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Abstract: This paper considers the problem of optimal investment-reinsurance for the insurer and
reinsurer under the constant elasticity of variance (CEV) model. It is assumed that the net claims
process is approximated by a diffusion process, both the insurer and reinsurer can invest in risk-free
assets and risky assets. We use the variance premium principle to calculate the premiums of the insurer
and reinsurer, and the reinsurance proportion is constrained by the net profit condition. Our objective is
to maximize the joint exponential utility of the insurer and reinsurer’s terminal wealth for a fixed time.
By solving the HIB equation, we obtain the explicit expressions of the optimal investment-reinsurance
strategy and value function. We find that the optimal reinsurance strategy can be divided into many
cases and is related to the risk aversion coefficient of the insurer and reinsurer, but independent of
the price of risky assets. Furthermore, we give the proof of the verification theorem. Finally, we
demonstrate a numerical analysis to explain the results.
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1. Introduction

In recent decades, the insurance industry has developed rapidly and played an extremely important
role in the financial market. Stochastic control theory is widely used in insurance related business.
Scholars have done a lot of research on optimal investment, optimal reinsurance, optimal dividend
and so on for various risk models. For example, Browne [1] assumed that the risky stock price
follows a geometric Brownian motion (GBM) and presented the optimal investment strategy under
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the two criteria of maximizing the expected utility of wealth at terminal time and minimizing the ruin
probability. Cox et al. [2] proposed the CEV Model which is an extension of the GBM model, and they
gave the solutions of the limit diffusion case and the one-stage form of several alternative jump and
diffusion processes. Asmussen and Taksar [3] studied the optimal dividend problem under restricted
and unrestricted dividend rates, they found that the optimal dividend strategy in the unrestricted case
is singular. Taksar [4] considered the optimal reinsurance and dividend problem for an insurance
company, and gave the explicit expressions for the optimal strategies and value function. Bai and
Guo [5] studied the optimal investment and reinsurance strategy with no-short selling under the criteria
of maximizing terminal wealth utility and minimizing the ruin probability. Sun et al. [6] studied the
optimal reinsurance and investment strategy for an insurer with two dependent classes of insurance
business and no-shorting constraint. Gu et al. [7] studied the optimal excess-of-loss reinsurance and
investment problem under the CEV model, they found that the parameters of risky asset price have no
effect on the optimal reinsurance, and the optimal value function with reinsurance is larger than that
without reinsurance under exponential utility. Recently, Cao et al. [8] studied the optimal reinsurance
problem when the insurer has mean-variance risk preference and the total claim process is a compound
dynamic contagion process. Jiang et al. [9] studied the optimal investment reinsurance strategy with
premium control, which modeled the claim arrival rate as a function of ¢ and expressed the claim
arrival rate as a decreasing bounded concave function of the safety loading. Xu et al. [10] investigated
the optimal investment and dividend problem for an insurer under a Markov regime switching market
with high gain tax. Zhang et al. [11] studied the optimal excess-of-loss reinsurance and investment
with thinning dependent risks under Heston model. Sun et al. [12] considered an optimal asset-liability
management problem for an insurer under the mean-variance criterion, which financial market consists
of one risk-free asset and n risky assets with the risk premium relying on an affine diffusion factor
process. Chen et al. [13] presented the optimal excess-of-loss reinsurance and dividends strategy for
the model with thinning-dependence structure.

The expected value premium principle is commonly used as the reinsurance premium principle due
to its simplicity and popularity in practice. However, the variance of the risk with the same expectation
is not necessarily the same, so the fluctuation of claims need to be taken into account in stipulating
premiums. In recent years, the variance or mean-variance premium principle has gained more and
more attention in the literature. For example, Kaluszka ( [14, 15]) studied several optimal reinsurance
problem under the mean-variance premium principle. Under the criterion of maximizing the expected
exponential utility, Liang et al. [16] considered the optimal proportional reinsurance strategy in a
risk model with dependent risks and variance premium principle. Zhang et al. [17] assumed that
the reinsurance premium is calculated by generalized mean-variance principle, and they obtained
the optimal investment-reinsurance strategy under the criteria of maximizing the expected utility of
terminal wealth and minimizing the ruin probability. Liang et al. [18] derived the explicit expression
of reinsurance strategy for minimizing the ruin probability in a diffusion approximation model where
the reinsurance premium is given by mean-variance premium principle.

Most of the existing literature only considered the optimization problem from the insurer’s point of
view. However, there is always an interest relationship between the insurer and the reinsurer in reality,
so the reinsurer can not be ignored. And both of the insurer and reinsurer want to maximize their own
interests, so it is necessary to maintain a good dynamic balance between the insurer and reinsurer at
the same time. From Borch [19], we know that the two companies should negotiate to maximize their
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common interests and they have to reach a compromise. Kaishev [20] derived the expectation formula
of the common survival profit of the insurer and reinsurer in a fixed time. Kaishev and Dimitrova [21]
obtained the optimal division of total premium income to maximize the joint survival probability in
the case of fixed retention level, ceiling and continuous claim size. Furthermore, Cai et al. [22] studied
the joint survival and profit probability of insurer and reinsurer under the expectation criterion. For
maximizing the expected product of exponential utilities, Li et al. [23] studied the optimal proportional
reinsurance-investment strategy. They made a further study in Li et al. [24] and reconsidered the time-
consistent investment strategy of the insurer that can be decomposed into two parts under the CEV
model. Zhao et al. [25] also considered the common interests of insurers and reinsurers. In order to
maximize the joint survival probability, Zhang et al. [26] obtained the optimal quota-share reinsurance
under five criteria. Bai et al. [27] presented the optimal investment and proportional reinsurance under
the optimization criterion of maximizing the expectation of the weighted sum of the wealth process of
insurers and reinsurers in discrete time.

In this paper, adopting the idea of Huang et al. [28], we choose the joint exponential utility instead
of the product exponential utility in Li et al. [23], which can better reflect the concavity properties of
exponential utility function, i.e., U, > 0,U,, < 0. Under the criterion of maximizing the terminal
joint exponential utility, we study the optimal investment-reinsurance strategies for both insurer and
reinsurer under the constant elasticity of variance (CEV) model. Besides, we present the explicit
expression of the value function, and give the proof of the verification theorem which is not considered
in Li et al. [23]. Compared with Li et al. [23] and Huang et al. [28], we use the variance premium
criterion to calculate the premiums of the insurer and reinsurer, and the reinsurance proportion in
this paper is constrained by the net profit condition. Moreover, we consider the price of risky assets
conforms to the CEV Model which will be more general than the GBM model to solve the HIB
equation and give the proof of verification theorem.

