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1. Introduction

In nonlinear programming with continuous variables, convexity for sets and functions is crucial. It
also has several applications in the fields of operations research, Riemannian manifolds, mathematical
economics, engineering, and more. As a result, it’s crucial to take into account a larger class of
generalized convex functions and search for applicable convexity or generalized convexity criteria.

A few findings in nonlinear analysis and optimization theory have been improved on Riemannian
manifolds from Euclidean space. Rapcsák Tamás [1] and Udriste [2] are credited with introducing the
geodesic convexity. Later, Pini [3] introduced and Mititelu [4] examined the generalizations of the
idea of invexity on a Riemannian manifold. Geodesic invex set, geodesic preinvex, and geodesic invex
functions on a Riemannian manifold have all been discussed in [5] by Barani and Pouryayevali.

In the last few years, many researchers developed a large number of generalizations of convex
function on Euclidean space and Riemannian manifold. Izhar Ahmad et al. [6] gave the concept of
geodesic η-preinvex functions. L. W. Zhou et al. [7] developed the concept of roughly geodesic
B-invex and optimization problem on Hadamard manifold. S. L. Chen et al. [8] gave the concept of
geodesic B-preinvex functions and multiobjective optimization problems on Riemannian manifolds.
R. P. Agrawal et al. [9, 10] developed generalized invex sets and preinvex functions on Riemannian
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manifolds and geodesic semi-strictly geodesic η-preinvex functions on a manifold. Meraj Ali Khan et
al. [11] developed the concept of geodesic r-preinvex functions on the Riemannian manifold. Further,
Adem Kılıçman and Wedad Saleh [12] gave the concept of geodesic strongly E-convex sets, and
geodesic E-convex function and Izhar Ahmad et al. [13] gave the concept of generalized geodesic
convexity on Riemannian manifold.

Motivated by the recent work, we give the new definition known as special type convex function
on Euclidean space and explore it on Riemannian manifold. Also, we develop the example of a
special type convex function and give some fundamental results in both cases as differentiable and
non-differentiable functions on the Riemannian manifold. In the Last, we develop an application of
special type convex function on the Riemannian manifold.

2. Preliminaries

Assume that (ℵ, g) is a complete n-dimensional Riemannian manifold with Riemannian connection
∇. Consider }1, }2 are members in ℵ and also δ : [0, 1]→ ℵ is a geodesic connecting the members }1,
}2, i.e.,

δ}1}2(0) = }1, δ}1}2(1) = }2.

Definition 2.1. [2] Let f ⊆ ℵ and f is known as totally convex if f contains each geodesic δ}1}2 of
manifold ℵ whose end members }1 and }2 are in f.

For more details, interested reader can see in [2].

Definition 2.2. [14] A subsetf of Rn. A positive valued function K : f→ R is said to be exponential
type convex if

K(ς}1 + (1 − ς)}2) ≤ (eς − 1)K(}1) + (e1−ς − 1)K(}2) (2.1)

holds ∀ }1, }2 ∈ f and ∀ ς ∈ [0, 1].

Now, adding −K(}2) on both sides of inequality (2.1), we get

K(ς}1 + (1 − ς)}2) − K(}2) ≤ (eς − 1)K(}1) + (e1−ς − 2)K(}2), (2.2)

and dividing by ς, we yield

K(ς}1 + (1 − ς)}2) − K(}2)
ς

≤
(eς − 1)K(}1)

ς
+

(e1−ς − 2)K(}2)
ς

, (2.3)

for the lim
ς→0

, we have

K′(}2)(}1 − }2) ≤ K(}1) +∞,

here, the left hand limit exists and the right hand limit does not exist finitely. But we want that both the
limits must exist finitely. For this, we modify the inequality (2.1) as

K(ς}1 + (1 − ς)}2) ≤ (eς − 1)K(}1) + (1 + e − e1−ς)K(}2), (2.4)

then rearrangement in inequality (2.4), division by ς, and taking lim
ς→0

on both sides, we obtain

lim
ς→0

K(ς}1 + (1 − ς)}2) − K(}2)
ς

≤ lim
ς→0

(eς − 1)K(}1)
ς

+ lim
ς→0

(e − e1−ς)K(}2)
ς

(2.5)
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K′(}2)(}1 − }2) ≤ K(}1) + eK(}2).

