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modulo p™, and let g = 2¢'T, where ¢(-) is the Euler’s function. In this paper, we construct two classes
of linear codes over F, and investigate their weight distributions. By calculating two classes of special
exponential sums, the desired results are obtained.
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1. Introduction

Let F, be a finite field with g elements, where g is a power of a prime 2. Let Tr,, be the trace
function from F, onto F,. An [n,k,d] binary linear code C is a k-dimensional subspace of F} with
minimum Hamming distance d. Let D = {x;, x», ..., x,} C F,. A binary linear code of length n over F,
is defined by

Cp =1{C = (Try2(bx)))_, : b € F}.

If the set D is well chosen, the code Cp may have good parameters. Let A; be the number of
codewords in Cp with Hamming weight i. The weight enumerator of Cp, is defined by

1+Az+ A+ + A7

The sequence (1,A1,A,,...,A)) is called the weight distribution of Cp. It is said to be a t-weight code
if the number of nonzero A; in the sequence (1,A4,...,A;) is equal to .

In coding theory, it is often desirable to know the weight distributions of the codes because they
can be used to estimate the error correcting capability and the error probability of error detection and
correction with respect to some algorithms. Hence weight distributions of codes are an interesting
topic and were investigated in [4,5,7-13, 18, 19,21, 22] etc. Moreover, those codes with few nonzero
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weights are of special interest in association schemes, secret sharing schemes, and frequency hopping
sequences [2].

In this paper, let p be an odd prime with p = 1 (mod 4), N = p™ a positive integer, ordy(2) = f,
and g = 2/, where f = @ and ¢(-) 1s the Euler’s function. Let a be a primitive element of F, and

B = a’F an N-th primitive root of unity in F,. We choose
D, = {x €F, : Tryn(ax'™) = 0)
as a defining set of Cp,, and

Cp, = {C = (Tryn(bx))xep, : b € F,). (1.1)

It is obvious that the dimension of Cp, is @

For C € Cp,, the Hamming weights of the codeword C with respect to b € F, is denoted by Wy(C).
Denote b
S(a,b) = Z(—l)qu/z(axT +bx)
XGIF:;

The length of Cp, is

1 Teo (v g-1 1 g-1
- _ _ /2(}‘”‘ Ny — _ _ Tr,/z(ax N)
|Da|—2g(§(l)q )= 7 +2§(1)’

xeFy yeF, xeFy

n

= %(q - 1+S8(a,0)). (1.2)

If b =0, then Wy(C) = 0.
If b # 0, then Wy(C) = n— Z(b) and

Z(b) = lx€F,: Tryn(ax™) = 0, Trya(bx) = O}

= % Z(Z(_I)Trq/z(yux%) Z(_I)Trq/z(sz))

xeF} yeF, €
-1 1 o1
= D L DTy 2B T
xeFy xeFy
1 g1
+— Z(_l)Trq/z(ax N +bx).
4 xely

It is simple to see that 3 .z (=1)"2*? = —1. Then

Z(b) = i(q—2+S(a, 0) + S(a, b)). (1.3)

In order to obtain the length of Cp, and the weight of C € Cp,, we only need to calculate S (a, 0)
and S (a, b). In general, the exact values of S (a,0) and S (a, b) are hard to calculate, in Section 3, we
shall consider two special cases.

This paper is organized as follows. In Section 2, we recall some concepts and several results about
Gaussian sums in semi-primitive case. In Sections 3, we focus on the computation of the weight
distribution of Cp, defined as (1.1). In Section 4, we make a conclusion.
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2. Preliminaries

Let F, be a finite field with ¢ elements and « a fixed primitive element of F,, i.e., F, = (a). For
two positive integers n > 1 and N > 1 with ¢ — 1 = nN, define cyclotomic cosets of order N in F,:
C. N0 — o a™),i=0,1,...,N — 1. The cyclotomic numbers of order N in [F, are defined as follows:

Gy =11+ NCM,0<i<N-1,0<j<N-1.

When ¢ = p is an odd prime, Lemmas 2.1-2.3 give cyclotomic numbers of order 2, 6 and order 8,
respectively.

Lemma 2.1. [I7]Ifp = | (mod 4), then (0,0), = PT 0,1, = (1,0, = (1,1), = ZL 1fp =3
(mod 4), then (0, 1), = Z2,(0,0), = (1,0), = (1, 1), = Z2.

