( f , f y f )e + fψ( f , f y f ) f ] = 0. Thus, by the same methods, we also have

ψ(ex f , f y f ) =ψ(Pn(e, ex f , f , · · · , f ), f y f )
=Pn(ψ(e, f y f ), ex f , f , · · · , f ) + Pn(e, ψ(ex f , f y f ), f , · · · , f )

+

n∑
i=3

Pn(e, ex f , f , · · · , f , ψ( f , f y f ), f , · · · , f )

=ψ(e, f y f )ex f − ex fψ(e, f y f ) + eψ(ex f , f y f ) f

+ (n − 2)(ex fψ( f , f y f ) − ψ( f , f y f )ex f )
=ψ(e, f y f )ex f − ex fψ(e, f y f ) + eψ(ex f , f y f ) f .

It is easy to conclude that [eψ(e, f y f )e + fψ(e, f y f ) f , ex f ] = 0.
In view of Lemmas 3.4 and 3.5, we firstly apply the properties of Lie n-derivation to the second

component, and then perform Lie n-derivation operations on the first component, we can get

ψ(Pn(exe, e, f , · · · , f ), Pn( f y f , ez f , f , · · · , f ))
=Pn(ψ(Pn(exe, e, f , · · · , f ), f y f ), ez f , f , · · · , f )
+ Pn( f y f , ψ(Pn(exe, e, f , · · · , f ), ez f ), f , · · · , f )

+

n∑
i=3

Pn( f y f , ez f , f , · · · , f , ψ(Pn(exe, e, f , · · · , f ), f ), f , · · · , f )

=ψ(Pn(exe, e, f , · · · , f ), f y f )ez f − ez fψ(Pn(exe, e, f , · · · , f ), f y f )
− eψ(Pn(exe, e, f , · · · , f ), ez f ) f y f

+ (n − 2)(ψ(Pn(exe, e, f , · · · , f ), f )ez f y f − ez f y fψ(Pn(exe, e, f , · · · , f ), f ))
=eψ(exe, ez f ) f y f − exeψ(e, ez f ) f y f .

(3.16)

On the other hand, we adjust the order in which the first component and the second component use the
Lie n-derivation property, and we can get that

ψ(Pn(exe, e, f , · · · , f ), Pn( f y f , ez f , f , · · · , f ))
=Pn(ψ(exe, Pn( f y f , ez f , f , · · · , f )), e, f , · · · , f )
+ Pn(exe, ψ(e, Pn( f y f , ez f , f , · · · , f )), f , · · · , f )
= − eψ(exe, Pn( f y f , ez f , f , · · · , f )) f + exeψ(e, Pn( f y f , ez f , f , · · · , f )) f

=ez fψ(exe, f y f ) f − eψ(exe, f y f )ez f + eψ(exe, ez f ) f y f

+ exeψ(e, f y f )ez f − exez fψ(e, f y f ) f − exeψ(e, ez f ) f y f .

(3.17)

Considering (3.16) and (3.17) together, we get that

[eψ(exe, f y f )e + fψ(exe, f y f ) f , ez f ] = [[exe, ez f ], ψ(e, f y f )] = 0,

and hence eψ(exe, f y f )e + fψ(exe, f y f ) f ∈ C(T ) for all x, y ∈ T . Similarly, we can conclude that (2)
is true.
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Lemma 3.7. Let ψ : T × T → T be a bi-Lie n-derivation on T . Then ψ satisfies

(1) ψ(exe, eye) = τ−1( fψ(exe, eye) f ) + λ[exe, eye] + fψ(exe, eye) f , where fψ(exe, eye) f ∈ C(T ) f ;
(2) ψ( f x f , f y f ) = eψ( f x f , f y f )e+τ(eψ( f x f , f y f )e)+τ(λ)[ f x f , f y f ], where eψ( f x f , f y f )e ∈ C(T )e

for all x, y ∈ T .

