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1. Introduction

The dynamic relationship among predators and prey has for some time been and will keep on being
one of the predominant subjects in both mathematical ecology and ecology because of its widespread
presence and significance [1]. There are a lot of research articles about the dynamic behavior of
predator-prey system without and with various types of functional responses. It is important to note that
outcomes of hiding behavior of prey on the dynamics of prey-predator interactions can be predictably
significant. Although the effects of prey refuges on population dynamics are actually very complex,
they can be divided into two categories for modelling purposes [2]: the first effect, which affects
prey growth positively and predator growth negatively, is the reduction of prey mortality as a result
of decreased predation success. The second may be the exchange and spin-oft of hiding behavior
of prey, which may or may not be beneficial for all interacting populations. It is anticipated that, in
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recent years, most of the work has been done on dynamical characteristics of continuous-time predator-
prey system with a prey refuge designated by differential equation without time delay [3,4]. For
instance, Leslie [5, 6] has investigated the following predator-prey model where carrying capacity of
the predator’s environment is proportional to the number of prey:

{[Z—i] =(rn—aiP-bH)H,
dP _ P

= (rz —Clzp) P,

where H is prey density, P represents predator density, ry,a;,by,r,,a, are positive constants.
Biologically r, and r; denote intrinsic growth rate of predator and prey, respectively; carrying
capacity of prey is ;- and carrying capacity of predator is r2H Further, Chen et al. [7] have extended

the model of Leshe [5, 6] by incorporating a refuge defendlng mH of the prey, and a resulting
continuous-time system designated by differential equations takes the form:

{% = (r; — byH)H — a;(1 — m)HP,

(1.1)

1.2
= (=) o
while m € [0,1). This leaves (1 — m)H of the prey available to the predator. In contrast to
continuous-time models, discrete-time models designated by maps or different equations are more
applicable than differential models, if populations have non-overlapping generations, and these results
also provide more efficient computational results for numerical simulations [8, 9].  So, for
non-overlapping generations, many mathematicians have investigated the dynamical behavior of
discrete-time models as compared to the continuous-time model (see [10-22]). For instance, Zhuang
and Wen [23] have studied the local dynamics of the following model which is a discrete form of (1.2)

by forward Euler’s formula:

{Hm = H, + hH, (r; — biH, — a;(1 — m)P,),

Py
Py = Pt+h<r2 - (16_1311)Ht)Pt,

(1.3)

where £ is the step size. More precisely, Zhuang and Wen [23] have proved that boundary and interior
fixed points of the discrete model (1.3) is a sink, saddle, source and non-hyperbolic under certain
parametric condition(s). Motivated by the mentioned studies, the purpose of this paper is to explore
further complicate dynamical analysis of the discrete model (1.3), and so our key contributions in this
regard include:

(1) Topological classifications at fixed points of the discrete model (1.3).
(i1) Existence of bifurcations sets at fixed points.
(i11) Detail bifurcation analysis at fixed points of the discrete model (1.3).
(iv) Study of chaos by state feedback control strategy.

(v) Verification of theoretical results numerically.
(vi) Influence of prey refuge.

The organization of the rest of the paper is as fellows: local stability with topological classifications
at fixed points of a discrete model (1.3) is explored in Section 2. In Section 3, we have studied detailed
bifurcation analysis at fixed points, whereas Section 4 is about the study of chaos control of the discrete
model (1.3). The numerical simulation that verifies the correctness of theoretical results are presented
in Section 5. In Section 6, we will discuss the influence of prey refuge, whereas the conclusion is given
in Section 7.
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2. Local stability of fixed points

In this section, we will analyze the local stability of fixed points of discrete model (1.3). Here, due
to biological meaning of discrete model (1.3), first we will pick up nonnegative fixed points. It is clear
that if Eyp (H, P) is a fixed point of discrete model (1.3), then

H=H+hH (ri —bH - a;(1 —-m)P),
{ (ri = biH = ay(1 - m)P) o

P=P+h(r,- 7%5)P.

From (2.1), the straightforward calculation yields the following results.

Theorem 2.1. (i) VY ry,r2,a1,a2,b1,mh >0, E Ho(;—‘l, 0) is a boundary fixed point of discrete model
(1.3);

(i) Ejjp (s, 22U ) s the interior fixed point of discrete model (1.3) if m < 1.

Now using linearization, at Eyp (H, P) following variational matrix V|g,,.p) 1s constructed:

1-=2hbH + hry —ah(1 = m)P  —ha;(1 —m)H
V|EHP(H,P) = arhP? 1+ hro — 2a,hP (22)
(-mH2 2= Cwa

Now, we will study local stability at boundary and interior fixed points of model (1.3) by the stability
theory [24-27]. It should be noted that at £ Ho(;—ll, 0), (2.2) gives