Lemma 2.2. [3] Suppose that p = 1 (mod 24) is a prime. Then 4p = u*> + 27V, u,v € Zand u = 1
(mod 3). The possible values for the cyclotomic numbers of order 6 as follows (Table 1):

Table 1. The cyclotomic numbers of order 6.
(& Je 0 1 2 3 4 5

0 (0,00 (0,1) (0,2) (0,3) (0,4) (0,5
1 0, 1) (0,5 (1,2 (1,3) (1,49 (1,2
2 0,2) (1,2) (0,4 (1,49 2,49 (1,3
3 0,3 (1,3) (1,4) (0,3) (1,3) (1,4
4 0,4 (1,49 2,4 (1,3) (0,2) (1,2
5 0,5 (1,2) (1,3 (1,49 (1,2) (0,1)
These 10 fundamental constants (0,0),...,(2,4) are given by the relations contained in the

following table (Table 2).

Table 2. The values of cyclotomic numbers of order 6.

If 2 is a cubic residue of p  If 2 is not a cubic residue of p

36(0,0) p—17+ 10u p—17- 7“+27V
36(0,1) p—-5-2u+27v p- 5+5”+9V
36(0,2) p—-5-2u+9v p—5- 2u—18v
36(0,3) p—-5-2u p— 5+5”+9V
36(0,4) p—-5-2u-9v p— 5+5”+9V
36(0,5) p—-5-2u-21v p—5- 2u+18v
36(1,2) p+1+u p+1l+u-9
36(1,3) p+1+u p+1—@
36(1,4) p+1+u p+1+u—-9
36(2,4) p+1+u p+1+u+27v
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Lemma 2.3. [, 3] Suppose that p = 1 (mod 16) is a prime. Then p = E* + 4F* = A + 2B?,
E,F,ALBeZand E = A =1 (mod 4). The possible values for the cyclotomic numbers of order 8 as
follows (Table 3):

Table 3. The cyclotomic numbers of order 8.
@, s 0 1 2 3 4 5 6 7

0 (0,00 (0,1) (0,2) (0,3) (0,4) (0,5 (0,6) (0,7
1 0,1 ©,7) (1,2 (1,3) (1,4 (1,5 (1,6) (1,2
2 0,2) (1,2) (0,6) (1,6) 2,4 (2,5 2,49 (1,3
3 0,3) (1,3) (1,6) (0,5 (1,5 2,5 2,5 (1,49
4 0,4 (1,49 2,4 (1,5 0,49 (1,9 2,49 (1,5
5 0,5 (1,5 2,5 2,5 1,4 (©0,3) (1,3) (1,6)
6 0,6) (1,6) 2,49 2,5 2,4 (1,3) (0,2 (1,2
7 ©0,7) (1,2) (1,3 (1,49 (1,5 (1,6) (1,2) (0,1)
These 15 fundamental constants (0,0),...,(2,5) are given by the relations contained in the

following table (Table 4).

Table 4. The values of cyclotomic numbers of order 8.

If 2 is a quartic residue of p If 2 is not a quartic residue of p

64(0,0) p-—23-18E —24A p—23+6E

64(0,1) p—-7+2E+4A+16F +16B p—-T7+2E+4A
64(0,2) p-7+6E + 16F p—T7-2E—-8A—-16F
64(0,3) p—-T7T+2E+4A-16F +16B p—-T7+2E +4A
64(0,4) p-7-2E+8A p—T7-10E

64(0,5) p-T7+2E+4A+16F -16B p-T7+2E+4A
64(0,6) p-—-7+6E—16F p—T1—-2E—-8A+ 16F
640,7) p-T+2E+4A—-16F-16B p-T7+2E +4A
64(1,2) p+1+2E—-4A p+1—-6E+4A
64(1,3) p+1-6E+4A p+1+2E—-4A—-16B
64(1,4) p+1+2E—-4A p+1+2E—-4A+ 16F
64(1,5) p+1+2E—-4A p+1+2E—-4A - 16F
64(1,6) p+1-6E+4A p+1+2E—-4A+16B
64(2,4) p+1-4E p+1+6E+8A
64(2,5) p+1+2E—-4A p+1—-6E+4A

Let g be odd, define the quadratic multiplicative character of IF, denoted by 7 as follows: 1(c) = 1
if ¢ is the square element of F; and nj(c) = —1 otherwise. If ¢ is an odd prime, then for ¢ € F, we have
n(c) = (2), where (j]) is the Legendre symbol.