Proof. For any x, y ∈ T , by Lemma 3.6 we find that

0 = ψ(exe, Pn(eye, f , · · · , f ))
= Pn(ψ(exe, eye), f , · · · , f ) + Pn(eye, ψ(exe, f ), f , · · · , f )
= eψ(exe, eye) f ,

hence, eψ(exe, eye) f = 0. At the same time, we see that

ψ(Pn(exe, e, f , · · · , f ), Pn(eze, ey f , f , · · · , f ))
=Pn(ψ(Pn(exe, e, f , · · · , f ), eze), ey f , f , · · · , f )
+ Pn(eze, ψ(Pn(exe, e, f , · · · , f ), ey f ), f , · · · , f )

+

n∑
i=3

Pn(eze, ey f , f , · · · , f , ψ(Pn(exe, e, f , · · · , f ), f ), f , · · · , f )

=ψ(Pn(exe, e, f , · · · , f ), eze)ey f − ey fψ(Pn(exe, e, f , · · · , f ), eze)
+ ezeψ(Pn(exe, e, f , · · · , f ), ey f ) f

+ (n − 2)(ezey fψ(Pn(exe, e, f , · · · , f ), f ) − ψ(Pn(exe, e, f , · · · , f ), f )ezey f )
= − ezeψ(exe, ey f ) f + ezexeψ(e, ey f ) f .

(3.18)

On the other hand,

ψ(Pn(exe, e, f , · · · , f ), Pn(eze, ey f , f , · · · , f ))
=Pn(ψ(exe, Pn(eze, ey f , f , · · · , f )), e, f , · · · , f )
+ Pn(exe, ψ(e, Pn(eze, ey f , f , · · · , f )), f , · · · , f )
= − eψ(exe, Pn(eze, ey f , f , · · · , f )) f + exeψ(e, Pn(eze, ey f , f , · · · , f )) f

=ey fψ(exe, eze) − ψ(exe, eze)ey f − ezeψ(exe, ey f ) f + exezeψ(e, ey f ) f .

(3.19)

Taking advantage of (3.18) and (3.19), we arrive at

eψ(exe, eze)ey f − ey fψ(exe, eze) f = [exe, eze]ψ(e, ey f ) and
eψ(exe, eze)ey f − τ−1( fψ(exe, eze) f )ey f = λ[exe, eze]ey f .

Making use of the conclusion (3) in Proposition 2.1, we can conclude that eψ(exe, eze)e =
τ−1( fψ(exe, eze) f ) + λ[exe, eze].

Since ψ is a Lie n-derivation for the second component, we find

0 = ψ(exe, Pn(eye, f z f , ez f , f , · · · , f ))
= Pn(ψ(exe, eye), f z f , ez f , f , · · · , f ) + Pn(eye, ψ(exe, f z f ), ez f , f , · · · , f )
= ez f [ f z f , fψ(exe, eye) f ],

and hence fψ(exe, eye) f ∈ C(T ) f for all x, y ∈ T . Similarly, we can prove the other part.
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Lemma 3.8. Let ψ : T ×T → T be a bi-Lie n-derivation on T . Then ψ(ex f , ey f ) = 0 for all x, y ∈ T .

Proof. For any x, y ∈ T ,

ψ(ex f , ey f ) = ψ(ex f , Pn(ey f , f , · · · , f ))

= Pn(ψ(ex f , ey f ), f , · · · , f ) +
n∑

i=2

Pn(ey f , f , · · · , f , ψ(ex f , f ), f , · · · , f )

= eψ(ex f , ey f ) f + (n − 1)(ey fψ(ex f , f ) − ψ(ex f , f )ey f )
= eψ(ex f , ey f ) f ∈ eT f .

Let’s fix element y ∈ T , we define a map g : eT → T by gy(x) = ψ(ex f , ey f ) for all x ∈ eT . Then by
Lemma 3.8, we get

gy(rx) =ψ(Pn(ere, ex f , f , · · · , f ), ey f )
=Pn(ψ(ere, ey f ), ex f , f , · · · , f ) + Pn(ere, ψ(ex f , ey f ), f , · · · , f )

+

n∑
i=3

Pn(ere, ex f , f , · · · , f , ψ( f , ey f ), f , · · · , f )

=ereψ(ex f , ey f ) f = rgy(x)

for all x ∈ eT , r ∈ T , and hence gy is a left T -module homomorphism. By conclusions (2) and (3) in
Proposition 2.1, there exists qy ∈ Qml(T ) such that gy(x) = xqy for all x ∈ eT . Clearly, eqy = gy(e) = 0.
So qy = f qy f implies that gy(x) = x f qy f for all x ∈ eT . And then we also have

gy(xr) =ψ(Pn(ex f , f r f , f , · · · , f ), ey f )
=Pn(ψ(ex f , ey f ), f r f , f , · · · , f ) + Pn(ex f , ψ( f r f , ey f ), f , · · · , f )

