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Abstract: In this study, we develop a collocation method based on cubic B-spline functions for 

effectively solving the system of Lane-Emden type equations arising in physics, star structure, and 

astrophysics. To overcome the singularity behavior of the considered system at τ=0, we apply the 

L’Hôpital rule. Furthermore, we have carried out a convergence analysis of the proposed method and 
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absolute errors of the proposed method are compared with those of some existing methods. 
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1. Introduction 

The study of nonlinear systems of singular initial value problems has recently attracted many 

mathematicians and physicists [1–12]. One of the systems in this category is the following Lane-

Emden system of the form: 

𝑑2𝜔1(𝜏)

𝑑𝜏2
+
𝛿1
𝜏

𝑑𝜔1(𝜏)

𝑑𝜏
+ ℏ1(𝜔1(𝜏), 𝜔2(𝜏)) = ℵ1(𝜏), (1) 
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𝑑2𝜔1(𝜏)

𝑑𝜏2
+
𝛿1
𝜏

𝑑𝜔1(𝜏)

𝑑𝜏
+ ℏ1(𝜔1(𝜏), 𝜔2(𝜏)) = ℵ1(𝜏), 

subject to 

𝜔1(0) = 휀1, 𝜔
′
1(0) = 0, 

(2) 

𝜔2(0) = 𝜗1, 𝜔
′
2(0) = 0, 

where ℵ1, ℵ2  are source functions, 𝜏 ∈ [0,1],  𝛿1, 𝛿2, 휀1,  and 𝜗1  are real constants. The Lane-

Emden equation, which was first investigated by astrophysicists Jonathan Homer Lane and Robert 

Emden, comes in various scientific applications in two kinds. For ℏ(𝜔(𝜏)) = 𝜔𝛾(𝜏), (1) is called the 

Lane-Emden equation of index 𝛾, or of the first kind, that is a fundamental equation in the theory of 

star structure [13–19]. It represents the temperature variant of a spherical gas cloud subject to the 

principles of thermodynamics and its molecules’ mutual attraction, see [20–26] and references therein. 

In astrophysics, the Lane-Emden equation represents Poisson’s equation for the gravitational potential 

of a spherically symmetric, polytropic fluid, and self-gravitating at hydrostatic equilibrium [27]. 

Moreover, an important area of application for this type of equation is the study of species’ diffusive 

transit and chemical reactions inside porous catalyst particles [27]. However, for ℏ(𝜔(𝜏)) = 𝑒𝜔(𝜏), (1) 

is called the Lane-Emden equation of the second kind that describes the dimensionless density 

distribution in a sphere of isothermal gas [28]. The singular behavior that arises at 𝜏 = 0  is the 

primary difficulty of the Lane-Emden equations. 

Recently, modeling a variety of physical and chemical phenomena, including chemical reactions, 

population evolution, and pattern formation leads to the system of Lane-Emden equations [7]. 

Therefore, numerous approaches have been proposed for the solutions of scalar and system of Lane-

Emden equations [1,2,10–18,42–47]. 

Spline methods employing piecewise polynomial functions have been demonstrated to be 

convenient methods for obtaining numerical solutions to many challenging models in science, 

engineering, and mathematics due to their simplicity of implementation and efficiency [29–34]. One 

of the well-known spline methods is the so-called B-spline (the “B” stands for basis) functions, which 

were first proposed by Schoenberg in 1946. The B-spline functions [35,36] have recently been a 

valuable tool in numerical computation, approximation theory, and image processing as they have 

various useful properties such as numerical stability of computations, local effects of coefficient 

changes, and built-in smoothness between neighboring polynomial pieces. The degrees of B-spline 

and the collocation points are the main factors that play a significant role in the execution of the 

technique and affect the outcomes to be achieved up to a required level of accuracy. 

One of the most efficient and versatile techniques for obtaining approximate solutions is the cubic 

B-spline method (CBSM). The CBSM is a third-order piecewise polynomial constructed from a 

combination of recursive formulas referred to as the cubic B-spline basis. The derivation of the B-

spline basis and the construction of the B-spline function are thoroughly discussed in [37,38]. In recent 

years, the CBSM has been successfully applied to various mathematical problems [39]. This 

demonstrates the effectiveness and usefulness of spline approaches through their numerous successful 

implementations. Therefore, this paper investigates the approximate solution of systems of the Lane-

Emden equations using the CBSM. 

This paper is organized as follows, in the next section, we present the basic preliminaries of the 

method. A short summary of cubic B-Spline method is presented in Section 3. We show the 

convergence analysis in Section 4. Finally, we present some numerical examples in Section 5. 
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2. Preliminaries 

In this section, we introduce some basic facts regarding cubic B-spline approximation. Assume 

that the interval Γ = [𝛼, 𝛽] can be divided into 𝑘 subintervals [𝜏𝑖 , 𝜏𝑖+1] via 

𝜏𝑖 = 𝛼 + 𝑖Λ, 𝑖 = 0,⋯ , 𝑘, 

where 

Λ = (β − α)/𝑘. 

The linear space of the cubic spline over the given partition is 

Μ3(𝐼) = {𝜇(𝜏) ∈ 𝐶
2(𝐼): 𝜇(𝜏)|𝐼𝑖 ∈ 𝑃3, 𝑖 = 0, . . . , 𝑘 − 1}, 

where 𝜇(𝜏)|𝐼𝑖  indicates the restriction of 𝜇(𝜏) to 𝐼𝑖 and 𝑃3 indicates the set of cubic polynomials 

in one-variable. The dimension of linear space Μ3(𝐼) is (𝑘 + 3). Extend Γ = [𝛼, 𝛽] to 

Γ̅ = [𝛼 − 3Λ, 𝛽 + 3Λ] 

with the equidistant knots 

𝜏𝑖 = 𝛼 + 𝑖Λ, 𝑖 = −3, . . . , 𝑘 + 3. 

The cubic B-spline function 

Κ𝑖(𝜏), 𝑖 = −1, . . . , 𝑘 + 1, 

is given by [40] 
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The Κ𝑖(𝜏), 𝑖 = −1, . . . , 𝑘 + 1 , form basis splines of Μ3(𝐼) . The values of Κ𝑖(𝜏), Κ𝑖
′(𝜏)  and 

Κ𝑖
′′(𝜏) at the knots are recorded in Table 1. 

Table 1. The values of Κ𝑖(𝜏), Κ𝑖
′(𝜏) and Κ𝑖

′′(𝜏) at the knots. 

 𝜏𝑖−1 𝜏𝑖 𝜏𝑖+1 else 

Κ𝑖(𝜏) 
1

6
 

4

6
 

1

6
 0 

Κ𝑖
′(𝜏) 

1

2Λ
 0 −

1

2Λ
 0 

Κ𝑖
′′(𝜏) 

1

Λ2
 

−2

Λ2
 

1

Λ2
 0 
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For a sufficiently smooth function 𝜌(𝜏), there is a unique cubic spline 𝜇(𝜏) ∈ Μ3(𝐼) fulfilling 

the interpolation conditions 

𝜇(𝜏𝑖) = 𝜌(𝜏𝑖), 𝑖 = 0, . . . , 𝑘, 

and 

𝜇′(𝛼) = 𝜌′(𝛼), 

such that 

𝜇(𝜏) = ∑ λ𝑖Κ𝑖(𝜏)

𝑘+1

𝑖=−1

, (3) 

where λ𝑖′s are constants to be estimated. 

