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Abstract: An improved anti-disturbance strategy is proposed to guarantee lateral stability for electric
vehicles with external disturbance and input time delay. Firstly, the T-S fuzzy model is applied to
describe active front wheel steering system (AFS). Based on the obtained model, a new collective
observers including disturbance observer and state observer are structured to estimate disturbance and
state simultaneously. Then, a compound control is designed by using the estimation values of collective
observers. During the design process, a novel path-independent fuzzy Lyapunov-Krasovskii function
(FLKF) and slack variable matrices are introduced to reduce conservatism. Finally, two simulation
cases are implemented on Matlab/Simulink-Carsim to show the effectiveness of the proposed method.
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1. Introduction

With the development of electric vehicles, vehicle lateral stability based on AFS becomes more
important. The vehicle lateral stability is the key performance to determining passenger safety and
ride comfort [1–3]. This performance is mainly reflected in the vehicle lateral speed and yaw rate.
The main factors affecting lateral stability are the side wind force, tire-road friction coefficient and the
steering of the vehicle front wheels [4]. Specially, strong winds as the main disturbances will lead to
lateral instability for AFS, so there have been many works on lateral stability control of vehicles in
the presence of disturbances [5–8]. However, the above references do not make full use of disturbance
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information in suppressing disturbance. There is still need to improve anti-disturbance capabilities
for AFS. Disturbance observer based control (DOBC) is an effective rejection by using the estimated
values of disturbances, which has been used successfully in robots, motor drives and missiles [9–19].
In [20], disturbance observer (DO) and H∞ are used in flexible spacecraft with unknown disturbances.
In [21], an active disturbance rejection sliding mode control based direct yaw-moment control system
is presented. In [22], a composite controller by combining sliding mode control (SMC) and nonlinear
disturbance observer (NDOB) is investigated. It is worth pointing out that the system states are known
in [20–22]. However, the measurement of the vehicle lateral velocity requires expensive sensors, so it
is necessary to study anti-disturbance control with unknown lateral velocity.

Considering the application of communication networks in vehicle control, it is inevitable that
there exists time-delay during the signal transmissions and data dropout [23–25], which can lead to
instability of the systems. Recently, some lateral stability control methods for vehicles with time
delay have been studied. A delay dependent H∞ control scheme is proposed to improve the vehicle
stability and tracking performance of the AFS [23]. A robust sliding mode controller is designed to
improve the lateral stability of vehicles with time delay [24]. To deal with the problem of
multiple-package transmission and time varying delays for electric vehicles, a hybrid schedule-control
scheme is developed including a new multiple-package transmission scheduler and an H∞ control
in [25]. However, the above studies do not take input time-delay into consideration. The input time
delay from controller to actuator (CA) channel will bring negative effects on the closed-loop control
system. To the best knowledge of authors, few results have been reported on anti-disturbance vehicle
control based on observers with input time delay, which inspired our work.

T-S fuzzy algorithm is a very effective tool for nonlinear systems with uncertain parameters. Lots
of fuzzy control schemes have been reported on vehicle lateral stability. For instance, a fuzzy
observer based outputs feedback controller is designed for vehicle path tracking in [26]. A robust
fuzzy control scheme is presented to enhance the vehicle lateral stability and handling
performance [27]. A fuzzy observer-based event-triggered method control strategy is proposed for
vehicle lane keeping capability and network bandwidth utilization [28]. However, the above
researches are demonstrated by considering the common Lyapunov function (CLF), which may derive
conservative results. The method based on fuzzy Lyapunov functions (FLF) can reduce conservatism.
Some relative results are studied by using the time derivative of membership functions [29–33]. But
when the membership functions are non-differentiable, these methods are not available. In [34], a
path-independent fuzzy Lyapunov function (FLF) is proposed to reduce the conservatism, in which
the time derivative of membership function (TDMF) is unknown. Note that the method in [34] does
not take into account the time-delay case. In order to reduce the conservatism of the time-delayed
system, a new path-independent fuzzy Lyapunov-Krasovskii function (FLKF) is proposed.

Therefore, this paper studies anti-disturbance control for AFS with input time-delay. The first step
is to design collective observers to estimate the state and disturbance. The second step is to design the
anti-disturbance controller to make closed-loop system stable. A new path-independent FLKF is
constructed to reduce system conservatism. The main contributions of this paper are summarized
below:
1) Compared with the results in [28, 35], anti-disturbance control is further considered by using
collective observers. Meanwhile, this paper further extends the method in [22, 36] to the input
time-delay case.
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2) New collective observers are proposed to estimate the state and disturbance simultaneously. The
collective observers include a disturbance observer and a state observer with information interaction.
3) A novel path-independent FLKF and slack variable matrices are used to reduce the design
conservatism of collective observers and anti-disturbance controller. The proposed path-independent
FLKF extends the path-independent FLF in [34] so that it can still be used in time-delayed systems.

The rest of this paper is organized as follows: system modeling, collective observers and anti-
disturbance control structure are presented in Section 2. Section 3 presents main results of the collective
observers, conservatism comparison and anti-disturbance controller. Section 4 illustrates two case
simulations to verify the effectiveness of proposed control strategy. Finally, Section 5 concludes this
paper.

2. System modeling and problem formulation

2.1. Vehicle dynamic model

Figure 1. Vehicle lateral dynamics model.

