AIMS Mathematics, 8(7): 15285-15298.
DOI: 10.3934/math.2023781
ATMS Mathematics Received: 035 March 2023

Revised: 16 April 2023

Accepted: 23 April 2023
http://www.aimspress.com/journal/Math Published: 25 April 2023

Research article

Global weak solutions of nonlinear rotation-Camassa-Holm model

Zheng Dou'* and Kexin Luo?

! School of Economics, Xihua University, Chengdu 610039, China

2 School of Mathematics, Southwestern University of Finance and Economics, Chengdu 610030,
China

* Correspondence: Email: douzheng @mail.xhu.edu.cn.

Abstract: A nonlinear rotation-Camassa-Holm equation, physically depicting the motion of equatorial
water waves and having the Coriolis effect, is investigated. Using the viscous approximation tool, we
obtain an upper bound estimate about the space derivative of the viscous solution and a high order
integrable estimate about the time-space variables. Utilizing these two estimates, we prove that there
exist H'(R) global weak solutions to the rotation-Camassa-Holm model.
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1. Preliminary

The objective of this work is to deal with the rotation-Camassa-Holm model (RCH)
h h
m, + Vi, + 2Vym + KV, — @vm+ﬁ—§v2vx+ﬁ—§v3vx =0, (1.1)
a

wherem =V -V,

2 k(k*+6k>—1 44 8k2—
k:\/1+F2—F, B = k @ = (ks 2), o = K81

14122 6(k2+1) 6(k2+1)’
W = -3k(k*-1)(k2-2) W = (K-2)(K2-1)°(8k2-1)
DT 0wy 0 T 2(14k2)° ’

in which constant F is a parameter to depict the Coriolis effect due to the Earth’s rotation. Gui et al. [9]
derive the nonlinear RCH equation (1.1) (also see [3, 10]), depicting the motion of the fluid associated
with the Coriolis effect.

Recently, many works focus on the study of Eq (1.1). Zhang [23] investigates the well-posedness
for Eq (1.1) on the torus in the sense of Hadamard if assuming its initial value in the space H*® with
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the Sobolev index s > %, and gives a Cauchy-Kowalevski type proposition for Eq (1.1) under certain
conditions. It is shown in Gui et al. [9] that Eq (1.1) has similar dynamical features with those of
Camassa-Holm and irrotational Euler equations. The travelling wave solutions are found and classified
in [10]. The well-posedness, geometrical analysis and a more general classification of travelling wave
solution for Eq (1.1) are carried out in Silva and Freire [17]. Tu et al. [20] investigate the well-
posedness of the global conservative solutions to Eq (1.1).

If F = 0 (implying ; = h, = 0), namely, the Coriolis effects disappear, Eq (1.1) becomes the
standard Camassa-Holm (CH) model [2], which has been investigated by many scholars [1,6-8, 16].
For some dynamical characteristics of the CH, we refer the reader to the references [11-15,22].

Motivated by the works made in [4,21], in which the H R) global weak solution to the CH model
is studied without restricting that the initial value obeys the sign condition, we investigate the rotation-
Camassa-Holm equation (1.1) and utilize the viscous approximation technique to handle the existence
of global weak solution in H'(R). As the term V., appears in Eq (1.1), it yields difficulties to establish
estimates of solutions for the viscous approximation of Eq (1.1) (In fact, using a change of coordinates,
Silva and Freire [18] eliminate the term V.., and discuss other dynamical features of Eq (1.1)). The
key contribution of this work is that we overcome these difficulties and establish a high order integrable
estimate and prove that % possesses upper bound. These two estimates take key roles in proving
the existence of the H'(R) global weak solution for Eq (1.1) without the sign condition.

This work is structured by the following steps. Definition of the H'(R) global weak solutions and

several Lemmas are given in Section 2. The main conclusion and its proof are presented in Section 3.

2. Lemmas

We rewrite the initial value problem for the RCH equation (1.1)

Vi= Vi £ 3VV 4+ kV 4+ V2V + BVIV = 2V Vo + (V + 2V, oD
V(0, x) = Vo(x), x€R. '
Employing operator A~ = (1 — §?)~! to multiply Eq (1.1), we have
a A _
Vi+(V+)Ve+ 5 =0, 2.2)
V(0, x) = Vo(x),
where 9A h o1
- @0 1 2
— = Ak =)W+ VPt =V =V V.
0x [( oz) 38? 433 2 x]x

It can be found in [9, 10,17, 18] that

f(v2 +V})dx = f(vg + Vg, dx.
R R
We cite the definition (see [4,21]).