1 _ hrl ha|r1(l—m)
VI = b X 2.3
eun(30) ( 0 14 23
The characteristic roots of V| /.,  are
EHO(— o)
A = 1 —hrl, A = 1 +hr2. (24)
Based on (2.4), one can easily obtain the following results.
Theorem 2.2. (A) VYV r(,r,a1,a2,b,m,h >0, EHO(Z_].’ 0) of discrete model (1.3) is never sink;
B) EHO(;—‘I, 0) of discrete model (1.3) is a source if
2
r > ﬁ; (2.5)
(C) Exg (;—‘1, O) of discrete model (1.3) is a saddle if
2
O<r <—; (2.6)
h
(D) Ego (;—‘l, O) of discrete model (1.3) is non-hyperbolic if
2
= -. 2.7
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+ ray rir(1-m) ) :
Now at EHP <a2b1+a1r2(l—m)2 > apbyi+airy(1-m)? ) (2.2) grves
_ aybhry —riajazh(1-m)
a2b1+a1r2(l—m)2 a2b1+a1r2(1—m)2
V|E+ ( ryay ryry(1-m) ) h(l_m)r22 . (2.8)
HP axby+ayry(1-m?2” azby +ay ry(1-m)? @ I- hl’z
The characteristic equation of VlE+ ray rr-m | 18
HP(a2h1+alr2(l—m)2 ’02h1+a1r2(]—m)2)
A —pl+q=0, (2.9)
with
_ 9 _ _ azbihry
{p =2—hn azby+airy(1-m)??° (2.10)
_ _ _ azbihry :
q=1+hry(hr; — 1) PG e

Finally, roots of (2.9) are

(2.11)

where
A =p* —4q,

azblhl"l

2
) —4(1 +hr2(hr1 - 1)—

(2.12)
= (2 — hry— axbihr ) .

arby + a;ry(1 —m)? arby + a;ry(1 — m)?

Now, following two theorems are established based on sign of A, 1.e. A < 0 and A > 0, respectively.

Theorem 2.3. If A = (2 — hry — %)2 - 4(1 + hry(hr; — 1) — %) < 0 then at

a2b1+a1r2(1—m)2 a2b1+a1r2(1—m)2

Tp (uz m +;11f22(1_m)2 v bl’lrzl(rlz_(;"_)m)z) following results hold:
(A) Efp (a2 7 +arl‘f22(1_m)2 e blrfjl(rlz_(;”_)m)z) of discrete model (1.3) is a stable focus if
by + ra,(1 —m)?
0<r < —n@bitrald-m (2.13)
ha,byr, — arby + ha1r22(1 - m)2
with b
axb,
h> ; 2.14
1y (axby + airy(1 — m)?) (219
(B) E}, (a2 b1+;11f22(1_m)2, - bl’ﬁl(rl;(’;’_)m)z) of discrete model (1.3) is an unstable focus if
by + r*a (1 — m)?
> raxby + ry%a;( m) : (2.15)
hazblrz - a2b1 + ha1r22(1 - m)2
ra riry(1-m) . : O
©) Ep (az b1+a1]r22(1—m)2’ = b11+azl - (1—m)2) of discrete model (1.3) is non-hyperbolic if
raxby + r*a (1 — m)?
" 2a2b1 + ry7ay( ) (2.16)

- ha2b1r2 - Clzbl + halrzz(l —m)Z.
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Theorem 2.4. If A = (2 — hry — #)2 - 4(1 + hry(hr; — 1) — %) > 0 then at

a2b1+a|r2(l—m)2 a2b1+a|r2(l—m)2 -

+ ( riaz rir(1-m)
HP azhl +aj r2(1—m)2 ? azbl +aj r2(1—m)2

) following results hold:

(A) Ef, ( 14 rira(l=m) ) of discrete model (1.3) is a stable node if

u2b1 +ai rz(l—m)z ’ a2b1 +ai rz(l—m)z

2(hry = 2) (axby + ayra(1 = m)?)

< , 2.17
n h2r2 ((12[71 + (11}"2(1 - m)2) - 2(12[91]’1 ( )
with
2 2612b1
h> —, ; 2.18
max{r2 I"Q(Clgb] +a1r2(1—m)2)} ( )
(B) E;,p (a2 m +;11f22(1_m)2 v b]r-1+—raz](:2_(lln—)m)2) of discrete model (1.3) is an unstable node if
2
2(hry - 2) (axby + arrs(1 - m)?)
; 2.19
n= h2r2 (a2b1 + a]rz(l - m)2) - 2a2b1h ( )
(C) Ep (a2 b1+;1‘f22(1_m)2 ,az b1”+ gl(rlzzinjm)z) of discrete model (1.3) is non-hyperbolic if
2(hry = 2) (axby + ayra(1 = m)?)
ry (220)

- h2r2 (Clzbl + 611}"2(1 - l’l’l)z) - 2612b1h‘
3. Analysis of bifurcation

In this section, we study the flip bifurcation at boundary fixed point E HO(;—II, 0), and flip and hopf

ria rirp(1-m)

bifurcations at E},, (a2b1+a1r2(l—m)2’ a2b1+a1r2(l—m)2) of discrete model (1.3) by center manifold theorem
and bifurcation theory [28-32]. If condition (2.7) of Theorem 2.2 holds, then from (2.4) one gets
Aile7 = =1 but A3|27) = 1+ hry # 1 or —1, which implies that at £ Ho(;—ll, 0) discrete model (1.3) may
undergoes flip bifurcation if (h, ry, r,, by, ay, ax, m) located in the set:

2
7:|EH0(,;11,0) = {(h, ri,r,by,an,a,m), rp = E} 3.1)

But following this theorem, it follows that if (h,ri,ry,by,a;,a,,m) € 7:|E ) then discrete

o(%,o
model (1.3) must undergo flip bifurcation.

