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1. Introduction

Let R be a unital commutative ring, A be an algebra over R and Z(A) be the center of A. Let
[x,y] = xy — yx denote the Lie product of elements x,y € A. An R-linear map ¢ : A — A is called
a left (right) centralizer if ¢(xy) = d(x)y(¢p(xy) = x¢(y)) holds for all x,y € A. Further, an R-linear
map ¢ : A — A is called a Lie centralizer if ¢([x,y]) = [¢(x),y] for all x,y € A. It is easy to
prove that ¢ is a Lie centralizer on A if and only if ¢([x,y]) = [x, #(y)] for all x,y € A. Suppose that
A is an element of Z(A) and 7 : A — Z(A) is a linear map vanishing at commutators [x, y] for all
x,y € A. Then, the linear map ¢ : A — A satisfying ¢(a) = da + 7(a) is a Lie centralizer and is called
the proper Lie centralizer. However, not every Lie centralizer is necessarily a proper Lie centralizer.
Recently, the structure of Lie centralizers on triangular algebras and generalized matrix algebras has
been studied by many mathematicians. In 2020, Jabeen studied Lie centralizers on generalized matrix
algebras and obtained the necessary and sufficient conditions for a Lie centralizer to be proper (see [1]).
FosSner and Jing investigated the additivity of Lie centralizers on triangular rings and characterized both
centralizers and Lie centralizers on triangular rings and nest algebras in [2]. Liu gave a description of
nonlinear Lie centralizers for a certain class of generalized matrix algebras in [3]. Some special Lie
centralizers on triangular algebras and generalized matrix algebras were studied in [4—7]. Fadaee et
al. extended the results of Jabeen to Lie triple centralizers and characterized generalized Lie triple
derivations on generalized matrix algebras in [8]. Accordingly, we can further develop the definition
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of Lie n-centralizers. Let us define the following sequence of polynomials:

pi(x1) = xq,
P2(x1,x%2) = [p1(x1), X2] = [x1, %21,

p3(x1, X2, x3) = [pa(x1, X2), x3] = [[x1, X2], x3],

DPn(X15 X2, o3 X)) = [Pno1 (X1, X2, -0y Xpm1)5 X

The polynomial p,(xy, xa, ..., X,) is said to be an (n — 1)-th commutator (n > 2). A Lie n-centralizer is
an R-linear map ¢ : A — A which satisfies the rule

¢(pn(x1’ X2yeens Xn)) = pn(‘p('xl)’ X2yevns xn)

for all xy, x5,...,x, € A. If there exists an element A € Z(A) and an R-linear map 7 : A — Z(A)
vanishing on each (n — 1)-th commutator p,,(x, X2, . . ., x,) such that ¢(x) = Ax+ 7(x) for all x € A, then
the Lie n-centralizer ¢ is called a proper Lie n-centralizer.

In this paper, we extend the results of Jabeen [1] and Fadaee et al. [8] and give the necessary and
sufficient conditions for a Lie n-centralizer to be proper on a generalized matrix algebra.

Let A be an algebra. An R-linear map L : A — A is a Lie derivation if L([x, y]) = [L(x), y]+[x, L(y)]
holds for all x,y € A. An R-linear map G : A — A is a generalized Lie derivation with an associated
Lie derivation L on A if G([x,y]) = [G(x),y] + [x, L(y)] holds for all x,y € A. A Lie n-derivation is an
R-linear map ¥ : A — A which satisfies the rule

\P(pn(xla X2y ey Xn)) = Z pn(xh cees Xg—1 \P(Xk), Xk+1s e xn)
k=1

for all xy, x»,...,x, € A. One can give the definition of generalized Lie n-derivations in an analogous
manner. An R-linear map ® : A — A is called a generalized Lie n-derivation if there exists a Lie
n-derivation ¥ such that