Definition 2.1. The solution V(t, x) : [0,00)XR — R is called as a global weak solution to system (2.1)
or (2.2) if

(1) V € C([0,00) x R) N L™ ([0, 00); H'(R)) ;

) IV, Narwy < Vollmg) s

(3) V = V(t, x) obeys (2.2) in the sense of distribution.

AIMS Mathematics Volume 8, Issue 7, 15285-15298.



15287

Define ¢(x) = €27 if |x| < 1 and ¢(x) = 0if [x| > 1. Set ¢.(x) = & t¢ (s x) with 0 < & < 1.
4

Assume V.o = ¢.* Vj, where x represents the convolution, we see that V.o € C* for Vy(x) € H*, s > 0.
To discuss global weak solutions for Eq (1.1), we handle the following viscous approximation problem:

{ o en B B = e (2.3)
V(0,x) = s,o(x)
in which
Adlt,x) = [(k— AT 3h—ﬁzv§ 4’23 Vit ;(%)2].
Utilizing (2.3) and denoting p.(t, x) = 2222 yield

Pe @ 8pg 0 p. 1,
o T Vet ) e TP
h h o' h h 1 8V
— 2 3 2 /4 A2(V> 0 1 /3 2 v/4
= (k——)V +V? +FV8+ ﬁ3V€ (V8+(k—;)V5 BZVE ﬁsvg S5 =)
= B.(t,x). (2.4)

Simply for writing, let ¢ represent arbitrary positive constants (independent of &).

Lemma 2.1. Let V, € H'(R). For each number o > 2, system (2.3) has a unique solution V, €
C ([0, 0); H7(R)) and

v\’ ICASNTEAAY 2
2 a e _
fR(v (ax))dﬂzsfo L[(ax) +(8x2) ](s,x)dxds— [Veollie, (2.5)
which has the equivalent expression
2 t 2
IVt By, + 26 fo '—(s oy 5= Veolle,-

Proof. For parameter o > 2, we acquire V.o € C([0, c); H*(R)). Employing the conclusion in [5]
derives that system (2.3) has a unique solution V,(¢, x) € C([0, o0); H(R)). Using (2.3) arises

vas(vst - Vstxx)dx
R

28 f( Vg stx - Vg stxxx) dx
R

_ 2 2
26 fR ((Ver + (Vo)) dx

Integrating about variable ¢ for both sides of the above identity, we obtain (2.5).
In fact, as € — 0, we have

d
dr

(V2 V2, )dx

IVellio®) < WVellm@®) < Veollm®y < IVollg @), and Vg — Vpin H'(R). (2.6)
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Lemma 2.2. If Vy(x) € H'(R), for A(t, x) and B,(t, x), then

&
s Mz=®) < ¢,

Ox

0A,
AL, g < ¢, HE(L Noe < c,

A2, llz=r) < c,

0A
AL, 2wy < ¢, ==

ox &, Neew) < c,

and
IBo(t, Nirewy < ¢, IBe(t, 2wy < ¢,

where ¢ = c(||Voll g1 g))-

Proof. For any function U(x) and the operator A~2, it holds that

1
A?U(x) = 5 fe_lx_le(y)dy for Ux) e L'(R), 1 <r < o0,
R

and

|A_2Ux(x)' _ ELE—lx—yIaZ_)()y)dy‘

2

—00

1 * 1 «
= ‘ - —e_xf U®y)dy + Eexf e‘yU(y)dy’

1 [o'e}
<3 f e NUdy.

2.7)
(2.8)

(2.9)

(2.10)

2.11)

(2.12)

Utilizing (2.6), (2.11), (2.12), the expression of function A.(, x) and the Tonelli theorem, we have

hy h 1
2 3 2 4
Ak - —)V FVEH IV sVl 5 Ve < €

and

hy h 1
2 3
| A= Vet Vi 25V Vi SV,

which derive that (2.7) and (2.8) hold. Utilizing (2.7) and (2.8) yields

2
A 2y < A llo@ A e < €

and

0A:(t,) » 0A(t,") 8As(t
IITIILZ(R) < II—IIL ®ll

”Ll(]R) <c,
which complete the proof of (2.9). Furthermore, using (2.4) and (2.6), we have
IBelli=y < ¢, IBellizw) < c,

which finishes the proof of (2.10).

