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1. Introduction

In recent decades, interest in the study of fractional differential equations has increased due to the
intensive development of the theory of fractional calculus itself and its applications in various fields
of science and mathematics due to its high accuracy and applicability [7,8,17,30,31,36]. Compared
with integer differential equation, fractional differential can better describe some physical phenomena,
so scientists from various fields pay great attention to them. For more details on some results about
fractional differential equations, we refer readers to [3,5, 18-21,25].

A p-Laplacian differential equation was first introduced by Leibenson [22] when he studied
turbulent flow in a porous medium. By converting this fundamental mechanical problem into the
existence of solutions of the following p-Laplacian differential equation: ¢,,(u’(t))' = f(t,u(?), te€
(0,1), where ¢,(s) = |s|"2s (p > 1) is the p-Laplacian operator. Its inverse function is denoted
by ¢,(s) with ¢,(s) = |s]9"%s and p, g satisfy 1—17 + é = 1. Some scholars found that the fractional-order
differential models are better than the integer-order differential models for problems in various areas
of science such as physics, water management, electrical grids and many others [13,23,33,37,47,48].
Consequently, the research of fractional differential equations with p-Laplacian operator BVP has
already become a focus in recent years, and has developed very rapidly [1, 14,24,26,32,38-42,45,46,
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50,52]. However, we should point out that most of the work on this subject in recent years has been
based on fractional differential equations of the Riemann-Liouville and Caputo.

In 1892, Hadamard [12] introduced another type of fractional derivations, i.e., Hadamard type
fractional differential equations, which differ from the previous ones in that the kernel of the integral
and derivative contains a logarithmic function with arbitrary exponent. Details and properties of
Hadamard fractional derivative and integral can be found in [2,4,6,9, 11, 15, 16,27-29, 34, 35, 43,
44,49,51,53-55].

Motivated by the above works, the existence of several positive solutions for the following system of
nonlinear fractional differential equations with p-Laplacian is investigated. We consider the nonlinear
Hadamard FDE with (p,, p»)-Laplacian operator

{ DTJ (¢p1 (DYLU(T))) + fl (Ta U(T), LL)(T)) = 0’ TE (1’ e)’ (1 1)
B (@ (DR (D)) + a7, u(T), (1) = 0, T € (L, ), '
with coupled boundary conditions
u(l) =v'(1) =v’(1) =0, Dilu(l) =0, 4,Du(e) = D), (1.2)
w(l) =w'(1) =w’(1) =0, DEw(1) =0, LD w(e) = wWDRVE), '

where n;,m;,y;,0; € R, n; € 3,4l,m; € (0,1],i = 1,2, 1,0, € [1,2],y, € [1,61],602 € [0,y1],
n,¢ € (1,e), D’lﬂ denotes the Hadamard fractional order y (for y = mj,nj,v;,0;), Aj,u;, j = 1,2 are
real positive constants, pi,p, > 1, ¢,(s) = | 5|72, ¢;k1 = dy» piA +i =1,k = 1,2 and f;,§» €
C([1, ] X [0, o) X [0, c0), [0, c0)).

The paper is organized as follows. In section 2, we give some properties of Green’s functions that
will be needed later. We also state the Guo-Krasnosel’skii fixed point theorem for cone preserving
operators and prove an important lemma used in the proofs of our main results. In Section 3, we
establish several results for the problems (1.1) and (1.2).

2. Preliminaries

In this section, we will come up with some definitions and lemmas that will be worn in the proof of
used by our main results.

Definition 2.1. [31] The Hadamard fractional derivative of order a > 0 of a function f : [1,00) — R
is given by

t_
dt Ky

where n = [a] + 1, [a] represent the integer part of the real number « and log(-) = log,(-).

N 1 dn (" t\n—a-1 d
D1+f(t):m( )j:(logg) fOE, n-1<a<n,

Definition 2.2. [31] The Hadamard fractional integral of order a > 0 is given by

1 ! ! ds
I°f(t) = — log — —
£ F(a)fl(ogs) f&= a>0,
provided that integral exists.
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In this section, we build the Green’s functions and their bounds for the corresponding Hadamard
FDE.

We consider the Hadamard FDE

DlvM +x(1) =0, 1 <71<e,

DRw(m +y(1) =0, 1<71<e,

v =v' () =v"(1) =0, 1D v(e) = D w(),
w(l) =) =w'(1) =0, LD w(e) = wWIVUE),

2.1)

where x,y € C[1, e]. We introduce the following number

_ ALl (n)l(ny) el (m)I(n2)
I'(ny —y)l(no —61) I'(ny —6)I'(ny —y7)

Lemma 2.1. If A # 0, then the problem (2.1) has a unique solution which is given by

(log&)™ —02-1 (log 77)"2_72_] .

u(r) = fle o1(7, s‘)x(g‘)df + fle o (T, §)y(§)df,
2.2)
(1) = [ 3@V + [ ou(r (o),
where
(log T)"1_1u1uzf(nz)(log n)nz—yz_l
AF(VQ — ’}/2)
(log )"~y 0 (n2)
AF(I’lz _ 51) 43(77’ g)»
(log T)”2‘1/11/12F(n1)(10g é‘)"l—}’z—l
Al(ny = 72)

(log 7' T (ny)
ATGn —yy 22&8), Ymeellel

O-I(T, g) = (l (T, g) + §2(§9 g)a

O-Z(T’ g) =
(2.3)

03(7,6) = Lu(1,9) + &, ¢),

0-4(7-’ g) =

in which

1 [ Qogry"~'(1 —loggy"™ ™' —(log D))", 1<s<t<e,
Lrg) = {( g7 Y( gs) (logZ) S

[(ny) | (log7)y" (1 —loggyn -1, l<t<¢<e,
1 { (log T)"71(1 —log &)~ — (log I)" ™7, 1<s<T<e,
C(n; — ) | dogr)"71(1 —log gy, l<t<¢<e,
1 { (log 7)>7>7(1 = log ¢)>~*~! — (log 5)"2‘”‘1, l<¢<7t<e,
L(ny —y2) | (log7)™7>7'(1 —log ¢y, l<t<¢<e,
1 { (log7)y>71(1 —log ¢)y>1~! — (log :—_)"2_1, l<¢<t<e,
[(ny) | (log7)2"!(1 —logg)y=0-1, l<t<g¢<e

Proof. As stated in [17], the Hadamard FDE’s solution in (2.1) can be expressed as

gZ(T’ g) =
2.4)
{3(7’ g) =

L1, 6) =

1 ! ni—1 d
u(t) = c;(log )" ™! + c2(log )" % + c3(log )" + cy(log 7)™ - f (log g) x(g)?g,
1

