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Abstract: The Helmholtz equation as an elliptic partial differential equation possesses many
applications in the time-harmonic wave propagation phenomena, such as the acoustic cavity and
radiation wave. In this paper, we establish a numerical method based on the orthonormal shifted
discrete Chebyshev polynomials for finding complex solution of this equation. The presented method
transforms the Helmholtz equation into an algebraic system of equations that can be easily solved.
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1. Introduction

This paper is devoted to establishing a highly accurate method for solving the Helmholtz equation
that has many applications in time-harmonic wave propagation phenomena, such as the acoustic
cavity and radiation wave [1]. Some of the numerical methods that have been used to solve the
Helmholtz equation in recent years are: Legendre wavelet method [2], least-squares finite element
method [3], meshless Chebyshev collocation method [4], implicit finite difference method [5],
staggered discontinuous Galerkin method [6], Fourier-Bessel method [7], radial basis function-
generated finite difference scheme [8] and hybrid approach proposed in [9].

Nowadays, researchers use orthogonal polynomials instead of the Fourier functions to solve various
classes of equations numerically, because these types of basis functions have spectral accuracy
property and their computational volume is less than other basis functions. For instance, see [10-14].
Orthogonal polynomials are defined into two categories based on the definition of their internal
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product [15], discrete and continuous. In numerical algorithms, the expansion coefficients for
orthogonal continuous polynomials are achieved by integrating, but the expansion coefficients for
orthogonal discrete polynomials are got using a finite summation. In recent years, researchers
have been successfully used discrete polynomials to provide numerical methods for solving ordinary
and fractional differential equations. Some differential equations that are solved using discrete
polynomials are: variable-order fractional extended Fisher-Kolmogorov equation [16], time-delay
fractional optimal control problems [17], fractional Volterra partial integro-differential equations [18],
fractional viscoelastic model [19], fractional reaction-advection-diffusion equations [20], etc..

In this paper, we utilize the orthonormal shifted discrete Chebyshev polynomials (OSDCPs) to
obtain the numerical solution of the 3D Helmholtz equation.

The main objectives of this study are briefly expressed in the following:

e Investigating the 1D and 2D OSDCPs and their derivative matrices.
e Establishing a computational method based on the 1D and 2D OSDCPs to obtain the numerical
solution of the 3D Helmholtz equation.

To solve the intended equation, we first approximate the unknown solution in the main problem by
the 1D and 2D OSDCPs. Next, using these polynomials, we expand the second-order derivatives. So,
the derivative matrices of the second order are obtained. In the following, we replace approximations
obtained in the previous steps into the main problem. By this replacing and the collocation technique,
the primary problem is turned into an algebraic equations system. Some of the most important
advantages of the established method are listed in the following:

e The proposed method has spectral accuracy and low computational volume.

e A small number of the OSDCPs are required to obtain highly accurate results.

e The developed method transforms the solution of the main problem into the solution of a linear
system of algebraic equations, which is easily solvable.

In the sequel, we provide five sections as follows: the 1D and 2D OSDCPs and some of their properties
are provided in Section 2. A numerical method is adopted by applying the 2D OSDCPs in Section 3.

Section 4 provides some numerical examples for investigating the accuracy of the proposed method.
Section 5 explains the conclusion of the article.

2. The Helmholtz equation and discrete Chebyshev polynomials

Here, we review the 3D Helmholtz equation and introduce the 1D and 2D OSDCPs together with
some of their attributes.

2.1. The 3D Helmholtz equation

In this work, we focus on the 3D Helmholtz equation

V2, 7,2 + E, v, 2) = f(€7,2), &7,2) €0, 1P, 2.1
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with the boundary conditions

90,7,2) = i (y,2),  (7,2) € [0,1T%,
9(1,7,2) = o(y.2),  (v,2) € [0,17,
Hé,0,2) = h3(é,2), (6,2 € (0,177,
HE 1, 2) = ha(é,2),  (£,2) € [0, 177,
Hé,7,0) = hs(£,y),  (¢.9) €[0, 177,
Iy, 1) = he(,y), () €0, 17,

(2.2)

or
30,7,2) = m(y,2), (v,2) € [0,17%,
H0,7,2) = h(y,2), v ef0 17, |9y, = Z—:aﬂ(g—g@ (v,2) € [0, 17%,
aﬂ%’;’z’) = iL9(,y.2,  (n2) €0, 11 T hom
B(E,0.2) = hn(&, ), eoepap, |ME0IMED, ) ©IC0
‘w(i—’;’” CiLoE Ly, @oepip | ELITL T o @IS G
Dy e EMEOIR g ) ey, Enel i
T S LY D, ENE0IR | Z_;aﬁ(%z% D e
T hen

where 7 is the wave number, f and A, for ¢ = 1,2,...,6 are given complex functions, L;—L; are real
constants. Also, ¥ is an unknown complex function.