Using (3), we get 

𝜇(𝜏𝑗) = ∑ λ𝑖 Κ𝑖(𝜏𝑗)

𝑘+1

𝑖=−1

=
λ𝑗−1 + 4λ𝑗 + λ𝑗+1

6
, 

(4) 

𝜇′(𝜏𝑗) = ∑ λ𝑖  Κ′𝑖(𝜏𝑗)

𝑘+1

𝑖=−1

=
λ𝑗+1 − λ𝑗−1

2Λ
, 

(5) 

𝜇′′(𝜏𝑗) = ∑ λ𝑖Κ
′′
𝑖
(𝜏𝑗)

𝑘+1

𝑖=−1

=
λ𝑗−1 − 2λ𝑗 + λ𝑗+1

Λ2
. 

(6) 

Equations (4)–(6) are the most important relations in deriving the CBSM. 

3. Cubic B-spline method 

In this section, we present the cubic B-spline method for (1) and (2). Let 

𝜇1(𝜏) = ∑ λ𝑖Κ𝑖(𝜏)

𝑘+1

𝑖=−1

 

and 

𝜇2(𝜏) = ∑ η𝑖Κ𝑖(𝜏)

𝑘+1

𝑖=−1

 

denote the approximate solutions of system (1) and (2) of 𝜔1(𝜏)  and 𝜔2(𝜏) , respectively. To 

overcome the singularity of (1) at 𝜏 = 0 , we apply the L’Hôpital’s rule to the second term as 𝜏 

approaches zero, to achieve 
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{
 

 (1 + 𝛿1)
𝑑2𝜔1(𝜏)

𝑑𝜏2
+ ℏ1(𝜔1(𝜏), 𝜔2(𝜏)) = ℵ1(𝜏),

(1 + 𝛿2)
𝑑2𝜔2(𝜏)

𝑑𝜏2
+ ℏ2(𝜔1(𝜏), 𝜔2(𝜏)) = ℵ2(𝜏),

for 𝜏 = 0, 

{
 

 
𝑑2𝜔1(𝜏)

𝑑𝜏2
+
𝛿1
𝜏

𝑑𝜔1(𝜏)

𝑑𝜏
+ ℏ1(𝜔1(𝜏), 𝜔2(𝜏)) = ℵ1(𝜏),

𝑑2𝜔2(𝜏)

𝑑𝜏2
+
𝛿2
𝜏

𝑑𝜔2(𝜏)

𝑑𝜏
+ ℏ2(𝜔1(𝜏), 𝜔2(𝜏)) = ℵ2(𝜏),

for 𝜏 ≠ 0. 

(7) 

By discretizing (7), we get 

{
 

 (1 + 𝛿1)
𝑑2𝜔1(𝜏0)

𝑑𝜏2
+ ℏ1(𝜔1(𝜏0), 𝜔2(𝜏0)) = ℵ1(𝜏0),

(1 + 𝛿2)
𝑑2𝜔2(𝜏0)

𝑑𝜏2
+ ℏ2(𝜔1(𝜏0), 𝜔2(𝜏0)) = ℵ2(𝜏0),

 

{
 
 

 
 
𝑑2𝜔1(𝜏𝑗)

𝑑𝜏2
+
𝛿1
𝜏𝑗

𝑑𝜔1(𝜏𝑗)

𝑑𝜏
+ ℏ1(𝜔1(𝜏𝑗), 𝜔2(𝜏𝑗)) = ℵ1(𝜏𝑗),

𝑑2𝜔2(𝜏𝑗)

𝑑𝜏2
+
𝛿2
𝜏𝑗

𝑑𝜔2(𝜏𝑗)

𝑑𝜏
+ ℏ2(𝜔1(𝜏𝑗), 𝜔2(𝜏𝑗)) = ℵ2(𝜏𝑗),

 

(8) 

where 𝑗 = 1,⋯ , 𝑘. By using (2)–(5), (8) becomes 

{
(1 + 𝛿1) (

λ−1 − 2λ0 + λ1
Λ2

) + ℏ1(휀1, 𝜗1) = ℵ1(𝜏0),

(1 + 𝛿2) (
η−1 − 2η0 + η1

Λ2
) + ℏ2(휀1, 𝜗1) = ℵ2(𝜏0),

 

{
 
 
 

 
 
 (
𝜆𝑖−1 − 2𝜆𝑖 + 𝜆𝑖+1

𝛬2
) +

𝛿1
𝜏𝑗
(
𝜆𝑗+1 − 𝜆𝑗−1

2𝛬
) + ℏ

1
(
𝜆𝑖−1 + 4𝜆𝑖 + 𝜆𝑖+1

6
，
𝜂𝑖−1 + 4𝜂𝑖 + 𝜂𝑖+1

6
)

= ℵ
1
(𝜏𝑗),  𝑗 = 1,⋯ , 𝑘,

(
𝜂𝑖−1 − 2𝜂𝑖 + 𝜂𝑖+1

𝛬2
) +

𝛿2
𝜏𝑗
(
𝜂𝑗+1 − 𝜂𝑗−1

2𝛬
) + ℏ

2
(
𝜆𝑖−1 + 4𝜆𝑖 + 𝜆𝑖+1

6
，
𝜂𝑖−1 + 4𝜂𝑖 + 𝜂𝑖+1

6
)

= ℵ
2
(𝜏𝑗),   𝑗 = 1,⋯ , 𝑘.

 

(9) 

The initial conditions (2) as well provide the following four equations 

𝜔1(0) = 휀1 =
λ−1 + 4λ0 + λ1

6
, (10) 

𝜔′1(0) = 0 =
λ1 − λ−1
2Λ

, (11) 

𝜔2(0) = 𝜗1 =
η−1 + 4η0 + η1

6
, (12) 

𝜔′′2(0) = 0 =
η1 − η−1
2Λ

. (13) 
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Equations (9)–(13) give us 2(𝑘 + 3) nonlinear equations with λ𝑖 and η𝑖 , 𝑖 = −1,… , 𝑘 + 1 as 

unknowns. Upon solving this system, we determine the coefficients of 

𝜇1(𝜏) = ∑ λ𝑖Κ𝑖(𝜏)

𝑘+1

𝑖=−1

 

and 

𝜇2(𝜏) = ∑ η𝑖Κ𝑖(𝜏)

𝑘+1

𝑖=−1

. 

4. Convergence analysis 

In this section, we analyze the convergence for the proposed method. For this purpose, we assume 

𝜔1(𝜏), 𝜔2(𝜏) ∈ 𝐶
5[0,1]. From (3)–(5), we get [39] 

Λ[𝜇𝑗
′(𝜏𝑖−1) + 4𝜇𝑗

′(𝜏𝑖) + 𝜇𝑗
′(𝜏𝑖+1)] = 3[𝜔𝑗(𝜏𝑖+1) − 𝜔𝑗(𝜏𝑖−1)], (14) 

Λ2𝜇𝑗
′′(𝜏𝑖) = 6[𝜇𝑗(𝜏𝑖+1) − 𝜇𝑗(𝜏𝑖)] − 2Λ [2𝜇𝑗

′(𝜏𝑖) + 𝜇𝑗
′(𝜏𝑖+1)], (15) 

𝑗 = 1,2. Using the shifting operator, 𝐸 (𝜇𝑗(𝜏𝑖)) = 𝜇𝑗(𝜏𝑖+1), (14) may be written as 

Λ

6
(𝐸−1 + 4 + 𝐸)𝜇𝑗

′(𝜏𝑖) =
1

2
(𝐸 − 𝐸−1)𝜔𝑗(𝜏𝑖), (16) 

𝑗 = 1,2. Since 𝐸 = 𝑒Λ𝐷 and 𝐷 ≡ 𝑑 𝑑𝜏⁄ , one can get 

𝑒Λ𝐷 + 𝑒−Λ𝐷 = 2∑
(Λ𝐷)2𝑘

(2𝑘)!