T(ny)
1 T ny— d
w(t) = di(log 7)™ + dy(log 7% + d3(log 7"~ + dy(log 7)™ - f (1og )" w0 =,
I'(n) Jy Y 'y
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for some c¢;,d; € R; j = 1,2,3,4. From the boundary condition v(1) = v/(1) = v"(1) = 0,w(1) =
w'(l1) =w”’(1) =0,we have c; =d; = 0; j = 2,3,4. Hence

1 T ny— d
u(t) = c;(log7)" ' - f log 3 1x(g)—g,
F(m) S

T

w(1) = dy(log /"' - F(nz) N e
and we have
@wum_clr(r](_) S(log ey~ mf (102 7)™t )—
D) =d r(:i( ))(log L _r<n2-51)f CHA g)_
Srem=d 0 2(_2) ylog - F(nz‘)’z)f (log o)™ ly(g)—
Du(r) = ((1)5)< 7y —r(nl = f (1og ) o) xg)—

and from the boundary conditions 2, D1 v(e) = 1y DPw(n), 1, Dj\w(e) = wDP u(€) we have

A4(ny) —u1I'(ny)(log 77)”2—72—1
1 + dl
T =) T(ny —7,)

e (1 _ 10 g)nl—yl 1 dg 7 (log Q)HZ_YZ 1 dg
=/11f S (g)?_ﬂlf —_— (S‘)—
1 1

I(ny —vy1) I'(ny —y»)
and
—pol'(ny)(log &)= AI(ny)
Cq + d]
['(ny —6,) I'(ny —61)
_S5i— E\nyi—02—
“(1-logg)y»=1  de¢ (log 2) dg
= £ Y§)— — 2 g— (§)—
1 I'(ny —61) S )]

Solving for ¢y and d;, we have

1 /ll/lzr(nz) fe —yi—1 dg
cl = — (1 -loge)" ™" x(¢)—
! A[F(nl —y)l'(ny —61) Jy s )

1Azl (ny) f 7 nye-n-1 - ds
— log £ e
T(ns — 62 — 12) ( gg) Y&

AL (np)(log )72~ f ‘ PNy
+ 1 —logg)™™ —
T —yo)T(m — o) J, 71089 ¥O7
pipal (mp)(log )72~ (¥ E\m-o-1_ dg ]
- log = x(¢)—|,
F(I’l] — 62)F(n2 - ’)’2) ( g ) (g)

and
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! A1 (ny) fe —51-1 ds
d = — 1 _ 10 ny 1 )_
V= AT =y = oy J, 7 legsl™ e

_ Aipal(ny) f ( log §)ﬂ1—52—1x(g)d_§‘
I'(ny —y)I'(m - 62) J; S S
Aippl(ny)(log &)= fe o1, 2 ds

1 _ 1 ni—vyi —_
I'(ny —6)I'(ny —y1) J ( 0g<) *s) S
pipel(ny)(dog &y~ (1 nye-r-1  dg

- log 7 @

L(ny —0)l(ny —y2) Jy ( o8 ) Ye) S ]

Accordingly, we have

_ 1 T tw-l  ds (logT)n! L LI (ny)
YO =" fl e [r(m (1, —61)
‘ ni—y1- dg 1Al (ny) f” n\n-r-1  ds
1-1 1—y1-1 - _ 1 x -2
8 fl (1~ logs) #(s) ¢ Tmy—o0)I(ny —7y2) Ji ( o8 §) ¥6) S

p1 AT (ny)(log py> 7>~ (¢ “6i-1., 248
+ (1 -loge)™ " y(¢)—
T(n2 — vyl — 61) J, & NS
T(ny)(log py=—7-1 (¥ mest d
_ Hupol(m)(log ) (102 )" st _c]
I'(ny —0)l(ny —y2) Ji S S

_ L ’ m-lo1 _ n-yi—-1 _ Tim-1 @
= r(m){ fl |tog7)"~'(1 - log 7) (log 2) Jx) -

e 1 e
+ f <1ogr>"1—1<1—logg>"1-”-‘x<g>d—g}— f (log 1" (1 — log &' ' x(5) %S
. S I'(n1) J; S

A (log T T(nz) f o ds
1 -loge)" ™" x(¢)—
ATy — yolm —op J, 7108 s

_ _d(log )" 'T(m) (7 (log 2" 'y &
AL'(ny, — 6)(ny — 1) J, s
i a(log Ty~ T'(ny)(log )= 727! f 6(1 — log g)"Z“S“‘y(c)d—g
AT(n, — y2)T(ny — 67) | s
_ upa(log 7)" ' T(ny)(log )= 772! f( ( log §)’““”‘1x(g)§
AT(ny = 6)0(n2 — 72) ! S S

1 r m-1] _ -1 _ (oo 2y (0 4S
= F(nl){ﬁ [(logT) (1 -1logg) (log S‘) ]x(g) .

¢ d
+ f (log 7)"'(1 - log §)”"7‘_IX(§)§}

A1 210 (np) fe -1 —yi—-1 ds
- (log 7"~ (1 - log )" "~ x() =
AT(ny — )Lz —o1) Jy ~ 8 8 S

pipal(np)(log m)y= 72" (log &) =02 fe -1 -1 dg
log )" (1 —log ¢)" " ' x(¢)—
Al'(ny = 6)T'(ny = y2) | (log 7)™ ( gs) ©) S

/l]/lz(log T)"l_lf(nz) fe I dg
1 —log)" "M x(c)—
ATy — v —op) J, 11089 €
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w1 Ax(log 7"~ 'T(n,) "

B Q ny—yz>—1
(log g)

%

Al'(ny — 6)I'(ny — y2) Ji N S
A (lo T)"l_lr(n )(o )”2_72_1 ¢ S — ds
aoe S f(l—logg>2 iy
Al'(ny — y2)I'(ny — 61) | S

pipa(log T~ 'T(ny) (log ;)™ 72! ff Eym-o-1 dg
— log = -2
AT(n; — 6:)T (2 — 2) o l) 07