2.2. The 1D basis polynomials
The 1D OSDCPs are defined over [0, z¢] in the following form [21]:

(€+K)(]\7I—K)

¢ J\e—«)(mY _

£ [—) SOZ 0=01,....,M, (24
k! 4

t
CP.,o(z M) = (€, M) ) > (= 1)

k=0 r=0

where S is the first kind Stirling numbers and

_ 20+ 1) (M - 0)! (£1)>
c(t,M) = ( _2( Y . (2.5)
M+€+1)!
The set {szf’[(z, M )}ZO produces an orthogonal set over [0, z¢] based on the following internal product
definition: N
ud lf Zf
=) ¢ (:i) w(zi) : (2.6)
o \M M
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So, we have
— —~ 0, { # k,
<szff(Z7 M)7 CPZf,K(Z, M)> = { 1’ f _ (2.7)
Any function ¥(z) € [0, z¢] can be expanded by the 1D OSDCPs as follows:
W) = Y wiCP., iz M) = WICP, j(z; M), (2.8)
i=0
where
W= [wow; ... WM]T,
in which B
M
i = (W), CP.,.i(z: M) = ; w( )csozf,(Mr M) (2.9)
and _ _ .
CP,, 5(2) = [CP-0(z: M) CP.1(4: M) ... CP, ji(z: M)| . (2.10)

Theorem 2.1. [21] Let Csz, 7i(2) is the vector introduced in (2.10). Then, the pth derivative of this

vector can be gotten as
d° CPZf, 72

dzf
(0.zf) _

_ Dip,zf)CPZf,M(z), 2.11)

where components of the square matrix D, [gl(p o )] are calculated by the following formula:

B i+k—1\( M-«
~ LA L ( i—1 )(i—K—l)
G- Y| S Y

=0 | k=p r=p «!
glffzf») P . N B (2.12)
x(—) SOrr—=1...(r—p+ 1)5r—P)CPZf,j_l(éf;M), p+1l<i<M+1,
zr M
I1<j<i-p,
0, otherwise.

The 2D OSDCPs are constructed over [0, 1] X [0, 1] by the 1D OSDCPs as
Cpkf(é‘:’y;l}]pl}}z) :Cpx(f;N1)CP€(7;N2), K:O’ 17"-7N]’ €:0’ 17-'-7N2' (213)

Utilizing the 2D OSDCPs, any continuous function ¥ (£,y) can be expanded over [0, 1] X [0, 1] in the
following form:

N, N,
9 (&) = Z Zakfcpke (€7:N.0o) £ AT CBy y (617) = CBY g (E7)A, (2.14)
k=0 (=0 NN
where ,
A= [/100/101 ...ﬂoNzl/llo/lll ...ﬂlNzl...l/lNIO/lNll AN]NZ s (215)
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with
U [ J i
et = 3, 205 e [ o) 216)
k=1,2,... N, +1,6=1,2,....N, + 1,
and

CPN N, €7 =({CPu (& Y) ...CPN ENICPI0(EY) .. .CPIN €D o1
r :

C?NIO &,y .. .CPNINZ &l -

Theorem 2.2. Suppose that (CIEDN1 N, (&,y) is the 2D OSDCPs vector demonstrated in (2.17). Then, the
pth derivative of this vector can be calculated as follow:

PCEy.N, €Y

_ n®
where
~(p) ~(P) ~(P)
dll! dlZ! 41(]5\[14_1)!
() ~p) ~(p)
dn! dnl ... dz(lyl+1)!

(0)
Dg =

< (o) <) )
d(N1+1)1! Q’(Iylﬂ)z! d(N1+1)(]yl+1)!

in which !(N2+1)X(N2+1) =diag(1,1,---,1) and

i+k—=1\ N, -«
Ml i-1 Ni-x-1
ci-1LN) DD D (1) P
(=0 | k=p r=p
~(p)
dij = ” ) ¢ _ (2.19)
MSK r(r—1)...(r—p+l)frp)CPj_l(ﬁ;]yl), p+1<i<N, +1,
ARl
1<j<i-p,
0, otherwise.

Proof. According to (2.13), the pth derivative of the vector CP;; (£, v; N, N,) (i = 1,2,...,N,,
Jj=1,2,...,N,) can be written in the following form:

I i dr
a—émCPij & 7NN, = a—gcpi(f;Nl)CPj(% Ny) = CP(y; Nz)d—é:pcpi(f;l}h)- (2.20)
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By computing —CP (&N @ =1,2,...,N,) and substituting in the above relation, we get

dgr
FCPN N, €7) d&° d°
8§P = |CP1(y; ’z)df CP1(& N CPAy; ’2)d§ CPI(EN)) ..
dar dar
CPN, +1(%N2) f CPl(f, \ )IC731(7,N2) dé CP(&N) C?’z(’y,l}fz) & CP (& N))
PN (73 ,2) & Cf"z(f Dl CP (s ,2) f CSDN aENYD
T
CPa(y; z) e CSDN AGND - CPN (3D z)dé:pCPN aEND
Then, by applying Theorem 2.1, we have
o CPN N..Y)
5 17752 _ )
aé:p - Dg CPN1 Nz (ér’ 7) s
where
av 0 0 a9 0 0 a({:NIH) 0 0
0 aw 0 0 aw 0 0 Z;l(l‘(’g,lm 0
0 o . A 0 o . @ o 0 0 AN
w 8> 0 v \0(,,) 0 ‘3%1“) \w)o 0
0 af, 0 0 @) 0 0 BNy 0
© _ : o : : : . ; : : ; g : :
Pe = o @ : o : . e ’
% © N
B 0 0 R, 0 0 R 0 - 0
0 aj‘f};lm] . 0 0 @f‘f}}]mz 0 0 @gﬁwl}mn 0
6 0 4?1)\;”1)1 0 04 ay&;mz 0 0 ag};ﬁn(l}lln)
or equivalently
< () < ()
di) 1(1}12+1)<N2+1> dlZ)I(NZH)(NzH) dl(N +1)1(N +DAN,+1)