Theorem 3.1. Discrete model (1.3) undergoes flip bifurcation if (h, ry, 72, by, ar,ax,m) € F |E (,1 0).
HO H’

Proof. Since, with respect to P = 0, discrete model (1.3) is invariant. So, if it is restricted on P = 0

then
H,., = H, + hH/(r, — b\ H,). (3.2)

Now from (3.2), we denote
f(ri,H):=H+ hH(ri — biH). 3.3)
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Nowifry=r*=2and H = H" = i then from (3.3) one gets

a_f =1, (3.4)
6H r]:rl*:%’ H:H*:;—:
O*f
— = —2hb; # 0, 3.5
aHZ r1=r1*=%, H=H*=;—i : ( )
and 3 )
or == %0. (3.6)
oy ri=ri*=¢, H=H*=gk b
From (3.4)—(3.6), and Table 4.4.1 of [30] one can concluded that if (h, i, 12, by, ay,a,m) € TlE 0(, 0)
H H’

then flip bifurcation must exist at £ HO(I%’ 0). Additionally Q; = ( 327];) (37]:) +2 ( a?gr , ) =

rlzrl*:%, H:H*:[%

3 2
—2h, L = (a f)+3 ((ﬂ)) = 12h°b7 and finally Q,Q, = ~24b7h> < 0 which implies that at Epo (-, 0)

IH3 OH>
discrete model (1.3) undergoes supercritical flip bifurcation. O

] a r 2 a r
Now if A = (2 = hry = 200 )" — 4 (1 + hry(hr = 1) — 221 ) < 0 then roots of (2.11)
are pair of complex conjugate satisfying |/11,2| = 1 which implies that hopf bifurcation may exists

if (h,ry, r, by, a1, a,, m) are locate in the set:

NI

(2.16)

+ ( ryay ryro(1-m) ) :{(h’ rl’FZabl’al’aZam) : A < Oand
HP u2bl+alr2(lfm)2’azb1+a1r2(lﬂn)2

r

_ raby + r22a1(1 - m)2 (3.7)
 haybiry — azb; + hair2(1 —m)? |~

But following result follows that if (h,r,r,by,a1,a,,m) € N IE+ ( ray — ) then at
HP

apby+ay )'z(lfm)2 ’ ayby +a1r2(17m)2

+ ra rir(1-m)
HP

Y Ty v (1—m)2) discrete model (1.3) undergoes hopf bifurcation.

Theorem 3.2. If (h,r,r, b1,a1,a,m) € N IE+ ray nna-m | then at interior equilibrium
HP azblﬂtlrz(lfm)z’a2b1+a1r2(17m)2

+ riay rir(1-m) : . .
E;, (d2 DA omR s (R ), discrete model (1.3) undergo hopf bifurcation.

Proof. Since (h,ry,r,by,a1,a,,m) € NIE+ ( ray ryro(l=m) ) and clearly r; is the bifurcation
HP\ ayby+ary(1-m)2 * agby +ayry(1-m)?
parameter. So, if r; varies in a small neighborhood of r{, i.e, r| = r] + € where € << 1 then model

(1.3) becomes

(3.8)

{Hz+1 = H, + hH, (1" + €) — biH, — a;(1 — m)P,) ,

P
Pt+l = Pt +h(}’2 - (lcgn)th)Pt’

arbi+a; rz(l—m)z > axbi+a; rz(l—m)z

. . : 1- . o . L
with E;-—IP( (ire)as (rire)ralizm ) is the interior fixed point. Now the roots of characteristic

arbi+ayr(1-m)2° aryby+airy(1-m)?

equation of V| [ (o) (+e)miom ] at E;P( (ri+€)ar (r;+€)r(1-m) )of model (3.8) is
Epp

ayby+ay rz(l—m)2 ’ ayby +a1r2(1—m)2

p(€) = t+/4q(€) — p*(e)

2 b

/11’2 = (39)
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where

hazbl(rf+e)
p(G) = 2 - hr2 - a2b1+a1r2(l—m)2’ (3 10)
_ ; abih(r] +e) )
qg(e) =1+ hr, (h(r1 +€)— 1) -

a2b1 +ai i’z(l—m)z :

From (3.9) and (3.10) we have

il = 7|1+ 5 (G} + )~ 1) aabih(r; + € G.11)
b2 AN arby + a;r(1 — m)?’ '
with d'§;2||6:0 = %(hzrz - %) # 0. Moreover, for occurrence of hopf bifurcation at
ra rir(1=m) I ; = 1 =
Wp (a2h1+a11r22(1—m)2’ a2h11+5m<1—m)2) it is also require that /li2 #1,v=1,---,41f € = 0 that corresponds

to p(0) # -2,0,1,2. But g(0) = 1 if (2.16) holds, and so p(0) # —2,2. Hence p(0) # 0, 1 which gives

h % 2 2a,by + 2a,r2(1 — m)? aby + a;ry(1 — m)? (3.12)
}"2’ rab, + a1r22(1 — m)2 + ab, ’ rab, + 611}"22(1 - m)2 + arbyr . '
Now using the following transformations in order to transform E},, (az T bl’jjl(rlz_(;”_)m)z) of

(3.8) to origin:

Ut = H[ - H*,
(3.13)
V,=P;,— P~
with H* = m and P* = %. From (3.13) and (3.8) one writes
Usn =U+ WU, + H)(r1 = bi(U, + H) —a;(1 —m)(V;, + PY)), (3.14)
Vier = Vi + h(V, + P) (ry — o).