DO(p,(x1, X2, ..., X)) = pu(P(x1), X2, ..., X,) + Z Pu(X1s ooy Xmrs P (xk), Xias - - o5 X0)
k=2

for all x;, x,,...,x, € A. We say that ¥ is an associated Lie n-derivation of ®. They are part of an
important class of maps on algebras. It is easily checked that G is a generalized Lie derivation with an
associated Lie derivation L if and only if G — L is a Lie centralizer. Therefore, if we characterize Lie
centralizers and Lie derivations, then we can get the characterization of a generalized Lie derivation
on an algebra. Likewise, there is a similar relationship between a Lie n-derivation ¥ and a generalized
Lie n-derivation @, that is, @ is a generalized Lie n-derivation with an associated Lie n-derivation W if
and only if @ — ¥ is a Lie n-centralizer (Lemma 4.1). We can describe generalized Lie n-derivations
by Lie n-centralizers.

In this paper, we set out the preliminaries in Section 2. We then characterize the structure of a Lie
n-centralizer ¢ (Theorem 3.1) and obtain the necessary and sufficient conditions for ¢ to be proper
(Theorem 3.3). In Section 4, we use the results obtained to determine generalized Lie n-derivations
(Theorem 4.2) and apply our results to some other algebras (Theorem 4.3).
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2. Preliminaries

A Morita context consists of two R-algebras A and B, two bimodules M and N, where M is an
(A, B)-bimodule and N is a (B, A)-bimodule, and two bimodule homomorphisms called the pairings
DOy : M N — Aand Yy : N @ M — B satisfying the following commutative diagrams:

Mz Ny M- A0, M
Ty¥YNu =
M ®z B = M
and
Ney Moy N2 pe, N
IN@D N =
N®sA = N.

If (A, B, M, N, ®n, Yyur) is a Morita context, then the set

G:{(Z ’Z):aeA,meM,neN,beB}

forms an algebra under matrix-like addition and multiplication, where at least one of the two bimodules

M and N is distinct from zero. Such an algebra is called a generalized matrix algebra and is usually
A M .

denoted by G = N B)' Obviously, when M = 0 or N = 0, G exactly degenerates to the so-called

triangular algebra. For a detailed introduction on generalized matrix algebras, we refer the reader

to [9].

La

If A and B are unital algebras with unities 14 and 1, respectively, then ( 0

O) is the unity of
lp

0 O 0 1p
eGe® eGf ® fGe ® fGf, where eGe is a subalgebra of G isomorphic to A, fGf is a subalgebra of
G isomorphic to B, eGf is an (eGe, fG f)-bimodule isomorphic to the bimodule M, and fGe is an
(fGf, eGe)-bimodule isomorphic to the bimodule N.
Let D be a unital algebra with an idempotent e # 0, 1 and let f denote the idempotent 1 — e. In this
case D can be represented in the so-called Peirce decomposition form D = eDe @ eDf & fDe & fDf.
The following property was introduced by Benkovi¢ and Sirovnik in [10].

the generalized matrix algebra G. Set e = (1A O), f = (O 0 ) Then, G can be written as G =

exe-eDf =0 = fDe-exe = exe =0,

2.1
eDf - fxf=0=fxf - fDe= fxf =0.
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Some specific examples of unital algebras with nontrivial idempotents having the property (2.1) are
triangular algebras, matrix algebras and prime algebras with nontrivial idempotents. It is worth
mentioning that generalized matrix algebras can be regarded as special unital algebras with nontrivial
idempotents having the property (2.1) (see [9]). Therefore, (2.1) can be rewritten as follows on the

. . A M
generalized matrix algebra G = ( N B)'
ac€cA, aM =0 and Na=0=a=0,

(2.2)
beB, Mb=0 and bDN=0=b=0.

If G is a generalized matrix algebra satisfying the property (2.2), then the result [11, Proposition 2.1]
tells us that the center of G is

Z(G):{(g g):am:mb,na:bn for all mEM,neN}.

Define two natural projections 74 : G - A and 3 : G — B by 7TA( (Z ’Z)) =aand nB( (Z ’Z)) =b.