< (0) ~ (0
D:f) oy TN 0N+ d ING Ny oo gl2(N +1)1<N +DAN,+D)

<) N N
S SRISE 5 NS AT NS 1) NG ST 91<I}Il+1>d}1,+1>1<1}12+1><N2+1)

As a numerical example, we want to compute matrix Dg) expressed in the Theorem 2.2. By
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assuming that N, = N, = 3, we have

(€]

and

Then, we obtain

—
iy Pty Pty —r
X X X X
=) (=) S o
ity
—n tn e X
X x x
=) o =) ©°
|
[—
—in —n X —tn
X X A X
—n —n
— X —n 5X
xtg) x %2
0650 ~ |
_ —
|

cCooco|locooc ool o o|lo o oo
CoOCocCo|o o oo o|loo oo
CoocCo|lo o oo o o|lo o oo
cCooco|lo o ool o o|lo o oo
2
SCooo|ooc oo o oo |oco o g
|
2
cCoocojlocooc oo oo GO
|
2
SCooco|looc oo ooo|lo oo
|
2
cCoocojlococ o oo oo|gooo0
|
bl U
OOOOOOOOOOOA_WOOOO
La] )
OOOOOOOOOOq_WOOOOO
kel Ug)
0000000001_7000000
el U]
000000001,70000000
o) &y
00000006_5000000075
T T
L e
0000006_50000000750
[ T
o 2
000006_5000000 oo O
! |
o) 2
00006_5000000075000
T T
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Similarly, the matrix Dg) is computed as

O0x] Ox] OxI Ox]
@ |0xI O0xI Ox] Ox]
P = 18x] OxI OxI OxI
O0x] 90x] OxI OxL

(an)
(@)
(en)

el eooNeolloBel=Ne

SO OO OO o OO

p—
o]
S OO OO oo OO

—_
oo
N eNelloNoNoNel loRoReN e

—
oo
S O OO OO OO o oo

—_
oo

sllelelelel leololNeNel el el

\O
o
eleolleoBeBeoBelleolBoloRellcoB ol =N

Ne

o
el ool leoloNeoNelleoNeoBolsllolel el e
el el leoloNeoNelloNeoBolslloRaol el e

=N eololielole)
o O oo O

o o O

\O

o

[N eNeoNelloNoNeolel loNoNeolol loNoN e N e
eNeoloNelloloNeoNelloNoNeoNel loNoNe N e
N eNeoNelloNoNolelloNoN el ol el el ol e
eleoloNelloloReoNellocNoNeoNel loNoNe N
cNeNeoNelloBoNeolel loNeoleoleol loNoBo B el
eBeoleoNelloloNeoNel locNoNeoNel loNoNe N
[eNeNeoNelloNoNeolel loNoNeolel loNoN e N e

(el ool le)
o O O

0
0

]
o
o
o
\O
o
o

Theorem 2.3. Suppose that CIPN N, (&,y) is the 2D OSDCPs vector demonstrated in (2.17). Then, the

pth derivative of this vector can “be calculated as Sfollow:

Py, Y

= DY'CRy,y, €7

oy
where
D® o ... 0
(©)
D @ _ 0 D ... 0
Y : : .. : ’
(0] o ... D®

such that Q demonstrates the zero matrix of order (N, + 1) X (N, + 1) and

N (i+K—1)(1N2—K)
. R R i-1 N\i-«x-1
c(l—l,Nz)Z ZZ(—DK

k!

(=0 | k=p r=p
é\z,(p) _ ¢
Y xz,vgsg’)r(r—l)...(r—p+1)5r—p)c¢>j_1(]7;1y2), p+1<i<N,+1,
AY)
I<j<i-p,
0, otherwise.

(2.21)

(2.22)

AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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Proof. According to (2.13), the pth derivative of the vector CP;; (£, v; N, N,) (i = 1,2,...,Ny,
Jj=1,2,...,N,) can be written in the following form:

o
9y ——CPi; (& v NLN,) = CP(fN) CP(% Ny = CP(gN) CP(% Ny). (2.23)

drP
By computing d—pCSD (v;N,) (j=1,2,...,N,) and substituting in the above relation, we get
Y

#CPN N, €7)
(97/”

dar dar
= [CP1(&; Nl)—cpl(y; Nz) CP1(&; Nl)—CPQ(Y; Nz) cen
dr
CPI(&N ) CPN+1(7, N)ICP> (&N ) Cﬁ"l(%,z) CPL(EN ) 07)2(%,2)

C%(g,l}ll) CfDN Al 2)|-~~|C?Nl+1(§§N1)WCPI(7;N2)

T
d°
CPY (& Nl)—dypcpz()’; No) - OPY A E N CPN, 05N
Then, by applying Theorem 2.1, we have
o CPNI,NZ &) ©
v e\ RG2S
where
av @ a‘l‘(’}}lzm 0 0 0 0 0 0
aw a© a%}lyu 0 0 0 0 0 0
9‘?1\; o az‘l’;z”)z a&ﬂmzm 0 0 0 0 0 0
0 0 0 a do e A, e 0 0 0
0 0 0 o o @(;ZNZ " 0 0 0
py = ‘ L ’
~(0) ()
0 0 0 Nyt A - N, l)(sz 0 0 0
0 0 0 0 0 0 g({j: g({;: ?1(’?12“)
0 0 0 0 0 0 U a9 d(ﬁmﬁn
0 0 0 0 0 0 @I‘i&zm ANy o2 @E’f}}zﬂwzm
or equivalently
D<N2+1)<N2+1> Q<N2+1>(N2+1> Q<N2+1)<N2+1>
Do = | OWrden PN Qi
Yy = . . . .