In order to facilitate the system analysis, a two-degree-of-freedom (2-DOF) model is used to
describe AFS (seen in Figure 1) [37]. And it has been verified that 2-DOF model is reasonable to
describe dynamic performance of real driving vehicle when the tire-ground steering angle is small [6].
Taking into account the side wind force as the external disturbance, a vehicle AFS is modeled as:{

mv(v̇y(t) + vxr(t)) = Fy f (t) + Fyr(t) + Fw(t),
Izṙ(t) = l f Fy f (t) − lrFyr(t) + l f Fw(t),

(2.1)

where mv is total mass of the vehicle, vx and vy(t) are the vehicle longitudinal and lateral speed,
respectively. r(t) is the yaw rate. Fy f (t) and Fyr(t) are front and rear tire lateral forces. Iz denotes the
yaw moment of inertia, l f and lr are the distance from the front and rear axles to the center of gravity.
Fw(t) is the side wind force. Ḟw(t) is the time derivative of side wind force, which will be used later in
the design of the collective observers. Fy f (t) and Fyr(t) can be represented as:

Fy f (t) = C f (δ f (t) −
l f r(t) + vy(t)

vx
), Fyr(t) = Cr(

lrr(t) − vy(t)
vx

), (2.2)

where C f and Cr are the front and rear tire cornering stiffness, respectively. And δ f (t) is the front wheel
angle.
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An input time-delay is expressed as δ f (t−τ(t)). By defining x(t) = [vy(t), r(t)]T and w(t) = 1
C f

Fw(t),
the following system can be obtained:{

ẋ(t) = Ax(t) + B(δ f (t − τ(t)) + w(t)),
y(t) = Cx(t),

(2.3)

where

A =

 −C f +Cr

mvvx

lrCr−l f C f

mvvx
− vx

lrCr−l f C f

Izvx
−

l f
2C f +lr2Cr

Izvx

 , B =

 C f

mv
l f C f

Iz

 , C =
[

0 1
]
.

y(t) is the measurement output. τ(t) is the time-varying delay and satisfies 0 ≤ τ(t) ≤ τh, τh is the
maximum of the time delay.

Remark 1. Time varying-delay exists widely in in-vehicle networks control system [23–25], which
is caused by signal transmission and data dropout. In practical, the upper limit of the delay requires a
certain reliability of the system hardware, such as Controller Area Network (CAN) and FlexRay.

Remark 2. Since the payload and number of passengers may change, which changes the vehicle
mass mv and yaw moment of inertia Iz, thus mv and Iz are considered as variables. This paper considers
a situation that the vehicle longitudinal speed vx is a fixed value [35]. In this case, the variables of the
system can be confirmed as two variables mv and Iz.

Remark 3. In this paper, the vehicle lateral velocity vy(t) is not measurable and the side wind force
Fw(t) is unknown. Thus, the state and disturbance observers are constructed simultaneously. Some
works on disturbance observer assume that the disturbance is a constant [18, 38]. In practice, the side
wind force Fw(t) is time derivative. It is necessary to consider the case of time varying disturbance.

Define the maximum value and minimum value of vehicle mass as mmax and mmin, the maximum
value and minimum value of vehicle yaw moment of inertia as Izmax and Izmin. ι1 = 1

mv
, ι2 = 1

Iz
and

m = max{ι1} = 1
mmin

, m = min{ι1} = 1
mmax

, Iz = max{ι2} = 1
Izmin

, Iz = min{ι2} = 1
Izmax

. (2.4)

The T-S fuzzy model is established to describe system (2.3), where the variables ι1 and ι2 are premise
variables. Then, the membership functions can be obtained as follows.

h1(ι) = M1(ι1) × N1(ι2)
h2(ι) = M2(ι1) × N1(ι2)
h3(ι) = M1(ι1) × N2(ι2)
h4(ι) = M2(ι1) × N2(ι2)

(2.5)

where ι = [ι1 ι2], hi(ι) ≥ 0,
∑4

i=1 hi(ι) = 1 and M1(ι1) =
ι1−m
m−m , M2(ι1) = m−ι1

m−m .

N1(ι2) =
ι2−Iz

Iz−Iz
, N2(ι2) =

Iz−ι2

Iz−Iz
.

(2.6)

The T-S fuzzy model can be given to express nonlinear vehicle lateral dynamics as follows.
Model rule i: IF ι1 is Mµ1(ι1) and ι2 is Nµ2(ι2).
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THEN {
ẋ(t) = Aix(t) + Bi(δ f (t − τ(t)) + w(t)),
y(t) = Cx(t),

(2.7)

where µ1, µ2 = 1, 2, i = 1, 2, 3, 4, the matrices Ai and Bi are given by replacing the parameters 1/mv

and 1/Iz in system (2.3) with m/(m) and Iz/(Iz).
Then, by the technique of defuzzification, the fuzzy subsystem (2.7) can be expressed in the

following form: {
ẋ(t) =

∑4
i=1 hi(ι)[Aix(t) + Bi(δ f (t − τ(t)) + w(t))],

y(t) = Cx(t).
(2.8)

Remark 4. Note that the fuzzy premise variables mv and Iz are non-differentiable, and it is clear
that the derivative of membership functions can not be obtained. This characteristic causes a problem
that traditional FLF can not be available in this case. By means of path-independent FLF [34], a new
path-independent FLKF is developed to reduce conservatism for time delayed systems.