To the best of our knowledge, there are only a few literature on the utility maximization of the joint
terminal wealth of the insurer and reinsurer. In this paper, we mainly study the optimal investment-
reinsurance problem of insurers and reinsurers under the joint exponential utility. We assume that the
claims process conforms to a diffusion approximation process, and the premium of the insurer and
reinsurer are stipulated by the variance premium principle. Furthermore, both the insurer and reinsurer
are allowed to invest in risk-free assets and risky assets, and the price of the risky assets are described
by the CEV model. We permit borrowing and short selling, but limit the proportional reinsurance
under the net profit condition. Then, we obtain the HJB equation under the optimization criterion
of maximizing the terminal joint exponential utility. By solving the HJB equation, we obtain the
optimal investment-reinsurance strategies, and present the proof of the verification theorem. Finally,
we demonstrate a numerical analysis and explain the results for better understanding in the economic
sense.

The remainder of this paper proceeds as follows. In Section 2, we introduce our model in three
aspects. In Section 3, we describe the HIB equation under the objective of maximizing the joint
exponential utility of terminal wealth and present the optimal strategy and value function along with
a verification theorem. In Section 4, we demonstrate numerical simulations to illustrate our results.
Section 5 concludes the whole paper. And Appendix contains the proof of all the theorems and lemma.
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2. Model formulation

In this paper, we assume that (Q, ¥, P) be a complete probability space equipped with a filtration
(Fr)o<i<r> T 1s a positive constant representing the fixed terminal time. In addition, we assumed that
continuous investment is allowed and all securities are infinitely divisible, and the claim process can
be approximated by a diffusion process.

2.1. Surplus process
Firstly, we consider that the insurer have no investment, and the surplus process R(¢) is given by

N(t)
dR(t) = cdt — dC(¢) = cdt — d Z Z

i=1

where c is the premium rate, N(7) is a homogeneous Poission process with intensity 4 > 0, representing
the number of claims up to time 7. The claim sizes Z; is a sequence of i.i.d. (independent and identically
distributed) nonnegative random variables. In addition, N(¢) and Z; are mutually independent. Here,
premium rate ¢ = AE(Z;) + a;AE(Z?) is obtained under the variance premium principle, and @; > 0
is the safety loading of the insurer. Furthermore, we denote the first two moments of Z; as E(Z,) = p,
E (le) = u,. Refer to Grandell [29], the net claims process can be approximated by a diffusion process

C@):
C(1) = adt — oodW?,

where a = Au, o0y = \/Au, are positive constants, W,(O) is a standard Brownian motion on the complete
probability space (€2, ¥, P). Then the surplus process of the insurer becomes

dR(1) = cdt — dC(1) = Adayppdt + ogd W,

2.2. Reinsurance and investment

Note that typically we allow the insurer to continuously reinsure part of the claim to reducing the
underlying claims risk. Let g(¢) be the reinsurance retention level at time ¢, usually called the risk
exposure, 1 — g(¢) represents the proportional reinsurance level. Then, the surplus process of the
reinsurer can be described by

dRy (1) = cadt — [1 — q(1)]dC(t) = daa[1 = q()Ppadt + [1 = g(D)]oed W,

where ¢; = Au[1—q(t)] +aAus[1 — g(1)]? is obtained by the variance premium principle. Furthermore,
we assume that @, > a; which means the reinsurance is non-cheap. Then, the surplus process of the
insurer R;(#) becomes

dR\(1) = dR(t) — dRy (1) = [Ada 1ty — (1 = q(0) o)t + g0 d W,

Remark 2.1. In this paper, we require that the risk exposure g(¢) needs to meet the net profit condition,
so we obtain 0 < 1 — \/Z:; < g(®) < 1 from Ada py — dar(1 — g(£))*us > 0.
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Furthermore, we assume that there is a financial market consist of a risk-free asset and two risky
assets. Both the insurer and reinsurer are allowed to invest in the financial market. Suppose that B(z) is
the price process of the risk-free asset

dB(t) = roB(t)dt, B(0) =1, 2.1)

where ry > 0 is the risk-free interest rate. The price of the risky assets invested by the insurer and
reinsurer are described by constant elasticity of variance (CEV) model, which are given by

dS (t) = S1(D(rdt + SP () dW), S 1(0) = 51,

2.2
dS (1) = S2()(radt + SB(HTdWP), S 2(0) = s, (22)

where r; > 0, r, > 0 are expected instantaneous rates of return of the risky assets. Without any loss
of generality, we assume that ry > rg, r, > ry. S f‘ oy, S gz(z‘)az are instantaneous volatilities, 3,
[, are elasticity parameters which satisfy the general condition 8; < 0, 8, < 0. W,(O), W,(l) and W,(Z)
are mutually independent Brownian motions defined on the complete probability space (Q, ¥, P), i.e.,
EWOW =0, EWPW®] = 0 and E[(W"W?] = 0.

2.3. Wealth process

In this paper, we suppose that the insurer can invest in the risk-free asset and risky asset 1, while
the reinsurer can invest in the risk-free asset and risky asset 2.

We denote by A;(¢) the amount of investment in risky asset 1 at time ¢ when the insurer’s wealth is
X(1), X(t)— A, (¢) represents the amount of investment in risk-free asset. Meanwhile, A,(¢) is the amount
of investment in risky asset 2 at time ¢ when the reinsurer’s wealth is Y(¢), Y(#) — A,(?) represents the
amount of investment in risk-free asset. We allow A;(f) < 0, X(fr) < A;(r) and A,(¥) < 0, Y(¢) < A(¢), in
other words, suppose that both the insurer and reinsurer can oversell risky assets and borrow risk-free
asset. Then, the insurer’s wealth process is given by

PO L %) - 2L 4 ar,
S1() B(1) 2.3)
= {4101 = ro) + X (@) + Ay = All = gqOPpa} dt + O W” + A0S (o d W,

dXx(t) = A(1)

with the initial condition X(0) = x. Similarly, the reinsurer’s wealth process is given by

dsS (1) dB(t)
520 +(Y(t)—A2(t))—B D +dR, 04

= {Aa()(r2 = ro) + oY (1) + Aaal1 — g(OP o dt + [1 = gO]ro W, + Ay (S5 (1)orad W,

dy (1) = A (1)

with the initial condition Y (0) = y.
3. Optimal strategy for the joint exponential utility of terminal wealth

According to Ferguson [30], the goal of investor is to maximize the utility of wealth at a fixed
terminal time when the investor has an exponential utility function. Gerber [31] mentioned that the

exponential utility function plays an important role in insurance mathematics and it is the only utility
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function under the principle of “zero utility”. Inspired by Huang et al. [28], we suppose that the insurer
and reinsurer have the joint exponential utility function
Ux,y) = _me_mlx_mw, my # my,
mymy

where my, my,n;,n, are positive contants, my, m, are the risk aversion coefficients of the insurer and
reinsurer. This utility function is not simply a utility function obtained by multiplying two exponential
utilities. It is formed by the fusion of two functions and contains the properties of exponential utility
function, which satisfies U, > 0, U, > 0 and U,, < 0, U,, <O.