Hence, limit exists on the both side finitely. Therefore, we will give a new definition as special type
convex function.

3. Special type convex functions on Riemannian manifold

Motivated by the Definition (2.2), we introduce special type convex function as in following
definition.

Definition 3.1. Let B be a convex set in Rn and let K : B → R be a real-valued function. K is said to
be a special type convex function, if

K(ς}1 + (1 − ς)}2) ≤ (eς − 1)K(}1) + (1 + e − e1−ς)K(}2),

holds ∀ }1, }2 ∈ B, ∀ ς ∈ [0, 1].

Consider the following examples :

Example 3.2. The function K : [0,∞)→ R, defined as

K(}) = (} + 1)2.

Example 3.3. The function K : R→ R is defined as

K(}) = |}| + 1.

It can be easily verified that above examples support the definition of special convexity of functions.
Special type convex functions on Rn hold the following properties:

• Let B be a convex set in Rn. If K1,K2 : B → R be special type convex functions, then their sum
K1 + K2 is also special type convex function on B.
• Let B be a convex set in Rn. If K : B → R be a special type convex function and scalar c ≥ 0,

then cK is also special type convex function on B.
• Let B be a convex set in Rn. If K : B → R be a special type convex function and H : R → R be

linear and increasing function, then their composition H◦K is also a special type convex function.
• Let B be a convex set in Rn. Ki : B→ R be an arbitrary family of special type convex functions,

restricted to B. Then, K(}) = supi∈I Ki(}) is also a special type convex function on B.

Now, we explore the Definition (3.1) of special type convex function on a Riemannian manifold.
Let ℵ be a Riemannian manifold, and also let f be a non-empty totally convex subset of ℵ

throughout this paper.
Let (ℵ, g) be a complete n-dimensional Riemannian manifold and ∇ be the Riemannian connection

on ℵ. Supposef is a totally convex subset of ℵ. For the elements }1, }2 ∈ f, δ}1}2 denotes the geodesic
connecting the elements }1 to }2.

Definition 3.4. Let f be a totally convex set in ℵ. Also let K : f→ R be a real-valued function. K is
said to be a special type convex function, if

K(δ}1}2(ς)) ≤ (eς − 1)K(}2) + (1 + e − e1−ς)K(}1),

holds ∀ }1, }2 ∈ f, ∀ δ}1}2 ∈ Σ, ∀ ς ∈ [0, 1].
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Example 3.5. Let ℵ = {eiα : π
4 < α <

π
3 } be a manifold. Let }1 = eiα and }2 = eiβ. So, define a geodesic

on ℵ as δ}1}2 : [0, 1]→ ℵ s.t.

δ}1}2(ς) = (cos((1 − ς)α + ςβ), sin((1 − ς)α + ςβ)), ∀ ς ∈ [0, 1].

Now, we define K : ℵ → R as
K(eiα) = c sinα, c > 1.

Therefore, we can easily seen that K is special type convex function.

Theorem 3.6. A function K : f → R is a special type convex iff ∀ }1, }2 ∈ f,∀ δ}1}2 ∈ Σ the function
φ}1}2 = K ◦ δ}1}2 is special type convex on [0, 1].

Proof. First, we assume that function φ}1}2 : [0, 1]→ R is special type convex, then we have

φ}1}2((1 − α)u1 + αu2) ≤ (eα − 1)φ}1}2(u2) + (1 + e − e1−α)φ}1}2(u1), ∀ u1, u2 ∈ [0, 1].

Particularly for u1 = 0, u2 = 1, we have

φ}1}2(α) ≤ (eα − 1)φ}1}2(1) + (1 + e − e1−α)φ}1}2(0),

i.e.,

K(δ}1}2(α)) ≤ (eα − 1)K(}2) + (1 + e − e1−α)K(}1), ∀ }1, }2 ∈ f,∀ α ∈ [0, 1],∀ δ}1}2 ∈ Σ.