O, v, n O, evd,en - Pay,enay,on
O

AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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As a numerical example, for (N, = N, = 3), we get

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
%3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 _—15 0 0 0 0 0 0 0 0 0 0 0 0 0 0
s
-17V5
5 0 -6v5 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 %‘5 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 - 0 0 0 0 0 0 0 0 0 0
s
-17V5
o 0 0 0 0 5 0 -6V5 0 0 0 0 0 0 0 0 0
D)’ - 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 %3 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 - 0 0 0 0 0 0
s
-17V5
0 0 0 0 0 0 0 0 5 0 -6V5 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 %\G 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 15 0 0
s
-17V5
0 0 0 0 0 0 0 0 0 0 0 0 5 0 -6V5 0

3. Numerical scheme

In this section, a numerical scheme is provided for the 3D Helmholtz Eq (2.1) by utilizing the
OSDCPs. To this end, we represent the complex function (&, y, z) as follow:

HE,y,2) = w(&,7,2) +iv(€,y,2), (3.1

where w and v are real functions. Moreover, we consider the complex functions f(&,v,z), g(¢,7y) and
he(.,.) (€ =1,2,3,4) in the following forms:

[y, = fil€, 7,2 +if2(£,7,2),

hi(y,z) = hu(y,2) + iha(y, 2),

ha(y,z2) = hai(y, 2) + ihn(y, 2),

h3(€,2) = h31(&, 2) + ih3(E, 2), (3.2)
ha(€,2) = hai(&,2) + iha(§, 2),

hs(&,y) = hsi1(§,y) + ihs(€, ),

he(&,y) = hei(§,7) + ihex (€, ),

AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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where fi(.,.,.), and hy(.,.) for [ = 1,2,3,4,5,6, k = 1,2 are given real functions. By putting (3.1)

into (2.1), we obtain

{ Aw(é:’ Y, Z) + 7720)(5’ Y Z) = fl (6’ Y Z)’
AV(é:, Y Z) + 772V(§, Y Z) = fZ(‘f, Y Z)7

& 7,2 €l0,1P,

Also, by replacing (3.2) into (2.2) or (2.3), the boundary conditions are obtained as follows:

w(0,7y,2) = hi(y, 2),
w(l,y,2) = ha(y, 2),
w(¢,0,2) = h31(£,2),
w(&, 1,2) = hy (€, 2),
w(&,7,0) = hs1(€,y),
w(&,y, D) = he (€, 7),

or
w(0,y,2) = hi1(y, 2),

1 ov(l,vy,2)
L, o«
|

h21(y,2)

(L)(f, 0’ Z) = h31 (é‘:’ Z)a

1 ov(é 1,
W(E 1,2) = L—Z%

| —
h41(§,2)

w(&,7,0) = hsi (€, ),

1 ov(é,y, 1
Wy 1) = L2ErD

a L3 (92 ’
—_———
he1(£,y)

w(l,y,z2) =

(3.3)
& v.2) €[0,1P.
v(0,7,2) = hia(y, 2),
v(1,7,2) = ha(y,2),
,0,2) = h3(€,2),
v(¢,0,2) = h3(&,2) 3.4)
V(é:’ 1’ Z) = h42(§’ Z),
V(é:’ Y 0) = h52(§9 7)’
V(f’ Y 1) = h62(§’ 7),
V(O’ Y, Z) = h12(7’ Z),
_ —180(1,7,2)
V(l,%Z)— L] (9§ s
—_———
h22(y.,2)
V(fa O, Z) = h32(§’ Z)’
vE 1,2) = __IM 3.5)
L, 07
[
har(€.2)
v(€,7,0) = hsy(&,7),
-10 1
vy = ET D
3 Z
—— ———
hea(€y)

In the following, using (2.8) and (2.14), we expand the unknown functions w(é,y, z) and v(£,y,2) as

follows:

{ w(&,7.2) = CP{}TJ}B & 7) TCP, 7(2)

(3.6)

V(.2 = CP&INZ (& 7) ACP, (),

where T and A are matrices with (N, + 1) (N, + 1) % (1\7 + 1) unknown elements. Regarding

Theorems 2.1-2.3, we have
Pw(é,y,2)
0&?

P w(é,7.2)
0y?

PO _ o

5 175

AIMS Mathematics

T
= CPy N €N (DY) TCP, ().