Now if € = 0 then we will explore normal form of (3.14). On expanding (3.14) up to order-2"? at
Foo (0,0) we write

Ui = anU, + @V, + ai3U? + an UV, (3.15)
Vie1 = a1 Uy + anVi + 23U + a0a UV, + ans V7,
with
a1 = 1- ZhblH* + ]’LI"] —Cllh(l — I’I’l)P*, a1y = —a1(1 — m)hH*,
—_ [ _ — hazP*z
a3 = —hby, as ah(l —m), ay QomH™ (3.16)
— | 4 hpy — 2P _ __haP? _ 2harP* :
@y = 1+ 0 = a5 g @3 = ~50m3 Y24 = oapee
_ hay
@5 = —TonE

AIMS Mathematics Volume 8, Issue 7, 15035-15057.
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Now using the following transformation, we transform linear part of (3.15) to canonical form
()=t %))
Vi \n—au = J\ P )

n= % (2 _ hl"z _ abyhry )’

arby+ayra(1-m)?

2 azzblzrlz ab,
-1 — ) + 21’17’2 2 - 5 |
[axby + ayra(1 — m)?] aby + a;ry(1 — m)

with

ST

é:

From (3.17) and (3.15) we write

Hy=nH, - (P, + F(Hz,Pt),
Py = (H, + nP; + G(H,, P,),
where

F(Ht’ P, = ”11th + rioH P,
G(H,, P,) = ry H? + rpH,P, + ri P,

and

ri = apais + au(n —an), rp = —aiud,
1
= Z [({ —a)(@npa;3 — ) — CY12261/23 + (a4 — as)(n — 0/11)2] s

rn = apaoy — (M — an)(a — 2ass), 13 = —assd.
From (3.20) we have

O*F &*F O*F

(el =27, s2o— =rp, &= =0
2 115 9H.OP 125 2 s
M| Fio(0.0) OO poo0.0) 7 | F0(0.0)
&F =0 BPF =0 PF =0
o3 - B 2 - ) 2 - ”
7 | F0(0.0) 0P| 0(0.0) HHOP | E(0.0)
PF —n %G — G —
a? - 0’ (9? - 2r21’ OH,OP, = Iy,
" 1Fp(0,0) " 1F00(0,0) F0(0,0)
G — e} — >G —
opP? = 2ry, OH? =0, OH?oP, =0,
Fo(0,0) F0(0,0) F0(0,0)
8G _ 0 8G _ 0
2 — Y, 53 — V.
HOP ] 0 0.0) WP | Foo0.0)

Finally, following condition required to be non-zero for (3.19) undergo hopf bifurcation

(1 -22)42

f:_%( -1

1 -
T11T20) - §|T11|2 — lroal* + sR(/lTﬂ),

where

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

AIMS Mathematics Volume 8, Issue 7, 15035-15057.
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| (PF _ PF PG (azc‘; PG PF ))
T = L(EE 2 _p #G_ (26 _#G 49
02 = 8 \om2 ~ oP? OH,dP; OH? 0P} oHOP || o 00)
1 [*F | &PF PG | *G
T11=Z(—z+—z+L(—z+—z )
oH2 " P2 o7 " P | 00
| (PF _ @F PG PG _ PG PF ))
T = 5 (&5 — 25 + 222 +(25 - 25 - 22 (3.24)
20 =3 (aHf apP? OH, 0P, OH? P2 HIP )| o 0.0)
_ 1(&FE L PF, &G, &G
T21 = 16 (8H,3 t ot amzor, T op
3 36 3 i 3 i
+o(53 + s~ s~ 5% )
! i e " 7/1F00(0,0)

The calculation yields

1

Tor = 7 [ri1 —ro2 + (a1 — ras + 2],
1

711 = 5 [+ u(rag + r3)l, (3.25)
1

Too = 7 [rin + r2 + u(rg — ras — rp)], 721 = 0.

From (3.25) and (3.23) if we get £ # 0 as (h, ry, 2, by, a1,a,,m) € NlE+ ray nna-m | then at
HP(aszJralrz(lfm)z ’a2b1+a1r2(lfm)2 )

Tp (a2 B Tt @ bl’jrrazl(rlz_(f_)m)z) discrf.:te model (1.3).undergoes hopf.bifurcation. Further supercritical

(respectively subcritical) hopf bifurcation take place if £ < 0 (respectively £ > 0). O

Now if A = (2 — hry — %)2 _4 (1 + hry(hr; — 1) — %) > 0 and condition (2.20)

arbi+ayry(1-m)? arbi+ayry(1-m)?

_ _ _ _ 2azb; (hry—2) _
of Theorem 2.4 holds then /11|(2.20) = 1 but /12|(2'2()) =3 hl"z ah(=m)2 122 +asb, (hra=2) # 1 or 1
+ ria rira(1-m) 1 i
tbat coqcluc?es the fact that at £7,, (az Frraira (IR @b (1_m)2) discrete model (1.3) may undergoes flip
bifurcation if (4, r1, r2, by, a1, a, m) are located in the set:
7:|E+ ( ryay riro(1-m) ) :{(h’ rl’r2abl9al9a25m) : A > Oand
HP a2b1+ulr2(lfm)2’azleralrz(lfm)z

2(hr2 - 2) (a2b1 + a1r2(1 - m)2) (326)

- h2r2 (Clgbl + 611}’2(1 - m)z) - 2a2b1h

r

But following result follows that if (h,ry,r,by,a1,a,,m) € F IE+ ray ryr(l=m) then at
Hp(azbl +u]r2(1—m)2 T apby+ay rz(l—m)2 )
+ riap riry(1-m) : : : :
p (a2h1 Tairs (TR aah; +a1r2(1—m)2) discrete model (1.3) undergoes flip bifurcation.