+

n∑
i=3

Pn(ex f , f r f , f , · · · , f , ψ( f , ey f ), f , · · · , f )

=eψ(ex f , ey f ) f r f = gy(x)r,

and hence x f r f qy f = x f qy f r f for all x ∈ eT , r ∈ T . Then eT ( f r f qy f − f qy f r f ) = 0 for all r ∈ T .
In view of conclusion (3) in Proposition 2.1, we get f r f qy f = f qy f r f for all r ∈ T . Consequently, by
the assumption of Theorem 3.1, we have f qy f ∈ C(T ) f . Now, for any x, y, x′, y′ ∈ T , by Lemma 3.6,
we have

ψ(Pn(ex′ f , exe, f , · · · , f ), Pn(ey′ f , eye, f , · · · , f ))
=Pn(ψ(Pn(ex′ f , exe, f , · · · , f ), ey′ f ), eye, f , · · · , f )
+ Pn(ey′ f , ψ(Pn(ex′ f , exe, f , · · · , f ), eye), f , · · · , f )

+

n∑
i=3

Pn(ey′ f , eye, f , · · · , f , ψ(Pn(ex′ f , exe, f , · · · , f ), f ), f , · · · , f )

= − eyeψ(Pn(ex′ f , exe, f , · · · , f ), ey′ f ) f

+ ey′ fψ(Pn(ex′ f , exe, f , · · · , f ), eye) − ψ(Pn(ex′ f , exe, f , · · · , f ), eye)ey′ f

+ (n − 2)(ψ(Pn(ex′ f , exe, f , · · · , f ), f )eyey′ f − eyey′ fψ(Pn(ex′ f , exe, f , · · · , f ), f ))
=eyexeψ(ex′ f , ey′ f ).

(3.20)
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On the other hand,

ψ(Pn(ex′ f , exe, f , · · · , f ), Pn(ey′ f , eye, f , · · · , f ))
=Pn(ψ(ex′ f , Pn(ey′ f , eye, f , · · · , f )), exe, f , · · · , f )
+ Pn(ex′ f , ψ(exe, Pn(ey′ f , eye, f , · · · , f )), f , · · · , f )

+

n∑
i=3

Pn(ex′ f , exe, f , · · · , f , ψ( f , Pn(ey′ f , eye, f , · · · , f ), f , · · · , f )

= − exeψ(ex′ f , Pn(ey′ f , eye, f , · · · , f )) f

+ ex′ fψ(exe, Pn(ey′ f , eye, f , · · · , f )) − ψ(exe, Pn(ey′ f , eye, f , · · · , f ))ex′ f

+ (n − 2)(ψ( f , Pn(ey′ f , eye, f , · · · , f )exex′ f − exex′ fψ( f , Pn(ey′ f , eye, f , · · · , f ))
=exeyeψ(ex′ f , ey′ f ) f .

(3.21)

Taking advantage of (3.20) and (3.21) together, we get that

0 = [ψ(ex′ f , ey′ f ), [exe, eye]]
= [exe, eye]ex′ f qy′ f

= τ−1( f qy′ f )[exe, eye]ex′ f

for all x, y, x′, y′ ∈ T . By conclusion (3) in Proposition 2.1, we have τ−1( f qy′ f )[eT e, eT e] = 0, this
implies that

[τ−1( f qy′ f )eTC(T )e, eTC(T )e] = 0.

It follows from above equation that τ−1( f qy′ f )eTC(T )e is a central ideal of eTC(T )e. Assume without
loss of generality that eTC(T )e does not contain nonzero central ideals. Then τ−1( f qy′ f ) = 0, which
leads to f qy′ f = 0 for all y′ ∈ T . So we conclude that ψ(ex f , ey f ) = ex f qy f = 0 for all x, y ∈ T . This
lemma is proved.