∞

𝑘=0

, 

𝑒Λ𝐷 − 𝑒−Λ𝐷 = 2∑
(Λ𝐷)2𝑘+1

(2𝑘 + 1)!

∞

𝑘=0

. 

(17) 

Therefore, using (17), (16) can be expressed as 

(1 +
1

3
∑

(Λ𝐷)2𝑘

(2𝑘)!

∞

𝑘=1

)𝜇𝑗
′(𝜏𝑖) = (∑

(Λ𝐷)2𝑘+1

(2𝑘 + 1)!

∞

𝑘=0

)𝜔𝑗(𝜏𝑖). (18) 

Simplifying (18) gives 
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𝜇𝑗
′(𝜏𝑖) = (∑

(𝛬𝐷)2𝑘+1

(2𝑘 + 1)!

∞

𝑘=0

)(1 +
1

3
∑

(𝛬𝐷)2𝑘

(2𝑘)!

∞

𝑘=1

)

−1

𝜔𝑗(𝜏𝑖) 

=(D+
Λ2D3

3!
+
Λ4D5

5!
+ ⋯)(1 − (

Λ2D2

6
+
Λ4D4

72
+⋯) 

+(
𝛬2𝐷2

6
+
𝛬4𝐷4

72
+⋯)

2

+⋯)𝜔𝑗(𝜏𝑖) 

= 𝐷 (1 −
𝛬4𝐷4

180
+
𝛬6𝐷6

1512
−⋯)𝜔𝑗(𝜏𝑖). 

(19) 

Therefore, 

𝜇𝑗
′(𝜏𝑖) = 𝜔𝑗

′(𝜏𝑖) −
Λ4

180
𝜔𝑗
(5)(𝜏𝑖) + ⋯. (20) 

Similarly, (15) gives 

𝜇𝑗
′′(𝜏𝑖) = 𝜔𝑗

′′(𝜏𝑖) −
1

12
Λ2𝜔𝑗

(4)(𝜏𝑖) +
1

360
Λ4𝜔𝑗

(6)(𝜏𝑖) + 𝑂(Λ
6), (21) 

At this point, the error functions 𝑒𝑗(𝜏), 𝑗 = 1,2, are stated as follows: 

𝑒1(𝜏𝑖) = ℵ1(𝜏𝑗) −
𝑑2𝜔1(𝜏𝑗)

𝑑𝜏2
−
𝛿1
𝜏𝑗

𝑑𝜔1(𝜏𝑗)

𝑑𝜏
− ℏ1(𝜔1(𝜏𝑗), 𝜔2(𝜏𝑗)) 

=
𝑑2𝜇1(𝜏𝑗)

𝑑𝜏2
+
𝛿1
𝜏𝑗

𝑑𝜇1(𝜏𝑗)

𝑑𝜏
+ ℏ1 (𝜇1(𝜏𝑗), 𝜇2(𝜏𝑗)) 

−
𝑑2𝜔1(𝜏𝑗)

𝑑𝜏2
−
𝛿1
𝜏𝑗

𝑑𝜔1(𝜏𝑗)

𝑑𝜏
− ℏ1(𝜔1(𝜏𝑗), 𝜔2(𝜏𝑗)) 

= [
𝑑2𝜇1(𝜏𝑗)

𝑑𝜏2
−
𝑑2𝜔1(𝜏𝑗)

𝑑𝜏2
] +

𝛿1
𝜏𝑗
[
𝑑𝜇1(𝜏𝑗)

𝑑𝜏
−
𝑑𝜔1(𝜏𝑗)

𝑑𝜏
], 

𝑒2(𝜏𝑖) = ℵ2(𝜏𝑗) −
𝑑2𝜔2(𝜏𝑗)

𝑑𝜏2
−
𝛿2
𝜏𝑗

𝑑𝜔2(𝜏𝑗)

𝑑𝜏
− ℏ2(𝜔1(𝜏𝑗), 𝜔2(𝜏𝑗)) 

=
𝑑2𝜇2(𝜏𝑗)

𝑑𝜏2
+
𝛿2
𝜏𝑗

𝑑𝜇2(𝜏𝑗)

𝑑𝜏
+ ℏ2 (𝜇1(𝜏𝑗), 𝜇2(𝜏𝑗)) 

−
𝑑2𝜔2(𝜏𝑗)

𝑑𝜏2
−
𝛿2
𝜏𝑗

𝑑𝜔2(𝜏𝑗)

𝑑𝜏
− ℏ2(𝜔1(𝜏𝑗), 𝜔2(𝜏𝑗)) 

= [
𝑑2𝜇2(𝜏𝑗)

𝑑𝜏2
−
𝑑2𝜔2(𝜏𝑗)

𝑑𝜏2
] +

𝛿2
𝜏𝑗
[
𝑑𝜇2(𝜏𝑗)

𝑑𝜏
−
𝑑𝜔2(𝜏𝑗)

𝑑𝜏
], 

(22) 
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where 𝑗 = 1, . . . , 𝑘. Substitute (20) and (21) in (22) yields 

‖𝑒1(𝜏𝑖)‖∞ = 𝑂(Λ
2), 

‖𝑒2(𝜏𝑖)‖∞ = 𝑂(Λ
2). 

(23) 

For i=0, we get 

𝑒1(𝜏0) = ℵ1(𝜏0) − (1 + 𝛿1)
𝑑2𝜔1(𝜏0)

𝑑𝜏2
− ℏ1(𝜔1(𝜏0), 𝜔2(𝜏0)) 

= (1 + 𝛿1)
𝑑2𝜇1(𝜏0)

𝑑𝜏2
+ ℏ1(𝜇1(𝜏0), 𝜇2(𝜏0)) 

−(1 + 𝛿1)
𝑑2𝜔1(𝜏0)

𝑑𝜏2
− ℏ1(𝜔1(𝜏0), 𝜔2(𝜏0) 

= (1 + 𝛿1) [
𝑑2𝜇1(𝜏0)

𝑑𝜏2
−
𝑑2𝜔1(𝜏0)

𝑑𝜏2
], 

𝑒2(𝜏0) = ℵ2(𝜏0) − (1 + 𝛿2)
𝑑2𝜔2(𝜏0)

𝑑𝜏2
− ℏ2(𝜔1(𝜏0), 𝜔2(𝜏0)) 

= (1 + 𝛿2)
𝑑2𝜔2(𝜏0)

𝑑𝜏2
+ ℏ2(𝜇1(𝜏0), 𝜇2(𝜏0)) 

−(1 + 𝛿2)
𝑑2𝜔2(𝜏0)

𝑑𝜏2
− ℏ1(𝜔1(𝜏0), 𝜔2(𝜏0) 

= (1 + 𝛿2) [
𝑑2𝜔2(𝜏0)

𝑑𝜏2
−
𝑑2𝜔2(𝜏0)

𝑑𝜏2
]. 

(24) 

Using (21) in (24), we have 

‖𝑒1(𝜏0)‖∞ = 𝑂(Λ
2), 

‖𝑒2(𝜏0)‖∞ = 𝑂(Λ
2). 

(25) 

Therefore, from (23) and (25), the truncation error for the considered system is 𝑂(Λ2). 

5. Numerical results 

In this section, we present the numerical solution to (1) and (2) using the cubic B-spline technique. 

Several problems are examined to prove the accuracy and efficiency of the proposed method using the 

absolute errors between the approximate solutions and the exact solutions (|𝑒𝑗(𝜏)|) for various k. All 

the results are calculated by using MATHEMATICA 12. 