T - d
U(T):F(nl){ fl [aogr)"‘—l(l—logg)"l‘”‘l—(logg) l]x@f
¥ f (log " !(1 ~ log g)"l—”-lx(g)df}
,Ulllzr(”z)10gT)"1_1(10g77)"2_72_1[fe —5r-1 -1 dg
1 ni 2 1 _1 ni—vyi —_
NCT ATv— (log&)"7 (1 ~log¢)" " x()°
Eym-e-1  d¢ 1T (np) log 7)" !
— log 2 e
f (log )" w07 ] T ATy — Yl = b1)
¢ d d ny—y2— d
x| f (logn)> (1 - log 6= 1y() = f (log )" 02|
1 S 1 S S
T nl_ d
- r(nl){ | ognr 1 = toggr ! (og o)
‘ ) o ds) . (og Ty T (n)(log gy !
1 ni—1 1-1 n—y—1 -2
+ff (logy™ (1 = log )™ 4(5) g}+ AT(ty — 5)0(n3 — 2)

ni—62- d
% {[f(logf)m—&—l(l _ lOg S.)711—)’1—1 _ (10g g) 0 1]x(§~)_g
1 ) S
‘ ni—6—1e1 _ n—y1—1 @ (IOg T)n]_llul/br(rh)
+ L (log¢) (1 -loge)" ™ x(s) - }+ AT(12 — 72T (2 — 61)

i n—y>—1 d
x{[ f (log)™ 7> (1 ~ Tlogg)> ™! — (log 1) ]y(g)—g
1 S S

¢ d
+ f (log 7)™ ™*7'(1 — log s*)"“s'ly(s*)—g}
S
n

e d 1 n—1 r l ny—ys—1 e d
- f Gi(r, () 4 L8 ppal(na)log ) f L& X
| S Al (ny —y») | S

(log )"~ 11 20 (ny) f ‘ dg
T AT — o)) 1 SURIICY) c

¢ d ¢ d
u(T) = f o7 X = + f o1, V()=
1 S 1 S

In a similar approach, we conclude that

¢ d 1 m=1 ) AT 1 m—o1-1 ¢ d
w(r) = f Lir () S 4 dog D™ ol (m)log ) f 50, 9)y(e) =
1 S Al'(ny = 6,) 1 S

log )2~ o 44T ¢ d ¢ d ‘ d
4 Jog 0 puilm) f HEHHHZ = f 03T, §)y(6) = + f o4(T. §x(6) =
Al'(ny —y1) 1 ) 1 s ! s
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Thus, we get (2.2)

Lemma 2.2, Let3 <n; <4,0 <m; <1 fori=1,2andh,k € C[1, e]. Formerly the unique solution of

Dm'(gbpl D"' u(1)) +h(t) =0, T€(l,e),
Z)'”z(qbpz(l) 20(1)+ k(1) =0, T€(1,e),

u(l) =v/(1) = v'(1) = 0, Dtu(l) = 0. 4 Diw(e) = 1 Dwn), 2:5)
o) =& (1) =w'(1) =0, DZw() =0, & Dlee) =z D&,
s m1 1 dt\dg
u(r) = fl 11, )y (= Tm ) f (log 2)" ' h6)—) =2
- d
faz(‘r g(—— r f(l lk(f)—)—g, re(l,e),
1 (my S (2.6)

dt\d
w(r) = fl 3(T, ) @ fl (log 2)" kO )=
ds

¢ 1 s my-1 dt
+ f 0—4(7-’ §)¢q1(1—~(7 f (log Z) h(g)_)?’ TE (136)'
Proof. In fact, let ¢ = D|iv, w = ¢,,(¢) and Y = Diw, v = ¢,,()). Formerly, the solution of the IVP
f ¢P1 P2 Y

Dilw() +h(1) =0, Te(l,e),
Du(r) + k(1) = 0 Te(l,e), 2.7)
w(1) =0, ¥() =

By a similar justification to Lemma 2.1, we have 0 < m; < 1,i = 1,2. An similar integral equation
for (2.7) is given by

w(1) = ci(log Ty~ = I h(r), T€(1,e),

u(t) = dy(log Ty = I'?k(1), 7€ (1,e).

From the relation w(1) = v(1) = 0, we get ¢; = 0,d; = 0 and consequently
w(t) = =I}'h(1), v(t) =-I7k(1), T€(,e). (2.8)

Noting that Div = ¢, ¢ = ¢p1 (w)and DPw =y, ¥ = ¢;21 (v) we have from (2.8) that the solution
of (2.7) satisfies

Z)"'v—¢ l( IT'h(T)), T € (1,e),

Dllw =) (- 1 k(7), T€(1,e),
U(l) =v'(l) = U"(l) =0, A Dllv(e) = u Dw(®),
w(l) =w(1)=w’(1)=0, L DNwle) = DLVE).

(2.9)

By Lemma 2.1, the solution of (2.9) can be put down as

U(T)=—f1 o1(7, )¢, (=1}, h(g))——f oa(7, )¢, (=1, k(g))—, Te(le),

1

w(T)=—f1 o3(7, )¢, (=1}, k(g))——f1 ou(7, )¢, (=1}, h(g))—, Te(l,e),
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since h(s) > 0,k(s) > 0,5 € [1, e], we have

b (11 1(S)) =~ (ITTh(s)) and ¢, (~117k()) = ~¢g,(I7k()), s € [1, €],

which implies that the solution of equation (2.7) is

ur) = [ a;(T,G)fﬁql(% lff(lgog %Z)”‘%(f)"—f)j;j d
+ g (T7 g)¢ 2\ Timy) (log g)mz— k(f)_ _S‘, TE (1,6),
B efl 2 ql(r( 2)gﬁ1 . mi_lkf o ;g)g
w) = | o (s (gog ) (1>7);
+ [ a9y (m [ (log $)" ' h(OL)E, Te(le).

Lemma 2.3. If A > 0, then the Green’s functions o(7,),i = 1,2,3,4, defined respectively by (2.3)

have the successive properties:

(Al): oi(1,¢) >0, forall r,¢ €[1,e],
(A2): oi(t,¢) <ojile,s), forall (1,¢) €[l,e] X[1,e],
(A3): oi(t1,¢) > Noi(e,s), forall (r,¢) € I X (1,e), where I = [e'/*, &3],
8 =min{(})"~", (})"}.
Proof. The Green’s function o(t,¢),i = 1,2, 3,4 is given in (2.3).
(A1) : (i) For T < ¢, we have { (1,¢) > 0. Let ¢ < 7, we get

4(r,¢) = ﬁ[(logr)“‘_](l —logg)y" ™! - (log g)nl—l]

= Fors 001 —log ey ! (1 - igi 5" Gogry |

> %[(1 ~log g™~ — (1 - log )" ™|

: %[(1 ~logg) ™ — 1](1 — logg)"™!