Next, we assume that K is a special type convex function. As δ}1}2 : [0, 1] → f is a geodesic
connecting the members }1 and }2, then the restriction of δ}1}2 to [u1, u2] meets the members δ}1}2(u1)
and δ}1}2(u2). We reparametrize this restriction,

d(α) = δ}1}2((1 − α)u1 + αu2)), α ∈ [0, 1].

Since
K(d(α)) ≤ (eα − 1)K(d(1)) + (1 + e − e1−α)K(d(0)),

i.e.,
K(δ}1}2((1 − α)u1 + αu2)) ≤ (eα − 1)K(δ}1}2(u2)) + (1 + e − e1−α)K(δ}1}2(u1)),

or
φ}1}2((1 − α)u1 + αu2)) ≤ (eα − 1)φ}1}2(u2) + (1 + e − e1−α)φ}1}2(u1),

the function φ}1}2 is special convex type on [0, 1]. �

Theorem 3.7. Suppose that f is subset of ℵ and f is totally convex set. A function K : f → R is
special type convex iff its epigraph

Epi(K) = {(}, α) : K(}) ≤ α} ⊂ f × R

is a totally convex set.
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Proof. Let K be a special type convex function, we have

K(δ}1}2(ς)) ≤ (eς − 1)K(}2) + (1 + e − e1−ς)K(}1).

Take (}1, α) and (}2, β) in Epi(K), so that K(}1) ≤ α, K(}2) ≤ β, above inequality can be written as

K(δ}1}2(ς)) ≤ (eς − 1)β + (1 + e − e1−ς)α,

=⇒

(δ}1}2(ς), (eς − 1)β + (1 + e − e1−ς)α) ∈ Epi(K),

so, Epi(K) is a totally convex set.
Conversely, assume that Epi(K) is a totally convex set and }1, }2 ∈ f. We can have (}1,K(}1)) and

(}2,K(}2)) in Epi(K). Based on total convexity of Epi(K), it follows

(δ}1}2(ς), (eς − 1)K(}2) + (1 + e − e1−ς)K(}1)) ∈ Epi(K),

i.e.,
K(δ}1}2(ς)) ≤ (eς − 1)K(}2) + (1 + e − e1−ς)K(}1)

and hence K is special type convex function. �

We will now provide a method for constructing special type convex functions on ℵ beginning from
totally convex sets in ℵ × N, where N = (a,∞). Aforementioned, suppose (N, h) is Euclidean space
of 1-dimension and (ℵ × N, g + h) is the product manifold of (ℵ, g) and (N, h). A geodesic connecting
the members (}1, α) and (}2, β) of ℵ × N is written as (δ}1}2(ς), (eς − 1)β + (1 + e − e1−ς)α), where
δ}1}2(ς), ς ∈ [0, 1], is a geodesic in ℵ from }1to }2.

Theorem 3.8. Let us consider B, a totally convex subset of ℵ × N. The function

K(}) = inf{α : (}, α) ∈ B}

is a special type convex on the projection of B onto ℵ.

Proof. ℵ is a convex subset when B is projected onto it. Suppose (}1, α) and (}2, β) are two members
in B. Using the definition of K, we get

K(}1) ≤ α, K(}2) ≤ β. (3.1)

But B is totally convex, therefore

∀ ς ∈ [0, 1], (δ}1}2(ς), (eς − 1)β + (1 + e − e1−ς)α) ∈ B.

Thus,
K(δ}1}2(ς)) ≤ (eς − 1)β + (1 + e − e1−ς)α. (3.2)

We find that (3.2) is true whenever (3.1) is true, it means the epigraph Epi(K) to be totally convex
set implies K is special type convex function. �
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Consider a tangent vector X ∈ T}1ℵ, s.t. ‖X‖ = 1 and δ : (−a, a) → f is a geodesic such that
δ(0) = }1, δ̇(0) = X. Consider K : f→ R is a continuous function. We define

DK(}1, X) = lim
ς→0

inf
1
ς2 [(e

1
2 − 1)K(δ(ς)) + (1 + e − e

1
2 )K(δ(−ς)) − K(δ(0))],

and DK(}1) = inf
‖X‖=1

DK(}1, X).