T
= CPy N, €N (D) TCP, (),

(3.7)

g NN, €9 TDIYCE, 5,

Volume 8, Issue 6, 14792—-14819.
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and
v (£,7,2)
—r = CRy N, & »(OP) ACE, 7).
v (£,7,2) T
PELD o e (07 A st as
021/( Y, ) Z
T = R 6 ADCE, o
The functions expressed in (3.4) or (3.5) can be expanded by the OSDCPs as
hi1(y,2) = Wll(V)CPZf,M(Z), hia(y,2) = le(V)CPZ f,[v‘,(Z),
hy1(y,2) = 7{21()/)@?2],’1‘7(2), hy(y,2) = sz(V)CPZf,M(Z),
h31(§,2) = 7{31(§)CPZf’M(Z), h3(§,2) = Wsz(f)CPZfﬁ(Z),
3.9
hai(€,2) ~ 7{41(§)CPZ_,,M(Z), hap(€,2) ~ 7‘[42(5)@1?1,1;7(2) (39)
hs1(€,y) ~ CPIT}I,N2 &G,  hs(éy) = CPIT}I.N (&,7) G2,
he1(€,y) ~ CPIT\IINZ (&,7) Gy, hex(€,y) = CPT N, (f’ Y) G2,

where Gy; and H;;(.) fork =1,2,i=1,2,3,4, j = 1,2 are given vectors. Using (2.3), (3.6) and (3.9),

we obtain the following relations:

5 1752

P N €O T - Ha @)

[ ~pT
»CPN

5 1752

N, €0 A = Hi®)
P N DT = Hu©)
P N @ DA = Hu©

CPy N, €7 [T CE, 5(0) -

5 1752

CPY NN, €Y [TCPZJ_M(I)—
|A CP,, 7(0) -
[

5 1752

CPY y, €.7)

5 1752

CPy NN, &M ACE, (1) -

5 1752

AIMS Mathematics

»CP{}EN 0,97 - 7111(7)
PCPTNIN O, A - 7’(12(7)
CPT (1 YT - 7’{21(7’)
_CPIT\I N, (Ly)A - 7{22(7)

CPZ/”,M(Z) = 7:(11(')’, 7) =0,

CPZf M(Z) 7_{12(Y7 Z) 7

CPZf (@) = 7‘{21(% 7) =

CPZf M(Z) 7{22(% 7) =0,

CPZf,M(Z) = 7_[31(6, Z) ~0

CP,, 7(2) £ Ha(é,2) =

(3.10)

CP, () £ Flu(€.2) ~

CP,, (2) 2 Hir(£,2) ~ 0
G| £ CP y €1 G =
G| = CPT NN, €1 G~
G2 éCPHN (&.7) G >0,
Gp| 2 CPY N, €Y Gy =

Volume 8, Issue 6, 14792—-14819.
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The residual functions can be defined via (2.1) and (3.6)—(3.8) as follows:

Res; (¢,7,0) 2 CP \ €9 (DY) TCP, 5 + CPY (DY) TCP, 5
POV HINN, YA TN, S Py A

+CPY N, &) TDY'CP, 5(2) + ’72@1@1]1}% v TCP, 52~ fi (€,7,2) =0,

5 175

T T
Res; (£.7.2) £ CPY €1 (DL) ACP, j5) + CPY €0 (DY) ACP, )

+CPY N &) ADPCE, 5(2) +7°CRy  (6.7) ACP, j5) = fo(€.7.2) = 0.

o (3.11)
Finally, we get a system containing 2(IN, + 1)(IN, + 1) X (M + 1) equations by (3.10) and (3.11) as

Res; (Eo¥ezm) =0, k=2,3,4,..N,, £=2,3,....N,, m=23,..., M,
Resy (§, ve,zm) =0, «=2,3,4,... Ny, £=2,3,...,N,, m=23,.... M,

[Gijle = 0, ij=1,2 k=1,2,..N,+1, £=1,2,...N, +1, (3.12)
Hii(yer zm) = O, j=1,2 ¢6=12,.. . No+1, m=23,...M,
H; (er zm) = 0, i=3,4, j=1,2, k=23,...N,, m=2,3,... M,

where (&, V¢, Z») are defined as follows:

k—1
= , =1,2,...,N, +1,
¢ N, +1 K N1
-1
= , t=1,2,...,N, + 1,
Ye N, + 1 N2
-1 —~
zm:nl , m=1,2,... M+1
M+1

By solving (3.12), we determine the elements of the matrices (" and A, and subsequently using (3.6),
we derive a solution for primary problem (2.1). In this work, we have used the “linsolve” command of
Matlab R2020b to solve this system.

The step-by-step algorithm of the proposed method is given in the following:

AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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Algorithm
Input. The positive integer numbers M, N, and N,.

-1 -1
Step 1. Generate the points &, = 1;;1 3 fork=1,2,...,N, + 1L,y, = N for

£=1,2,...,N,+landz, = =—— form=1,2,..., M+ 1.

Step 2. Define the first kind Stirling num-'l_)elrs s using Eq (2.5).

Step 3. Define the 1D polynomials CP;, (z, M) for 1 < £ < M by Eq (2.4) and 2D polynomials
CPu (&, y;Ni,N,) for 1 <k <N,, 1<¢<N,byEq(2.13).

Step 4. Compute the vectors Csz, 77(2) and CPIT\I (¢,7) by Egs (2.10) and (2.17).

51752

Step 5. Compute the matrices Df’z’ ), Dg) and D(YZ) using Theorems 2.1-2.3.

Step 6. Introduce the vectors Y and A with unknown elements.

Step 7. Compute the residual functions Res; (£, 7y, z) and Res; (£, 7y, z) in Eq (3.11).
Step 8. Extract a linear system of algebraic equations using Eqs (3.10) and (3.11).
Step 9. Solve the system expressed in Step 8 and calculate vectors Y and A.
Output. The approximate solutions: w (¢,7, z) =~ CplT\TINz (&) TCP, . 7(2) and

v(£,y,2) = CP&NZ (& 7) ACP_ 5(2).