It is easy to see that m4(Z(G)) is a subalgebra of Z(A) and that 73(Z(G)) is a subalgebra of Z(B).
According to [11, Proposition 2.1], there exists a unique algebraic isomorphism 1 : m4(Z(G)) —
n3(Z(G)) such that am = mn(a) and na = n(a)n for all a € n14(Z(G)),m € M,n € N.

Let S be a subset of an algebra D. We set

Z,1(S)={a€eS|p,(a,ay,...,a,.1) =0 forall ay,...,a,_1 €S}.

3. Lie n-centralizers

A
Theorem 3.1. Let G = ( be a generalized matrix algebra over a commutative ring R. If an

N B)
R-linear map ¢ : G — G is a Lie n-centralizer, then ¢ has the form

p (a m) _ (fl(a) + ki () g2(m)
n b h3(n) fala) + ky(D))’

where fi :A > A ki :B—>Z, 1(A), g M—> M, h;3 :N—>N, fo :A—>Z, (B)yandk, : B— B are
R-linear maps satisfying the following conditions:

(i) fi is a Lie n-centralizer on A, p,(fi(a),by,...,b,—1) =0, fu(pu(ai,ay,...,a,)) =0, and fi(mn) —
ky(nm) = go(m)n = mhs(n) forall a,ay,...,a, € A, by,by,...,b,_1 € B,me M, n € N.

(i1) k4 is a Lie n-centralizer on B, p,(ki(b),ay,...,a,_1) =0, k{(p,(b1,b,,...,b,)) =0, and ky(nm) —
fa(mn) = ngr(m) = hs(n)m forall ay,...,a,_1 € A, b,by,...,b, € B,me M, n e N.

(i11) go(am) = ag,(m) = fi(a)ym — mfy(a), and g,(mb) = g(m)b = mky(b) — ki (b)ym for alla € A,m €
M,b € B.

(iv) hz(na) = hs(n)a = nfi(a) — fa(a)n, and h3(bn) = bhz(n) = ky(b)n — nk,(b) foralla € A,n € N,b €
B.

AIMS Mathematics Volume 8, Issue 6, 14609-14622.
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Proof. Assume that ¢ has the form
é (a M) _ (fl (@) + g1(m) + hi(n) + k(D) fo(a) + g2(m) + ha(n) + kz(b))
n b) \fs(@+g(m)+hy(n) + ks(b) fa(a) + ga(m) + ha(n) + ka(b))’

where fj:A > A, L:A-> M, 3:A>N,f,:A—>B;gg: M —->A,g:M—>M,g;: M — N,
g4:M —> B;hy :N —>A hy:N>M,h; : N> N,hy: N> B,andk; : B> A,k : B—> M,
ks : B— N, k4 : B— B are R-linear maps. Since ¢ is a Lie n-centralizer, we have

¢(Pn(X1,X2, .. 9Xn)) = Pn(¢(X1)’ XZ’ e 9Xn) (31)
forall X;,X,,...,X, €G.
a 0 0 m 0 0).
Let us choose X = (0 O)’ X, = (0 0), X3=...=X, = (O 13) in (3.1). Then, we get

:¢(pn(Xl7X29 oee 9Xn)) = pn(¢(X1)7 X27 .. 7Xn)

-n([fe Ta)lo o0 1)
Prllf@) fi@)\0 0) "\ 1,
_ (0 filaym —mfi(a)

—\o 0 ’

(8 1(am) g (am))
g3(am) g4(am)