= %[(1 +y1(logg) + 71(71—+1)(10gg)2 o) = 1]d —logg)"™!
_ (logmym™!

= —[71 (log¢) + O(log ¢)*](1 —log )" ™! > 0.
I'(ny)

(ii) In fact, if T < ¢, obviously 4 (7, ¢) > 0 holds. If ¢ < 7, we have

H(t,6) = ﬁ[(log 2y l(] — log gy — (log g)n.—(szq]
= %[(1 —log¢) "17%2) _ 1](1 _ Jog ¢yn 0!
= %[(71 — 62)(log ¢) + O(log g)z](l —log o)1 > 0.
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(iii) Let T < ¢, we have {3(t,¢) > 0. For ¢ < 7, we get

4(t,6) = 1“(;12;—)/2)[(10‘% 2y (1 = log )0t — (log g)nz_yz_l]
B %[(1 ~log¢) ™ — 1](1 — log gy 7!
- %[(61 —v2)(og¢) + O(log g)z](l “log )= > 0.

(iv) For 7 < ¢, we have {4(7,¢) > 0. Let ¢ < 7, we have

Lu(t,6) = %nz)[(log 727 (1 - logg)™ ™! — (log g)nz—l]

S (log 7)"!
I'(n,)
_ (log 7)™
- T(m)
_ (log7)™!
- T(m)
_ (log7y"!
~ T(m)

[(1 —log¢)= " — (1 - log ¢)""]

[(1 -logg)™ — 1](1 — log )™

[(1+6110g <) + w

(logs)* +---) = 1](1 ~ log &)™
|61(1og ¢) + OClog 6)°](1 — log 6)*™" > 0,

which implies that o(1,¢) > 0, forall r,¢ € [1,e],i =1,2,3,4.
(A2) : (i) Let T < ¢, we have

d
%gl(r, S) = [(n, — D(log )" (1 —logg)" ™' > 0.

['(ny)

For ¢ < 7, we get

d
@) = |1 = D(dog )" (1 = log ¢)" ™'~ = (n; = 1)(log g) 2]

['(ny)
_ ni—2
> D (1~ tog gy ! - (1 - log )7
_ ni—2
_m lr)&‘?*‘)”) |1 -1 =logg) |1 - loggy" !
~ 1)(log 7)"~2
_ r)En(f 0 [()/1 — D(log¢) + O(log §)2](1 —logg)" ™! > 0.

Thus, for all (7,¢) € [1,e] X [1, e], we get

(@) — Dog )" 2 oL (1y) (log £)> 7!
AL(n3 = y1)

d d
_O_I(T,g):E{l(T’g)"' £H(€,6) 2 0.

dr
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(ii) Let T < ¢, we have

d
Eg@g:FMJMFJM%ﬂW%L4%QWWHzQ
For ¢ < 7, we get
d 1 -
2006 = [ = Dllogm)™ (1 = log )™~ (ns - D(log = ) ]
(l’l D ny— na—ys— log ¢ yr- ny—
fr |02 M,MgoYI—O—E;)<hy>ﬂ
_ np—2
> o |1 - log g = (1 - log ™
_ np—2
_m 11232‘;; Ly [1 — (1 -log §)YH](1 —loggy=!
— D(log 1)~
- 672~ )tog &) + Ollog 7|1 ~ log g™ 7" > 0.

Thus, for all (1,¢) € [1,e] X [1, e], we get

d (1,5) d L) + (ny — D)(log 7)"2"22; 1,T(n; )(log )™ 72!
—O03(T, = — :
dar 3 S dr 4 S Ar(nl 2 7/2)

$3(£,6) 2 0.

Similarly, we get 7 0'2(7' ¢)>0and £ 2-04(7,6) 2 0, that implies 0(7, ), i = 1,2, 3, 4, are the monotone

nondecreasing functlons SO
oi(1,6) < oie,¢), forall (r,¢) € [1,e] X [1,e],i = 1,2,3,4.

(A3) : (i) For T < ¢, we have

1 -
09 = ro )[(IOgT)”‘ '(1=loge)" ™" = (log7)" "'4i(e,5), fors e (l,e).

For ¢ < 7, we get

Li(1,6) = H)m%WHuq%omw @%9“1
_.(k¥iTT: oL} _ log 1 — (1 - log )"
= (log7)""~ {1(e,g), forg e (1,e).
Thus,
H(1,6) > (log 7)™ 'i(e,s), forall (1,¢) € [1,e] X (1,e).
Then

(log T)"l_lllllvtzr(nz)(IOg n)nz—yz_l
AL(1n; — y5) £(£,9)

(log 7)ol (np)(log ;™27
Al'(ny — v2)

_ 1 ni—1
= (log7)" lal(e,g)Z(é—l)1 aile,s), forall (r,¢) € I x(1,e).

oi(r,¢) = {i(T,9) +

> (log7)" "' Zi(e, s) + LH(E,S)
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)" -1 n n—1
(if) ory(z, 6) = (BB 1y 6) > (4) oalens), forall (.6) € I x (1, e),
(iii) For T < ¢, we have

1 .
£3(7,6) = =—|og )™ (1 = log )| = (log 7)™ &u(e, ), fors € (1,e).
T(m)

For ¢ < 7, we get

{4(7_’ C) _ @[(log T)nz—l(l _ log g.)112—6|—1 _ (log g)nz—l]

M — n2_5l_1_ _ ny—1
> Ty [(1-1logg) (1-log¢)™]
= (log )2 &(e, ), forge(1,e).
Thus,
(. ¢) > (log ) 'te, ¢), forall (,¢) € [1,e] X (1, e).
Then

(log 7)">"' 4 ,T(ny)(log &) 7! o)

Ar(l’ll — ’)/2) KUY

(log T)nz_l/ll/lzr(l’ll)(lOg f)n,—y2_1
Al'(ny = 2)

o3(1,6) = {u(1,6) +

> (log 1) 'u(e, ¢) + &, )

_ 1\mo-1
= (log7)"” 'ors(e, §) > (4_1) ’ o3(e, ), forall (r,¢) € I x(1,e).

. 0o T)"* -1 n no—1
(iv) 0a(r,§) = LI )£ 6) > (1) aruless), forall (r,6) € Ix (1, e).