Definition 3.1. Let ' = (7,51, 52, x,¥), A ;= RXRXRXR, ® := [0,T] X A. Then, a strategy
n(t) = (A1(1), Ax(1), q(1)) ,t € [0, T] is said to be admissible if it satisfies the following conditions:

(1) Vte[0,T],q) €[l - Z—;, 1];

(i) VI € 0, both the Eqgs (2.3) and (2.4) have a strong solution {X"*(s), s € [t,T]} and {Y*(s),s €
[z, T]} with the initial condition S () = 51, S2(¢) = 52, X(1) = x, Y(¢) = y;

(i) EL[ A28 P (0dr] < o0,i = 1,2;

1v) E"{UIX(T), Y(DI S 1(1) = 51,82(1) = 52, X(1) = x, Y(t) =y} < oo, where n(t) = (A(1), A2(2),
qt)) € II, t+ € [0,T] is the proportional reinsurance-investment strategy and II is
the set of admissible strategies m. We suppose that n(¢) is F,—predictable with F, =
o(X(s), Y(s), S 1(5), S2(s), s < 1).

Assume that we are interested in maximizing the joint exponential utility of terminal wealth at a

fixed time 7. In order to apply the classical tools of stochastic optimal control, now we introduce the
associated value function

V(t, 51,5, x,y) = sup  E{UIX(T), Y(DIS1(t) = 51,82(0) = 50, X(1) = x, Y(1) = y}, 1 € [0, T],
(A1,A2,q)ell
with boundary condition V(7, sy, 2, x,y) = U(x, ).

To solve the above problem, we use the dynamic programming approach described in Fleming and
Soner [32]. Suppose that C'>222([0,T) x R x R X R x R) is the space of V(t, sy, s, x,y), which are
first-order continuously differentiable in ¢ € [0, T'], second-order continuously differentiable in x € R,
y€R, 51 €R, 55 € R. Denote V,, Vi, V,,, Vi, Voo, Vi, Viy, Visis Vioss Vs Vi, and V., as the first
and second partial derivatives of V, which are continuous on C*%>?2, Then V satisfies the following
Hamilton-Jacobi-Bellman equation

sup ANV (L, 51,5, x,y) =0, 3.1

(A1 Ar.g)eTl
where
ANAZAY (1 51, 50, X, y)
= Vi + rsiVy, + sV, + [Ai(r = ro) + rox + dagpy — dan(1 — @’ ]V + [Ao(ry — o) + roy

1 1 1
+ Aaa(1 = )l Vi + E(A%S?ﬁloﬁ + qP o) Vi + E[Agsiﬁzo% +(1 = g)PoalV,, + Esfﬁ”zo-%vml (3.2)
1
+ _S§BZ+ZJ§VS252 + O'(Z)Q(l @V + A1S?BI+IO'%V“] + Azséﬁzﬂagvysz.

2
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Substituting (3.2) into (3.1), we have the following HJB equation

V,+ sup {I"]S]Vs1 +I’2S2V52 +[A1(I"] —7'0)+I’0X+/16¥]/12—/1612(1 —q)z,uz]Vx+ [Az(l"z—l’())

(A1,A2,q)€ll
1 1
+ roy + dap(1 — q)z,uz]Vy + E(A%sfﬁl 0'% + QZO'%)V“ + E[Agsiﬁzoé +(1 - q)ZO'%]Vyy 3.3)
1 1
+ ESTﬁHZU?le + §S§ﬁ2+20_%vszs2 +oq(1 - @)V, +A1Sfﬁ'”afvxsl +A2s§ﬁ2”g§Vysz} =0.

Inspired by Li et al. [23], we try a solution to (3.3) by

D2 (=i x=may=d(py]ero =052
mym;

V(ta 815 82, X, Y) = - ) (34)

with the boundary condition g(7, s, s2) = 0 and d(T) = 0. Let g;, gs,, &s,> 85,5, and g, , be the first
and second partial derivatives of g with respect to (w.r.t) t, s; and s,, which are given by

Vi = {=roe™ T [=mix —myy — d(0)] = """ + g}V, Vo= —m TV, V= —mpe™ Y,
2 2ro(T- 2 2ro(T— 2
Vsl = gslva Vsz = gSQV’ Vxx =me ol t)v’ Vyy =m,e rol t)V’ Vslsl = (gslsl + gsl)va (35)
2 - - 2ro(T—
Vszs2 = (gszsz + gsz)V, VXS] — _mlero(T t)gs] 1% Vys2 — _mzero(T t)gSZV’ ny = mymye ro(T t)V.

Substituting (3.5) into (3.3), after simplification, we obtain

1
T- 2142 2 2
[rod(t) — d; — midaipa]e™ ™ + g, + ris185, + 125285, + islﬂ T o(8as + 82)
1 2542 2y T- 26141 2 1228 2 2 anar-
+ §s2ﬁ2 O'Q(gszsz + gS2) + lillf[ - Almlero( t)(r1 —ry+ Slﬂl O-lgsl) + EAlslﬁlo-lmle ro( t)]
. 1
+ I[I‘lf[ — Aompe® T (ry — 1o + siﬁZHO'%gsz) + §A§S§BZU§m§eZ’°(T_’)] (3.6)
2

3 I - 1 I -
+ 1r(}f {/1012(1 — e T (my — my) + 50'(2)62 o=0 [qzm% +(1- q)zmg]
+ogq(1 - Cl)mlmzezm(T_t)} =0,

forO<r<T. Let

1
filAL D) = ~Ame™ T =g+ 57 o2 g ) + EA%sfﬁ'a%m%eZ’()(T-”, (3.7)
1
Fo(Ar, ) = —Aomre™ T (ry — 1y + s§ﬂ2+10'§gS2) + EAisgﬂzo%mgez’O(T_’), (3.8)
and
f(q, 1) =Aaa(1 = @)pae™ "= (my — my) + 05q(1 = @ymymae™ "
1 _ (3.9)
+ 50_(2)62r0(T Ng*m; + (1 — ¢)*m3].
Differentiating (3.7) with respect to A; gives the insurer’s optimal investment strategy
281+1 2
r—rot+s (o
PHOR e (3.10)
mys| o
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Similarly, differentiating (3.8) with respect to A, gives the reinsurer’s optimal investment strategy