Let Tr,, be the trace function from F, to F, defined by Tr,/»(x) = x + x* + --- + x4%, x € F,, and
x is the canonical additive character of F,: For ¢ € F,, x(c) = (—1)™2. It is a well-known fact that
2cer, X(¢) = 0. In the following, we list a useful result, which is called the semi-primitive case.
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Lemma 2.4. [15, Theorem 1] Let g = 2>* and N | (2¢ + 1), where s and d are positive integers. Let
be a primitive element of F,. Then for a = a’ e F, and Ind,(a) = b,

Z(_I)Trq/z(axN) [ DM N -D+g-1, ifInd,a=0 (mod N),
T (=D)Pyg -1, if Indya 20 (mod N).

&
X€Fy

Lemma 2.5. [3] Suppose that p is a prime and p = 1 (mod 24). Then p = A’>+3B* and 4p = u>+27V?,
where A, BeZand A =1 (mod 3), u,ve Zu=1 (mod 3) and v = ’%.

3. Main results
In this section, let p be an odd prime with p = 1 (mod 4), N = p™ a positive integer, ordy(2) = f,
and ¢ = 2/, where f = @ and ¢(-) is the Euler’s function. We always suppose that « is a primitive

element of Fy, B = @'V andy = 87" is a primitive N-th and p-th root of unity in F,.
Recall that the length of Cp, is equal to

n= %(q—1+S(a,O))

and for b € IF'Z, the weight Wy (C), C € Cp, is

Wu(C) = n-— %(q—2+S(a,O)+S(a,b))

%(q +S(a,0) - S(a,b)).

The length of Cp, and the weight Wy(C),C € Cp, is relate to the value S(a,0) and S(a,b),
respectively. .
Let S(a) = YN, (=1)™2@) Then

g1
S(Cl, 0) — Z(_I)Trq/z(ax N _ qTS(a)

xeFf]
Recall that for b € FZ’
g-1
S(a,b) = Z(—l)Trq/z(ax N +bx)

o
X€elFy

Let H = ("), F; = UY'a'H. Then

_g-l gl
Z(_l)Trq/z(ab N x N +x)

o
xeFy

N=1 g-1 . )
= Z(_ 1 )Trq/Z(abiwﬁl) Z(_ I)Trq/z(a’h)
i=0

heH

1 N-1 -
_ Tr,p(ab™ N BY) Tr, (i xV)
= S (D" D (1T,
N
i=0

£
xeFy

S(a,b)
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By p =1 (mod 4) and Lemma 2.4,

S(a,b)

1 X S R
(DTN 1)y = 1)+ ) (=)= g - 1))
i=1

- +1 -
= V(1)@ “——‘@N S (ab™ )
-t +1
= g(=1)Te@ N)—W—S(a).

N

In the following, for two cases about a € F,, we calculate the values S (a,0) and S (a, b),b € F,. Let
=(0) = HyU H,, Hy = (6*) is a subgroup consisting of all square elements of index 2 in F,, and
H, = 0H, consists of all non-square elements in F,. First, we give an lemma.

Lemma 3.1. []/4] Suppose that H, is the set consisting of all non-square elements in [, then for

: 1, if p"'|li and = € H,,
Tr, n(B) = ’
Ta2(B) { 0, otherwise.
Suppose that ri(p — 1) and a = 3 Y e F,, where y = 7", w € Fr, and £, is a primitive r-th
root of unity in FF,,.
ForO<i<N-1l,leti=kp™'+1,0<k<p-1,0<1<p™'-1. By Lemma 3.1 and note that if

l * 0, then Trq/Z(ﬁ(k+wé’£)pm—]+l) _ 0. Then
ﬁ % 1 J
i r=1 wi; gi
S(a) = (_I)Trq/z(aﬁ) _ (_I)Trq/z(zjzoy i
=0 p
pmfl_l P—l o
B Z Z(_ 1)T1‘q/2(z;;(l) BUewep Ty
1=0 k=0
= @b Z( DT = 1 3.1)