Theorem 3.9. Letf be a non-empty, totally convex subset of a Riemannian manifold ℵ. If K is special
type convex function, then DK(}1) ≥ 0.

Proof. Assume that function K : f → R is special type convex, then for geodesic δ on ℵ, from
Theorem 3.6, K ◦ δ : (−a, a)→ R is special convex type, and we have

(K ◦ δ)((1 − σ)}1 + σ}2) ≤ (eσ − 1)(K ◦ δ)(}2) + (1 + e − e1−σ)(K ◦ δ)(}1),

for all }1, }2 ∈ (−a, a) and σ ∈ [0, 1]. Fixing σ = 1
2 and }1 + }2 = 0 we find

(K(δ(0)) ≤ (e
1
2 − 1)(K(δ)(}2)) + (1 + e − e

1
2 )(K(δ(−}2)),∀ }2 ∈ (−a, a).

Consequently DK(}1, X) ≥ 0 and DK(}1) ≥ 0, where }1 = δ(0). �

Let (ℵ, g) be the complete Riemannian manifold in finite dimensions, and let ∇ be the Riemannian
connection. Assume that L : ℵ → ℵ is a diffeomorphism and that L∗∇ is the connection follows from
∇’s transformation. If δ is the geodesic of (ℵ,∇), then L ◦ δ is a geodesic of (ℵ, L∗∇).

Theorem 3.10. For f to be a proper totally convex subset of ℵ and K : f→ R, a special type convex
function. If L : ℵ → ℵ is a diffeomorphism then K ◦ L−1 is special type convex on the set L(f).

Proof. Suppose that }1, }2 ∈ f and δ}1}2 is a geodesic of ℵ which meets the members }1 and }2. Also,
let the set L(f) is totally convex and the geodesic L ◦ δ}1}2 meets the members L(}1) and L(}2), we get

(K ◦ L−1)(L(δ}1}2(ς))) = K(δ}1}2(ς))
≤ (eς − 1)K(}2) + (1 + e − e1−ς)K(}1)
= (eς − 1)(K ◦ L−1)(L(}2)) + (1 + e − e1−ς)(K ◦ L−1)(L(}1)),

i.e., K ◦ L−1 is special type convex function on the set L(f). �

Theorem 3.11. Let K : f → R be a special type convex function defined on the totally convex set f.
Let G : R → R be a linear and increasing function. Then the composite G ◦ K is also special type
convex function.

Proof. The proof of this Theorem is quite trivial. �

Theorem 3.12. If Ki, i = 1, 2, ...., n are special convex type functions on f ⊂ ℵ and ci ≥ 0, then∑n
i=1 ciKi is special type convex on f.
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Proof. By hypothesis we have

Ki(δ}1}2(ς)) ≤ (eς − 1)Ki(}2) + (1 + e − e1−ς)Ki(}1).

It follows that
ciKi(δ}1}2(ς)) ≤ (eς − 1)ciKi(}2) + (1 + e − e1−ς)ciKi(}1).

And  n∑
i=1

ciKi

 (δ}1}2(ς)) ≤ (eς − 1)

 n∑
i=1

ciKi

 (}2) + (1 + e − e1−ς)

 n∑
i=1

ciKi

 (}1).

Thus, we achieve the proof. �

Theorem 3.13. If Ki : f → R are special type convex functions on the totally convex subset f of ℵ.
The set defined as

W = {} ∈ f : Ki(}) ≤ 0, i = 1, 2, ..., n}

is a also totally convex.

Proof. As Ki(}), i = 1, 2, ..., n, are special type convex functions, then we have

Ki(δ}1}2(ς)) ≤ (eς − 1)Ki(}2) + (1 + e − e1−ς)Ki(}1),

holds ∀ }1, }2 ∈ f, ∀ δ}1}2 ∈ Σ, ∀ ς ∈ [0, 1]. This implies that

Ki(δ}1}2(ς)) ≤ 0,

and so, δ}1}2(ς) ∈ f. Therefore, f is a totally convex set. �

The set T ∗}1
f of cotangent vectors to f at a member }1 is a convex cone in T ∗}1

ℵ. Let }2 be a generic
point in f and δ}1}2(ς), ς ∈ [0, 1], be a geodesic such that

δ}1}2(0) = }1, δ}1}2(1) = }2, δ̇}1}2(0) = X}1 ∈ T ∗}1
f.