Therefore, we have oi(1, ¢) > Roi(e, ) for all (1,¢) € Ix(1,e),i = 1,2,3,4, where I = [e¢!/*,¢¥*], 8 =
min ()", (5"},
We consider the Banach space X = C[1, e] with the norm || - || and the Banach space Y/ = X x X
with the norm ||(v, w)|| = max{||v||, lwll}; vl = rr%lax]lv(t)l; l|w|| = Il’%le]|w(t)|. We define the cone
tell,e 1€l l,e

P={v,w)eY; vt) 20, w(it)>0,Ytell, e],r?ei[n{v(t) + w(t)} = N||(v, w)ll},

where I = [e'4,¢¥4], N =min{(})"™", (1)},

Consider the coupled system of integral equations

ut) = [ 01T by (s fi (log £)™ ™1l v(0), w(©) %)%
+ [ 2. )¢ (ks [ (log £)™ ' a(L.u(l) w(D) L)%, 7€ (1),
W@ = [ 031 )4 Ji (log )™ Tall, u(l), w(E) %)%
+ [ .90y, (75 [ (log )" il v(l), w()£)%, Te(le).
By Lemma 2.2, (v, w) € Y is a solution of boundary value problems (1.1) and (1.2) if and only if it is

a solution of the system of integral Eq (2.10).
Next, define the operators T{,Y; : Y - Xand T : Y — VY by

(2.10)

T(v, w) = (T1(v, w), V2(v, w)), (2.11)
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where

)

)5, te(le),
S

‘ 1o - dt\d
Tl(an):I 0'1(7',5‘)<I5q.(m‘f1 (log%) 1f1(£,v(£),w(5))7) c
‘ 1 ° S\mp-1 dt
+‘f1 0'2(T,S‘)¢qz(%fl (10gz) Tz(f,v(f),w(f))7

€ 1 s S - dt\dg
Ta(v, w) = fl crg(r,c)%(rmz) fl (log )™ fall. (). () )

S
¢ 1 s Sm—1 df dg
+ s =, N 1 =)™ 5, 5 5 f —_— ) S 1, .
fl 74t 0 fl (log )" 6. uD, () )2, Te 0
Then, (v, w) € Y is a solution of boundary value problems (1.1) and (1.2) if and only if it is a fixed
point of the operator Y.
Lemma 2.4. The operator Y defined by (2.11), then (' : P — P is a completely continuous.

Proof. By using standard arguments, we can easily show that, the operator Y is completely continuous
and we need only to prove T(P) C P. Let (v, w) € P be an arbitrary element. Then by Lemma 2.3, we
have

S
e ! $ et dt\ds
+ ﬁ 0-2(6’ §)¢qz(m ‘fl\g(log z) fz(f, U(€)9 (,()(f)) f ) S )

‘ L (S S dt\ds
2. Wl < fl A fl (log )" ™12l (0, OV 7 )

‘ 1 S \mi—1 % @
¥ fl i 000 f (log )" ™' 1(6. (0. () )

‘ 1 © S\mi-1 dt\dg
IITl(v,w)IISf]al(e,c)cbql(mf] (log 2) Tl(f,v(f),w(é’))?)

g 2
d
" . . ° 1 S Sumel dt\dg
min'ly(v, w) = min | fl @90 (T fl (log 7)™ fu(C.v(0), ()7 )

‘ 1 ¢ S my—1 d[ dg‘
+ﬁ oo (T, g)(ﬁqz(%ﬁ (log E) fa (¢, U({),w(g))T)?]

I\m-1p (¢ 1 s S - dt\dg
>(3) | fl m(e,g)cﬁql(% f1 (log %) lh(f,v(&,w(ﬁ))?)?
¢ 1 S dt\dg
¢ [ oo [ oSy w00 7))
> N7 (v, w)ll.
Similarly, melln T (v, w)(1) = N|| T2 (v, w)||. Therefore

min {1 (v, )(7) + To(v, w)(©)} 2 K71 @, W)l + V2w, w)ll = NI(C1 (v, ), Ta(v, w)I = NI, )l

Hence, we get T(P) C P.
Next, we prove that (" is a completely continuous operator. For this, let U C $ be any bounded set.
Then there exist M and N such that

filr,v(™, w(1)) <M, (7, v(7),w(1)) < N.
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Then, for any (v, w) € U, it follows from Lemma 2.3, we have

‘ 1 S \mi-1 dt\dg
Tl(v,w)ﬁj:Ul(e,g)fﬁql(mf(logg) (6, v(0), (5))—)

¢ 1 s S my—1 d[ dg
¥ f1 a(e, §)bys ﬁ f (log )" 1all,v(0), (D) 7 )2

ym- ldf dg
—\[ 0'1(6 §)¢q1 F( )f( g

- dt’d
fm«e (5 )f( e
( M

q1-1 _ndg
Sl oi(e, ¢)(log ¢)™@-H >
F(m1+1)) f1 (e, )(log §) c
N q—1 fe _ dg‘
+ o (e, lo ma(q2—1) 7>
(Fonrs D)  oa(es)logs) .
< 0.
Similarly, we have
N @1 ¢ _hds
¥ < log <™ @1
Z(U’w)_(r(m2+l)) fl%(e,g)(Ogc) -
M qi1-1 fe _ dg
+— o4e, ¢)(log ¢)ym@-H 2
(r(m1+1))  oes)logs) -

< 00,

So, the operator 1" is uniformly bounded.
Next, we show that T is equicontinuous. For this, set L; = max.¢ fi|(7, v(7), w(7))|, and L, =
max.¢; f-|(7, v(7), w(1))|. Choose 71, 7, € I such that 7; < 7;. Therefore, for (v, w) € P, we have

111 (v(12), W(12)) — T1(v(71), W(T1))|
‘ 1 ° S mi—1 df 1
< j]‘ o1 (72, 6) — 0'1(71,9)|’¢q1(mj1‘ (log z) fi(¢, v(f),w(f))7)z"dg

‘ 1 . de\1
+ f |0-2(Tl,§)_0-2(72,§)|‘¢q2 T f (log 5)’"2 lfz(f,v(f),w(f))Y)E‘dg

df
f|0'1(T2,§‘) U1(71,§)|‘¢q1 F( )f( mll ‘S‘

ym df
f o271, 6) = m(rz,gn\«zs,n Tom) f (lo )= \dg

q1-1 m 1)
|10 S 1(q1— |
(m) f lo1(T2,6) — 0'1(Tl,§)|g— dg
1
L q—1 | Oggmz(q2—1)|
e — o5 (12, oo(1y, §)|————d
(F(m2+ 1)) f loa (12, 6) — 0a2(T1, §)l c S
L\ ‘f 1
< l=—— —loi(12,6) — o1(71,9)|d
(F(ml N 1)) 1 g' 1(12,¢) 171, 9lds
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+ L q2-1 fe l| )_ ( )ld 212)
T(my + 1) . gO'Z(TZ’g o02(71,6)ldg. Q.