Remark 5. From [34], the path-independent FLF is given as: V(x(t)) = xT (t)
∑r

i=1 hi(ι)(P0 + Pi)x(t)
with P0 + Pi > 0, P0 = PT

0 and Pi = diag{Pi
11, Pi

22, · · · , Pi
nn}. It is noted that this method does not need

the upper bound of the TDMF. Hence, the path-independent FLF eliminates the influence of TDMF.
In order to facilitate derivations in the main result, the following assumption and lemmas are given.
Assumption 1. Assume that the derivative of disturbance w(t) satisfies: ẇ(t) ∈ L2[0, ∞).
Lemma 1 [35]. For known matrices X and Y with appropriate dimensions, the existence of any

positive definite matrix Z makes the following inequality hold:

− 2XT Y ≤ XT Z−1X + YT ZY. (2.9)

Lemma 2 [34]. For matrices Ui j with proper dimensions, the sufficient conditions of inequality∑r
i=1
∑r

j=1 hi(x)h j(x)Ui j < 0 is given as:{
Uii < 0, i = 1, 2, · · · , r.

1
r−1Uii + 1

2 (Ui j + U ji) < 0, i , j, i, j = 1, 2, · · · , r.
(2.10)

2.2. Collective observers and anti-disturbance control structure

Electric vehicle 

system

State observer

Disturbance observer

Anti-disturbance 

Controller

Collective observers

Time delay

Information 

interaction

Yaw yate 

sensor

Disturbance

Figure 2. Anti-disturbance control structure.
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The structure of the collective observers refers to the literature [20, 38, 39]. Figure 2 shows the
proposed control scheme based on collective observers. In the collective observers structure,
information interacts between state observer and disturbance observer. The fuzzy collective observers
are structured based on (2.8) as:

˙̂x(t) =
∑4

i=1
∑4

j=1 hi(ι)h j(ι)[Ai x̂(t) + Bi(δ f (t) + ŵ(t)) + Ls j(y(t) −Cx̂(t − τ(t)))],
ġ(t) = −

∑4
i=1
∑4

j=1 hi(ι)h j(ι)Ld jC[Ai x̂(t − τ(t)) + Bi(δ f (t − τ(t)) + ŵ(t − τ(t)))],
ŵ(t) =

∑4
i=1
∑4

j=1 hi(ι)h j(ι)[g(t) + Ld jy(t)],
(2.11)

where x̂(t) and ŵ(t) are the estimation of state and disturbance, respectively. g(t) stands for the auxiliary
variable of the disturbance observer, Ls j and Ld j are the state observer gains and disturbance observer
gains, respectively.

Remark 6. Unmeasurable state makes disturbance observer (DO) can not be formulated only by
using the DO form as in [20]. In [38], disturbance observer and state observer are designed
simultaneously but do not take into account the time-delay. Different from the design in [20, 38], the
collective observers are used to estimate state and disturbance in the time-delay case.

Remark 7. The existence of input time delay τ(t) lead the disturbance w(t) and states x(t) only can
be estimated at the time t − τ(t) [20]. The state estimation error and disturbance estimation error are
defined as£ ex(t) = x(t) − x̂(t − τ(t)), ew(t) = w(t) − ŵ(t − τ(t)). For constructing the standard error
dynamics, the collective observers can be structured as in (2.11).

After constructing the collective observers, an anti-disturbance controller based on collective
observers is proposed by referring [39].

δ f (t) =

4∑
i=1

hi(ι)[−ŵ(t) + Ki x̂(t)]. (2.12)

The estimation errors of collective observers are as follows:{
%̇(t) =

∑4
i=1
∑4

j=1 hi(ι)h j(ι)[A%i%(t) + B%i j%(t − τ(t)) + E%ẇ(t)],
z%(t) = C%%(t),

(2.13)

where z%(t) is the control output of the estimation errors system (2.13), %(t) = [eT
x (t), eT

w(t)]T , and

A%i =

[
Ai Bi

0 0

]
, B%i =

[
−Ls jC 0
−Ld jCAi −Ld jCBi

]
, E% =

[
0
I

]
, C% =

[
0 I

]
.

Combining (2.8), (2.12) with (2.13), the closed loop control system is inferred as:{
ζ̇(t) =

∑4
i=1
∑4

j=1 hi(ι)h j(ι)[Aζi jζ(t) + Bζi jζ(t − τ(t)) + Eζẇ(t)],
zζ(t) = Cζζ(t),

(2.14)

where zζ(t) is the control output of the closed loop control system (2.14), ζ(t) = [xT (t), eT
x (t), eT

w(t)]T ,
and

Aζi j =


Ai + BiK j −BiK j Bi

0 Ai Bi

0 0 0

 , Bζi =


0 0 0
0 −Ls jC 0
0 −Ld jCAi −Ld jCBi

 , Eζ =


0
0
I

 , Cζ =
[

I 0 0
]
.
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The estimation error system (2.13) is asymptotically stable and satisfies the H∞ performance with
γ1 attenuation level, when the following conditions are satisfied as:∫ ∞

0
z%T (t)z%(t)dt < γ1

2
∫ ∞

0
ẇT (t)ẇ(t)dt. (2.15)

3. Main results

3.1. Collective observers design

To obtain the feasible observer gains in (2.11), we need to analyze the stability of the estimation
error system (2.13). Then, the following theorem is given.