Problem 1. Consider the following system [24] 

𝑑2𝜔1(𝜏)

𝑑𝜏2
+
3

𝜏

𝑑𝜔1(𝜏)

𝑑𝜏
− 4(𝜔1(𝜏) + 𝜔2(𝜏)) = 0, 

𝑑2𝜔2(𝜏)

𝑑𝜏2
+
2

𝜏

𝑑𝜔2(𝜏)

𝑑𝜏
+ 3(𝜔1(𝜏) + 𝜔2(𝜏)) = 0, 

(26) 
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subject to 

𝜔1(0) = 1, 𝜔1
′ (0) = 0, 

𝜔2(0) = 1, 𝜔2
′ (0) = 0, 

(27) 

where the exact solutions are 𝜔1(𝜏) = 1 + 𝜏
2 and 𝜔2(𝜏) = 1 − 𝜏

2. In this example, we use Λ = 0.1. 

The numerical results and the exact solution at the grid points are listed in Table 2. We can conclude 

from Table 2 that the obtained numerical results are in excellent agreement with the exact solutions. 

We note that for this problem, our results are exact and the achieved errors are only due to round-off 

calculations. The CPU time for this problem, with Λ = 0.1, is 0.0156s. 

Table 2. Numerical results for Problem 1. 

𝜏 𝜔1(𝜏) 𝜇1(𝜏)(Λ = 0.1) |𝑒1(𝜏)| 𝜔2(𝜏) 𝜇2(𝜏)(Λ = 0.1) |𝑒2(𝜏)| 

0.0 1 1 0 1 1 2.22045 × 10−16 

0.1 1.01 1.01 0 0.99 0.99 2.22045 × 10−16 

0.2 1.04 1.04 0 0.96 0.96 2.22045 × 10−16 

0.3 1.09 1.09 2.22045 × 10−16 0.91 0.91 2.22045 × 10−16 

0.4 1.16 1.16 2.22045 × 10−16 0.84 0.84 3.33067 × 10−16 

0.5 1.25 1.25 2.22045 × 10−16 0.75 0.75 3.33067 × 10−16 

0.6 1.36 1.36 4.44089 × 10−16 0.64 0.64 3.33067 × 10−16 

0.7 1.49 1.49 2.22045 × 10−16 0.51 0.51 4.44089 × 10−16 

0.8 1.61 1.61 0 0.36 0.36 4.44089 × 10−16 

0.9 1.81 1.81 2.22045 × 10−16 0.19 0.19 5.55112 × 10−16 

1.0 2 2 0 0 5.64363× 10−16 5.64363 × 10−16 

Problem 2. Consider the following system [27] 

𝜔1
′′(𝜏) +

2

𝜏
𝜔1
′ (𝜏) − (4𝜏2 + 6)𝜔1(𝜏) + 𝜔2(𝜏) = 𝜏

4 − 𝜏3, 

𝜔2
′′(𝜏) +

8

𝜏
𝜔2
′ (𝜏) + 𝜔1(𝜏) + 𝜏𝜔2(𝜏) = 𝑒

𝜏2 + 𝜏5 − 𝜏4 + 44𝜏2 − 30𝜏, 

(28) 

subject to 

𝜔1(0) = 1,𝜔1
′ (0) = 0, 

𝜔2(0) = 0,𝜔2
′ (0) = 0, 

(29) 

where the exact solutions are 

𝜔1(𝜏) = 𝑒
𝜏2 

and 

𝜔2(𝜏) = 𝜏
4 − 𝜏3. 

The obtained numerical and exact solutions, with different values of Λ, are depicted in Figure 1. 

The absolute errors between exact and numerical results, with Λ = 0.1 and 0.01, are presented in 

Tables 3 and 4. In Table 5, we compare the maximum absolute error of CBSM with those of [27]. Our 
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results seem to be better than those of [27]. The CPU time for this problem, with Λ = 0.1 and 0.01, 

are 0.0156s and 0.0625s respectively. 

Table 3. Numerical result for approximate solution of 𝜔1(𝜏) in Problem 2. 

𝜏 𝜔1(𝜏) 𝜇1(𝜏)(Λ = 0.1) |𝑒1(𝜏)| 𝜇1(𝜏)(Λ = 0.01) |𝑒1(𝜏)| 

0.0 1 1 0 1 0 

0.1 1.01005 1.01008 3.38838 × 10−5 1.01005 1.71898 × 10−7 

0.2 1.04081 1.04091 9.51843 × 10−5 1.04081 7.1747 × 10−7 

0.3 1.09417 1.09438 2.01533 × 10−4 1.09417 1.75608 × 10−6 

0.4 1.17351 1.17389 3.80997 × 10−4 1.17351 3.5098 × 10−6 

0.5 1.28403 1.2847 6.71612 × 10−4 1.28403 6.3527 × 10−6 

0.6 1.43333 1.43446 1.13524 × 10−3 1.43334 1.08922 × 10−5 

0.7 1.63232 1.63419 1.87147 × 10−3 1.63233 1.81055 × 10−5 

0.8 1.89648 1.89952 3.04087 × 10−3 1.89651 2.9567 × 10−5 

0.9 2.24791 2.25281 4.90399 × 10−3 2.24796 4.78283 × 10−5 

1.0 2.71828 2.72617 7.88713 × 10−3 2.71836 7.70601 × 10−5 

  

(a) Absolute errors for 𝜔1(𝜏). (b) Absolute errors for 𝜔2(𝜏). 

Figure 1. Absolute error functions for Problem 2. 

Table 4. Numerical result for approximate solution of 𝜔2(𝜏) in Problem 2. 

𝜏 𝜔2(𝜏) 𝜇2(𝜏)(Λ = 0.1) |𝑒2(𝜏)| 𝜇2(𝜏)(Λ = 0.01) |𝑒2(𝜏)| 

0.0 0 5.99863 × 10−31 5.99863 × 10−31 0 0 

0.1 −0.0009 −0.000853346 4.66538 × 10−5 −0.000899887 1.13186 × 10−7 

0.2 −0.0064 −0.0063379 6.21025 × 10−5 −0.00639955 4.45865 × 10−7 

0.3 -0.0189 −0.0187802 1.19801 × 10−4 −0.01889900 9.98298 × 10−7 

0.4 -0.0384 −0.0382022 1.97763 × 10−4 −0.0383982 1.76662 × 10−6 

0.5 -0.0625 −0.0622052 2.94843 × 10−4 −0.0624973 2.74383 × 10−6 

0.6 -0.0864 −0.0859881 4.11936 × 10−4 −0.0863961 3.91802 × 10−6 

0.7 -0.1029 −0.102353 5.46598 × 10−4 −0.102895 5.2695 × 10−6 

0.8 -0.1024 −0.101704 6.95542 × 10−4 −0.102393 6.76623 × 10−6 

0.9 -0.0729 −0.0720466 8.5344 × 10−4 −0.0728916 8.35631 × 10−6 

1.0 0 0.00101164 1.01164 × 10−3 9.95549 × 10−6 9.95549 × 10−6 
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Table 5. Comparison of maximum absolute error of Problem 2. 