Next, setting

1 . iy — T -
510(7,5‘)=m[(10g7) (1= logg)" ™! ~ (log ) .

L, 6) = F(n])[(log T)nl_l(l —log g)”l—)’l—l]’
! —02- -y1- T\ni—6,-1
(Tag) = < (10 T)nl 02 1(1 —10 g)nl yi—-1 _ 10 S \ymu—o2 ,
0 ['(ny — 52)[ s g (log g) ]
1 o o
£1(7,9) =m[(logr)"' %2711 —log )" ™ 1]’
B = w1 (no)(log )22
Ar(nz - ’)/2) )
Then from (2.4), we have
| Go(r,6), 1<g<T1<e,
Gin.o) = { {1(1,6), 1<17<¢<e,

Lo(1,6), 1<¢<71<e,
OHi(ng), 1<1t<¢<e.

é/Z(Ta g) = {

From (2.3), we obtain
o1(1,6) = Li(1,6) + Bog 1) [h(€, 6).
Now, let
T10(1,§) = 10(1,6) + Blog 1) ' (€, ),
o11(1, ) =41(7,6) + Blog )" ' 1 (€, ).

Now, Consider

“1 ] ]
f ;|0'1(T2,§)—0'1(T1,S‘)|d5‘=f E|0'10(T2,§‘)—0'10(71,§)|d§‘+f E|0'10(72,§)—0'11(72,S‘)|d§‘
i |

1

|
; f o112, §) = i1, Slds, (2.13)

2

where

! “|(1 = logg)" | P -
f —lo10(12,6) — o 10(71, §)ldg < f £ l(log 72)" " = (log 71)" '|dg
Y | ['(ni)s

S I . o
+ [ o 2loe 2y = (tog Ty as
1 (g S S
B ‘1
F—— f (1 - log ¢)" ™ |ilog 72" 77! — (log 71)*" " |dg
T -6, <

I} ‘1 . .
+ —f ~|(log T2)" ' (log 2) 1=62 1_(10gﬁ)n1—1(10g ﬂ) =01 g
F(l’l] _52) 1S S G
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1
< VNN l nl_l _ l nl_l + - 1 ny _ 1 n
< o log ™" — og T+ e sidog )" — (log )|

2n1—62— 2n1—62—1|

'~ (logT))

1
oyl =6y e ™)

+ 1 ni—1 1 —1 n1—o6 +1a ni—6; _ 1 I
o sror s ldog Tl [1log: —log "™ + [Qlog )" % — (log )"~
-0 as 1 > 1.

Similarly, we can prove that

T2
f E|0'10(T2,S‘)—0'11(T2,S‘)|d§—>0 as T — Ty,

71
and

¢ 1
f —lo11(12,6) —o11(71,9)lds = 0 as 71 — 5.

v

From (2.13),

‘1
fE|0'1(Tz,§)—0'1(7'1,§)|d§—>0 as T — 1. (2.14)
1

Similar to the above arguements, we can prove that

‘1
f EIUz(Tz,g) —oa(11,9)ldg = 0 as 7, — 7. (2.15)
1

From (2.14), (2.15) and (2.12), we obtain

111 (v(72), w(12)) = T1(W(T1), w(T)] = 0 as 7p = 7.
Repeating arguements similar to those above, it can be proved that

IT2((12), w(12)) = Lo(v(T), (1)) = 0 as 71 = 7.

We conclude that T(%) is equicontinuous. Hence, by Arzela-Ascoli theorem, T : £ — % is completely
continuous.

Theorem 2.1. [Krasnosel’skii [10]] Let X be a Banach space, K C X be a cone, and suppose that
Q,, Q, are open subsets of X with 0 € Q and 51 C Q. Suppose further that T : K N (ﬁz\Ql) — Kis
completely continuous operator such that either

O NTullllull, ue KNOQy and || Tul|l=||ull, u € KN Oy, or

@) | Tullzllull, ue KNOQy and || Tull<||ull, u € KN O,

holds. Then T has a fixed point in K N (52\91).
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3. Main results

In this section we investigate the existence of multiple positive solutions of problems (1.1) and (1.2)

under some assumptions on the functions f;;i = 1,2, 3, 4. For notational convenience,

fio = liminf inf —TI(T’ v w)’ f? = limsup sup —TI(T’ v a))’
v—0 telc(l,e) ¢171 (U) v—0 re[l,e] ¢p1 (U)
fa(r, v, w) f2(r, v, w)

foo = liminf inf , 13 =limsup su ,
20 w—0 relc(l,e) ¢p2(a)) 2 w—0 pTEUI’Z] ¢>m(a))
fro = liminf inf LV g o i qup sup V@)
voeo relc(le) @y (V) U—eo rellel  Pp (V)
hrv,w) o . f2(7, v, w)
——, fy = limsup sup ————

faeo = lim inf inf .
-0 relle] Pp(w)

wW—00 telc(l,e) ¢P2 ((,()) ’

For convenience of the reader, we denote

1 1 a1 (% oondelt
ol = —[ = f ai(e, s)(log g)™ 1)—] , i=1,2,
o) | e )08

-1

3/4
1 1 g-1 ¢ (-1 ds .
L | G No(e, ¢)(log ¢ — 1/4)"@ >_] =12
From now we will use the following assumptions:

(C1) i € (B (55). 0. T € (8 (5. 0],
(C2) 1 €[0,9,,(07)), T €[0,8,(07)).
(C3) There exist constants d; € (0,07) and A; > 0 such that

fi(T’ v, (,()) < (bpi(di/ll)’ TE [1’ 6]70 SU,w= /ll'
(C4) There exist constants d* € (p¥, o0) and A, > 0, [e'/*, ¢**] € (1, e) such that

fi(r,v,w) > ¢, (d} 1), T[], RL <v,w< A

Theorem 3.1. Assume that (A2),(A3),(C1) and (C3) hold, then problems (1.1) and (1.2) has at least

two positive solutions (vy, wy) and (v,, w,) such that 0 < ||(vy, w))|l < A1 < |[(v2, wH)II.
Proof. Firstly, by condition (C3), there exist constants d; € (0,07) and A; > 0 such that
filt,v,w) < ¢,,(didy), T€[l,e], 0 Sv,w< Ay,
Set Q,, = {(v,w) € P ||(v,w)|l < 4,} for any (v, w) € 0Q,,, then
¢ 1 B Sym—1 dt dg
T (v,w) = f; (T, S‘)‘ﬁql(m‘[1 (log z) T, v(f),w(f))Y)?
¢ 1 : S \mo—1 dt\dg
, — log )™ L, v(l), w(l)— |—
ﬂf”“Q%ngﬁ(%ﬂ E(M)MDK%
¢ 1 : S -1 dt\ds
< fl oi(e, §)¢ql(mf; (log z) l ¢p1(dl/ll)7)?