Theorem 3.3. If (h,r,r,b1,a1,a,,m) € ?'IE+ ( ray T ) then discrete model (1.3)
. . . HP apby+ay r2(l—m)2 ’azbl +ay r2(1—m)2
undergoes flip bifurcation.

Proof. If ry varies in a small neighborhood of r] then model (1.3) takes the form (3.8) which further
transform into the following form

2
Ui = anU, + anVi+ ai3U; + aiu UV, + Ko Use,

5 5 (3.27)
Viei = an U + anV + anU; + au UV, + apsV;,

AIMS Mathematics Volume 8, Issue 7, 15035-15057.
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where
ayy =1 =2hbH* + hr{ — aih(1 — m)P*,
dip = —Cllh(l - m)H*,
a3 = —hby, ayy = —aih(l —m), Ky, = h,
%2
@) = G, (3.28)
@y =1+hr- —(flf,l,f;;*,
a k2
a23 = _(lhﬂ:;H”’
@24 = (lz_hf;z)z*a, a5 = —(l_h,%H*,
by (3.13). By
Vil \=l—-an A-ap P, )’ '
(3.27) becomes
Ht+] _ _1 0 Ht + F(UI7 V[’ E) (3 30)
P 0 )\ P G, Ve |’ '
where
T _ ap(h-a)-ana 2 ay(—aq)-apa Ki1(—aqy) % 2
F - sutleguisueny) ¢ e,y + Sy - £/
_ +a +a2; 2 a +a +ap@; +a (0%
G = el 7 ¢ e,y ¢ SGeey, + 202,
Ui =apH +apP;, Vi=-(1+a)H, + (A, —ap) P,
U? = a3, (H? + 2H,P, + P?), (3.31)

Vtz =(1+ 0/11)2H,2 + (A - 0/11)2 Ptz =21 +an) A —ayy) HP,,
UV, =-anp(+ 0/11)H,2 + (@ (A —ag) —ap (1 +a) HP + ajp (4, — 0/11)Pt2,

U,e = a;pHie + ap Pe.

Now center manifold M“Fy(0,0) of (3.30) at F(0,0) is determined in a neighborhood of €, and
therefore mathematical expression for M¢Fyy(0, 0) is

M Fo(0,0) = {(H,. P)) : P, = Coe + C,H} + CoHie + C3€ + O ((IH| + |el)’)} (3.32)

where the computation yields

Co=0,
C = 1"'/12 (0120’13 + (@5 —ayg) (1 +aqy) — 0120’24) + 1—;/%&%2&23’
C, = K11(1+(¥11) (3.33)
-2
C;=0.
Finally, (3.30) restricted to M“F,(0,0) is
fUH) = —H, + h H} + hyH,€ + hyH} '€ + hyH,€ + hsH + O ((H,| + le))*), (3.34)
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where

hy = ﬁ [@pais (A2 — ai) — (1 + an) (@ (2 — an) — apasg + axs (1 + an))

2
- a’12023:| >
— Kul—an)
hy 1+

= ﬁ [2Cra1a13(A2 — any) + Craig(A — a11) (A — 2011 — 1)

+ C1K11(4 — any) —2Cana7, — Crapanu(d, — 2ay; — 1)

+ 2C26¥25(1 + CL’]])(/lz —-an)l,

I G K1 (dp—ay1)
4 1+/12 ’

hs = rlb [2C16¥126¥13 (A —an) - 2C e,
+ Cra4(Ady — a1)(A2 = 2ay; — D)= Crapanu(dy = 2a;; — 1)

+2C a5(1 + 1) (A — aqy)].

>
(98]
|

(3.35)

So, following discriminatory quantities are non-zero for existence of the flip bifurcation:

[0 (3.36)

The simplification yields

12~ hry) (ahr2(1 = m)? + sy (hr; — 2))
arhr2(1 = m)*(hry — 4) + axby (hry — 2)?

= £0, (3.37)

and
Aayh(1 = m)
& :Baz(hrz -2) (alhr§(1 —m)*(hr, — 4) + ayby(hr, — 2)2)
x [a@h*r5(1 = m)* + a3by(hry = 2) (=4 + Wry (= 1y + by(hry - 2)))
+ arayhr3 (1 = m)*(hry = 2) (8 + hry (=6 — hry + 2byh(hry - 1)]

(3.38)
2a1h(1 = m) (a3h*r3(1 = m)* + a3by (hry - 2)°

+arah*r3(1 = m)*(=ry + by (hry - 2)))
ar(hry = 2) (aihr3(1 = m(hry = 4) + asb (hr - 2)?)

where the involved quantities A = a;i’ry(1 — m)*> + ay (=8 + hry (6 — 2hry + bih(hr, - 2))) and

B = ay(hry — 2)* (ashy + arra(1 = m?) (arhr3(1 = m)*(hry = 4) + axby (hry = 2)?). From (3.38) if one

gets o # 0 as (hr,nbLa,a,m € F|, ray () then at equilibrium
HP(a2b|+alr2(l—m)2 ’azb1+alr2(]—m)2)

+ ra rir(1-m) : ; ; i iti
HP(a2h1+a1r2(l—m)2’a2h1+a1r2(1—m)2) discrete model (1.3) undergoes flip bifurcation. Additionally,