where

Q Z( 1 )Trq/z(Z’_o ’yk-W[r Z ( 1)Z] 0 Trq/2(7X+w[r

x€F,

Let W = {-w, =w(,,...,—w"'}. By Lemma 3.1 and by the fact that the product of any two square
elements or any two non-square elements is a square element and the product of a square element
with a non-square element is a non-square element, we can easily check that if x € F, \ W, then

ps o Tr, /2(7/“%) and Tr,(y"" 0(“””{’)) have the same parity. Then

7= (evwgd) . -
Q= Z (=1)Trarly =0 )+Z(_1)Z,—=(1)Trq/2(7 ) (3.2)

xeF,\W xeW
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Theorem 3.2. The notations are as above. Let p = 1 (mod 24) be a prime. Then 4p = u* + 27v?,
u,veZandu =1 (mod 3). Suppose that a = Z§=O ngg €F,.
(1) If(l%)3 =1, then

S(a):pm—p—1+2u+6(%).

(1) If ()3 # 1, then
S@=p"—p-1-u-9v+6(2).
P
Proof. By (3.1), we only need to calculate Q denoted by (3.2). Let
A=l{x e FAW: IT_o(x +w)) =y, y € R},

where W = {—w, —wls, —W(Z, —wiZ, —wl{, —w(Z}.

Let F; = (§), C*” = ¢6*), i = 0,1, and C\*” = /(%) j = 0,1,2,3,4,5. It is clear that
Co" = CyP U PP U Y and CP = € U CPP U CP. For w € Fy, TE_(x + wij) = x° — wP,
Now we count the number :

A

{xeF,\W: X —wb = yz,y e F il

{xeF,\W: K —wh = y6 or x® —w® = ’y2y6,

or x5 —wb=yH0 ye F,}.

If x = 0, then x® — w® = y? has a solution y € F,, i.e., when x = 0, there exists a y € F,, but not
unique, such that x® — w8 = y2.

If x # 0, xX°—w® =y is equivalent to 1+(—(%)°) = (2)°, then the number of ¥ such that 1+(—(%)°) =
(2)® is equal to |(1 + C86’q)) N C(()é’q)l = (0,0)s and the number of x such that x® — w® = y° is equal to
6(0,0)¢. Similarly, the number of x such that x® — w® = y%y% is equal to 6(0,2)s and the number of x
such that x5 — w® = y*y% is equal to 6(0, 4)e.

Suppose that 2 is a cubic residue modulo p, i.e, (%)3 = 1. By Lemma 2.2,

p—7+2u

A = 6((0,0 +(0.2)5 + (0. 4)) + 1 = —

Suppose that 2 is not a cubic residue modulo p, i.e., (%)3 # 1. By Lemma 2.2,

p—T7T—u-9

A =6((0,0) +(0,2)6 +(0,4)s) + 1 = 3

Moreover, by p = 1 (mod 24),

—ww

Cwawdd
6)+Try2(y " "%6)

) a3
(-1 )Trq/z(l’fww’(6 )+Trq/2(7’_w+w‘(6 )+Trg2(y v )+Trg2(y

(=W + We)(=w + Wi (—w + W) (—w + Wi (—w + wi3))

nw) = ().
P
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Similarly,

_ 2 teanrd - I
(—1)Trq/z(V_W{6*’”')+qu/2(7 YOS )+ Ty o (06 )+ Ty o (y '["+W(g)+Trq/z(7 Wetle) _

2 2 23 )
(1)t P ) Trg o (y M6 T )4 T o (y 60 4 Ty o ("

. B ) ) 2 _
(1)t M6 ) Ty (y %6 0 )+ Ty 0 (y 6 6 )+ Ty p (™

+ w[4

w2 S
6)+T1'q/2(’y W'ZGJFW'(()) —

Lo +wig

IS IS
6)+T1'q/2(’y H'ZGHMG) —

(=),
p

7 2 — W Ve — W 2 —W, 3 —We 1’5
(_1)Trq/2()’_Mg+w)+Trq/2(7 " ©)+Trya(y RRG 1+ Trg 2y W(gM(ﬁHTrq/z(V o %) — (K)
o

i i ot 2 S 3 St
(_1)Trq/2()’ M6 )+ Trga(y W{6+W{6)+Trq/2(7 746 %% )+Trg2(y RO [6)+Trq/2(7 Mﬁﬂ[g) — (K)