We denote the collection of all geodesics from }1 and }2 by the symbol Σ.

Definition 3.14. Let K : f → R be a special convex type function. A 1-form w}1 ∈ T ∗}1
f is known as

the special sub-gradient of K at }1 if

K(}2) + eK(}1) ≥ w}1(δ̇}1}2(0)), ∀ }2 ∈ f, ∀ δ}1}2 ∈ Σ.

Theorem 3.15. Let f ⊂ ℵ be an open totally convex set and K : f→ R be a differentiable function.
(a) If the function K is special type convex, then

δ̇}1}2(K)(}1) ≤ K(}2) + eK(}1), ∀ }1, }2 ∈ f, ∀ δ}1}2 ∈ Σ.

(b) If
δ̇}1}2(K)(}1) ≤ K(}2) + eK(}1), ∀ }1, }2 ∈ f, ∀ δ}1}2 ∈ Σ

holds, then

K(δ}1}2(ς)) ≥ −
ς

e
K(}2) −

(1 − ς)
e

K(}1).
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Proof. First we assume that K is special type convex function, we have

K(δ}1}2(ς)) ≤ (eς − 1)K(}2) + (1 + e − e1−ς)K(}1), 0 < ς ≤ 1,

dividing by ς and taking limit on both sides, we find

lim
ς→0

K(δ}1}2(ς)) − K(}1)
ς

≤ lim
ς→0

(eς − 1)K(}2) + (e − e1−ς)K(}1)
ς

.

Taking into account that

lim
ς→0

K(δ}1}2(ς)) − K(}1)
ς

=
d

dς
K(δ}1}2(ς))|ς=0 = δ̇}1}2(0)(K) = δ̇}1}2(K)(}1)

we obtain the relation
δ̇}1}2(K)(}1) ≤ K(}2) + eK(}1). (3.3)

Next, we suppose that ∀ }1, }2 ∈ f, ∀ δ}1}2 ∈ Σ and the relation (3.3) is holds. Interchanging }2

with }1, we obtain
δ̇t
}2}1(K)(}2) ≤ K(}1) + eK(}2) (3.4)

where
δt
}2}1(ς) = δ}1}2(1 − ς), ς ∈ [0, 1]

is a geodesic which meets }2 and }1.
In order to get the point δ}1}2(ς), we fix ς . The geodesic arc which meets δ}1}2(ς) and }2 is the

restriction δ}1}2(u), u ∈ [ς, 1]. Setting u = ς + s(1 − ς), s ∈ [0, 1], we find the reparametrization

β(s) = δ}1}2(u(s)) = δ}1}2(ς + s(1 − ς)), s ∈ [0, 1]

whence
β(0) = δ}1}2(ς),

dβ
ds

(0) = (1 − ς)
dδ}1}2

dς
(ς).

The restriction δt
}2}1(ς)(u) = δ}1}2(1 − u), u ∈ [1 − ς, 1] is the geodesic arc which joins δ}1}2(ς) and

}1. Setting u = 1 − ς + sς, s ∈ [0, 1], we find the reparametrization

γ(s) = δt
}2}1(1 − ς + sς) = δ}1}2(ς − sς), s ∈ [0, 1]

whence
γ(0) = δ}1}2(ς),

dγ
ds

(0) = −ς
dδ}1}2

dς
(ς).

Replacing, in (3.3), }1 by δ}1}2(ς) and δ̇}2}1(0) by
dβ
ds

(0), we get

(1 − ς)
dδ}1}2

dς
(K)(δ}1}2(ς)) ≤ K(}2) + eK(δ}1}2(ς)). (3.5)

Analogously, substituting, in (3.4) δ}1}2(ς) for }2 and
dγ
ds

(0) for δ̇t
}2}1(0) we obtain

− ς
dδ}1}2

dς
(K)(δ}1}2(ς)) ≤ K(}1) + eK(δ}1}2(ς)). (3.6)
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Multiplying in (3.5) by ς and in (3.6) by (1 − ς), then adding we deduce

0 ≤ ςK(}2) + (1 − ς)K(}1) + eK(δ}1}2(ς)).