2 4
el v S v ) [
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Lemma 2.3. Provided that 0 < a; < 1, T > 0, constants a < b, then
T b
I

where constant ¢\ depends on a, b, a1, T, k and ||Vo|| g1 g)-

0 (1, 2+a)
PO dar <, (2.13)

Proof. We utilize the methods in Xin and Zhang [21] to prove this lemma. Let function g(x) € C*(R)
and satisfy

0, x€(—oo,a—11U[b+1,00),

0<gx) <1, 8(x):{1 x € [a,b].

Define function f(17) := n(|[n| + 1)**, n € R. We note that the function f belongs to C'(R) exceptn = 0.
Here we give the expressions of its first and second derivatives as follows:

S = (a1 + Dlpl + D(Ipl + D™,
S = ey sign@)nl + DM ((ar + Dingl +2)
a (@ + 1)sign((nl + D* ™" + (1 = a1)ay sign(m)(inl + 1)

(21—2
’

from which we have

F@I< ™+l 1< (@ + Digl+ 1, 7))l < 2ay, (2.14)
and
L, l—a , o, ¥ 2 a-1
nf) - oK = — 1 (Il + D" + 57 (Il + 1)
1l—-«
> Tlnz(lnl + 1), (2.15)
Note that

T T
fo fR (O f (p)pudixdt = fR e(¥)dx fo df(p.) = fR L (pe(T, 2)) = F(po0, )] g0dx,  (2.16)

T o
f di f 2@V, + 2df(po)
0 R 44

- f SR8 Ve + 22) + gpe]dx. (2.17)
R a

T @
f f 2O S (pe)(Ve + — ) pordxdt
0 R @

Making use of g(x)f’(p.) to multiply (2.4), from (2.16) and (2.17), integrating over ([0, c0) X R) by

parts, we obtain
T 1 T
f fg(x)psf(pa)dtdx - 5 f fpﬁg(X)f'(pg)dtdx
0 Jr 0o Jr
T
= f [£(Po(T. %)) = £(po(0, x))|s(x)dx + fo f (V. + =0)g' () f(p)didx
R R
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4

zdtdx

vl [ [f

f f B.f'(p)g(x)drdx.

Applying (2.15) yields

T

1 T
fg(x)psf(ps)dtdx_ Ef fpgg(x)f'(pg)dtdx

0 R 0
T
j(: L (X) psf(pa) - —ng (pg))dtdx

_a —20/1) f f g(PX(pel + D drdx.
0 R

Fort > 0, using 0 < a; < 1, (2.14) and the Holder inequality gives rise to

| f g0 f(pda| < f g)(p:""" + IpeDdx
R R
< gl IPs(t Mz, + I8CMllpe(e, Mlzzcey
< (b+2-a " RVl + (b + 2= ) IVoll e,

and

T
[ [ [ vegoripodia

T
f fIV llg’ OIpel™™" + IpeDdrdx

T

IA
S
A

IVe(t, Mie=mlg’ COlpe"" + |pel)drdx

IA
S
bl

T
a1+1

18" (Ol 2ra-an ey 1Pt Moy + 118" 2y [1P6 -)||L2<R)) dt

IA
9}

T
(11+1

) ll2r-0ney IVllohia, + 118" Ol 2oy 1Vallize)) dt

IA
o

J
N

Moreover, we have

T rap T
Sf f 68 §0f (pe)didx = —& f f f(pe)g” (x)dtdx.
0o Jr o Ja

Utilizing the Holder inequality and (2.14) leads to

T
< e f f |f (po)llg” ()] dedx
0 R
T
£ f f (1Pl " + 1pel) | g7 ()| dtdlx
0 R

Ops
Pe f(peydedx
ox

g'(x)
R

(2.18)

(2.19)

(2.20)

2.21)

(2.22)
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IA

IA

Using the last part of (2.14), we have

011+1
H'(R)

T
Sf (” g"llem—an(R) lpe(2, )l
0

eT (118" llzra-en e, 1Voll

aq +1
LX(R)

+ ”g””m(R) ||V0||H1(R)) . (2.23)