 𝜇1(𝜏) 𝜇2(𝜏) 

CBSM(Λ = 0.1) 7.88 × 10−3 1.01 × 10−3 

CBSM(Λ = 0.01) 7.70 × 10−5 9.95 × 10−6 

[27] (N=5) 3.14 × 10−2 4.19 × 10−5 

[27] (N=6) 6.11 × 10−4 7.22 × 10−6 

Problem 3. Consider the following system [24,41] 

𝜔1
′′(𝜏) +

5

𝜏
𝜔1
′ (𝜏) + 8(𝑒𝜔1(𝜏) + 2𝑒−

𝜔2(𝜏)
2 ) = 0, 

𝜔2
′′(𝜏) +

3

𝜏
𝜔2
′ (𝜏) − 8(𝑒

𝜔1(𝜏)
2 + 𝑒−𝜔2(𝜏)) = 0, 

(30) 

subject to 

𝜔1(0) = 1 − 2 ln(2) , 𝜔1
′ (0) = 0, 

𝜔2(0) = 1 + 2 ln(2) , 𝜔2
′ (0) = 0, 

(31) 

where the exact solutions are 

𝜔1(𝜏) = 1 − 2 ln(𝜏
2 + 2) 

and 

𝜔2(𝜏) = 1 + 2 ln(𝜏
2 + 2). 

We depicted our numerical and exact solutions with different values of Λ in Figure 2. The absolute 

errors between exact and numerical results are reported in Tables 6 and 7. Table 8 compares the 

maximum absolute error of CBSM with those of the method in [41]. It appears that our findings are 

superior to the outcomes presented in [41]. The CPU time for this problem, with Λ = 0.1 and 0.01, 

are 0.0156s and 0.0781s respectively. 

  

(a) Absolute errors for 𝜔1(𝜏). (b) Absolute errors for 𝜔2(𝜏). 

Figure 2. Absolute error functions for Problem 3. 
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Table 6. Numerical result for approximate solution of 𝜔1(𝜏) in Problem 3. 

𝜏 𝜔1(𝜏) 𝜇1(𝜏)(Λ = 0.1) |𝑒1(𝜏)| 𝜇1(𝜏)(Λ = 0.01) |𝑒1(𝜏)| 

0.0 −0.386294 −0.386294 2.22045 × 10−16 −0.386294 −2.22045 × 10−16 

0.1 −0.396269 −0.396257 1.28893 × 10−5 −0.396269 4.13534 × 10−8 

0.2 −0.4259 −0.425878 2.11827 × 10−5 −0.425899 1.5319 × 10−7 

0.3 −0.474328 −0.474293 3.503 × 10−5 −0.474328 3.07878 × 10−7 

0.4 −0.540216 −0.540166 5.02533 × 10−5 −0.540216 4.67063 × 10−7 

0.5 −0.62186 −0.621799 6.18095 × 10−5 −0.62186 5.91857 × 10−7 

0.6 −0.717323 −0.717256 6.68475 × 10−5 −0.717323 6.51126 × 10−7 

0.7 −0.824565 −0.824502 6.3593 × 10−5 −0.824565 6.26415 × 10−7 

0.8 −0.941558 −0.941506 5.16047 × 10−5 −0.941557 5.13027 × 10−7 

0.9 −1.06637 −1.06634 3.15988 × 10−5 −1.06637 3.18094 × 10−7 

1.0 −1.19722 −1.19722 5.10219 × 10−6 −1.19722 5.69956 × 10−8 

Table 7. Numerical result for approximate solution of 𝜔2(𝜏) in Problem 3. 

𝜏 𝜔2(𝜏) 𝜇2(𝜏)(Λ = 0.1) |𝑒2(𝜏)| 𝜇2(𝜏)(Λ = 0.01) |𝑒2(𝜏)| 

0.0 2.38629 2.38629 2.22045 × 10−16 2.38629 2.22045 × 10−16 

0.1 2.39627 2.39625 1.47619 × 10−5 2.39627 6.20966 × 10−8 

0.2 2.4259 2.42587 3.17866 × 10−5 2.42599 2.32511 × 10−7 

0.3 2.47433 2.47427 5.42035 × 10−5 2.47433 4.75075 × 10−7 

0.4 2.54022 2.54014 7.94034 × 10−5 2.54022 7.3881 × 10−7 

0.5 2.62186 2.62176 1.01507 × 10−4 2.62186 9.70554 × 10−7 

0.6 2.71732 2.71721 1.16022 × 10−4 2.71732 1.12546 × 10−6 

0.7 2.82457 2.82445 1.1998 × 10−4 2.82456 1.17361 × 10−6 

0.8 2.94156 2.94145 1.121 × 10−4 2.94156 1.10206 × 10−6 

0.9 3.06637 3.06628 9.26097 × 10−5 3.06637 9.13128 × 10−7 

1.0 3.19722 3.19716 6.2868 × 10−5 3.19722 6.20546 × 10−7 

Table 8. Comparison of maximum absolute error of Problem 3. 

 𝜇1(𝜏) 𝜇2(𝜏) 

CBSM(Λ = 0.1) 6.68 × 10−5 1.19 × 10−4 

CBSM(Λ = 0.01) 6.51 × 10−7 1.17 × 10−6 

[41] (j=3) 1.47 × 10−3 1.64 × 10−3 

[41] (j=4) 3.67 × 10−4 4.10 × 10−4 
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Problem 4. Consider the following system of LEE [24,27,40,41] 

𝜔1
′′(𝜏) +

1

𝜏
𝜔1
′ (𝜏) − 𝜔2

3(𝜏)(𝜔1
2 + 1) = 0, 

𝜔2
′′(𝜏) +

3

𝜏
𝜔2
′ (𝜏) + 𝜔2

5(𝜏)(𝜔1
2 + 3) = 0, 

(32) 

subject to 

𝜔1(0) = 1,𝜔
′
1(0) = 0, 

𝜔2(0) = 1,𝜔
′
2(0) = 0, 

(33) 

where the exact solutions are 

𝜔1(𝜏) = √1 + 𝜏
2 

and 

𝜔2(𝜏) =
1

√1 + 𝜏2
. 

The achieved numerical results with Λ = 0.1 and 0.01 are exposed in Tables 9 and 10. Table 11 

shows a comparison between the maximum absolute error of CBSM and that of the approaches 

discussed in [27,40,41]. Based on the results, it seems that our research outperforms the results reported 

in [27,40,41]. Absolute errors for different values of Λ are exposed in Figure 3. The CPU time for this 

problem, with Λ = 0.1 and 0.01, are 0.0156s and 0.0781s respectively. 

  

(a) Absolute errors for 𝜔1(𝜏). (b) Absolute errors for 𝜔2(𝜏). 

Figure 3. Absolute error functions for Problem 4. 
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Table 9. Numerical result for approximate solution of 𝜔1(𝜏) in Problem 4. 

𝜏 𝜔1(𝜏) 𝜇1(𝜏)(Λ = 0.1) |𝑒1(𝜏)| 𝜇1(𝜏)(Λ = 0.01) |𝑒1(𝜏)| 

0.0 1 1 0 1 0 

0.1 1.004988 1.004978 9.41481 × 10−6 1.004987 6.21775 × 10−8 

0.2 1.019804 1.019776 2.80913 × 10−5 1.019804 2.29506 × 10−7 

0.3 1.044031 1.043979 5.15984 × 10−5 1.04403 4.61458 × 10−7 

0.4 1.077033 1.076957 7.60906 × 10−5 1.077032 7.07716 × 10−7 

0.5 1.118034 1.117936 9.76652 × 10−5 1.118033 9.25606 × 10−7 

0.6 1.16619 1.166076 1.13971 × 10−4 1.166189 1.09013 × 10−6 

0.7 1.220656 1.220531 1.24491 × 10−4 1.220654 1.19564 × 10−6 

0.8 1.280625 1.280495 1.30176 × 10−4 1.280624 1.25163 × 10−6 

0.9 1.345362 1.34523 1.32854 × 10−4 1.345361 1.27653 × 10−6 

1.0 1.414214 1.414079 1.34662 × 10−4 1.414212 1.29187 × 10−6 

Table 10. Numerical result for approximate solution of 𝜔2(𝜏) in Problem 4. 