4. Test problem

This section presents four test problems to demonstrate the validity of the suggested method.
We evaluate the precision of our algorithm using L., norm as follows:

L = max max |w(&,y;1)-aE, 1),
1<i<IN, +1 1<j<N, +1
L™ —  max  max |v(§,~,7j, D —9(&, v, 1)
1<i<N, +1 1<\, +1

Lol = \/ (L)’ + (L)',

)

where @ and v are the approximations of w and v, respectively. In addition, we compute the
convergence order (CO) as

Lo (N>)
CO =logy, ——=,
8% Lu(V)

where N, and N, are the number of the 2D OSDCPs applied in the first and second implementations,
respectively. It should be noted that in all examples we assume that N, = N,.

Example 4.1. Consider the 3D Helmholtz equation

AV, y,2) + T E,y,2) = 0, & v,2) €[0,17,

AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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with the boundary conditions

0,7, 2) = exp (i(Lyy + L32)), (v.2) € [0, 17,
9(1,7,2) = exp (L, + Lyy + Laz)),  (1,2) €[0,1F,
¥, 0,2) = exp (i(Li§ + Ls2)), (& 2) € (0,17,
WE, 1,2) = exp (i(Li§ + Ly + La2)), (¢.2) € [0, 177,
HE,y,0) = exp (i(Li€ + Lyy)), (&) €[0,17,
HEy, D) =exp(i(LiE + Lyy + L3)),  (&y) €[0,17,

where (Ly, L, L3) = (7 cos ucos @, nsinu cos @, nsinw). The true solution of this example is
ﬂ(f, y, Z) = ei(L1§+L2’)/+L3z).

We apply the method proposed in Section 3 for solving this example with some values (u, @), (N, M)
and n. The obtained results are presented in Tables 1 and 2 and Figures 1-3. These results indicate
that the proposed method is sufficiently accurate.

Table 1. The values of L, at z = 0.5 with y = V3, M = 9 and some values of (u, @) and N
for Example 4.1.

Vg bg 3 3 S Sn

N = 55"=176) (ﬂ=3_2’w=1_6) (/“z‘zﬁ”ﬁ)
L Lo N g L™ Lo Lg L3 Lo

4 55570E-4 4.6427E-4 72412E-4 4.7169E-4 33362E-4 5.7775E-4 3.1603E-4 1.9379E-4  3.7071E-4
6 6.8299E-6 53973E-6 8.7051E-6 S5.4661E-6 3.5644E-6  6.5256E-6  3.1504E-6  1.8635E-6  3.6603E-6
8 42720E-8 3.2964E-8 5.3961E-8 3.1874E-8 2.0441E-8 3.7865E-8  1.5717E-8  9.0795E-9  1.8151E-8
10 1.6709E-10 1.2795E-10 2.1045E-10 1.1668E-10 7.3901E-11 7.4816E-10 4.9133E-11 2.8366E-11 5.6733E-11
12 4.5254E-13 3.4379E-13 5.6832E-13 2.9349E-13 1.8428E-13 3.4655E-13 1.0530E-13 6.1587E-14 6.2481E-13

) S5n Sn

Table 2. The values of L., and CO at z = 0.5 with 7 = 2V3,3V3, (u = ﬁ,w = E) and

some values of N for Example 4.1.
N n=2V3 n=3V3

Lg! CO L™ CO |Loo| Lg! co L3 co |Lo|
4  15005E-2 - 1.4972E-2 - 2.1197E-2 1.6803E-1 - 1.6758E-1 - 2.3731E-1
6 4.7165E-4 85332 4.6907E-4 85413 6.6519E-4 8.1850E-3 7.4528 1.1423E-2 6.6241  1.4053E-2
8 8.2620E-6 14.0590 8.7443E-6  1.8430  1.2030E-5 3.0222E-4 11.4670 4.7133E-4 11.0810 5.5990E-4
10 1.0487E-7  19.5690 1.0403E-7  19.8590 1.4772E-7 7.7584E-6 16.4130 1.2296E-5 163410 1.4539E-5
12 8.8228E-10 262060 8.7339E-10 26.2180 8.8659E-9 1.5564E-7 21.4400 2.2843E-7 21.8610 2.7641E-7

AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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Figure 1. Results achieved at z = 0.5 withnp = V3, N = 12 and ([u= =, @ = 27 for
Example 4.1.
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Figure 2. Results achieved at z = 0.5 with p = 2V3, N = 12 and (u = ﬁ,w = %) for
Example 4.1.
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Figure 3. Results achieved at z = 0.5 with n = 33, N = 12 and (,u - = _n) for

Example 4.1.

Example 4.2. Consider the 3D Helmholtz equation

AS(E,v,2) + O, y,2) = 0,

with the boundary conditions

H0,7,2) = l(y,2),
Qﬂéﬁgzmm@%@,
¢, 0,2) = h3(€, 2),
@%%2=mﬁﬁha
&y, 0) = hs(€,y),
PELD ~ ity 1,

(7,2 € 10,17,

(¥,2) € [0, 1T,
(v,2) € [0, 1T%,
(£,2) € 10,17,
(£,2) € 0,17,
(&) €0, 17,

(&) €[0,17%,

where (L1, L,, L) = (7 cos ucos @, nsin u cos @, n sin@). The analytic solution of this example is

ﬂ(’f Y Z) — ei(L1§+L2’y+L3z)

that is a plane wave. Using the above analytic solution, we can determine functions h(.,.), € = 1,3,5.