26,+1
7‘2—7‘0+S2ﬁ2 2

0585
A0 = 2 T8 g, (3.11)
mys; o3

To find the value of g* (t) that minimizes f, we need to take the first and the second derivatives of f

w.r.t g. Then, 24¢0 (q D and f 4D are given by
af(q,1) 2 2 24 2r0(T— 2 2r0(T—
=27 —2[gm? + (g — Dm?1e** T + 02(1 = 2q)mymye* T
dq olgmy + g 2 0 q)mm; (3.12)
+2(q — DAaapa(my — my)e™ ™,
and
0% f(q,t
—];(qqz ) = 2darir(my — my)e™ T + ag(my — my)*e? T, (3.13)
Let B%Z”) =0, we get
0 2aopty — ogmpe™ T | myoae™ (3.14)
1) = =1- . .
1 2ans + 0'(2)(m1 — my)eoT=0 2dasur + (my — mz)O'Oe’U(T")
Let % = (), we obtain
24y + og(my — my)e™ ™ = 0. (3.15)

Since g(t) € [1 — \/Zi;, 1], we need to discuss the size relationship of g(¢), 1 — \/Z and 1, which is
closely related to the concavity/convexity of f(g,1).
Note thatg =1 — \/;Z;iff

[a
[mlo'%er"(T n_ =L (2/1&2/12 + (my — my)oge™ ™ ’))
a

then, from (3.15) and (3.16), we denote

X [2daapty + (my — my)oge™ | =0, (3.16)

2454, 2/1&2/12

A = A, = (3.17)

(mz = m])O-O, [my + my( 1)]0'0

It is easy to see that A} > A, > 0 when m; < m,, and A, > 0 > Ay when m; > ms.

Remark 3.1. If m; = m, = m, Eq (3.9) becomes f(q,1) = f(t) = tm*c%e**" ", it indicates that there
is no reinsurance, the optimal investment-reinsurance problem is transformed into a pure investment
problem. If 5, 5, = 0, it is equivalent to the price of risky assets described by GBM model, we find
that the optimal investment strategy Aj(¢), A5(¢) will change, but the optimal reinsurance strategy is not
affected, this shows that the optimal reinsurance strategy is independent of the price of risky assets.
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Lemma 3.1. If the parameters ry, ry, r, and T satisfy one of the following conditions:

(1) ro>( - %)rl andry> (1 - %)rz;
(2) rg < (1 - \/Lg)rl, rn < (1 - %)rz and T < %arccot(—%), where y, = —Bir;, and y, =

B \/6(r1 —rp)’ — 12,

then

YRy
E{exp[ﬁ%du]}<w, i=1,2.

The detailed proof of this conclusion can be referred to Theorem 5.1 in Zeng and Taksar [33], we
omit it here.
We give Lemma 3.2 for devoting to the proof of the verification theorem.

Lemma 3.2. If conditions in Lemma 3.1 holds, and w(t, sy, s, X, ) is the solution of HIB equation (3.1)
with the boundary w(T, sy, 53, Xx,y) = U(x,y), then we have

E[w*(t,S (1), S (1), X" (1), Y™ (1))] < oo. (3.18)

Proof. See Appendix A.

Theorem 3.1 (Verification theorem). Let w(t, sy, 52, X, y) € C*>22, and w satisfies HIB equation (3.1)
with boundary conditions w(T, sy, s2,x,y) = U(x,y). Let n*(t) = (A"l‘(t),Ag(t), q*(t)) € II such that
ATV, 51, 52, X, y) = 0, then the value function V(t, s, sy, X,y) = w(t, sy, $2,X,y) and w*(t) is the
optimal strategy.

Proof. See Appendix B.
After giving the verification theorem, we now present the optimal reinsurance-investment strategy
and value function in Theorem 3.2.

Theorem 3.2 (The optimal strategy and value function). The optimal investment strategy is given by

22 2 2By (T
e T —rg=(n—rn)e AT —ro(T-1)
Al = 281 2 ¢ ’
2romy sy oy
22 2 ~2rBa(T—
e =rg=(n—rn)e D —ro(T-1)
A1) = T e .
2romys; 075

The optimal reinsurance strategy is given by

(1) Ifml>m2,A22landOStsT—mAz,thenq*:1— a

o 2

(2) Ifmy > my, Ay = 1and T — =2 <1 < T, then q"(1) = g(t),
(3) If my >myand Ay < 1, theng* =1 — \/Z

a’

(4)Ifm1<m2,A221and0<t<T—%,menq*:1’
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(5) If my < my, Ay > 1andT—% <t <T, then
B RN (BN Y BN
1, f(l - \/j:) > (1),
(6) If my <my and A, < 1, then g* = 1.
The explicit expressions of value function when q* takes different values are as follows:

(1) Wheng* =1 — \/Zi; the value function is given by

M2 [—myx-mayy-d(r))e0T-0+8(s1:52)

V(taslasz,-xay): ——€ 5
mymy
where
d(e) = — MAGHrir 0—5[(1 = [ mm, |
o 2roth2 ay 2a, >
X [e—r()(T—l) _ er()(T—l)].
Let
8(t, 51, 52) = m(t, ki, ko) = I(t) + J,(Oky + L(Oka, ky = 577, ko = 5,72,
where
Dty = T i gy = 220 ey (3.19)
4roBoy 4roBro;
and
26, + 1 e~ 20B1T=) — 10?23, + 1
1) = (r1 = 10)* (2B, )[ T —t)] N (ra—10)"(2B, + 1)
47‘0 2r0,81 41’0 (3 20)
1= e—2ro,32(T—t) ’
X|—— — (T —1)|.
[ 2rof3> ]

(2) When q*(t) = q(t), the value function is given by

M2 -y x=may-d(r))er0—+ss12)

V(t, 51,82, X,y) = ————e ,
miymy
where
midaipy -, op
d(t) = ————[e7"" - 1],
ro
2 —2roB1(T—t 2
_ 28, + Dl — 0B1(T—1) Ao m
4ry 2roPi ro(my —my)
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— )22 D1 — e 2roBa(T-1)
L r) (@B + )[ e —(T—t)]
41"0 27‘0ﬁ2

b

22a55m? ‘ 200 + (my — my)og

ro(my — 7712)20'(2J 2Aa0up + (my — my)oiero =0

and J\(t), Jo(¢t) are given by (3.19).
(3) When q* = 1, the value function is given by

VL, 51, 52, %, ) = — 12 glomixomay=d(len Tt
b 2 2 2 mlmz ’
where
MO ) _ gy, A —ro(T~1)
d(r) = — [T — T 4 =[] — Y,
4}’() To

J1(t) and J,(t) are given by (3.19), I(t) is given by (3.20).
Proof. See Appendix C.

Remark 3.2. Compared with [23], due to the premium and re-premium are stipulated by the variance
premium principle, the extremum of the quadratic function (3.9) related to ¢ in HIB equation becomes
uncertain, therefore, we cannot solve the optimal strategy through the first derivative, and we need to
solve at the level of second-order derivatives, which makes classification discussions more complex. In
addition, we find that the optimal investment strategies are the same as [23], but the optimal reinsurance
strategies are different, although their classification intervals are similar.