Remark 3.3. Let us define two bilinear maps γ : T × T → C(T ) and δ : T × T → T by

γ(x, y) = fψ(exe, eye + f y f ) f + τ−1( fψ(exe, eye + f y f ) f )
+ eψ( f x f , eye + f y f )e + τ(eψ( f x f , eye + f y f )e),

δ(x, y) =ψ(x, y) − γ(x, y).

Clearly, γ(x, y) ∈ C(T ) and γ(Pn(x1, x2, · · · , xn), Pn(y1, y2, · · · , yn)) = 0 for all
x1, x2, · · · , xn, y1, y2, · · · , yn ∈ T . Also, it is easy to verify that δ is a bi-Lie n-derivation.

On the basis of Remark 3.3 and Lemmas 3.1–3.8, it follows that:

Lemma 3.9. For any x, y ∈ T , with notations as above, we have

(1) δ(e, e) = δ(e, f ) = δ( f , e) = δ( f , f ) = 0;
(2) δ(exe, f y f ) = 0 = δ( f y f , exe);
(3) δ(exe, ey f ) = λexey f = −δ(ey f , exe) and δ(ex f , f y f ) = λex f y f = −δ( f y f , ex f );
(4) δ(exe, eye) = λ[exe, eye] and δ( f x f , f y f ) = τ(λ)[ f x f , f y f ];
(5) δ(ex f , ey f ) = 0.
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Lemma 3.10. With notations as above, we have that δ is an inner biderivation.

Proof. Let α = λ + η(λ) ∈ C(T ). Since δ is bilinear, it follows that

δ(x, y) =δ(exe + ex f + f x f , eye + ey f + f y f )
=δ(exe, eye) + δ(exe, ey f ) + δ(exe, f y f )
+ δ(ex f , eye) + δ(ex f , ey f ) + δ(ex f , f y f )
+ δ( f x f , eye) + δ( f x f , ey f ) + δ( f x f , f y f )
=λ[exe, eye] + λexey f − λexey f + λex f y f − λex f y f + η(λ)[ f x f , f y f ]
=α[x, y]

for all x, y ∈ T . Hence δ is an inner biderivation.

Proof of Theorem 3.1. Now in view of Remark 3.2, we have ϕ−κ = ψ, where κ(x, y) = [x, [y, ϕ(e, e)]].
By Remark 3.3 and Lemmas 3.9, 3.10, we see every bi-Lie n-derivation ψ can be written as sum of inner
biderivation and a bilinear central mapping vanishing at n-commutators on T . Therefore, ψ = κ+δ+γ,
where κ(x, y) = [x, [y, ϕ(e, e)]] is an extremal biderivation, δ : T ×T → T is an inner biderivation and
γ : T × T → C(T ) is a biadditive central mapping which vanishes at (n − 1)th-commutators on T .

As a consequence of Theorem 3.1, we have:

Corollary 3.1. Let Tm(R) be a upper triangular matrix ring with m ≥ 3, where R be an unital ring. If a
bi-additive mapping φ : Tm(R)×Tm(R)→ Tm(R) be a bi-Lie n-derivation of Tm(R).Then it has the form
ϕ = ζ + δ + γ, where δ : Tm(R) × Tm(R)→ Tm(R) is an inner biderivation, ζ : Tm(R) × Tm(R)→ Tm(R)
is an extremal biderivation and γ is a bilinear central map vanishing at commutators.

Proof. With the help of [13, Corollary 2.1], it can be seen that upper triangular algebra Tm(R) (m ≥ 3)
coincides with the conditions of Theorem 3.1, so this corollary holds.

When n = 2, we have the following corollary.

Corollary 3.2. Let T be a triangular ring and e is the nontrivial idempotent of it. Assume that ϕ :
T ×T → T is a bi-Lie derivation and C( f Qml(T ) f , fT f ) = C(T ) f and either eTC(T )e or fTC(T ) f
does not contain nonzero central ideals. Then it has the form ϕ = ζ + δ + γ, where δ : T × T → T
is an inner biderivation, ζ : T × T → T is an extremal biderivation and γ is a bilinear central map
vanishing at commutators.

4. Conclusions

The purpose of this article is to prove that every bi-Lie n-derivation of certain triangular rings is
the sum of an inner biderivation, an extremal biderivation and an additive central mapping vanishing
at (n − 1)th-commutators for both components, using the notion of maximal left ring of quotients.
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