𝜏 𝜔2(𝜏) 𝜇2(𝜏)(Λ = 0.1) |𝑒2(𝜏)| 𝜇2(𝜏)(Λ = 0.01) |𝑒2(𝜏)| 

0.0 1 1 0 1 2.22045 × 10−16 

0.1 0.995037 0.995059 2.1554 × 10−5 0.995037 9.03189 × 10−8 

0.2 0.980581 0.980623 4.20048 × 10−5 0.980581 3.08008 × 10−7 

0.3 0.957826 0.957887 6.03609 × 10−5 0.957827 5.34936 × 10−7 

0.4 0.928477 0.928545 6.87324 × 10−5 0.928477 6.48155 × 10−7 

0.5 0.894427 0.894487 5.93414 × 10−5 0.894428 5.76216 × 10−7 

0.6 0.857493 0.857525 3.17569 × 10−5 0.857493 3.15637 × 10−7 

0.7 0.819232 0.819223 9.41889 × 10−6 0.819232 8.61722 × 10−8 

0.8 0.780869 0.780811 5.74405 × 10−5 0.780868 5.60283 × 10−7 

0.9 0.743294 0.743188 1.05817 × 10−4 0.743293 1.04065 × 10−6 

1.0 0.707107 0.706957 1.4962 × 10−4 0.707105 1.4772 × 10−6 

Table 11. Comparison of maximum absolute error of Problem 4. 

 𝜇1(𝜏) 𝜇2(𝜏) 

CBSM(Λ = 0.1) 1.34 × 10−4 1.49 × 10−4 

CBSM(Λ = 0.01) 1.29 × 10−6 1.47 × 10−6 

[27] (N=4) 6.44 × 10−4 8.87 × 10−4 

[27] (N=5) 7.46 × 10−5 6.08 × 10−5 

[40] (n=4) 4.86 × 10−4 1.45 × 10−3 

[41] (j=3) 2.76 × 10−5 1.31 × 10−4 

[41] (j=4) 6.87 × 10−6 3.28 × 10−5 
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Problem 5. Consider the following system of LEE [24,40] 

𝜔1
′′ +

8

𝜏
𝜔1
′ (𝜏) + (18𝜔1(𝜏) − 4𝜔1(𝜏) ln𝜔2(𝜏)) = 0, 

𝜔2
′′(𝜏) +

4

𝜏
𝜔2
′ (𝜏) + (4𝜔2(𝜏) ln𝜔1(𝜏) − 10𝜔2(𝜏)) = 0, 

(34) 

subject to 

𝜔1(0) = 1,𝜔1
′ (0) = 0, 

𝜔2(0) = 1,𝜔2
′ (0) = 0, 

(35) 

where the exact solutions are 𝜔1(𝜏) = 𝑒
−𝜏2 and 𝜔2(𝜏) = 𝑒

𝜏2. 

Figure 4 represents the plot of our numerical and exact solutions for Problem 5 with different 

values of Λ. The absolute errors for Λ = 0.1 and 0.01 are presented in Tables 12 and 13. Table 14 

displays a comparison between the maximum absolute error of CBSM and that of the approaches 

discussed in [40,41]. Our results indicate that they are better than the results reported in [40,41]. The 

CPU time for this problem, with Λ = 0.1 and 0.01, are 0.0156s and 0.0625s respectively. From all 

these tables and figures, we can observe that our numerical results are in good agreement with the 

exact ones. Moreover, it appears from our findings that the cubic B-spline method exhibits more 

accurate results than some existing methods. 

  

(a) Absolute errors for 𝜔1(𝜏). (b) Absolute errors for 𝜔2(𝜏). 

Figure 4. Absolute error functions for Problem 5. 
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Table 12. Numerical result for approximate solution of 𝜔1(𝜏) in Problem 5. 

𝜏 𝜔1(𝜏) 𝜇1(𝜏)(Λ = 0.1) |𝑒1(𝜏)| 𝜇1(𝜏)(Λ = 0.01) |𝑒1(𝜏)| 

0.0 1 1 0 1 0 

0.1 0.99005 0.990073 2.29673 × 10−5 0.99005 5.53154 × 10−8 

0.2 0.960789 0.960817 2.7658" × 10−5 0.96079 2.03451 × 10−7 

0.3 0.913931 0.913979 4.76609 × 10−5 0.913932 4.05169 × 10−7 

0.4 0.852144 0.85221 6.64108 × 10−5 0.852144 6.04412 × 10−7 

0.5 0.778801 0.778879 7.81482 × 10−5 0.778802 7.42993 × 10−7 

0.6 0.697676 0.697756 7.9594 × 10−5 0.697677 7.74528 × 10−7 

0.7 0.612626 0.612695 6.83427 × 10−5 0.612627 6.75274 × 10−7 

0.8 0.527292 0.527337 4.49264 × 10−5 0.527293 4.49447 × 10−7 

0.9 0.444858 0.444871 1.24858 × 10−5 0.444858 1.28099 × 10−7 

1.0 0.367879 0.367856 2.39084 × 10−5 0.367879 2.37741 × 10−7 

Table 13. Numerical result for approximate solution of 𝜔2(𝜏) in Problem 5. 

𝜏 𝜔2(𝜏) 𝜇2(𝜏)(Λ = 0.1) |𝑒2(𝜏)| 𝜇2(𝜏)(Λ = 0.01) |𝑒2(𝜏)| 

0.0 1 1 0 1 0 

0.1 1.01005 1.010078 2.82181 × 10−5 1.01005 1.0345 × 10−7 

0.2 1.040811 1.040871 6.04278 × 10−5 1.040811 4.35512 × 10−7 

0.3 1.094174 1.094299 1.24976 × 10−4 1.094175 1.0806 × 10−6 

0.4 1.173511 1.173751 2.40286 × 10−4 1.173513 2.19844 × 10−6 

0.5 1.284025 1.284458 4.32197 × 10−4 1.284029 4.06313 × 10−6 

0.6 1.433329 1.434077 7.47197 × 10−4 1.433337 7.12898 × 10−6 

0.7 1.632316 1.633578 1.26164 × 10−3 1.632328 1.21425 × 10−5 

0.8 1.896481 1.898582 2.1011 × 10−3 1.896501 1.21425 × 10−5 

0.9 2.247908 2.251381 3.47326 × 10−3 2.247942 3.3724 × 10−5 

1.0 2.718282 2.724006 5.72394 × 10−3 2.718338 5.56973 × 10−5 

Table 14. Comparison of maximum absolute error of Problem 5. 

 𝜇1(𝜏) 𝜇2(𝜏) 

CBSM(Λ = 0.1) 7.95 × 10−5 5.72 × 10−3 

CBSM(Λ = 0.01) 7.74 × 10−7 5.56 × 10−5 

[40] (n=4) 2.99 × 10−3 9.00 × 10−3 

[41] (j=3) 4.54 × 10−4 5.05 × 10−4 

[41] (j=4) 1.88 × 10−4 1.26 × 10−4 



14763 

AIMS Mathematics  Volume 8, Issue 6, 14747–14766. 

6. Conclusions 

The system of Lane-Emden type equations describes a variety of phenomena in theoretical 

physics, star structure, and astrophysics. In this study, we introduce and examine the use of the cubic 

B-spline method for studying the solution of singular and nonlinear systems of Lane-Emden equations. 