+ ”g””[}(ﬂg) llpe(t, ')”LZ(R)) dt

aps ? 7 6 & ’ 2
f> fnr ( 6x) g f" (pe)dtdx| < 2a18fHT ( 6x) dtdx < a; ||V0||H1(R)- (2.24)
As shown in Lemma 2.2, there exists a constant ¢y > 0 to ensure that
IBell gy < co- (2.25)
Utilizing the second part in (2.14) arises
T
f f B.g(x)f" (pe) dtdx
0o Jr
T
< Cof f g(x) [(a1 + 1) |pl + 1] dtdx
0 Jr
T
= Cof ((011 + DI g2 @) 1Pt 2y + “g(x)”L‘(R)) dt
0
< ¢oT. (2.26)
Applying (2.18)—(2.26) yields
1 _ T
2a1 f flpglzf(X)(l + |pel")dtdx < c,
0o Jr
where ¢ > O relies only on T > 0, a, b, a; and ||Vo||g ). Furthermore, we have
T b 2+a T
oV, :
f f (t,x)| dxdr< f flpgl 8(x) (|pel + D™ drdx < S
0 Ja |0x 0o Jr (1 —ap)
The proof of (2.13) is completed.
Lemma 2.4. For (¢, x) € (0,0) X R, provided that V, = V(t, x) satisfy problem (2.3), then
oVg(t,x) 2
<-—+c, 2.27
ox ~t ¢ ( )
in which positive constant ¢ = c(||Vollg (r))-
Proof. Using Lemma 2.2 gives rise to
Ope @y Op. 62178 1 2
+ (V4 2P +=pt=Bt,x) <c. 2.28
ot ( a ) ox  Tox 2P Bx=<c (2.28)

Assume that H = H(t) satisfies the problem

dH 1
dt 2

AIMS Mathematics
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A
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Due to (2.28), we know that H = H(t) is a supersolution* of parabolic equation (2.4) associated with

initial value 8:9/;0_ Utilizing the comparison principle for parabolic equations arises

Pe(t,x) < H(2).
We choose the function F(¢) := % + V2¢,1> 0. Since ‘Z—f(t) + %FZ(t) —c= %27 > (0, we conclude
H(t) < F(p),

which finishes the proof of (2.27).

Lemma 2.5. There exists a subsequence {8.,-} g;—> 0and V(t,x) € L® ([O, o00); H l(R))ﬁH 110, T]x

R), for every T > 0, such that

jeN’

V,, =V in H'([0,T] xR),
V., >V in Ly, ([0,00) X R).

loc
The proof of Lemma 2.5 can be found in Coclite el al. [4].

Lemma 2.6. Assume V, € H'(R). Then {B,(t, x)},. is uniformly bounded in WI]O’C1 ([0, )X R). Moreover,

there has a sequence {8 j} g; — 0 to guarantee that

jeN’

B., — B strongly in Ly ([0,T)xR),

loc

where function B € L*([0,T); W'*(R)) and 1 < r < oo.

The standard proof of Lemma 2.6 can be found in [4]. We omit its proof here.
For conciseness, we use overbars to denote weak limits which are taken in the space L"[(0, o) X
R)with I <r < 3.

Lemma 2.7. There exist a sequence {8 j} N tending to zero and two functions p € L ([0, o) XR), 1? €

JE
L, ([0, 00) X R) such that
pe, = p in L, (10,00) XR),  p, = p in Ly, ([0,00): LA(R)). (2.29)
pi = p? in L} (10,00) X R) (2.30)

foreachl <r<3andl1<r < % In addition, it holds that

p(t, %) < pA(t, x), 2.31)

ov
P = in the sense of distribution. (2.32)
X

*The supersolution is defined by sup p.(z, x). If there exists a point (7, xo) such that sup p.(t, x)) = p.(t, xp), then w = 0 and
xeR xeR

& pet,
—”;;;"0) <0.
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Proof. Lemmas 2.1 and 2.2 validate (2.29) and (2.30). The weak convergence in (2.30) ensures the
reasonableness of (2.31). Using Lemma 2.5 and (2.29) derives that (2.32) holds.
For conciseness in the following discussion, we denote {pgj}jeN, {ng}jeN and {ng}jeN by {Pe}esos

{Ve)eso and {B;},.o. Assume that F € C'(R) is an arbitrary convex function with F’ being bounded,
Lipschitz continuous on R. Using (2.29) derives that

F(ps) = F(p) in L}, (10, 0) X R),
F(ps) = F(p) in Lz, ([0, 00); LA(R)).
Multiplying (2.4) by F’(p.) yields

2

0
£atpe) +eF” (pg)(

il

1
= peF(po) - 5F "(p)P2 + BoF' (D). (2.33)