. . + rias rira(1-m) 1 1
period-2 points from EHP(a2b1+a1r2(1—m)2’ a2b1+a1r2(1—m)2) are stable (respectively unstable) if j, > 0

(respectively 7, < 0). O
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4. Chaos control

In the literature, there are many techniques to control chaos for the discrete-time models like state
feedback control, pole placement and hybrid control methods [33—-37]. In our understudied discrete-
time model (1.3), we will use the state feedback control strategy that stabilizes the chaotic orbits at an
unstable equilibrium point E;,, (a2 T jrﬁl(rlz_(’l”_)m)z ) It is important here to mention that in this
method, the chaotic discrete-time model (1.3) is transformed into a piecewise linear system to attain an
optimal controller that minimizes the upper bound, and then solving the optimization problem under

certain constraints. So, on adding control force U, to model (1.3), it becomes

{Hm = H, + hH, (r| — biH, — a;(1 — m)P,) + U, @

Py
Pt+1 = Pt +h(r2 - (1‘iZm)Ht)Pt’

where U, = —k; (H; — H") — ky (P, — P*) and k; , are control parameters. Now for (4.1), the variational

matrlX ‘/ClE+ ( ryay ryro(1-m) ) IS
HP

a2b1+alr2(lfm)2 ’ ayby+ay r2(17m)2

HP 521 522

b —ki Cp—k
JC|+( o st ):( 1n—K t2 2), 4.2)

apby+ay r2(1—m)2 " arby+ay rz(l—m)2

where

g _ a2b1—a2b1/’ll’1 +a|r2(1—m)2
11 —

arbi+ayry(1-m)? ’

£12 _ —hayriax(1-m)

T abi+air(1-m)??

P () (4.3)
21 — a B

fzz =1- hr2.

Now if 4, are roots of characteristic equation of Ve Eypca.p) then
/11+/12:€11+€22—k1, (44)

and
Ay = () — ki) = 61 (€1 — k). 4.5)

Since marginal stability determined from the conditions 4; = +1, 4,4, = 1 which further implies the
fact that [4; 5| < 1. If 4;4, = 1 then from (4.5) we get

ay (axbih(ry + 12) + hayr3(1 = my*(1 = hry) = Raybirir)

Ly : ay(hry— Dky +hra(1 —m)k, — =0. (4.6
12 ax(hry = Dky+hry(1-m)k, arby + airo(l — m)? (4.6)
If 4, = 1 then from (4.4) and (4.5) we get
hrlagbl
Ly : a)k) + 7‘2(1 - m)k2 + =0. (47)

ar)by + ajr(1 — m)?
Finally, if 4; = —1 then from (4.4) and (4.5) we get
Ls :ay(hry — 2)k; + hrs(1 — m)k,
a>(hr, —2) (Zazbl +2a;r(1 —m)* — azblhrl) — hayriry(1 — m)? o 4.8)

Clzbl + 6117'2(1 - m)2
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Therefore, from (4.6)—(4.8) lines L, L, and Lj in (ky, k»)-plane gives the triangular region that further
gives |4, < 1.

5. Numerical simulations
In this section, we will give some numerical simulation to verify theoretical results.

5.1. Flip bifurcation at EHO(;—‘I, 0)

Ifth=14, by =0.18, a; = 03, m = 0.8, r, = 0.27, a, = 0.14 then from (2.7) one gets: r; =
1.4285714285714286. From theoretical point of view, Epy (2—‘1, 0) of discrete model (1.3) undergoes
a flip bifurcation if r, = 1.4285714285714286. So, if r, = r* = 2 = 1.4285714285714286 and

h
H=H = 2—11 = 7.936507936507937 then from (3.4)—(3.6) the computation yields:

0
of -1, (5.1)
0H r1*=1.4285714285714286, H*=7.936507936507937

62
J; - = 0504 # 0, (5.2)
0H r1*=1.4285714285714286, H*=7.936507936507937

and

of
97 — 1L11111111111111 # 0. (5.3)
87’1 r1*=1.4285714285714286, H*=7.936507936507937

Equations  (5.1)-(5.3) indicate that non-degenerate conditions hold, and so at
Euno (;—'1,0) = Ep(7.936507936507937,0) discrete model (1.3) undergoes flip bifurcation. In

addition, the simple calculation also yields
— O’f of > f ) —
Q = (on g T 26H6r1 _ = 2.8 and
r1*=1.4285714285714286,H*=7.936507936507937

= 0.7620480000000001.  Finally,

3 2 r\2
0 = (25+3(2))
r1*=1.4285714285714286, H*=7.936507936507937 N o _
0,Q, = -2.1337344 < 0 which shows that model (1.3) undergoes supercritical flip bifurcation.

Hence Maximum Lyapunov exponents (M. L. E.) and flip bifurcation diagram at E HO(Z_II, 0) are drawn
in Figure 1.

5.2. Hopf bifurcation at E;,, ( 14 nira(l-m) )

arbi+airy(1-my3?* azbi+aira(1-m)>?