To address the singularity that occurs at τ=0, we use L’Hôpital’s rule. We also evaluate the accuracy 

and validity of the proposed technique, demonstrating its success in solving the considered system. 

The presented test problems have shown the simplicity and applicability of the proposed method. We 

provide tabular and graphical representations to confirm its effectiveness, observing that our numerical 

solutions are in good agreement with the exact solutions. It is observed that our numerical solutions 

are in good agreement with the exact ones. Furthermore, we show that by decreasing the mesh size, 

the numerical results converge to the analytical solution, which confirms the convergence of the 

algorithm. It is noteworthy that the CPU time of the proposed method for each evaluated problem is 

under 1 second. 

Acknowledgments 

The authors express their gratitude to the dear referees, who wish to remain anonymous and the 

editor for their helpful suggestions, which improved the final version of this paper. 

Conflict of interest 

The authors declare no conflicts of interest. 

References 

1. K. Parand, A. Pirkhedri, Sinc-collocation method for solving astrophysics equations, New Astron., 

15 (2010), 533–537. https://doi.org/10.1016/j.newast.2010.01.001 

2. R. Saadeh, M. Abu-Ghuwaleh, A. Qazza, E. Kuffi, A fundamental criteria to establish general 

formulas of integrals, J. Appl. Math., 2022 (2022), 6049367. 

https:/doi.org/10.1155/2022/6049367 

3. R. Saadeh, O. Ala’yed, A. Qazza, Analytical solution of coupled Hirota-Satsuma and KdV 

equations, Fract. Fractional, 6 (2022), 694. https://doi.org/10.3390/fractalfract6120694 

4. R. Saadeh, A. Qazza, K. Amawi, A new approach using integral transform to solve cancer models, 

Fract. Fractional, 6 (2022), 490. https://doi.org/10.3390/fractalfract6090490 

5. E. Salah, A. Qazza, R. Saadeh, A. El-Ajou, A hybrid analytical technique for solving multi-

dimensional time-fractional Navier-Stokes system, AIMS Math., 8 (2023), 1713–1736. 

https://doi.org/10.3934/math.2023088 

6. A. Qazza, R. Saadeh, E. Salah, Solving fractional partial differential equations via a new scheme, 

AIMS Math., 8 (2023), 5318–5337. https://doi.org/10.3934/math.2023267 

7. A. Qazza, R. Saadeh, On the analytical solution of fractional SIR epidemic model, Appl. Comput. 

Intell. Soft Comput., 2023 (2023), 6973734. https://doi.org/10.1155/2023/6973734 

8. E. Salah, R. Saadeh, A. Qazza, R. Hatamleh, Direct power series approach for solving nonlinear 

initial value problems, Axioms, 12 (2023), 111. https://doi.org/10.3390/axioms12020111 

  

https://doi.org/10.1016/j.newast.2010.01.001
https://doi.org/10.1155/2022/6049367
https://doi.org/10.3390/fractalfract6120694
https://doi.org/10.3390/fractalfract6090490
https://doi.org/10.3934/math.2023088
https://doi.org/10.3934/math.2023267
https://doi.org/10.1155/2023/6973734
https://doi.org/10.3390/axioms12020111


14764 

AIMS Mathematics  Volume 8, Issue 6, 14747–14766. 

9. R. Saadeh, A. Burqan, A. El-Ajou, Reliable solutions to fractional Lane-Emden equations via 

Laplace transform and residual error function, Alexandria Eng. J., 61 (2022), 10551–10562. 

https://doi.org/10.1016/j.aej.2022.04.004 

10. A.Yıldırım, T. Özis, Solutions of singular IVPs of Lane-Emden type by the variational iteration 

method, Nonlinear Anal., 70 (2009), 2480–2484. https://doi.org/10.1016/j.na.2008.03.012 

11. K. Parand, M. Dehghan, A. R. Rezaei, S. Ghaderi, An approximation algorithm for the solution 

of the nonlinear Lane-Emden type equations arising in astrophysics using Hermite functions 

collocation method, Comput. Phys. Commun., 181 (2010), 1096–1108. 

https://doi.org/10.1016/j.cpc.2010.02.018 

12. O. P. Singh, R. K. Pandey, V. K. Singh, An analytic algorithm of Lane-Emden type equations 

arising in astrophysics using modified Homotopy analysis method, Comput. Phys. Commun., 180 

(2009), 1116–1124. https://doi.org/10.1016/j.cpc.2009.01.012 

13. R. Saadeh, A reliable algorithm for solving system of multi-pantograph equations, WSEAS Trans. 

Math., 21 (2022), 792–800. https://doi.org/10.37394/23206.2022.21.91 

14. R. K. Pandey, N. Kumar, A. Bhardwaj, G. Dutta, Solution of Lane-Emden type equations using 

Legendre operational matrix of differentiation, Appl. Math. Comput., 218 (2012), 7629–7637. 

https://doi.org/10.1016/j.amc.2012.01.032 

15. E. H. Doha, W. M. Abd-Elhameed, Y. H. Youssri, Second kind Chebyshev operational matrix 

algorithm for solving differential equations of Lane-Emden type, New Astron., 23–24 (2013), 113–

117. https://doi.org/10.1016/j.newast.2013.03.002 

16. Y. H. Youssri, W. M. Abd-Elhameed, E. H. Doha, Ultra-spherical wavelets method for solving 

Lane-Emden type equations, Rom. J. Phys., 60 (2015), 1298–1314. 

17. W. M. Abd-Elhameed, Y. H. Youssri, E. H. Doha, A novel operational matrix method based on 

shifted Legendre polynomials for solving second-order boundary value problems involving 

singular, singularly perturbed and Bratu-type equations, Math. Sci., 9 (2015), 93–102. 

https://doi.org/10.1007/s40096-015-0155-8 

18. B. M. Batiha, Numerical solution of a class of singular second-order IVPs by variational iteration 

method, Int. J. Math. Anal., 3 (2009), 1953–1968. 

19. B. Gürbüz, M. Sezer, Laguerre polynomial solutions of a class of initial and boundary value 

problems arising in science and engineering fields, Acta Phys. Pol. A, 130 (2016), 194–197. 

https://doi.org/10.12693/APhysPolA.130.194 

20. B. B. Arslan, B. Gürbüz, M. Sezer, A Taylor matrix collocation method based on residual error 

for solving Lane- Emden type differential equations, New Trends Math. Sci., 3 (2015), 219–224. 

21. S. Chandrasekhar, An introduction to the study of stellar structure, University of Chicago Press, 

1939. 

22. S. K.Varani, A. Aminataei, On the numerical solution of differential equations of Lane-Emden 

type, Comput. Math. Appl., 59 (2010), 2815–2820. https://doi.org/10.1016/j.camwa.2010.01.052 

23. I. Yıldırım, T. Özis, Solutions of singular IVPs of Lane-Emden type by homotopy perturbation 

method, Phys. Lett. A, 369 (2007), 70–76. https://doi.org/10.1016/j.physleta.2007.04.072 

24. A. M. Wazwaz, R. Rach, J. S. Duan, A study on the systems of the Volterra integral forms of the 

Lane-Emden equations by the Adomian decomposition method, Math. Methods Appl. Sci., 37 

(2014), 10–19. https://doi.org/10.1002/mma.2776 

  

https://doi.org/10.1016/j.aej.2022.04.004
https://doi.org/10.1016/j.na.2008.03.012
https://doi.org/10.1016/j.cpc.2010.02.018
https://doi.org/10.1016/j.cpc.2009.01.012
https://doi.org/10.37394/23206.2022.21.91
https://doi.org/10.1016/j.amc.2012.01.032
https://doi.org/10.1016/j.newast.2013.03.002
https://doi.org/10.1007/s40096-015-0155-8
https://doi.org/10.12693/APhysPolA.130.194
https://doi.org/10.1016/j.camwa.2010.01.052
https://doi.org/10.1016/j.physleta.2007.04.072
https://doi.org/10.1002/mma.2776


14765 

AIMS Mathematics  Volume 8, Issue 6, 14747–14766. 