¢ 1 ¢ S my—1 df dg
+f10'2(75§)¢q2(@f1 (logg) ¢p2(d2/11)7)

S
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1 a-1 [ nd
<a|ot(—)" f 71(e.)log " N
1

I'(m +1)
+ (,*(;)W f e ¢)(log cyr=-v S
2\Lmy + 1) ;Y s
=1 = [|(v, w)||.

So |71 (v, w)|| < [I(v, W], (v, w) € ;. In a similar manner, we may take
12 (v, | < A1 = ||(v, )|, (v, w) € 0R,,. Consequently

1T (v, w)ll = max {[I'1 (v, )II, IT2(v, )} < A = (W, w)Il, (v, w) € 0,

3.1

Secondly, with the first relation of condition (C1), fy € (¢pi(%), co] there exists a real number A €

(0, 2;) such that

*

filt,v,w) > ¢pl(v)¢pl(%), 7el, O<v<Ad w=>0,

fo(r, v, w) > ¢p2(w)¢p2(%), 7el, O<w<A v=>0.

Set Q,, = {(v,w) € P ||[(v,w)|l < A4,}. For any (v, w) € 0Q,,, we have
A = l(v, )|l = miIn(U(T) + (7)) > N|(v, w)I| = N4, then;
TE

- d
T1(v, w) = f 17, )by (= o ) f (lo 16, v(0), w(f))—)f

+ ‘]: O-Z(T’ §)¢qz —) f (log _)mz_ITZ(f, U(f) (f))_)

3/4 *

ZL/‘* No (e, S‘)¢q1 T(m )f (lo —)ml 1¢pl(v)¢p1(

314

+ " Naz(e,g)gb@(rf (logg)mz_l%z(w)% (%)ﬁ)ﬁ

dt dg
)g)?

t’ ¢
< ” Fdbvd
> f . Ncrl(e,g)% f (log )" 1¢pl<ml)¢pl(p 1 )7)f

. 5 dtyd
‘ﬁ 80‘2(6 S‘)¢q2 F( Z)f (l _) 1¢p2(x/ll)¢p2(%) ¢ )?g

o34

1 q1-1 dg
> * x 1 _ 1 4 mi(q1—1) e
> Al[pl(—r(ml " 1)) f/4 oi(e,s)(logs — 1/4) -

3/4

1 1 d
) f Nors(e, o) logs — 1/4)™ V2|
1/4 S

+pxrmh+1)
=4 = ||(v, )l

Therefore, we obtain

I (v, )l = max{[[Y; (v, W|I, [T2(v, W} = 4 = [|(v, )|l, for any (v, w) € 6L,

(3.2)
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Hence thirdly, with the second relation of condition (C1), f;, € ((/)pi(%), o], there exist real numbers
R*, R**, such that

*

fl(TUw)>¢p,(v)¢p1( ), foralltel, v>R*, w>0,

*

fa(r, v, w) > ¢p2(w)¢p2( ), foralltel, w>R", v>0.

Choose R, = max{24;, &, £2}. Set Qg, = {(v,w) € P : [[(v, w)|| < Ry}. For any (v, w) € dQ,, we have

Ry =, 0l 2 v(1) 2 Nll(v, w)l| 28R, 2 R}, 1 <7 <e,

Ry = |l(v,w)ll 2 w(7) 2 Nll(v,w)l| 2 KRR, > RY*, 1 <7<e.

Thus, for any (v, w) € dQk,, we have

fi(r,v, w) > ¢pl(u(z))¢,,l( B ¢pl(xR2)¢m( ). forall 7 €1,

*

f2 (7, v, ) > ¢p2(w(r))¢pz( ) > ¢p2(xR2)¢pz( ). forall 7 € I.

_ [ L7 (tog Sym! dtyds
Ti(v, ) = fl 1% (T fl (log )" ™16, v, D) )

¢ I o devd
+ f az<r,g>¢qz(m f (log )" atl, w0, () ) -

3/4

¢ i pi\dt\ds
> LM No (e, §)¢q1 T(m, f ( og —~ ) 1¢p1( )¢p1(§1) f)?

fl Noa(e, 00,70 f 10z 5", () )5S
o314
mp— P* dg dg
ZLM 80'1(6 §)¢q1 1—-( l)f ( —) 1¢p1(NR2)¢p1( )7)?
3/4
' my—1 P dg‘
+L/4 No'z(e §)¢q2 I—~( )f ( _) ¢P2(NR2)¢M( )g
s o " mig-1dS
= Rz[/)l (r(ml + 1)) ol/4 Noi(e, s)(logs — 1/4) @=h>2
1 e o
+p;(1"(mz + 1))q 1ﬁ/4 Nop(e, g)(logg— 1/4) e l)f]
=R = ||(v, w)I|.
Hence, we obtain
10 (v, )| = max{]|Y; (v, )| T2, W)} = R, = (v, w)||, for any (v, w) € OQ,. (3.3)

Therefore, bl (3.1)—(3.3) and Theorem 2.1, Y has a fixed point (v, w;) € (ﬁR2 \ Q,) and a fixed point
(v2, w2) € (; \ Qg,). That is to say (vy, w;); (v2, w,) are both positive solutions of problems (1.1)
and (1.2) such that 0 < ||(v, wy)|| < A1 < [|[(va, w))|l.
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Theorem 3.2. Assume that (A2),(A3),(C2) and (C4) hold, then problems (1.1) and (1.2) has at least
two solutions (v, wy) and (v,, w,) satisfying 0 < ||(vy, wy)|| < Ay < ||(v2, wo).