4. Numerical analysis

In this section, we provide some numerical analysis to study the influencing factors of the optimal
reinsurance-investment strategy and explain the results for better understanding in the economic sense.
Throughout this section, unless otherwise stated, we put rp = 0.1, r, = 0.2, r, = 0.3, 8, = -1,
Br=-08,T=5m =18 m =13,51=5,s5,=8,0; =1and o, = 2. We assume that the claim
size Z; are i.i.d. with common exponential distribution E(¢g), the intensity ¢ = I, thenu =1, yp = 2
and oy = V2. The number of claims N(7) is assumed to be a Poisson process with intensity 4 = 1.

Figure 1 shows that the amount invested by the insurer in risky asset is larger than the reinsurer
at a certain time. This may be due to the fact that, the relative risk aversion coefficient of the insurer
is larger than that of the reinsurer in this example, i.e., m; > m,. As time passes, we find that the
amount of risky assets invested by the insurer and reinsurer increases gradually over time when other
parameters are fixed. The main reason is that, the rates of return of the risky assets are always larger
than the interest rate of the risk-free asset, both the insurer and reinsurer will gain more profits from
investment in the risky asset as time goes.

Figure 2 shows that the optimal investment strategy decreases with the risk aversion coefficient. The
reason is that, the insurer will increase the reinsurance proportion and reduce the amount of investment
in risky asset when the risk aversion coefficient becomes larger.
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Figure 1. The optimal investment strategy A7}, A5 change over time.
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Figure 2. The effect of m; on the optimal investment strategy A].

In Figure 3, we find that near the initial time, the larger the risk aversion coeflicient of reinsurer
is, the more the amount of investment in risky asset is. This is because the larger the risk aversion
coeflicient is, the more reinsurance premiums are charged by reinsurers, and they can invest more
money in risky asset. Furthermore, we also find that the amount of the reinsurer’s investment in risky
asset increases more gently with larger risk aversion coeflicient.
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Figure 3. The effect of m, on the optimal investment strategy A3.

For a fixed risk-free interest rate r(, Figures 4 and 5 show that both the insurer and reinsurer will
invest more in risky assets when the instantaneous rates of return of the risky assets increase. This
coincides with our intuition.
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025 -~ P 1
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Figure 4. The effect of r; — ry on the optimal investment strategy A7.
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Figure S. The effect of r, — ry on the optimal investment strategy AJ.

Let a; = 08, then Az > 1 with m; = 1.8,m2 = 1.3,&’2 = 11,12, A2 < 1 with m; = 2,m2 =

1.9,a, = 1.1,1.2. From Theorem 3.2, the optimal reinsurance strategy is a fixed constant 1 — \/g

2
when A, < 1. When A, > 1, we find that in Figure 6 the larger «, is, the larger the initial retention

level g* is, and the earlier the optimal strategy is changed. This result can be explained by the fact
that more reinsurance premium will be charged for larger @, so the insurer will buy less reinsurance.
However, larger retention level means higher risk for the insurer, so the insurer will change the optimal
reinsurance strategy earlier.
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Figure 6. the optimal reinsurance retention level ¢* vary over time when m; > m,.
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Figure 7 demonstrates the influence of m; on ¢*, we vary m; from 1.9 ~ 2.1. Let m, = 1.2,
a; = 0.8, @, = 1.2, then we can calculate A, > 1 with m; = 1.9 ~ 2.1, and we obtain ¢* = g when
te (T - I“FOAZ, T). We find that when the risk aversion coeflicient of the reinsurer is fixed, the insurer
with larger risk aversion coeflicient would like to buy more reinsurance.

Figure 8 shows the influence of m, on ¢*, we vary m, from 1.2 ~ 1.4. Let m; = 2.0, a; = 0.8, a, =
1.2, then we can calculate A, > 1 with m, = 1.2 ~ 1.4, and we obtain ¢g* = g when ¢ € (T - 1nr§2’ T).
We find that when the risk aversion coefficient of the insurer is fixed, the reinsurer with larger risk
aversion coeflicient is willing to accept more claim risk. A possible reason for this phenomenon is that,
the reinsurer with larger risk aversion coeflicient will reduce the amount of investment in risky asset,

and has more cash to hedge the claim risk.
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Figure 8. The effect of m, on the optimal reinsurance retention level g*.
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Let my = 1.8,my, = 1.3,a; = 0.8, then we can calculate A, > 1 with @, = 1.1 ~ 1.3. From
Theorem 3.2, we obtain that g* = g when ¢ € (T - lnrfz, T). Figure 9 shows that g increases w.r.t
time ¢ and the safety loading of the reinsurer @,. It can be explained that the larger the safety loading
of the reinsurer, the more premium the insurer will pay, then the insurer will appropriately reduce the

reinsurance proportion and increase the retention level.

—— = (l2=1.l
————— 112=1.2
a2=1.3

0.4

035 7 1
03r - ]

0.25 - . - i

02t . ‘ ‘ : : : 1

Figure 9. The effect of @, on the optimal reinsurance retention level g*.

5. Conclusions

In this paper, we study the optimal investment and proportional reinsurance of the insurer and
reinsurer under the joint exponential utility. We find that the optimal investment strategy is related
to risk-free interest rate, the price and the instantaneous rate of return of the risky asset, and risk
aversion coefficient. The value of the optimal reinsurance strategy can be divided into six different
cases. Before reaching the terminal time 7', the insurer needs to constantly adjust the reinsurance
proportion to maximize their joint terminal wealth utility. Moreover, we get the explicit expression
of the value function when the optimal reinsurance strategy g* takes different values. Also, we use
numerical simulation to illustrate the results in detail and explain the negative impact of risk aversion
coefficient on risky assets investment and retention level, and the positive impact of reinsurer’s safety
load on retention level, etc. In the future, we will further study the excess-of-loss reinsurance with the
price of the risky asset is described by Heston model, or consider different optimization criteria such
as minimizing joint ruin probability of the insurer and reinsurer.
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Appendix A

Proof of Lemma 3.2
First, we can obtain the following equations by (2.2)

dS T2 (1) = [B1(2B1 + D = 281118 P (01t — 2810 S T (0d W, (A1)
dS ;2 (1) = [B2(2Bs + 1) = 2B2r8 P2 (0))dt = 22072 S (OAW. (A2)