We apply the method proposed in Section 3 for solving this example with (u, @) = (%,O). Results

AIMS Mathematics
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obtained for n = V2, 5V2, 10V2, 15 V2 are presented in Tables 3 and 4, Figures 4—7. The results
listed in Tables 3 and 4 indicate that the proposed method is sufficiently accurate even for large wave

numbers. Figure 8 shows the logarithm of errors for various values of wave number that decrease with
increasing N.

Table 3. The values of L, and the CO with = V2, n = 5V2 and some values of N for

Example 4.2.

N n= V2 n=5V2
L (6(0) Lo ™ CO [Lool L (6(0) L3¢ CO [Lool
2.4080E-03 - 3.6760E-03 - 4.3945E-04 1.5280 - 6.2590E-01 - 1.6526

3.2660E-06 12.9502 4.4055E-06 13.1683 5.4604E-06 9.6405E-01 0.9016 4.8246E-01 0.5208 1.0780

3.3233E-09 20.4416 5.1757E-09 20.0511 6.1026E-09 2.2086E-02 11.2230 6.4915E-03 12.8046 2.3020E-02
9 22094E-12 29.1109 3.0378E-12 29.6067 3.7563E-12 3.8518E-04 16.1113 1.2590E-04 15.6886 4.0523E-04
11 1.0184E-15 38.2828 1.4821E-15 37.9997 1.7983E-15 5.2881E-06 21.3696 1.6748E-06 21.5268 4.2002E-06
13 3.3151E-19 48.0688 4.5715E-19 48.3913 5.6470E-19 4.6430E-08 28.3457 1.4938E-08 28.2516 4.8774E-08
15 2.3274E-20 15.9009 3.7306E-20 15.0003 4.3971E-20 3.4047E-10 34.3490 1.1216E-10 34.1839 3.5847E-10

N W

Table 4. The values of L., and CO with 7 = 10V2, = 15 V2 and some values of N for
Example 4.2.

N n=10V2 n=15V2
e co e co Lol L co s Co |Loo|

339050 - 5.3276 - 6.6055 5.9586 - 59515 - 8.4217
5 17718 15470 23754 15812 29634  3.3894 1.04453 32673 1.1739 47078
7 5.6250E-1 34100 62821E-1 3.9530 8.4324E-1 2.1202 13943 2.3651 0.9604 3.1763
9 2.7280E-2 12.0417 2.8424E-2 123183 3.9397E-2 1.6842 09161 1.7351 12325 24181
11 1.1852E-3 15.6288 1.5255E-3 14.5750 1.9318E-3 1.3744 1.0130 12816 1.5097  1.8792
13 5.2001E-5 18.7149 6.6344E-5 18.7677 8.4295E-5 1.1920E-2 28.4193 1.3800E-2 27.1241 1.8235E-2

15 1.2452E-6 26.0793 1.6798E-6 25.6894 2.0910E-6 8.9276E-4 18.1107 1.0043E-3 18.1314 1.3437E-3

AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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Figure 6. Results achieved with n = 10 V2, N = 29 and (u = %, @ = 0) for Example 4.2.
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Figure 7. Results achieved with = 15 V2, N = 33 and (/J = %, w = 0) for Example 4.2.
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Figure 8. Logarithm of the absolute errors for different values of  and N in Example 4.2.

Example 4.3. Consider the 3D Helmholtz equation

Aﬁ(é‘:’ Y 2) + 77219@:, Y 7) = 0,

with the boundary conditions

(€72 € 0,17,

30,7, 2) = exp (i(Lyy + L32)),
9(1,y,2) = exp (i(L + Lyy + L32)),
%, 0,2) = exp (i(Li€ + L32)),
¥, 1,2) = exp (i(Li€ + Lo + L32)),
W&, v, 0) = exp (i(Li§ + Lay)),
HE,y, 1) = exp (i(Li§ + Loy + Ls)),

(v.2) € [0, 17,
(v.2) € [0, 17,
(& 2) € (0,17,
(¢.2) € [0, 177,
(&) €[0,17,
(&) €[0,17,

where (Li, Ly, L3) = (ncosucosw,nsinyucosw,nsinw). The analytic solution of this example is
HE, v, 2) = Le+2vtlsd - We apply the method proposed in Section 3 for solving this example with

( = g, w= O) and some values of (N, M ) and 1. The obtained results are presented in Tables 5, 6 and

Figures 9—12. These results indicate that the proposed method is sufficiently accurate.

Table 5. The values of L., and CO with n = 2,3 and some values of N for Example 4.3.