Thus

Note that

Hence

X+W, J
D= DE T 6(%).

xeW

Q = A-(p-6-A)+ Z(—l)zizo Trg/2(y"™6)

xeW

2A—p+6+6(2)
p

M- p—1+2u+6(Y), if (2); =1,
S@ = 17 7P u (,,)W ?([2,)3
pm—p—l—u—9v+6(;), lf(;)3¢1

P

O

Theorem 3.3. The notations are as above. Let p = 1 (mod 16) be a prime. Then p = E* + 4F* =

A2 +2B* E,FFA,B€Zand E=A =1 (mod 4). Suppose that a = Z;:o Y% € F,, then

S(a):pm—p—2E—4A—1+8(%).

Proof. By (3.1), we only need to calculate Q denoted by (3.2). Let

A=lx e FA\W: IT_o(x+w)) =y, y € R,

where W = {_W’ _nga _W§827 _ng’ _nga _ng’ _nga _ng}

AIMS Mathematics
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Let FY = (8), C*” = 6(¢?), i = 0,1, and C>" = /(6%), j = 0,1,2,3,4,5,6,7. It is clear that
C(()z’p) = ng’p) U C;S’p) U Cftg”’) U Cé&p). Forw € F;, H;zo(x + w{g) = x® —w?. Now we count the number :

A

lix e FA\W : x* —w® = 3%y € F,}
{x e F,\W : B —wt =y ora® —wb =948,

or x> —wd =9H® orx® —uwt =452 ye F,}I.

If x = 0, then x* — w® = y* has a solution y € F,, i.e., when x = 0, there exists a y € F,, but not
unique, such that x% — w® = y2.

If x # 0, similar to the discussion of Theorem 3.2, the number of x such that x®* — w® = y8,
B —wd =928, 8 —wd =98, and x® — wd = 958 is equal to 8(0, 0)g, 8(0,2)g, 8(0,4)s, and 8(0, 6)s,
respectively.

Suppose that (%)4 = 1 or suppose that (%)4 # 1. By Lemma 2.3,

p—9—2E—4A
> .

8

A =8((0,0)s +(0,2)s + (0,4)s + (0,6)3) + 1 =

Moreover, by p = 1 (mod 16), it is easy to check that if x € W, then

(1T ()
4
Thus
Z(_DZZZO qu/z()’ﬁw'(g) — 8(2)
W p
Hence
Q = A-(p-8-A)+ Z(—I)ZLO Try (%)
xeW
= 2E-4A-1+85),
4
and

S(a)=p" —p—2E—4A—1+82).
4
O
Recall that the length of Cp, defined as (1.1) is equal ton = %(q— 1+S(a,0)) and S (a,0) = %S (a).
Then the following results are obtained.
Theorem 3.4. The notations are as Theorem 3.2.
(1) If(%)3 # 1, then the length of Cp, defined as (1.1) is equal to
g-D2p"—p+5-—u—-9v)
n= )
2pm
(2) If(%)3 = 1, then the length of Cp, defined as (1.1) is equal to

. (g-D2p"—p+5+2u)
= 2 .

AIMS Mathematics Volume 8, Issue 7, 15317-15331.
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Theorem 3.5. The notations are as Theorem 3.3. The length of Cp, defined as (1.1) is equal to

_(q-D@p" -~ p-2E-44-9)
- 2pm :

Now we return to investigate the weight Wy (C) of C € Cp,.

Theorem 3.6. Let p = 1 (mod 24) be a prime. Then 4p = u> + 27 u,v € Zand u = 1 (mod 3).
Suppose that a = Z;:O ngg € F,, where w € H,.
M If (%)3 # 1, then Cp, defined as (1.1) is a two weight binary linear code with length

(g—1D)2p"—p+5-u-9v)
2pl‘l‘l

and its weight distributions are given by Table 5.

Table S. Weight distributions of Cp, if a = Z;ZO )/Wgé € F,,w € H,.

weights frequencies
0 1
g_ 4pm 44w+ 9v—5) (q—l)(2p’”2;1’7n+5—u—9v)
4P~ p—u=9v+5) (e

2) If (%)3 = 1, then Cp, defined as (1.1) is a two weight binary linear code with length
W and its weight distributions are given by Table 6.