We denote w(t) := w(t,S1(2),S»(t), X™ (1), Y™ (1)), where w(t, 51, 55, X, y) is given by (3.4). Applying
1to’s formula to w(r), we obtain

dw(t
a;(i)) _ 2{ _ mlq(t)o_oerO(T_t)th(O) _ mlAl(t)Slfl (t)o_lero(T—t)th(l) _ m2[1 _ q(t)]o_oerO(T—t)dWI(O)
w
_ mQAz(Z)ng(I)O'zerO(T_t)sz(Z) + gslelH(l)O'lth(l) + gs25[232+1(t)0_2dwt(2)} + {m%[qz(t)o%
+ AZ(I)S 2B1(t)0_2]€2r0(T—t) + m%[(l _ (t))Z 2 + Az(t)Szﬁz(t)O'%]eer(T_t) + giS?ﬂﬁ-Z(I)o_%
+ &SP + 2mmagO[1 — g0]oze T = 2m A0S P (D03 g, €T
= 2myAy(1)S T (o3g e dt,
which yields
dw*(t -
G 2flmig(o) + ma(1 - g)leroeTaW? + LI gy 0 gy
w(1) SI](I)O'] S22(l')0'2

(r1—r)*  (ra— ro)z}

1— 2 2 2roT=0 4
+{lmag(t) + my1 - q(e)Por SP o2 S ()0
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The solution of (A.3) is
2 t t
ACIp f ~2mg(u) + ma(1 - qlu)loree™ AW — 1 f Amig) + ma(1 - )P
0) : 2 s

ro(T—u " 2(r1 = 19) 1 (" 4(r —ro)° ' 2(r, — 1p)
X 0'(2)82 olT )a’u — f ﬁ]—dW;l) — E f ﬁdu - f —,32 dWIEZ)
o SV (o o ST (w)oy 0 S5 (o (A.3)

1 4 4(7'2 - 70)2 fl 3(’,1 _ ’,.0)2 3(1’2 _ r0)2 )
2 d 3 1 —
2fo S (u)o? “r [Sfﬁl(u)af * 52 (u)o? +3(mig(u) + my(1 - q(w)))

GéeZ’O(T_”)]du}.

Furthermore, by Lemma 1 of Gu et al. [7], we know that

" 2(ri =) 1 1 t4(r1_r0)2
expl | ~SRo AW 5 | )

o S8 (o o ST (o

t 2 _ 1 t4 _ 2
ol [ a3 [ )

N () Top 0o S5 (u)o;

are martingales. According to Lemma 3.1, we obtain

E{exp[j; 3(r1—_r())2du]} < 00, E{exp[ft S‘O’Z——r())zdu]} < 00,

S (u)o? 0 SP(u)o?

Then taking the expectation on both sides of Eq (A.3), we obtain

! o 3 —r) 3(ra—ro)
E[w? = W (0)E f 3 my(1 — 22w d 00,
[w™ ()] = w™(0) { i [ (my1q(u) + my(1 — g(u))) oye + S?’B‘(u) % + S;ﬁz(u)o%] u} <

This ends the proof of Lemma 3.2.
Appendix B

Proof of Theorem 3.1
We first prove that w = V, and then prove that 7* is the optimal policy.

(i) Since w is a function in C'?222([0, T) x Rx Rx R xR), for all ¢ € [0, T), 7 € I1, and any stopping
time 7 € [t, ), applying Ito’s formula to w between t and 7' A 7, we obtain that

(T AT, SI(TAT),SHT A7), X (T A7), Y(T AT))
T AT
= w(t, s, 52, X,Y) + f A w (u, S (1), S>(u), X™(w), Y (u))du

T AT T AT B.1
+ f {qw, + [1 - qw)] w,} ood W + f [ws,sffl”(u)+wa1(u)S’fl(u)]aldW;“( :

TAT
+ f [we, S5 () + W, Ay (U)S T (U) ]2 d WP
t
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e o 2222 0 0w w . LT AT,
Since w € C'"**?2, w,, w,, w;, and wy, are bounded and continuous in [#, T A 7], then we have

TAT
E [ f [q(w)w, + (1 — q(u))wy]zo%a’u] < kioi(T - 1),

T AT T AT
f [ S ) + w, A ()SP (W)] o2du < ky f (S () + Ay (w)SP ()] du
t t T AT
< 2k, f [SP 2 w) + A2w)S ' ()]0 du,
t
and
TAT T AT
f [, S2 (1) + w,As ()™ ()] o2du < 2ks f [S 722 () + A2(u)S 7 (u))oradu,
t t

where k;, k, and k3 are positive constants.
Let

7, =T ANinf{s > t: H\(s) > n} Ainf{s >t : Hy(s) > n} (B.2)

where

Hi(s) = f STV wyaldu, Hy(s) = f S wyoddu. (B.3)
t t

Hence, by (B.2), (B.3) and E[fOT Aiz(t)S l.zﬂ"(t)dt] < 00,i = 1,2, the last three terms of (B.1) are
square-integrable martingales for 7 = 7,. Then taking conditional expectation given (¢, sy, s, X, y)
on both sides of (B.1), we get

ES (T AT, S((T A7), So(T A7), XN(T A7), YT A7)

TAT,

= w(t, 51, 82, X,y) + EM*052 [
t

ﬂ”w(u)du] (B.4)
< w(t, 51, 52, X, ),

where w(u) = w(u, S (), S, (u), X*(u), Y*(u)). By Eq (3.18) in Lemma 3.2, we know that E[w(T A
Ty S1(T A1), So(T A1), X7(5s A1), Y(T A Ty))], n=1,2,... are uniformly integrable. As a
result, for any m € I1, we have

ES 2 [UXC(T), YH(T))]
= lim E"" 2 [o(T A 1, S (T A1), So(T A7), X(T A1), Y(T A T)]

< (,()(t, §1,5 82, xay)'
Therefore,
V(t, 51, 52, X, y) = sup E"* > [UX™(T), Y"(T))]

nell

< (,()(t, Sl,SZ,X,y)-
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(i1) Suppose that 7 is a measurable function valued in II such that

ow
- E(t’ S1, SZ’x’y) - supL”a)(t, S1, 82, X,)’)

nell
ow .
==, (65152, %,y) = L7 wlt, 51,52, %,5) = 0.
Then it is easy to see that the inequality in (B.4) becomes an equality with 7 = 7, which in turn

yields

w(t, 51,82, %,y) = EX2[w(T, S (T), So(T), X™ (T), Y™ (T)]
< V(t9 81, 82, X,y)-

Above all, we have proved that w(t, sy, 52, x,y) = V(t, 51, 52, X,y), and 7* is an optimal Markov
control.

Appendix C

Proof of Theorem 3.2

We first show how to classify the optimal reinsurance strategy and provide the value of the optimal
investment Aj(z), A5(r) when ¢"(7) takes three different values, finally we give the proof of the explicit
expression of the value function V(t, sy, 52, X, y).

Inserting (3.10) and (3.11) into (3.6), we obtain

o 1 (r — ro)*
[rod(t) — d; — myidapn]e™ ™" + g, + zsfﬁﬁza'%gs.s. +ro818s, — ﬁ
1O
(C.1
G Lgpagp, o non)” inf[f(g,0)] = 0
272 285287 0528 5, 2S§B20'§ p q, - Y.