Ifh =139, by = 056, a; = 061, m = 048, r, = 1.05, a, = 1.65 then from (2.16) we get
ri = 1.7008190945069108, and 50 Ef;, (s, —A200 ) of discrete model (1.3) is a stable
(respectively, an unstable) focus if 0 < r <  1.7008190945069108 (respectively
r1 > 1.7008190945069108). For this if r; = 1.686 < 1.7008190945069108 then Figure 2a indicates
that Ej;,, (22—, 12U ) = fi ) (2.5354742181672614,0.8390114685571666) of discrete
model (1.3) is a stable focus, that means that all orbits goes to the interior fixed point
E;;(2.5354742181672614,0.8390114685571666) and additionally Figure 2b—2h also indicates same
nature of solution if r; respectively are r, = 1.62, 1.58, 1.66, 1.695, 1.698, 1.0,
1.6 < 1.7008190945069108. Furthermore, if r; = 1.72 > 1.7008190945069108 then Figure 3a

indicates that E},,(2.586604777726981,0.8559310355387465) of discrete model (1.3) changes the
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nature of solution and as a result stable curves take place. Hereafter it is shown numerically that under
consideration model undergoes supercritical hopf bifurcation if r; = 1.72 > 1.7008190945069108,
i.e., £ < 0. Therefore, if r; = 1.72 then 222!| _, = 0.4255699494665087 > 0, and additionally from
(3.9) and (3.25) we get

Ao = —0.736456579491341 + 0.6885427710325857, (5.4)

and

To2 = 0.5213959228438938 — 0.10672543334655603¢,

711 = 0.38280879877518403 + 1.112417243978212,

750 = —0.13858712406870982 — 0.10672543334655603¢,

79 = 0.
On substituting (5.4) and (5.5) in (3.23) we get £ = —1.1066864173641395 < 0 which confirms the
correctness of theoretical results and so supercritical hopf bifurcation takes place. Similarly Figure 3b—
3h also shown same nature of solution if r; respectively are r; = 1.735, 1.75, 1.776, 1.797, 1.83 >
1.7008190945069108 and so for r, = 1.735, 1.75, 1.776, 1.797, 1.83, 1.8, 2.1 > 1.7008190945069108

model (1.3) undergoes supercritical hopf bifurcation with £ < O (see Table 1). The M. L. E. and
bifurcation diagrams are plotted in Figure 4.

(5.5)

Table 1. Numerical values of ¢ for r; > 1.7008190945069108.

Bifurcation values if r; > 1.7008190945069108 Corresponding value of ¢
1.72 —1.1066864173641395 < 0
1.735 —1.1405324390187181 < 0
1.75 —1.175118297518472 < 0
1.776 —1.23678224560618 < 0
1.797 —1.2881322661012926 < 0
1.83 —1.3714964471022881 < 0
1.8 —1.2955778257273525 < 0
2.1 —2.1388681583975675 < 0
5.3. Flip bifurcation at E},, (az T blrjrrazl(rlz_('f_)m)z)

Ifh=14,by =0.18,a; = 03,m = 0.8,r, = 0.27,a, = 0.14 then from non-hyperbolic condition
(2.20) we get r; = 1.6620447594316734. Theoretically, if r; = 1.6620447594316734 then at interior
fixed point E},, (a2b| +ar]lf22(1—m)2’ azbl’}rr;](rlz_(q”_)m)z), discrete model (1.3) undergoes a flip bifurcation, i.e., if
ri = 1.6620447594316734 then from (3.37) one gets j; = 1.455433013797801 # 0. Further from
(3.38) we get j, = 0.025512710056662495 > 0 which represent that stable period-2 points bifurcate
from the interior fixed point E7, P( 1 rirp(l—m) ), and hence M. L. E. and flip bifurcation

u2b1+a1r2(1—m)2’ u2b1+a1r2(1—m)2
diagram are drawn in Figure 5.

5.4. Simulation for correctness of theoretical results in Section 4

Ifh=04,by =0.58,a;, =0.03,m =0.15,r, = 1.1,a, = 0.14,r; = 0.04 then from (4.6)—(4.8) we
get
Ly : —0.02035549527096175 — 0.0784k, + 0.4114000000000001k, = 0, (5.6)
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L, : 0.0017315657947973438 + 0.14k; + 0.935k, = 0, (5.7)

and

L : 0.4356966934336102 — 0.21840000000000004%; + 0.4114000000000001%; = 0. (5.8)

The lines (5.6)—(5.8) define a triangular region that gives [1;,| < 1 (See Figure 6). Finally, ¢ vs H,
and P, have drawn for (4.1) with respectively k; , = —0.15083845871908988, 0.02073349564264731,
which predict that unstable trajectories are stabilized (See Figure 7).

M.L.E

5 )

(b)
Figure 1. 1la Flip bifurcation diagrams at EHO(Z_]I’O) of discrete model (1.3) with r; €
[0.5,2.1] 1b M. L. E. corresponding to 1a with (0.5, 0).
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6. Influence of prey refuge
In this section, the following two cases are to be considered:

Case I: Prey densities increase due to the influence of prey refuge

For this, from P-component of interior fixed point Ej, (a2 7 +a’]1f22(]_m)2 Vo b]rﬁ](rlz_(T_)m)z ) one can
observe that if m € (0, 1), then following inequality holds obviously:
arby + ayry(1 = m)* < ayhy + arry. (6.1)
From (6.1), the H-component of interior fixed point E7,, (az m +ar|‘f22(]_m)2 v blrﬁ.(rlz_(lln—)my) give
ra ra (6.2)

Clzb] + Cl]l’z(l - m)2 Clzb] + 6111"2’

which implies that for fixed refuge, the prey refuge can increase the prey densities. Furthermore,
d ( 14 ) nnas 5 ()Y m e (0,1). This shows the fact that % is strictly

dm \abr+air(1-mp2 ) = (axbi+arr(1-m)*) arbi+airy(1-m
increasing function of m, that is, increasing the amount of refuge results the increase of prey densities.