Proof. Firstly, by condition (Cy), there exist constants d € (p}, ) and A, > 0 such that
fi(t,v,w) = ¢,,(d ), forallte I, N, <v,w < A,.
Set Q,, = {(v,w) € P : ||[(v,w)|| < A2}. For any (v, w) € 0Q,,, we have
22 = @, @)l = min(u(r) + w(®) = Vi@, W)l = X,

then

[ 1 oS-t dt\ds
T1(v, w) = fl m(ug)%l(ﬁ fl (log )" fi(L.u(0), w(£) )g

¢ I . ded
+ fl 0'2(T,§)¢qz(r f (log )"l (. w(f))—)f

3/4

> [ woitecsity (o ) [ tog Sy, @)

3/4

v [ Mool = — [ (togS s, @

el/4
o314

S T f (1og £ 9, (¢} 1)
m

3/4

v f Noa(es (o f (1og )", (5 o)

el/4

df)dg
df)dg
df)dg

df)dg‘

o34

1 q1-1
> * _ my(q1
> bloi () [, Moo logs —1/4)

o34

) f N(rz(e,g)(logg—1/4)’"2”2‘“‘5]
o/t 'y

_1)d_§

1
* —
TP 2(F(m2 )
=4 = |l(v, w)ll.
Hence
17 (v, w)l| = max{||Y (v, )|, IT2(v, W)} > A2 = ||(v, w)I|, for any (v, w) € 0Q,, (3.4)

Secondly, with the first relation of condition (C5), T? € [0, ¢,,(07)); there exist a real number r, € (0, A,)

such that
fit,v,w) < ¢, (WOT) < B (1207), 1 <7< e, 0V, w=0,

f2(r, v, w) < @), (W) < P, (105),1<T<e, 0Sw< 1, v=0.
Set Q,, = {(v,w) € P : ||(v,w)|| < rp} for any (v, w) € 0Q,,, then

_ [ 1 oS-l dt\ds
‘Tl(v,w)—flm(ng)%(mfl(10gz) f1(€, v(0), w(0)) )

¢ (s . d{’ d
+ f 2T, )by r f (log S) a6, u(0), w(f))—)—g
1 )

iy dt\dg
_flm(e g)gbql o )f( —) 1¢P1(2 o) — )

y— df dg
IO-Z(T §)¢qz T(m )f( _) 1¢P2(2 2) )
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1 q1—-1 ¢
* mi(q1—1)
< rZ[O-l(—F(ml n 1)) fl ai(e, )(log ¢)™

1 -1 ¢ _ dg‘

o (—m— 1 ma(ga—=1)=">

*(FomsD) fl 2(e,6)log 612
=1 = |l(v, w)ll.

So || (v, w)l| < (v, w)ll, (v, w) € 8L,,. In a similar manner, we deduce ||V (v, w)|| < ||(v, W), (v, ) €
0Q,,. Hence

7w, W)l = max{[[T; (v, W, [T2(v, W} < 72 = [, WIl, (v, w) € I, (3.5

Thirdly, with the second relation of condition (C2) {* € [0, ¢,,(077), there exists a positive number R*

such that
fil,v,w) < ¢, (voy), 0<T<e, u=R*, w20,

far,v,w) < @), (wo3), 0<T<e, w>R*, v>0.
We now consider two situations
Case (i) The functions f; is bounded on [0, o), then we choose a positive number k& > 0 such that

fitv,w) < ¢, ko?); 1 <T<ev,w>0,i=1,2.

Let R, = max{24,,k} and Qg, = {(v,w) € P : [|[(v, w)|| < Ry}.
For any (v, w) € dQ,, we have

- [ L7 (log Sy dt\ds

11 (v, w) = fl m(ng)%(m fl (Tog 2)" ™ 1(£,u(0), w(©) )g
¢ 1 e dt\d
" fl 2.0~ f (Ilog 3" 16,0, (D) 7 )

. . dtrd
Sflm(e,g)% f(IOg Symly (ko)™ )g

my—1
f; O-Z(T §)¢qz F( )f ( _) ¢p2(k 2)
1

-1 dg
<R * 4 f , 1 my(qi—1)
< 2[0‘1( i+ 1)) 1 oi(e, §)(logs) _g

1 q2—1 ¢ _ dg‘
* o)1 ma(g2—1) ]
+ 3 (oD fl oa(e. §)(log 6™

=R, = [|(v, w)ll.

dt’)dg‘

So |11 (v, w)l| < |I(v, w)ll, (v, w) € 0€,. In a similar manner, we deduce ||'T2 (v, w)|| < [|(v, w)I|, (v, w) €
0Qp,. Hence

1T, )l = max{[[Y; (v, W, T2(v, W)} < Ry = |l(v, w)ll, (v, w) € I, . (3.6)

Case (ii) The functions f; and f, are unbounded. We can choose a positive number R, = max{24,, R*},
such that
filt,v,w) <T(T,R,Ry); 1<7<e, 0Zv,w< Ry, i=1,2.
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Set Qg, = {(v,w) € P : ||(v, w)|| < R,}. For any (v, w) € 0Q,, we have

¢ 1 (s - dt\d
Ti(v,w) = fl 100 (0 fl (log )"~ 16 w0, (D) F)
¢ 1 s 9 my—1 dt dg
+ fl A fl (Tlog 5™ "Tall,v(0, )7 )

¢ 1 s - dé\d
< f 1607 f (log )" ™16, Ro, R) )
1

- dt\d
fo'z(‘l' S‘)¢q2 F( )f( '2(£, Ry, Ry)— ) S
|
my— dt dg‘
—‘[ oi(e, §)¢q1 T(m )f( _) 1¢p1(R2 1) )

+ [ nwon(cgs [ oSy i)
<R2[ ()" f m(e,g)(logg)’"“qr”d—g
1 S

df)dg‘

[(my + 1)
1 o1 s
\fomtD ma(ga—1) &>
+ 0'2(F(m2 + 1)) fl O'z(e,g)(logg) 2(q2 - ]
=Ry = llw, w)ll

and || (v, w)l| < ||(v, )|, (v, w) € OL,. Similarly, we have ||V2(v, w)|| < [|(v, W], (v, w) € OQk,.
IC(v, w)l| = max{[|T; (v, W), | T2(v, w)II} £ Ry = (v, w)ll, (v, w) € I,. (3.7)

Therefore, by (3.4)—(3.7) and Theorem 2.1, T has a fixed point (v, w;) € (4, \ 5,2) and a fixed
point (v, wy) € (Qg, \Q,,). That is to say (v, w), (v2, w,) are both positive solutions of problems (1.1)
and (1.2) such that 0 < [|(vy, w1)|| < A2 < ||[(v2, wH)I|-
Conclusions

In this paper, we obtained several sufficient conditions for the existence and multiplicity of
positive solutions for a coupled system of nonlinear Hadamard fractional boundary value problems
with (py, p2)-Laplacian operator by using Guo-Krasnosel’skii fixed point theorem. Our results will be
a useful contribution to the existing literature on the topic of Hadamard fractional order differential
equations.
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