N n=2 n=3
e Cco Lo CcO |Loo| e Cco Lo CcO |Loo|
3 3.3098E-3 - 7.4487E-3 - 8.1509E-3  3.1269E-2 - 5.3151E-2 - 6.1667E-2
4 8.5322E-4 47122 4.6445E-4  9.6459 9.7144E-4  7.7571E-3  4.8457 6.3093E-3  7.4079  9.9990E-3
5 6.2661E-5 11.7020 1.4818E-4 5.1197 1.6088E-4 1.2314E-3 8.2479 2.1290E-3  4.8685  2.4595E-3
6 1.2525E-5 8.8306 6.0859E-6 17.5100 1.3925E-5 2.3630E-4 9.0544 1.6522E-4 14.0199 2.8833E-4
7  5.7241E-7  20.0169 1.3519E-6 9.7252  1.4747E-6  2.3448E-5 149874 4.1441E-5 89717 4.7615E-5
8 9.1367E-8 13.7419 4.2548E-8 25.9410 1.0079E-7 3.7416E-6  13.7441 2.4626E-6 21.1415 4.4793E-6
9 3.1008E-9 28.7242 7.3886E-9 14.8640 8.0129E-9 2.8188E-7 21.9538 4.8832E-7 13.7371 5.6384E-7
10 4.1402E-10 19.1106 1.8960E-10 34.7642 4.5537E-10 3.7671E-8 19.1019 2.4596E-8  28.3634 4.4990E-8
11 1.1572E-11 37.5335 2.6875E-11 20.4985 2.9260E-11 22964E-9 29.3520 3.8934E-9  19.3400 4.5202E-9
12 1.2974E-12 25.1487 6.0059E-13 43.6844 1.4297E-12 2.6247E-10 24.9273 1.7160E-10 35.8789 3.1359E-10
AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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Table 6. The values of L., and CO with n = 4,5 and some values of N for Example 4.3.

N n=4 n=>5
Ll CcoO L™ Cco |L.| el Cco Los¢ Cco L.
3 6.0417E-1 - 3.8960E-1 - 7.1889E-1 4.5872E-1 - 3.7373E-1 - 5.9169E-1
4  6.6147E-2 7.6889 5.7464E-2 6.6530 8.7622E-2 2.5479E-1 7.6809  1.5532E-1 3.0521 2.9840E-1
5 3.0496E-2 3.4698 1.8676E-2 5.0368 3.5760E-2 1.1164E-1 3.4698 29700E-2 7.4138 1.1552E-1
6  2.2562E-3 13.6620 2.4021E-3 11.2488 3.2955E-3 1.0991E-2 13.6620 1.1495E-2 5.2064  1.5904E-2
7 1.1182E-3 4.5537 6.7140E-4 8.2694 1.3043E-3 6.1771E-3 4.5537 1.4321E-3 13.5113 6.3409E-3
8 5.3904E-5 22.7083 6.0476E-5 18.0277 8.1006E-5 3.5283E-4 22.7083 4.9562E-4 7.9464  6.0838E-4
9 24291E-5 6.7675 1.4451E-5 12.1523 2.8265E-5 2.1461E-5 6.7675 4.3630E-5 20.6317 4.8623E-5
10 8.6966E-7 31.6035 1.0273E-6 25.0932 1.3460E-6 7.8944E-6 31.6035 1.3407E-5 11.1993 1.5559E-5
11 3.5421E-7 9.4241 2.0970E-7 16.6720 4.1163E-7 4.9461E-6 9.4241  9.6286E-7 27.6321 5.0389E-6
12 1.0167E-8 40.8078 1.2275E-8 32.6177 1.5939E-8 1.3022E-7 40.8078 2.5241E-7 15.3871 2.8402E-7
..ﬁi“i“\‘:\:s\ﬁw\\
RN =
3
Figure 9. Results achieved withnp =2, N = 12 and (/1 = %, w = 0) for Example 4.3.
AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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Example 4.4. Consider the 3D Helmholtz equation

AYE,y,2) + 1IEy,2) = f(E,7.2), &v.2) €0, 17,
with
f(&,v,2) = =2sin(né) sin(ryy) sin(7z),
sin(n&) sin(ryy) sin(7z)
: )

where the exact solution is H(&,y,7) = Other required information can be

derived from the expressed exact solution. We apply the method proposed in Section 3 for solving this
example with some values of (N, M) and n. The obtained results are presented in Table 7, Figures 13
and 14. These results indicate that the proposed method is sufficiently accurate.

Table 7. The values of L, and CO with n = g,ﬂ, 2n, 37 and some values of N for

Example 4.4.
N n= g n=nw n=2n n=3n
L CO et CO L (6(0) L CO
4 1.0805E -4 - 1.4439FE -3 - 1.5450E -2 - 1.8589E -1 -

6 12378E-6 11.0225 3.6391E-5 9.0779 2.0078E -3 5.0327 4.5350E -3 9.1582
8 6.5440E -8 18.2234 49688E -7 149253 1.6308E -4 8.7268 3.8311E-3 0.5863
10 2.1336E - 11 25.6602 5.0409E -9  20.5731 8.5400E -6 13.2179 2.0592E -4 13.1011
12 47472E - 14 33.5013 3.7234E -11 269201 3.1128E -7 18.1647 1.5229E -5 14.2845
14 1.1144E -15 24.1664 2.0899E —13 33.6209 8.2027E -9 50.9515 7.9471E -7 19.1564

AIMS Mathematics Volume 8, Issue 6, 14792—-14819.
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Figure 14. Results achieved with = g, m,2n,3m and N = 14 for Example 4.4.

5. Conclusions

In this paper, we provided a numerical scheme using the orthonormal shifted discrete Chebyshev
polynomials. Using the proposed method, we convert the 3D Helmholtz equation into a system of
algebraic equations which can be easily solved. The results obtained of solving some numerical
examples confirmed the high accuracy of the presented algorithm. Note that the proposed scheme
can be developed for other types of partial differential equations, such as the Kdv-Burgers-Kuramoto

equation, the Schrodinger equation, and the Benjamin-Bona-Mahony equation.
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