In order to find the optimal value of g that minimizes f(q, t) given by (3.9), we need to discuss the

concavity/convexity of f(q, t) and the size relationship of g(¢), 1 — \/g and 1.

Note that g(¢) < 1 — \/;Z; iff

Ay >1,0<t<T -1
my > my, A< 1 0
2 ,

A >A > 1, T -84 cp<cp 2 €2)
— b ro —_— —_— ro’
ml<m2’{Al>1>A2,T_lnr0A1StST,
1 \/j:;<q(z)<1iﬁf
mp>my, Ay > 1, T -2 <1< T,
2 A (C3)
m1<m2,A1>A221,T—TZ<t<T,
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and G(t) > 1 iff

A >1,0<t<T- “‘Al

- <m2,{ Nt (C.4)

2
On the other hand, =142 > 0 iff

my > my,

e {A1>1o<r<T—% (C.5)

1 2

A1<1
and 2240 < 0 iff

InA

my<my, Ay 21, T—-220 cr <. (C.6)
Iy

Based on the above analysis, we have the following conclusion.

() g <1- fandaf<q‘>>o theng* = 1 — \/:2

Ay >1,0<r<T -2
Combining (C.2) and (C.5), we obtain m; > my, { 2

Ay < 1.

) g <1- fandaf@” <0, then ¢ = 1.
A1>A2_
A >1>A,,
(3)1f1—\/71<q(t)<1and3f<q’)>0thenq - [|u

[¢%)
Combining (C.3) and (C.5), we obtain
my > my, Ay > 1, T—“‘ﬁ<t<T

@) If1 - \/7<q(t)< 1 andaf(‘“) <0, theng* = 1.
Combining (C.3) and (C.6), we obtain m; < mp, Ay > Ay > 1,T — % <t<T.
(5) If g(f) > 1 and Z T4 > 0, then ¢*(1) = (o).

Combining (C.2) and (C.6), we obtain m; < my, {

Combining (C.4) and (C.5), we obtain m; < mz,{ N 0<t<
1 .
(6) If g(r) > 1 and & T4l <0, theng = Tor1 -
Combining (C.4) and (C.6), we find the intersection of the two is empty.
Combining above (1)-(6), we obtain the result of optimal reinsurance strategy shown in
Theorem 3.2. Next, we proof the value of the optimal investment strategy Aj(¢) and A3(7), when g*(¢)
takes different values.

(1) Wheng* = 1 — \/Z; substituting it into (C.1) yields

1 a a
{rod(t) — d; — myda i + [( 1)I’}’l12 + —(ml m2)2 + _lmlm ]O-(Z)eVO(T f)} ro(T—t)
2 (0%) 2(1’2 (0%} (C 7)
2 2 .
+ g+ rosig 1S2,81+20_2g - rf s g 1S2ﬁ2+20_2g (n-n) _
t 09185 1 16511 7 T g 5 0528s, t > 28000 T g 5 = O
2 2s S0 2 2s 55 05
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which can be split into following two equations

1
[(— — ﬂ)m12 + ﬂ(m1 —my)* + ﬂmlmz](J'%e’O(T_’) + rod(t) — d; — mydaju, =0, (C.8)
2 s 2a, (023

and

1 242 5 (r1 — ro)° I 2,42 5 (ry — 1o)°
8t + 03185 + 58, o8 — Py 105285, + 55, 08 — Py 0. (C9
Sp 0 S, 0,

Note that (C.8) is a linear ordinary differential equation with the boundary condition d(T) = 0, it
is not difficult to derive that

1 o2/l /
d(t) = - MhAaits [e"O(T_’) -1]+ 9 [(— S St )m12 + o (my — m2)2 + —almlmz]
(¢%)

ro 2}"0 2 (0%) 2&’2 (CIO)
% [e—ro(T—t) _ ero(T—t)].
Trying to solve (C.9), we put
g, 51, %) = mt,ki, ko), ki = 5,7, ky = 5,7, (C.11)

with the boundary condition given by m(T, k;,k;) = 0. Then we can obtain the relationship
between the partial derivatives of m and g as follows
g =my, g = _2ﬁ1SIZ,31—1mkl’ g5, = _2ﬁ2S;2ﬁ2_1mk2,
8ra = 282(2Bs + D5y P Py, + 4835, Py, (C.12)
goisi = 281281 + sy P g, + 4B g,

Substituting the above first and second partial derivatives into Eq (C.9), and after simplification
we have

r - ro)’k
m; + [B1(2B1 + Dot — 2roBikyImy, + 2810 Tkimy i, — (1# + [B2(2B, + o3
207
( Pk (C.13)
ry— T
= 2roBakalmy, + 28305 kamyps, — ———— = 0.
2075
Motivated by Li et al. [23], we assume that a solution of Eq (C.13) has a following form
m(t, ki, ka) = 1(t) + J1(Dky + J2(Dk2, (C.14)

with the boundary condition I(T) = J,(T) = J>(T) = 0. Then, we obtain the partial derivatives of
m as

my = I + Jiky + Joka, my = Ji(1), my, = Jo(0), My, = Mgr, =0, (C.15)
Substituting (C.15) into (C.13), we have
r —ro)’k
I+ Jyky + Jaks + [B1(2B1 + Dot = 2rBiki 11 (1) — %
( P : (C.16)
ry—r
+ [82(282 + 1)o7 — 2roBaka] (1) — % =0,
2
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which can be simplified into

— 2 - 2
ki[J1: = 2rof J1(t) — %} + ko[ Jor — 2102 s (1) — _(rzzggo) ] (C.17)

+ 1+ Ji(OB1(2B1 + Dot + L(DB2(26, + Doy = 0,

with ky = 577" # 0,k = 5,7 # 0,J)(T) = J,(T) = 0. We can split Eq (C.17) into three

equations:
(ri —ro)’
Jie = 2rp1i(t) - ——— =0, (C.18)
207
R
Doy = 2rpaa(t) - 210 g, (C.19)
2075
and
I+ Ji(OB12B1 + Do + L(D)Ba(2Bs + 1o = 0. (C.20)

Since Eqgs (C.18) and (C.19) are linear ordinary differential equations with the boundary condition
Ji(T) = Jo,(T) = 0, we derive that

N2
Ji(t) = (ill‘fr")z[e—%ﬁl”—” - 1], (C.21)
rop107]
(ry — r0)2 —2r0Ba(T—t)
Jz(t) = W[e o - 1] (sz)
0P2U