Table 6. Weight distributions of Cp, if a = Z?:O ngéi € F,,w € H,.

weights frequencies
0 1
1 -2u=5) (-l —ps542)
\g;qﬂp —-p—2u->5) %

Proof. Suppose that a = 2?:0 ngéj € F,, w € Hy. By Theorem 3.2,
S@=p"-p-u-9v+5.
Ifbe IF;, then

Wr(C)

%(q +5(a,0) - S(a,b))

1 q+ \/_

= gl $ @)~ -1y )

{ g_ f*"<p +u+9v—5),  if Trp(ab %) =0

)fpff@p —u=9v+5), if Trya(ab™F) = 1.

AIMS Mathematics Volume 8, Issue 7, 15317-15331.
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We only need to count the number of b € IF"q‘ such that Trq/z(ab‘%l) = 0 or 1. It is clear that
ord(b‘%) =p,0<t<m. 1 1

If r > 2, then ord(waéb—‘%) = p > p. where j = 0,...,5. So by Lemma 3.1, Trm(ab—‘%) = 0.
Moreover, b = a”" *, where 0 < u < — 1 and gcd(,u p) = 1. Hence there are Y., (L i ,H) =

-1- p—l such elements bekF, such that ord(b™ % ) > p.

fo<t<l,ie, b 5 = =v%0 < x < p -1, itis obvious that there are L elements b.
Moreover,

wj
(DTt T = ()T T

Suppose that x € W = {—w, —wls, —w(z, -w(7, —wle, —w{3}. Then

_g-L —WHW, J .
(_I)Trq/z(ab Ny (_1)Z;=1Trq/2(7 %) — n(n§:1(_w + W{é)) - 1.

6(g—1)

Hence there are I such elements b € F; such that b = v
Suppose that x € F, \ W. Then

( I)Trq/z(ab N ) _ ( 1)Z] OTrq/z(V 6) — n(Hﬁzo(x + Wgé))

By the proof of Theorem 3.2, there are A = %"_% such elements x € F, \ W such that

Trq/z(ab‘%) =0;thereare p—6—-A = w such elements x € IF, \ W such that Tr,/,(ab™ Ea ) =1,
where 4p = u> + 27v?, u,v € Zand u = 1 (mod 3).
Therefore there are

g-1 p+5-u-9 g-1 (@-1D2p"-p+5-u-9v)
g-—1—-—+ . =
" 2 " 2p"
elements b € IF*q such that Trq/z(ab‘%l) = 0; there are w . qp;ml such elements b € IF;‘] such that
Trq/z(ab‘q;Nl) = 1. Then the Table 5 is given.
Suppose that (%)3 = 1, we obtain the Table 6 similarly. O

Theorem 3.7. Let p = 1 (mod 16) be a prime. Then p = E>+4F? = A2 +2B% E,F,A,B € Z and

E =A =1 (mod 4). Suppose that a = ijo yw»fé € F,, where w € H,. Then Cp, defined in (1.1) is a
(g=D@2p"-p-2E-4A-9)
2pl11

two weight binary linear code with length
Table 7.

and its weight distributions are given by

Table 7. Weight distribution of Cp, if a = )/, Y € F,,w € H.

weights frequencies
0 1
- Y9 (p+2E +4A +9) (o 22
\f+q NGy DE — 4A — 9) (q—l)(pgi;rzEMA)
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Proof. Suppose that a = 2;:0 yw‘fé € F,, w € H,. By Theorem 3.3,
S@=p"—-p-2E—-4A-09.

Ifb e IF;, then

Wr(C)

%(q +5(a,0) - S(a,b))

1 \/_

= 2a+ V5@~ yge e )

{ a_ fm" p+2E+4A+9),  if Try(ab%) =0

2 4p
VI — p—2E —4A = 9), if Try(ab5) = 1.

417)71

We only need to count the number of b € IF;‘I such that Tr, /z(ab‘%l) = Qor 1. Itis clear that ord(b‘q%vl) =
p,0<t<m. _

If £ > 2, then ord(nyéb—%) =p > p. where j = 0,...,7. So by Lemma 3.1, Trq/z(ab "&‘) = 0.
Moreover, b = o”" *, where 0 < HES — 1 and ged(u, p) = 1. Hence there are ), 2( = ,+1) =

qg—1- W such elements b € F, such that ord(b‘T) > p.