Theorem 1. The estimation error system (2.13) is asymptotically stable if there exist symmetric
matrices P%0, Q%0, R%0, diagonal matrices P%i, Q%i, R%i, arbitrary matrix M%, Zsi, Zdi, given scalar γ1 > 0
and λ1 satisfying the following inequalities:{

Ξii < 0,
1
3Ξii + 1

2 (Ξi j + Ξ ji) < 0, i , j,
(3.1)

P%0 + P%i > 0, Q%0 + Q%i > 0, R%0 + R%i > 0. (3.2)

where i=1,2,3,4.

Ξi j =


θi

11 θ
i j
12 0 0 0

∗ θi
22 0 θ24 θ

i j
25

∗ ∗ θi
33 0 0

∗ ∗ ∗ −γ1
2I 0

∗ ∗ ∗ ∗ θi
55


,

θi
11 = Q%0 + Q%i −

2
λ1

(P%0 + P%i) + τh

λ1
2 (R%0 + R%i) + C%

TC%,

θ
i j
12 = P%0 + P%i + M% + λ1(A%i + B%i j)T M% −

τh
λ1

(R%0 + R%i), θi
22 = −λ1M% − λ1M%

T + τh(R%0 + R%i),
θ24 = λ1M%

T E%, θ
i j
25 = λ1M%

T B%i j, θi
33 = −Q%0 − Q%i, θi

55 = −τ−1
h (R%0 + R%i),

P%0 =

[
P11
%0 P12

%0

∗ P22
%0

]
, Q%0 =

[
Q11
%0 Q12

%0

∗ Q22
%0

]
, R%0 =

[
R11
%0 R12

%0

∗ R22
%0

]
, P%i =

[
P11
%i 0
∗ P22

%i

]
,

Q%i =

[
Q11
%i 0
∗ Q22

%i

]
, R%i =

[
R11
%i 0
∗ R22

%i

]
, M% =

[
M%1 0
0 M%2

]
,

A%i
T M% =

[
Ai

T M%1 0
Bi

T M%1 0

]
, B%i j

T M% =

[
−CT Zs j

T −Ai
TCT Zd j

T

0 −Bi
TCT Zd j

T

]
.

then, the observer gains are obtained as Ls j = M%1
T−1Zs j and Ld j = M%2

T−1Zd j .
Proof. By using Newton-Leibniz formula [35] as:

%(t − τ(t)) = %(t) −
∫ t

t−τ(t)
%̇(s)ds. (3.3)
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The estimation error system (2.13) is transformed into:

%̇(t) =

4∑
i=1

4∑
j=1

hi(ι)h j(ι)
[
(A%i + B%i j)%(t) − B%i j

∫ t

t−τ(t)
%̇(s)ds + E%ẇ(t)

]
. (3.4)

The system (3.4) can be rewritten as a description system as follow:

Ē%ε̇%(t) =

4∑
i=1

4∑
j=1

hi(ι)h j(ι)
[
Ā%i jε%(t) − B̄%i j

∫ t

t−τ(t)
%̇(s)ds + Ē%ẇ(t)

]
, (3.5)

where Ē% =

[
I 0
0 0

]
, Ā%i j =

[
0 I

A%i + B%i j −I

]
, B̄%i j =

[
0

B%i j

]
, Ē% =

[
0
E%

]
, ε%(t) =

[
%(t)
%̇(t)

]
.

As stated in Remark 4, the membership functions are non-differentiable. A new path-independent
FLKF is constructed to reduce conservatism as:

V(%(t)) = %T (t)P%(ι)%(t) +

∫ t

t−τh

%T (s)Q%(ι)%(s)ds +

∫ 0

−τh

∫ t

t+θ
%̇T (s)R%(ι)%̇(s)dsdθ, (3.6)

where P%(ι) =
∑4

i=1 hi(ι)(P%0 + P%i), Q%(ι) =
∑4

i=1 hi(ι)(Q%0 + Q%i), R%(ι) =
∑4

i=1 hi(ι)(R%0 + R%i).
For simplify the writing, define

∑4
i=1 hi(ι)A%i = A%h and

∑4
i=1
∑4

j=1 hi(ι)h j(ι)B%i j = B%h. To decouple
P%(ι) from system matrix A%h, slack variables M% and λ1M% are introduced as follows [34].

V̇(%(t)) = 2
[
%(t)
%̇(t)

]T [
P%(ι) 0
M% λ1M%

] [
%̇(t)
S %

]
+ %T (t)Q%(ι)%(t) − %T (t − τh)Q%(ι)%(t − τh) +

τh%̇
T (t)R%(ι)%̇(t) −

∫ t

t−τh
%̇T (s)R%(ι)%̇(s)ds

≤

[
%(t)
%̇(t)

]T [
Θ11
ρ Θ12

ρ

∗ Θ22
ρ

] [
%(t)
%̇(t)

]
− 2
[
%(t)
%̇(t)

]T [
M%

T B%h

λ1M%
T B%h

] ∫ t

t−τ(t)
%̇(s)ds + 2

[
%(t)
%̇(t)

]T
[

M%
T E%

λ1M%
T E%

]
ẇ(t) + %T (t)Q%(ι)%(t) − %T (t − τh)Q%(ι)%(t − τh) + τh%̇

T (t)R%(ι)%̇(t) −∫ t

t−τh
%̇T (s)R%(ι)%̇(s)ds, (3.7)

where
S % = (A%h + B%h)%(t) − B%h

∫ t

t−τ(t)
%̇(s)ds + E%ẇ(t), Θ11

% = M%
T (A%h + B%h) + (A%h + B%h)T M%,

Θ12
% = P%(ι) − M%

T + λ1(A%h + B%h)T M%, Θ22
% = −λ1M% − λ1M%

T .