Combining (C.20), (C.21) and (C.22), we have

_ 2 2 Del = =2roB1(T—t) _ 2 2 1
I(t):(rl ro) (2B + )[ e —(T—t)]+(r2 ro) (2B, + 1)
4]’0 2r0ﬁ1 4}"0 C 23
| — g=2r0Ba(T=1) (C.23)
X [— —(T - t)].
2roB>
Using Egs (C.15), (C.21), (C.22), (3.10) and (3.11), we obtain
P22 (= ro)2e=2roBi(T-0)
Ay = A0 f) e, (C.24)
2r0m1s1ﬂ10'%
,,.2 _ ,,.2 —(rr — 1, 2e—2r0ﬁ2(T—l)
Ayt = 2—2 (ro = 10) e T, (C.25)

P
2r0m2s2ﬂ o

Above all, we present the expression of d(¢), g(t, s1, 52), m(t, ki, k), I1(t), J1(¢), and J»(¢) by (C.10),
(C.12), (C.14), (C.23), (C.21) and (C.22), then we can get the explicit expression of the value
function V(¢, sy, 52, X, y).
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(2) When g*(t) = g(t), substituting it into (C.1) yields

ro(T— 1 (r - ”0)2
[rod(t) = d; — my Ay pua]e™ ™" + g, + Esfﬁﬁzgﬁgm + 7105185, — EECpEY
1 01
(C.26)
1 opi2 5 (ry = 1)’ _
+ ESZ 02855, + 108285, — W + f(C], t) =0.
) 03

It’s easy to see that Eq (3.9) is independent of g and its partial derivatives. Thus, (C.26) can be
split into following two equations

rod(t) — d, — mydayu, =0, (C.27)
and
I 212 5 (ri=r0)* 1 2500
+ = S8 + Y ~ 528
81 2s1 0185151 roS18s ZSTBIO'% 2S2 07855,
( )2 (C.28)
n—="r _
+ 108285, — W +f(Q» t) = 09
§, 03

Note that (C.27) is a linear ordinary differential equation with the boundary condition d(7T") = 0,
we have

_mydan

d(r) = [e70T=D _1]. (C.29)

ro

Since (C.28) is similar with (C.9), we can get the expression of /() which is similar with (C.23),
and it is given by

(rp — 7’0)2(2,32 +1)

I(t) - 4r, 0

(r = r0)* (2B + 1)[1 — e 2D
47'0 27‘0ﬂ1

-(T -],

T
—(T -1+ f £(g,vdr +
’ (C.30)

1 — e~ 2r0B2(T-1)

X [
21" oﬁz
where

£@, 1) =Aaa(1 = @Y ua(my — my)e™ ™" + g(1 — Hmymyoge™™ =

1 P -
+ Ea‘%eznﬂ g*m: + (1 — g)*m5]

2 4 3ro(T—i 2.2 00 0 2Tt
_Aaspami(my = my)oge™ )+ 2% a5omiorger

[24aa4ty + (m) — my)orenoT-0]?

_ﬂaz,uzm%(ml - mz)aée3’°(T") + 4 - 2)/lza§y§m%<f(2)62’°”")

[2Aa4 + (my — my)ogen 0]

_ 1 Aasprpmioge’™ !0 ]l erO(T_t)[ Aapymioge™ ) !

10| 2Aaos + (my — mp)ogeo =0 ro  [2anus + (my — my)o2enn T |
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Then
T T 2 2 2ry(T-7) ’
1 Aau,mios e’
f f(c‘l,T)dT:f ~= P dr
t ¢ 1o 2/1(!2[12 + (ml — mz)g'oero(T—T) cal
f T gD Adarpmioge™ T ’ (€31
+ .
¢ 1o 2/1&’2’[12 + (ml - mz)o'gerO(T—T)
Furthermore,

fT e}’O(T—T) Aazﬂszo-%erO(T_T) !
o To o[22 + (my — my)ogernd T

_ o= y Mz’uzm%g(z)ero(r—r) r fT Mz’uzm%géezw—r) i
To 2z, + (my — my)ogeo ™0 || o 24 + (my — my)ofe T (C32)
~ Aarpomio ~ Aarpomioge? 0T ~ Adarpmio] '
2rodaspty + ro(my — my)o  2rgdasun + ro(my — my)oeo =0 ro
1
0
X f 5=do,
00 2daopn + (my — my)o g6
and
1
0
f doé
e0T-0 2y + (my — m2)0'(2)6
1
= —————[(m = )56 — 2zt In [2Aazp + (my = m)ag6l1| Ly (C.33)
(my —my) oy
1 Tty _ 24000 + (my — my)og

11 + 2@ In }

_ 3 P
 (my - mz)zag {(m1 m2)oole

2Aaopty + (my — my)ogeo =0

Combined (C.31), (C.32) and (C.33) , we get

fT f(c_[ T)dT — M[eroﬂ—o 1+ Zﬂzagﬂ%m% ln' 2/1&’2;12 + (ml — mz)O'(z)
t

2aopty + (my — my)oge™ T

ro(my —my) ro(m; — m2)20'<2)

As aresult, (C.30) is converted to

— )22 1) 1 — e 2oBu(T-0 — )2 1
I(t):(rl r0) (261 + )[ e —(T—t)]+(r2 ro) (26, + 1)
47’0 Zl”oﬁl 4}"0
1_ —2}’0,32(T—t) /1&’ m2
X[ (T ]+ 2 o (C.34)
2roB> ro(m; —my)
2 a5u5m7 24ty + (my — my)o

I’O(ml - m2)20'(2) 2/1&2/,[2 + (ml — mz)o-(z)erU(T_[) .

Above all, we obtain the expression of d(¢), I(¢), J,(t), and J,(¢) by (C.29), (C.34), (C.21) and
(C.22), then we can get the explicit expression of the value function V(t, sy, 52, x,y). Similarly,
we can obtain A} and A are given by (C.24) and (C.25).
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(3) When ¢g* = 1, substituting it into (C.1) yields

Lo o Tty (7= 1 2540 5
[rod(t) — d, — myda s + Emlo'oem( DMeTD 4 g, + —slﬁ'Jr 185151

2
- (r1 — o) N lS2ﬁz+20_zg  ToSygs — (ry — 1)’ _ (C.35)
1 25?310_% 2 2 2585252 52 25?20'5
Also, (C.35) can be split into (C.9) and
1
rod(t) — d, — mydauy + Em%o%e“ﬂ_’) =0. (C.36)

Solving the above linear ordinary differential equation (C.36) with the boundary condition d(T) =
0, we obtain

2,2

mi;o,
d(t) — 170 [e—r()(T—t) _ er()(T—t)] +
41”0 ro

my Ay [1— €_r0(T_[)].

The solution of (C.9) is given by (C.11)—(C.23). So, we can get the explicit expression of the
value function V(z, sy, 52, x,y). Similarly, we can obtain Aj(7) and A’(?) are given by (C.24) and
(C.25).

Above all, the proof of Theorem 3.2 is completed.
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