25. R. K. Pandey, N. Kumar, Solution of Lane-Emden type equations using Berstein operational 

matrix of differentiation, New Astron., 17 (2012), 303–308. 

https://doi.org/10.1016/j.newast.2011.09.005 

26. D. Flockerzi, K. Sundmacher, On coupled Lane-Emden equations arising in dusty fluid models, 

J. Phys., 268 (2010), 012006. https://doi.org/10.1088/1742-6596/268/1/012006 

27. Y. Öztürk, An efficient numerical algorithm for solving system of Lane-Emden type equations 

arising in engineering, Nonlinear Eng., 8 (2018), 429–437. https://doi.org/10.1515/nleng-2018-

0062 

28. O. P. Singh, R. K. Pandey, V. K. Singh, An analytic algorithm of Lane-Emden type equations 

arising in astrophysics using modified homotopy analysis method, Comput. Phys. Commun., 180 

(2009), 1116–1124. https://doi.org/10.1016/j.cpc.2009.01.012 

29. M. Al-Towaiq, O. Ala’yed, An efficient algorithm based on the cubic spline for the solution of 

Bratu-type equation, J. Interdiscip. Math., 17 (2014), 471–484. 

https://doi.org/10.1080/09720502.2013.842050 

30. O. Ala’yed, B. Batiha, R. Abdelrahim, A. A. Jawarneh, On the numerical solution of the nonlinear 

Bratu type equation via quintic B-spline method, J. Interdiscip. Math., 22 (2019), 405–413. 

https://doi.org/10.1080/09720502.2019.1624305 

31. O. Ala’yed, T. Y. Ying, A. Saaban, Quintic spline method for solving linear and nonlinear 

boundary value problems, Sains Malays., 45 (2016), 1007–1012. 

32. O. Ala’yed, T. Y. Ying, A. Saaban, New fourth order quartic spline method for solving second 

order boundary value problems, Mathematics, 2015 (2015), 149–157. 

https://doi.org/10.11113/MATEMATIKA.V31.N2.789 

33. O. Ala’yed, Numerical treatment of general third order boundary value problems via B-spline 

method, MUAJ-EMJ 1st International Conference on Asian Studies Proceeding ICAS’2023, 2023. 

34. O. Ala’yed, T. Y. Ying, A. Saaban, Numerical solution of first order initial value problem using 

quartic spline method, AIP Conf. Proc., 1691 (2015), 040003. https://doi.org/10.1063/1.4937053 

35. C. de Boor, A practical guide to splines, Springer Verlag, 1978. 

36. D. Salomon, Curves and surfaces for computer graphics, Springer Verlag, 2006. 

https://doi.org/10.1007/0-387-28452-4 

37. L. Shi, S. Tayebi, O. A. Arqub, M. S. Osman, P. Agarwal, W. Mahamoud, et al., The novel cubic 

B-spline method for fractional Painlevé and Bagley-Trovik equations in the Caputo, Caputo-

Fabrizio, and conformable fractional sense, Alexandria Eng. J., 65 (2023), 413–426. 

https://doi.org/10.1016/j.aej.2022.09.039 

38. O. Ala’yed, B. Batiha, D. Alghazo, F. Ghanim, Cubic B-spline method for the solution of the 

quadratic Riccati differential equation, AIMS Math., 8 (2023), 9576–9584. 

https://doi.org/10.3934/math.2023483 

39. M. K. Kadalbajoo, V. Kumar, B-spline method for a class of singular two-point boundary value 

problems using optimal grid, Appl. Math. Comput., 188 (2007), 1856–1869. 

https://doi.org/10.1016/j.amc.2006.11.050 

40. A. M. Nagy, A. A. El-Sayed, A novel operational matrix for the numerical solution of nonlinear 

Lane-Emden system of fractional order, Comput. Appl. Math., 40 (2021), 85. 

https://doi.org/10.1007/s40314-021-01477-8 

41. A. K. Verma, N. Kumar, D. Tiwari, Haar wavelets collocation method for a system of nonlinear 

singular differential equations, Eng. Comput., 38 (2020), 659–698. 

https://doi.org/10.1016/j.newast.2011.09.005
https://doi.org/10.1088/1742-6596/268/1/012006
https://doi.org/10.1515/nleng-2018-0062
https://doi.org/10.1515/nleng-2018-0062
https://doi.org/10.1016/j.cpc.2009.01.012
https://doi.org/10.1080/09720502.2013.842050
https://doi.org/10.1080/09720502.2019.1624305
https://doi.org/10.11113/MATEMATIKA.V31.N2.789
https://doi.org/10.1063/1.4937053
https://doi.org/10.1007/0-387-28452-4
https://doi.org/10.1016/j.aej.2022.09.039
https://doi.org/10.3934/math.2023483
https://doi.org/10.1016/j.amc.2006.11.050
https://doi.org/10.1007/s40314-021-01477-8


14766 

AIMS Mathematics  Volume 8, Issue 6, 14747–14766. 

42. S. Tomar, An effective approach for solving a class of nonlinear singular boundary value problems 

arising in different physical phenomena, Int. J. Comput. Math., 98 (2021), 2060–2077. 

https://doi.org/10.1080/00207160.2021.1874943 

43. R. Singh, M. Singh, An optimal decomposition method for analytical and numerical solution of 

third-order Emden-Fowler type equations, J. Comput. Sci., 63 (2022), 101790. 

https://doi.org/10.1016/j.jocs.2022.101790 

44. R. Singh, G. Singh, M. Singh, Numerical algorithm for solution of the system of Emden-Fowler 

type equations, Int. J. Appl. Comput. Math., 7 (2021), 136. https://doi.org/10.1007/s40819-021-

01066-7 

45. R. K. Pandey, S. Tomar, An efficient analytical iterative technique for solving nonlinear 

differential equations, Comput. Appl. Math., 40 (2021), 180. https://doi.org/10.1007/s40314-021-

01563-x 

46. R. K. Pandey, S. Tomar, An effective scheme for solving a class of nonlinear doubly singular 

boundary value problems through quasilinearization approach, J. Comput. Appl. Math., 392 

(2021), 113411. https://doi.org/10.1016/j.cam.2021.113411 

47. N. Sriwastav, A. K. Barnwal, A. M. Wazwaz, M. Singh, A novel numerical approach and stability 

analysis for a class of pantograph delay differential equation, J. Comput. Sci., 67 (2023), 101976. 

https://doi.org/10.1016/j.jocs.2023.101976 

© 2023 the Author(s), licensee AIMS Press. This is an open access 

article distributed under the terms of the Creative Commons 

Attribution License (http://creativecommons.org/licenses/by/4.0) 

https://doi.org/10.1080/00207160.2021.1874943
https://doi.org/10.1016/j.jocs.2022.101790
https://doi.org/10.1007/s40819-021-01066-7
https://doi.org/10.1007/s40819-021-01066-7
https://doi.org/10.1007/s40314-021-01563-x
https://doi.org/10.1007/s40314-021-01563-x
https://doi.org/10.1016/j.cam.2021.113411
https://doi.org/10.1016/j.jocs.2023.101976