According to Lemma 1, the following inequality is hold:

−2
[
%(t)
%̇(t)

]T [
M%

T B%h

λ1M%
T B%h

] ∫ t

t−τ(t)
%̇(s)ds ≤

∫ t

t−τh
%̇T (s)R%(ι)%̇(s)ds + τh

[
%(t)
%̇(t)

]T [
M%

T B%h

λ1M%
T B%h

]
R%(ι)−1

[
BT
%hM% λ1BT

%hM%

] [ %(t)
%̇(t)

]
, (3.8)

Based on (2.15), (3.7) and (3.8), we have:

V̇(%(t))+z%T (t)z%(t)−γ1
2ẇT (t)ẇ(t) ≤


%(t)
%̇(t)

%(t − τh)
ẇ(t)


T 

Υ11
% Υ12

% 0 Υ14
%

∗ Υ22
% 0 λ1Υ

14
%

∗ ∗ Υ33
% 0

∗ ∗ ∗ −γ1
2




%(t)
%̇(t)

%(t − τh)
ẇ(t)

 < 0, (3.9)
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where
Υ11
% = M%

T (A%h + B%h) + (A%h + B%h)T M% + Q%(ι) + τhM%
T B%hR−1

% (ι)B%h
T M% + C%

TC%,

Υ12
% = P%(ι) − M%

T + λ1(A%h + B%h)T M% + τhλ1M%
T B%hR−1

% (ι)B%h
T M%, Υ14

% = M%
T E%,

Υ22
% = −λ1M%

T − λ1M% + τhR%(ι) + τhλ
2
1M%

T B%hR−1
% (ι)B%h

T M%, Υ33
% = −Q%(ι).

According to (3.9), the following matrix inequality can be inferred by using Schur complement:
Ῡ11
% Ῡ12

% 0 Υ14
% Υ15

%

∗ Ῡ22
% 0 λ1Υ

14
% λ1Υ

15
%

∗ ∗ Υ33
% 0 0

∗ ∗ ∗ −γ1
2I 0

∗ ∗ ∗ ∗ Υ55
%


< 0, (3.10)

where
Ῡ11
% = M%

T (A%h + B%h) + (A%h + B%h)T M% + Q%(ι) + C%
TC%, Ῡ12

% = P%(ι) −M%
T + λ1(A%h + B%h)T M%,

Ῡ22
% = −λ1M%

T − λ1M% + τhR%(ι), Υ15
% = M%

T B%h, Υ55
% = −τh

−1R%(ι).
Based on Lemma 2, the inequalities (3.1) can be obtained by pre-multiplying and post-multiplying

by T% and T%
T to (2.10), where

T% =


I − 1

λ1
I 0 0 0

0 I 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 I


.

The proof is completed.
Remark 8. Discontinuous variables exist widely in practice, which leads to the unknowability of

the derivative information of the membership function. The new path-independent FLKF provides a
more relaxed approach for nonlinear time delay systems with discontinuous variables. This method
extends the path-independent FLF in [34] to the analysis of time-delay systems, not only reducing the
conservatism of the time-delay systems but also overcoming the limitations that TDMF must know.

Remark 9. The decoupling method used in (3.7) can reduce the number of variable cross-terms. This
scheme can reduce computational complexity and help to find better optimal solutions. Different form
fuzzy observer designed in [34], the slack variable matrices M% and λ1M% are introduced in Theorem
1, where the added parameter λ1 may improve freedom of observer gain. This method is also used in
the design of the following anti-disturbance controller.

3.2. Conservatism comparison

To demonstrate the advantages of the novel path-independent FLKF and the slack variable matrices
M% and λ1M%, Corollary 1 is given.
The estimation errors system (2.13) also can use the common Lyapunov-Krasovskii function (CLKF)
[35]: V(%(t)) = %T (t)P%(t) +

∫ t

t−τh
%T (s)Q%(s)ds +

∫ 0

−τh

∫ t

t+θ
%̇T (s)R%̇(s)dsdθ and introduced M% and λ1M%,

the following corollary can be drawn.
Corollary 1. The estimation error system (2.13) is asymptotically stable when symmetric matrices

P, Q, R, arbitrary matrix M%, Zsi, Zdi, given scalar γ1 > 0 and λ1 meet the following conditions:{
Ψii < 0,
1
3Ψii + 1

2 (Ψi j + Ψ ji) < 0, i , j,
(3.11)
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P > 0, Q > 0, R > 0. (3.12)

where i=1,2,3,4.

Ψi j =


$11 $

i j
12 0 0 0

∗ $22 0 $24 $
i j
25

∗ ∗ −Q 0 0
∗ ∗ ∗ −γ1

2I 0
∗ ∗ ∗ ∗ −τ−1

h R


,

$11 = Q− 2
λ1

P+ τh

λ1
2 R+C%

TC%, $
i j
12 = P+M%+λ1(A%i+B%i j)T M%−

τh
λ1

R, $22 = −λ1M%−λ1M%
T +τhR,

$24 = λ1M%
T E%, $

i j
25 = λ1M%

T B%i j,

P =

[
P11 P12

∗ P22

]
, Q =

[
Q11 Q12

∗ Q22

]
, R =

[
R11 R12

∗ R22

]
, M% =

[
M%1 0
0 M%2

]
,

A%i
T M% =

[
Ai

T M%1 0
Bi

T M%1 0

]
, B%i j

T M% =

[
−CT Zs j

T −Ai
TCT Zd j

T

0 −Bi
TCT Zd j

T

]
.