This implies that

K(δ}1}2(ς)) ≥ −
ς

e
K(}2) −

(1 − ς)
e

K(}1).

�

Proposition 3.16. Let f be totally convex subset of ℵ and ℵ be a complete manifold. Let K : f → R
be a differentiable function and there exists a sequence {ςn} of non-negative real number s.t. ςn → 0 as
n→ 0 and

K(δ}1}2(ςn)) ≤ (eςn − 1)K(}2) + (1 + e − e1−ςn)K(}1), (3.7)

holds ∀ }1, }2 ∈ f, ∀ δ}1}2 ∈ Σ, then

δ̇}1}2(K)(}1) ≤ K(}2) + eK(}1).

Proof. From (3.7), we have

K(δ}1}2(ςn)) − K(}1)
ςn

≤
(eςn − 1)

ςn
K(}2) +

(e − e1−ςn)
ςn

K(}1).

On using the differentiability of K on ℵ, taking the limit ςn → 0 as n → 0 on the both sides, we
obtain

lim
ςn→0

K(δ}1}2(ςn)) − K(}1)
ςn

≤ lim
ςn→0

(eςn − 1)
ςn

K(}2) + lim
ς→0

(e − e1−ςn)
ςn

K(}1).

Taking into account that

lim
ςn→0

K(δ}1}2(ςn)) − K(}1)
ςn

=
d

dςn
K(δ}1}2(ςn))|ςn=0 = δ̇}1}2(0)(K) = δ̇}1}2(K)(}1)

we obtain the following relation

δ̇}1}2(K)(}1) ≤ K(}2) + eK(}1).

�

Theorem 3.17. Assume that ℵ is a Riemannian manifold and f is a totally convex open subset of ℵ,
and K : f → R is a non-negative special type convex function. If h̄ ∈ f is a local minimum of the
problem

minimize K(h)

subject to h ∈ f,
(3.8)

then h̄ is a global minimum of the problem (3.8).
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Proof. Let }̄1 ∈ f be a local minimum, then ∃ a neighborhood S ε(}̄1) s.t.

K(}̄1) ≤ K(}1), ∀ }1 ∈ f ∩ S ε(}̄1). (3.9)

Contrarily, assume that }̄1 is not global minimum of K, then ∃ a different point }2 ∈ f s.t.

K(}2) < K(}̄1). (3.10)

Since f is a totally convex, so we have δ}2}̄1
(0) = }2, δ}2}̄1

(1) = }̄1, δ}2}̄1
(ς) ∈ f,∀ς ∈ [0, 1]. Now,

we choose ε > 0 as d(δ}2}̄1
(ς), }̄1) < ε, then δ}2}̄1

(ς) ∈ S ε(}̄1). By the special type convex function of
K, using (3.10) and the fact K is non-negative, we get

K(δ}2}̄1
(ς)) ≤ (eς − 1)K(}̄1) + (1 + e − e1−ς)K(}2)

< (eς − 1)K(}̄1) + (1 + e − e1−ς)K(}̄1)
= (e + eς − e1−ς)K(}̄1)
< (e + eς)K(}̄1), ∀ ς ∈ [0, 1].

So, ∀ δ}2}̄1
(ς) ∈ f ∩ S ε(}̄1),

1
(e + eς)

K(δ}2}̄1
)(ς) < K(}̄1), we find a contradiction to (3.10). Hence,

our results is proved. �

4. Conclusions

In this paper, we have introduced the idea of special type convex functions on Rn, which we have
obtained after the modification in already established definition of exponential type convex functions.
We investigate these functions on Riemannian manifolds. We have explored that how such functions
can be applied on Riemannian manifolds, constructed examples, and come up with some interesting
results. The application of these special type convex functions in solving an optimization problem is
also given in the paper.
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