O F o + (Ve + OFG) -

Lemma 2.8. Suppose that F € C'(R) is a convex function with F' being bounded, Lipschitz continuous
on R. In the sense of distribution, then

9F(p) (p)
ot

1
((v °>F<p>) < pF(p) - 5P ()P + BF(p), (2.34)

where pF(p) and F'(p)p? represent the weak limits of p.F(p.) and F’(pg)pg in L' ([0,00) xR), 1 <

3
r1 < 3, respectively.

loc

Proof. Applying Lemmas 2.5 and 2.7, letting € — 0 in (2.33) and noticing the convexity of function F,
we finish the proof of (2.34).

Lemma 2.9. [4] Almost everywhere in [0, 00) X R, it has

p=pip =pi+p, =+ (), pP=(p)+ ()
where 1, := 10,400 (1), 1= 1= Ny—0,0/(M), 1 € R.
Using Lemmas 2.4 and 2.7 leads to

2
Des p§;+a O0<t<T.

Lemma 2.10. Fort > 0,x € R, in the sense of distribution, it holds that

op 0 o ) 1—
—_— 4+ — — = — B . 2.
2 ((vg+ )p) = 577 + B ) (2.35)

Proof. Making use of (2.4), Lemmas 2.5-2.7, we derive that (2.35) holds by letting £ — 0.

Lemma 2.11. Provided that F € C'(R) is a convex function with F’ € L*(R), for every T > 0, in the
sense of distribution, then

D) 1 2 ((V, + 2)F(p)) = pF(p) + (57 = pIF'(p) + BF (p).

AIMS Mathematics Volume 8, Issue 7, 15285-15298.
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Proof. Suppose that {ws}; is a kind of mollifiers defined in (—oo, 00). Let ps(z, x) := (p(t,-) * ws) (x) in
which % denotes the convolution with respect to variable x. Using (2.35) yields

oF (ps)
ot

9ps _
ot

1 —
=F" (ps) [(_Vg + @)px * ws — Vp* * w5] + F' (ps) (EVq2 * W5 + B % W&).
a

0 a 1
=F" (ps) F'(P(s)(—a—((Vs"‘—O)p)*w(5+—p2*w5+B*w5)
X a 2

(2.36)

Utilizing the assumptions on F and F’ and letting 6 — 0 in (2.36), we complete the proof.
Following the ideas in [21], we hope that the weak convergence of p. should be strong convergence
in (2.30). The strong convergence leads to the existence of global weak solution for system (2.1).

Lemma 2.12. [4] Assume V, € H'(R). Then

_ V2
lim | p*(t,x)dx = limfpz(t, x)dx = f(_o) dx.
t—0 R 1—0 R . ax
Lemma 2.13. [4]IfV, € H'(R), L > 0, then

im [ (FEPIe0) = FE(p)(0) dx =0,
=0 UR

where

1.2 .
Fulp): { Lipl - 3L*, iflpl > L, (2.37)

F7(p) = Fr(p)x10.00)(p) and F(p) = Fr(p)X(~e0,01(0), p € (=00, 00).
Lemma 2.14. [4] Let L > 0. For F;(p) defined in (2.37), then

Fr(p) = %,02 - %(L — o)X (oo yn(L.co)(0)s
Fi(p) = p+ (L — o) sign(p)x (o, 1yn(z.0)(P),
FZ(P,) =1 ()" = 2L - px(r.0)(0)s

(FF) ) = ps + (L= Pl (0)-

FZ(P,) =1 () = JL+ pPxo-1)(P),

(F7) ) = p- = (L + P —o(P).

Lemma 2.15. Assume Vy € H'(R). For almost all t > 0, then

! f((p+)2 - pi) (t,x)dx < f fB(s, x) [P+(s, x) — pi(s, x)] dxds.
2 Jr 0 Jr

Lemma 2.16. Assume V, € H'(R). For almost all t > 0, then

f(% - FZ(P)) (¢, x)dx

L (" L>
<= f f (L + P)X(-co-1y(P)dxds = —- f f (L + P)X(-eo-1)(P)d X
2 Jo Jr 2 Jo Jr
t L 4 —
+ L f[FZ(p) - Fz(p)] dxds + 5 f f(p% - pi)dxds
0 Jr 0 Jr

* fot f B, » ((F L ) (p) - (F) (P))dxds.