Remark 10. In [35], CLFK is used to analyze closed-loop state feedback control systems. However,
for the analysis of collective estimation errors system (2.13), it is necessary to decouple variable matrix
P from system matrices. Then, the looser variable matrices M% and λ1M% are used in Corollary 1.
Moreover, it is noted that the CLKF [35] is a special case of path-independent FLKF (3.6) by setting
P%i = 0, Q%i = 0 and R%i = 0 in (3.1) and (3.2). Then, the inequalities (3.1) and (3.2) equivalent to
inequalities (3.11) and (3.12). Thus, Theorem 1 has less conservative than Corollary 1.

Remark 11. λ1 is a tunable parameter. Additionally, for the accuracy of the estimation of states and
disturbance, a optimization method is given as: min γ1 subject to (3.1) and (3.11). Similar to observer
design, the following anti-disturbance controller design is also used min γ2 subject to (3.13).

Remark 12. Because the decoupling method is used in the analysis produce, the path-independent
FLKF proposed in this paper does not increase the computational complexity compared to CLKF
[35]. While, the control strategy based on collective observers increases the step of the observer gains
calculation compared with state feedback control based on H∞.

3.3. Anti-disturbance controller design

Based on the observer gains, this part is to solve the anti-disturbance controller gains by analyzing
the stability of closed loop control system (2.14). The result is given as follow.

Theorem 2. If there exist a positive given scalar γ2, a given scalar λ2, symmetric matrices P̂ζ0, Q̂ζ0,
R̂ζ0, diagonal matrices P̂ζi, Q̂ζi, R̂ζi, arbitrary matrix M̂ζ and Zgi. The closed loop control system (2.14)
is asymptotically stable with H∞ performance lever γ2.{

Πii < 0,
1
3Πii + 1

2 (Πi j + Π ji) < 0, i , j.
(3.13)

P̂ζ0 + P̂ζi > 0, Q̂ζ0 + Q̂ζi > 0, R̂ζ0 + R̂ζi > 0, (3.14)

where i,j=1,2,3,4.
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Πi j =



ψ̂i
11 ψ̂

i j
12 0 0 0 M̂T

ζ

∗ ψ̂i
22 0 ψ̂24 ψ̂

i j
25 0

∗ ∗ ψ̂i
33 0 0 0

∗ ∗ ∗ −γ1
2I 0 0

∗ ∗ ∗ ∗ ψ̂i
55 0

∗ ∗ ∗ ∗ ∗ −I


,

ψ̂i
11 = Q̂ζ0 + Q̂ζi −

2
λ2

(P̂ζ0 + P̂ζi) + τh

λ2
2 (R̂ζ0 + R̂ζi),

ψ̂
i j
12 = P̂ζ0 + P̂ζi + M̂T

ζ + λ2M̂T
ζ (Aζi j + Bζi j)T −

τh
λ2

(R̂ζ0 + R̂ζi), ψ̂i
22 = −λ2M̂ζ − λ2M̂T

ζ + τh(R̂ζ0 + R̂ζi),
ψ̂24 = λ2Eζ , ψ̂

i j
25 = λ2Bζi jM̂ζ£ ψ̂i

33 = −Q̂ζ0 − Q̂ζi, ψ̂i
55 = −τ−1

h (R̂ζ0 + R̂ζi),

P̂ζ0 =


P̂11
ζ0 P̂12

ζ0 P̂13
ζ0

∗ P̂22
ζ0 P̂23

ζ0

∗ ∗ P̂33
ζ0

 , Q̂ζ0 =


Q̂11
ζ0 Q̂12

ζ0 Q̂13
ζ0

∗ Q̂22
ζ0 Q̂23

ζ0

∗ ∗ Q̂33
ζ0

 , R̂ζ0 =


R̂11
ζ0 R̂12

ζ0 R̂13
ζ0

∗ R̂22
ζ0 R̂23

ζ0

∗ ∗ R̂33
ζ0

 , P̂ζi =


P̂11
ζi 0 0
∗ P̂22

ζi 0
∗ ∗ P̂33

ζi

 ,
Q̂ζi =


Q̂11
ζi 0 0
∗ Q̂22

ζi 0
∗ ∗ Q̂33

ζi

 , R̂ζi =


R̂11
ζi 0 0
∗ R̂22

ζi 0
∗ ∗ R̂33

ζi

 , M̂ζ =


M̂ζ1 0 0
0 M̂ζ1 0
0 0 M̂ζ2

 .
M̂T

ζ Aζi j
T =


M̂T

ζ1Ai
T + Zg j

T Bi
T 0 0

−ZT
g jBi

T M̂T
ζ1Ai

T 0
M̂T

ζ2Bi
T M̂T

ζ2Bi
T 0

 , M̂T
ζ Bζi j

T =


0 0 0
0 −M̂T

ζ1C
T Ls j

T −M̂T
ζ1Ai

TCT Ld j
T

0 0 −M̂T
ζ2Bi

TCT Ld j
T

 .
Then, the anti-disturbance gains are K j = Zg jM̂−1

ζ1 .
Proof. Choose the same path-independent FLKF as (3.6):