) -1 .. ) _
fo<r<l,ie, b'v = v*,0 < x < p— 1. itis obvious that there are qu,] elements b.
Moreover,
—1 L
(= )T @™ T = (S Trn™™ )

Suppose that x € W = {—w, —w(s, —wis, —wls, —wl3, —wl3, —w{S, —w({}. Then

_al —WHW, J .
(_I)Trq/z(ab Ny (_I)ZZZITF(,/Z(Y {8) — U(H;:l(_w + W{é)) =—1.

8(g-1)

, such that b = v
Suppose that x € F, \ W. Then

(= 1y ) = (B0 2 0T wi).

By the proof of Theorem 3.3, there are A = w such elements x € F, \ W such that

Trq/z(ab‘%) =0; thereare p—8—-A = M such elements x € F, \ W such that Tr,»(ab™ ~ ) =1,
where p = E* + 4F* = A’ + 2B*, E,F,A, B e Zand E=A=1 (mod 4).
Therefore there are
1 qg-1 N p—9-2E-4A q-1 (¢g—1)Q2p"-p-9-2E-4A)
q pm—l 2 pm - 2pm

p+9+2E+4A

-1
such elements b € FZ such that Trq/z(ab‘qT) = 0; there are >

that Trq/g(ab_%) = 1.
The desired result follows. m|

1
. ';7 such elements b € F; such

In the following, we give some examples.
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Example 3.8. Let p = 17. Then Cp, is an [135, 8, 64] two-weight binary linear code with weight
enumerator 1 + 135z%* + 1202’2, The dual is an [135,127,3] binary linear code and is optimal, due
to [6]. The code is also obtained from Theorem 3.2 in [20].

Example 3.9. Let p = 97. Then 97 = 1 (mod 24) and 97 = 1 (mod 16). By Theorem 3.6 (1),
4p = 19?2+ 27v?, by Lemma 2.5, v = 1. By Theorem 3.7, p = 9* + 4F? = 52 + 2B%, F? = 4 and B* = 36.
The weight distributions of Cp, are given by Table 8.

Table 8. Weight distributions of Cp, in Theorems 3.6 (1) and 3.7.

48 48 _
Theorem 3.6 (1) n = 25~ Theorem 3.7 n = 26~
weights frequencies weights frequencies
0 1 0 1
247 _ 30(224+2%8) 372%-1) 247 _ 36(224+2%8) 25(2%-1)
97 97 97 97
37(2%44+2%) 60(2*8-1) 25(2244248) 72(2%8-1)
194 97 194 97

From the above Table 8, we can see that the minimum Hamming distance of the line code in
Theorems 3.6 (1) is larger than that of in Theorem 3.7.

Example 3.10. Let p = 193. Then 193 = 1 (mod 24) and 193 = 1 (mod 16). By Theorem 3.6 (1),
4p = (-23)> + 27v?, by Lemma 2.5, v = 3. By Theorem 3.7, p = (=7)* + 4F* = (-11)> + 2B?, F? = 36
and B* = 36. The weight distributions of Cp, are given by Table 9.

Table 9. Weight distributions of Cp, in Theorems 3.6 (1) and 3.7.

97(2%-1 121(2%-1
Theorem 3.6 (1) n = (193 ) Theorem 3.7 n = %
weights frequencies weights frequencies
0 1 0 1
295 _ 48@+2%) 97(2*~1) 95 _ 36(2%+2%) 1210%-1
193 193 193 193
97(2%0+248) 96(2%-1) 121(2%0+2%%) 72(2%-1)
386 193 386 193

From the above Table 9, we can see that the minimum Hamming distance of the line code in
Theorems 3.7 is larger than that of in Theorem 3.6.

4. Conclusions

Suppose that p = 1 (mod 4) is a prime and W 2 is the multiplicative order of 2 modulo p™. Let

q = 2% , in this paper, we constructed two classes of two-weight linear codes over F, and obtained
their welght distributions. The main work was the calculations of two classes of exponentlal sums,
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which were special forms of exponential sums defined by Moisio in [16]. The technique that we
adopted was to count the number of the square elements by cyclotomic numbers over F,. By this
method, other problems such as cross correlations of sequences and Walsh spectrums of functions can
also be investigated.
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