R

AIMS Mathematics Volume 8, Issue 7, 15285-15298.
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Using Lemmas 2.8 and 2.11-2.14, the proofs of Lemmas 2.15 and 2.16 are analogous to those of
Lemmas 4.4 and 4.5 in Tang et al. [19]. Here we omit their proofs.

Lemma 2.17. Assume V, € H'(R). Almost everywhere in [0, 00) X (=00, 00), it holds that
p?=pt. (2.38)

Proof. Using Lemmas 2.15 and 2.16 arises

fR (% [(p+)2 _ (p+)2] +[F; - F;]) (t. )dx

L* [ L2
<— f f (L + p)X(-co-p)(p)dxds — — f (L + p)X(-o-1)(p)dxds
2 Jo Jr 2 Jo Jr

- . (2.39)
T _ - L 22
+ L [FL(p)—FL(p)]dxds+— (p+—p+)dxds
0 Jr 2Jo Jr
! —_—
v [ [ s (- )+ [(F) 0 - (50 ] asas.
0 Jr
Applying Lemma 2.6 drives that there has a constant constant N > 0 to ensure
1B(#, || (j0.7)xR) < N. (2.40)
Using Lemmas 2.9 and 2.14 yields
P+t (F ;)l () =p =L+ PN (-1
- (2.41)
px+(F7) (p) = p = L+ pxcen(D).
Since the map p — p; + (F Z)I (o) is convex, it holds that
0 < [ps—pil+[F)(p)—(F) (p)]
= (L+ pPX(—co-1) = (L + PIX(=o0-1)(P)- (2.42)
Using (2.40) gives rise to
B, (77 - p] + |(F2) )= (F) 0))
< -N(T+pWcan®) = L+ P 1(P))- (2.43)

Since p — (L + p)x(-~.-1)(p) 1s concave, letting L be sufficiently large, we have

LZ L2 — ’
L+ oy (P) = S L+ Pocooy(P) + Bs ) ([P = po] + | (FY () = (Fr) ()

L2
< (? -~ N) (L + P eoiy(p) = (L + P)X(—oo,—L)(P)) <0. (2.44)

AIMS Mathematics Volume 8, Issue 7, 15285-15298.
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Using (2.39)—(2.44) yields

0 < fR(% [(p+)2_(p+)2]+[%—F£(p)])(t’x)dx

L fo t fR (% [W—pi]%%—mp)])dsdx,

which together with the Gronwall inequality yields

IA

(kiéeﬁﬁ?—@gﬂ+ﬁﬁE—FamDm@wso. (2.45)
Using the Fatou lemma, Lemma 2.9 and (2.45), sending L — oo, it holds that
OSLJE;anJMxSQ t>0,
which finishes the proof of (2.38).

3. Main result and its proof

Theorem 3.1. Assume that Vo(x) € H'(R). Then system (2.1) has at least a global weak solution
V(t, x). Furthermore, this weak solution possesses the features:
(a) For (t,x) € [0,00) X R, there exists a positive constant ¢ = c(||Vollg(w)) such that

oV(t, x)
< - + . 3.1
ox 1 ¢ G-
(b)Ifa,beR, a<b, forany0 < a, < 1andT > 0, it holds that
8‘/ f,x 2+(21
( dxdt < cy, (3.2)

where positive constant c relies on ay, k, T,a,b and ||Vollg w)-

Proof. Utilizing (2.3), (2.5) and Lemma 2.5, we derive (1) and (2) in Definition 2.1. From Lemma 2.17,
we have

p2 — p* in L, ([0, ) X R).

loc

Employing Lemmas 2.5 and 2.6 results in that V is a global weak solution to system (2.2). Making use
of Lemmas 2.3 and 2.4 gives rise to inequalities (3.1) and (3.2). The proof is finished.

4. Conclusions

In this work, we study the rotation-Camassa-Holm (RCH) model (1.1), a nonlinear equation
describing the motion of equatorial water waves with the Coriolis effect due to the Earth’s rotation.
The presence of the term V.., in the RCH equation leads to difficulties of establishing estimates of
solutions for the viscous approximation. To overcome these difficulties, we establish a high order
integrable estimate and show that 'W(’ Y possesses an upper bound. Using these two estimates and
the viscous approximation techmque we examine the existence of H'(R) global weak solutions to the
RCH equation without the sign condition.

AIMS Mathematics Volume 8, Issue 7, 15285-15298.
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