V(ζ(t)) = ζT (t)Pζ(ι)ζ(t) +

∫ t

t−τh

ζT (s)Qζ(ι)ζ(s)ds +

∫ 0

−τh

∫ t

t+θ
ζ̇T (s)Rζ(ι)ζ̇(s)dsdθ. (3.15)

Similar to (3.7) and (3.8), and by using (2.15), one has:

V̇(ζ(t)) + zζT (t)zζ(t) − γ2
2ẇT (t)ẇ(t)

≤


ζ(t)
ζ̇(t)

ζ(t − τh)
ẇ(t)


T 

Υ11
ζ Υ12

ζ 0 Υ14
ζ

∗ Υ22
ζ 0 λ1Υ

14
ζ

∗ ∗ Υ33
ζ 0

∗ ∗ ∗ −γ2
2




ζ(t)
ζ̇(t)

ζ(t − τh)
ẇ(t)

 < 0. (3.16)

Υ11
ζ = Mζ

T (Aζh + Bζh) + (Aζh + Bζh)T Mζ + Qζ(ι) + τhMζ
T BζhR−1

ζ (ι)Bζh
T Mζ + Cζ

TCζ ,

Υ12
ζ = Pζ(ι) − Mζ

T + λ1(Aζh + Bζh)T Mζ + τhλ1Mζ
T BζhR−1

ζ (ι)Bζh
T Mζ , Υ14

ζ = Mζ
T Eζ

Υ22
ζ = −λ1Mζ

T − λ1Mζ + τhRζ(ι) + τhλ
2
1Mζ

T BζhR−1
ζ (ι)Bζh

T Mζ , Υ33
ζ = −Qζ(ι).

Then, by applying Schur complement, we have:
Ῡ11
ζ Υ12

ζ 0 Υ14
ζ Υ15

ζ

∗ Υ22
ζ 0 λ2Υ

14
ζ λ2Υ

15
ζ

∗ ∗ Υ33
ζ 0 0

∗ ∗ ∗ −γ2
2I 0

∗ ∗ ∗ ∗ Υ55
ζ


< 0, (3.17)
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where
Ῡ11
ζ = Mζ

T (Aζh + Bζh) + (Aζh + Bζh)T Mζ + Qζ(ι) + Cζ
TCζ , Υ12

ζ = Pζ(ι) − Mζ
T + λ2(Aζh + Bζh)T Mζ ,

Υ22
ζ = −λ2Mζ

T −λ2Mζ +τhRζ(ι), Υ14
ζ = Mζ

T Eζ , Υ33
ζ = −Qζ(ι), Υ15

ζ = Mζ
T Bζh, Υ55

ζ = −τh
−1Rζ(ι).

Pζ(ι) =
∑4

i=1 hi(ι)(Pζ0 + Pζi), Qζ(ι) =
∑4

i=1 hi(ι)(Qζ0 + Qζi), Rζ(ι) =
∑4

i=1 hi(ι)(Rζ0 + Rζi).
Mζ and λ2Mζ are slack matrices and M̂ζ = Mζ

−1, P̂ζ(ι) = M̂T
ζ Pζ(ι)M̂ζ , Q̂ζ(ι) = M̂T

ζ Qζ(ι)M̂ζ , R̂ζ(ι) =

M̂T
ζ Rζ(ι)M̂ζ .

The following conditions can be obtained through pre-multiplying and post-multiplying by Tζ and
Tζ

T to (3.17).

4∑
i=1

4∑
j=1

hi(ι)h j(ι)Πi j < 0, (3.18)

where

Tζ =



Mζ
T−1

− 1
λ2

Mζ
T−1 0 0 0

0 Mζ
T−1 0 0 0

0 0 Mζ
T−1 0 0

0 0 0 I 0
0 0 0 0 Mζ

T−1


.

Based on Lemma 2, inequalities (3.13) are hold. The proof is completed.

4. Simulation results

Table 1. Parameters of vehicle.

Notation Description value
mv Total mass of vehicle 1530-1680kg
Iz Yaw moment of inertia 4200-4600kg · m2

l f Distance from front axle to CG 1.67m
lr Distance from front axle to CG 1.11m

C f Front tire cornering stiffness 95000 N/rad
Cr Rear tire cornering stiffness 85500 N/rad

The parameters of vehicle are given in Table 1. The longitudinal speed of the vehicle vx is set at
25 m/s. To illustrate the proposed method is superior to the existing CLKF [35] (Corollary 1), the
comparison is performed by considering the system (2.13). From Table 2, we can see that the proposed
method with λ1 = 0.1 has a smaller H∞ performance index and bigger time delay, that is, the result
of path-independent FLKF and introduced slack matrices M% and λ1M% can obtain less conservative
design.
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Figure 3. Schematic diagram of simulations for the vehicle AFS.

Table 2. Minimizing the H∞ performance index and maximizing delay.