Case I1: Predator densities decreases due to the influence of prey refuge

1 _ : : : + ria r1r(1—m)
Again from the P-component of interior fixed point E HP(azbl A (TR aabrtar (R

), one has

i( r1ra(1—m) ) _ r1r2(alr2(1_m)2_a2bl)2

dm \ aybi+ayrn(1-m)2 ) — (a2b1+a1r2(l—m)2)2
2

d rira(1-m) ) _ rlrz(alrz(l—m)z—azbl) < . rir(1-m) . .

- (a2b1+a1r2(l—m)2 T —" < 0V m e (0,1). This implies that hrandmE 18 strictly

non-increasing function of m, that is, predator densities decreases due to the influence of prey refuge.

Moreover —120=m__ hag maximum value —22— at m = 0.
a2b1+a1r2(l—m) a2b1+a1r2

Additionally if a;r, — a,b; < 0, that is, a;r, < ab; then

7. Conclusions

In this paper, we have investigated local behavior at fixed points, chaos and bifurcation of a
discrete time model (1.3). More precisely, it is shown that ¥V ry, r;, a;, a», by, m, h > 0, model (1.3)
has boundary fixed point Epgg (2—‘1,0) and if m < 1 then it has interior fixed point

Bt ( riay rira(1=m) ) Further at Ey (Z—]l, 0) and E;IP( — nra(om ) the local

HP \ arbi+ayr(1-m)2° arby+airy(1-m)? arbi+ayr(1-m)2° arby+ayry(1—-m)?
dynamical characteristics have been studied, and proved that Ey (Z_I.’O) of discrete model (1.3) is

never sink; source if r; > %; saddle if 0 < | < % and non-hyperbolic if r; = % Moreover interior fixed
ra rirp(1-m)

a2b1+a1r2(l—m)2 ’ a2b1+a1r2(l—m)2

razbi+ry’a;(1-m)? : . : raazbi+ra; (1-m)* .
0<nr < Tanb i —diobr a2 (L with (2.14) holds; an unstable focus if r; > Fanbira b1 whar 2 (R

2(hr2—2)(azb1 +a; rz(l—m)z) .
h2ry(azby+aira(1-m)?)—=2azbih with (2.18)
2(hra=2)(azby+arra(1-m)*)
h2ry(azby+aira(1-m)?)~2azb1 h

point E;;P( ) of discrete mathematical model (1.3) is a stable focus if

rabi+r’a (1-m?* | .
Tanbirs—anb Thara oz s Stable node if 0 <

non-hyperbolic if r; =

holds; an unstable node if r and non-hyperbolic if

2(hry=2)(azbr+arra(1-m)*)
h2r2 (a2b1 +a; rz(l—m)z)—2a2b1h '

and proved that flip bifurcation exists at Eno (1:_11 O) if

ry = We have also explored existence of bifurcation scenarios at fixed points,
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(h,ri,r,by,a1,a,,m) € ?'IE {(h,rl,rz,bl,al,az,m), ry = E}' It is proved that at

HO(%,O)

+ ria rir(1-m ; ; ;
Hp(a2b1+alr2(l_m)2, azb1+a1r2(l—m)2) model (1.3) undergoes hopf bifurcation if (h,ry, rp, by, ay,a,,m) €
_ . _ raazbi+ratai (1-m)? :
N| . (e poton ) = {1172 b1, ar,a0,m) 2 A < O and ry = et alogr Y and flip
HP a2b1+a1r2(lfm)2’a2b1+a1r2(lfm)2
bifurcation if (h,ri,1r,b1,a1,a,,m)
2(hra=2)(azby+arra(1-m)?)
67:1 + ray ryrp(1-m) = {(h’ r1’r27b1’a176127m) :A>0and r = 2 - by
EHP(a217l+alr2(l—m)2’azb1+a1r2(]—m)2) h rz(a2b1+a11’2(1—m) )_2a2blh

ria rirp(1-m)

+ . )
state.feedb.ack control strateg}/, chaos ?lt EHP(azler’am(l_m)z, a2b1+a1r2(l—m)2)'1n dliscrete_model (1.3) is
also investigated. Next numerically verified theoretical results. Our numerical simulation reveals that

if parameter crosses (h,ry, 2, by, ar,a,m) € N |E+ ray nna-m | then model (1.3) undergoes
HP(a2b1+a1r2(lfm)2 ’azb1+nlr2(lﬂn)2)

. - - - ¥ na rira(1-m) oo
th? spper?rltlcal Nelmark-Sacker blfgrc?ltlon at E 1 \axbrea T a2!71+alr2(1—m)2)’ and so biologically
this implies that there exists a periodic or quasi-periodic oscillation between prey and predator
populations.  Furthermore if (h,r,r,by,a1,a,m) € F|_, ray T then model

. . . . . . EHP(azblﬂzlrz(.lfm)z ’“2}’.1 +a1r2(lfm)2) .
undergoes the flip bifurcation which indicates that the prey population will not remain steady,

resulting in a biological imbalance in the ecosystem. Finally, we have also discussed the influence of
prey refuge in the understudied discrete model.
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