Method γ1 (τh = 0.19) τh (γ1 = 0.2)
Theorem 1 (path-independent FLKF (λ1=0.1)) 0.061 0.063

Corollary 1 (CLKF [35](λ1=0.1)) 0.065 0.061
Theorem 1 (path-independent FLKF (λ1=1)) 0.17 0.025

To testify the effectiveness of the proposed control strategy, two cases of simulation are implemented
on Matlab /Simulink-Carsim (as shown in Figure 3). In case 1, the persistent side wind force is used
as disturbance and different vehicle mass mv is considered. In case 2, the intermittent side wind force
is used as disturbance and different yaw moment of inertia is considered. The D-Class Sedan car is
chosen by Carsim to express the vehicle dynamics. The vehicle mass mv and yaw moment of inertia
Iz are 1600kg and 4400kg · m2, respectively unless specified. The input time delay τh is assumed to
0.19 s. The parameters λ1 and λ2 are both 0.1. By applying Theorem 1 and Theorem 2, the minimum
values of γ1 and γ2 are 0.061 and 0.37, respectively, and the matrices Lsi, Ldi and Ki are given as:

Ls1 =

[
49.1209
31.0100

]
, Ls2 =

[
54.3644
30.6819

]
, Ls3 =

[
38.1701
30.0822

]
, Ls4 =

[
48.5045
31.0602

]
.

Ld1 = 0.9815, Ld2 = 1.0689, Ld3 = 0.9848, Ld4 = 1.0649.

K1 =
[

0.0345 −0.7803
]
, K2 =

[
0.0328 −0.9304

]
,

K3 =
[

0.0711 −0.8966
]
, K4 =

[
0.0525 −0.8589

]
.

4.1. Case 1: Persistent side wind force

In the following statements, Figure 4 shows the real persistent side wind force and its estimated
value for the system with mass of 1540 kg and 1670 kg, which can be seen that the estimated values
are generally consistent with the real values. Figures 5 and 6 show the lateral velocity and yaw rate
with mass of 1540 kg, from which we observe that the absolute value of lateral velocity and yaw rate
with anti-disturbance controller are 0.0061 m/s and 0.0953 deg/s, and quickly recovered to zero when
disturbance is not increased, the absolute value of the lateral velocity and yaw rate controlled by H∞
method is maintained at 0.0361 m/s and 0.4616 deg/s with the persistent disturbance respectively.
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Figure 4. Persistent side wind force.

Figure 5. Lateral velocity for Case 1(m = 1540 kg).
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Figure 6. Yaw rate for Case 1(m = 1540 kg).

Figure 7. Lateral velocity for Case 1(m = 1670 kg).
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Figure 8. Yaw rate for Case 1(m = 1670 kg).

Figures 7 and 8 are the lateral velocity and yaw rates when the mass is 1670 kg. We can observe
Figures 7 and 8 that the trend of the lateral velocity and yaw rate are same as Figures 5 and 6, the
differences are the maximum absolute value of lateral velocity and yaw rate under anti-disturbance
control are 0.0061 m/s and 0.0947 deg/s respectively, and the absolute value of lateral velocity and
yaw rate with H∞ method keep at 0.0404 m/s and 0.4633 deg/s under the persistent disturbance.

4.2. Case 2: Intermittent side wind force

Intermittent side wind force and its observations under two different yaw moment of inertia are given
in Figure 9, from which we can be seen that disturbance estimation values can track their real values
well. Figures 10 and 11 are lateral velocity and yaw moment of inertia of 4200 kg · m2, respectively.
From which we can observe that the absolute maximum lateral velocity and yaw rate under anti-
disturbance control are 0.0122 m/s and 0.1973 deg/s. However, the absolute maximum lateral velocity
and yaw rate with H∞ are 0.0855 m/s and 1.154 deg/s, respectively.
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Figure 9. Intermittent side wind force.

Figure 10. Lateral velocity for Case 2(Iz = 4200 kg · m2).
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Figure 11. Yaw rate for Case 2(Iz = 4200 kg · m2).

Figure 12. Lateral velocity for Case 2(Iz = 4600 kg · m2).
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Figure 13. Yaw rate for Case 2(Iz = 4600 kg · m2).

When the inertial moment is selected at 4600 kg ·m2, the lateral velocity and yaw rate are shown in
Figures 12 and 13, respectively. As seen in Figures 12 and 13, the absolute maximum lateral velocity
and yaw rate are 0.0124 m/s and 0.1839 deg/s by anti-disturbance control strategy, respectively. And
the absolute maximum lateral velocity and yaw rate with H∞ control are 0.0768 m/s and 1.032 deg/s,
respectively. The estimation of lateral velocity and yaw rate can track real values well.

As shown in above simulation results under two different cases, the proposed collective observers
could well estimate the system disturbance and states. It should be pointed out that the smaller the value
of the system states, the better the stability of the system. Compared with the H∞ method, the anti-
disturbance control strategy under the strong side wind forces shows better robustness. Furthermore,
the system model (1) is established when the tire-ground steering angle is small, which means the
lateral velocity must be controlled in a small range. Therefor, the H∞ control is not suitable for vehicle
lateral stability control with strong side wind force.
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5. Conclusions

In this paper, new collective observers are proposed to estimate the state and disturbance of vehicle
steering system with input time delay. Then the anti-disturbance controller based on collective
observers is designed. In stability analysis of collective observers and anti-disturbance controller, a
novel path-independent FLKF was constructed to reduce conservatism. The simulation results show
that the estimation of system state and disturbance by the proposed collective observers can track its
real value very well. It should be pointed out that a small but undesired steering angle can also lead to
instability of the vehicle at high speed. And as the disturbance caused by actuator (steering angle) can
not be rejected by active anti-disturbance. Our future research will work on a hybrid control method
under side wind force and steering angle generated by driver.
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