Comparing both sides, we get g,(am) = fi(a)ym — mfy(a) and g,(am) = gz(am) = g4(am) = 0 for all
a € A and m € M. Now, if we set a = 1,, then we find that

g1(m) = gz(m) = g4(m) =0 and g(m) = fi(la)m — mfs(14) (3.2)
.. . 0 m a 0O 0 0).
for all m € M. Similarly, taking X; = (O O)’ X, = (0 O)’ X5=...=X, = (O 13) in (3.1), we have
gr(am) = ag,(m) forallae A,me M.
0 m 0 0 0 O 00 0 m
If we take Xl = (0 0), X2 = (0 b), X3 = ... = Xn = (O 13) and X1 = (O b), Xz = (O O),
X3=...=X, = (8 10 ) in (3.1), respectively, then we obtain
B
0 mb 0 m)b
(O gZ(O )) = ¢(pn(Xl’X2’ e 9Xn)) = pn(¢(Xl)’ XZ’ o ’Xn) = (O g2(0 ) )

and

(8 _gz(()mb)) :¢(pn(Xl’ X29 ceey Xn)) = pn(¢(X1)’ Xz’ Tt X”)

_ 0 kl(b)m—mk4(b)
—\0 0 '

Hence, g,(mb) = g,(m)b = mk4(b) — ky(b)m for all m € M, b € B. In particular, we have
g2(m) = mky(1p) — ki(15)m (3.3)
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forallme M.
) _[a O (00 B B (14 0O).
Setting X, = (O 0), X, = (n 0), X3=...=X, = (0 0) in (3.1), we get

(—hl(na) —hy(na)

—h3(na) —h4(na)) :¢(Pn(X1,X2, X)) = Pn(¢(X1),X2, X))

_( 0 O)
~\falwn-nfi(@ 0}

Comparing both sides, we have hy(na) = nfi(a) — fi(a)n and hy(na) = hy(na) = hy(na) = 0 for all
a € A,n € N. Putting a = 14 leads to

hi(n) = ho(n) = ha(n) = 0 and h3(n) = nfi(14) - fa(ln (3.4)
for all n € N. Similarly, considering X; = (S 8), X, = (g 8), X5=...=X, = (16‘ 8) in (3.1), we
find h3(na) = hs(n)a foralla € A,n € N.

Let us consider X; = (2 8) X, = (8 2) X3=...=X, = (16{ 8) and X; = (8 2) X; = (2 8)
Xz=...=X, = 1(? 8) in (3.1), respectively. Then, we arrive at h3(bn) = bhs(n) and h3(bn) =
k4(b)n — nky(b) for all n € N, b € B. In particular, we obtain

hs(n) = ks(1p)n — nk,(1p) (3.5)
foralln € N.
Let X; = (g 8), X, = (8 [?1), X3 = (8 ;)2), X, = (8 b:)_l) in (3.1). Then, we deduce that

0 :(p(pl’l(Xl’XZ’ o ’Xn)) = pn(¢(X1)’ X27 v 7Xn)

:( 0 f@bib; ... b, )
(=1)"'byey .. babi f5(@)  pu(fa(@), by ... bycy)

foralla € A, by, b,,...,b,_1 € B. It follows that

f@biby ... by = (=1)""'b,_1...bab f5(@) = 0 and p,(fi(a),by,...,b, 1) = 0.

If we take by = b, = ... =b,_; = 15, then we have
fla) = f3(a) =0 (3.6)
forall a € A.
IfX, = (8 2), X, = (Cg 8), X; = (Cg 8) vy X, = (a’b_l 8) in (3.1), then we arrive at

O :¢(pn(XlaX2’ C 9Xn)) = pn(¢(X1)’ X29 QIR aXn)

_(Pulki(B),ay, ... a-1) (1) . arky(b)
B k3(b)a1 7 .| 0 ’

AIMS Mathematics Volume 8, Issue 6, 14609-14622.
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HCIICC, k3(b)a1 ey = (—1)”‘161”_1 .. .Cl]kz(b) = 0 and pn(kl(b),al, e ’an—l) = 0 for all
beB,ay,...,a,-1 € A. Taking a; = ... = a,_1 = 14, we see that ky(b) = k3(b) = 0 for all b € B.

Assume that X; = (Cg 8), X, = (Cg 8) s X, = (%" 8) in (3.1), and then we get from (3.6) that

(fl(pn(al’GZ""7an)) O
0 ‘ﬁ‘(pn(alaaZ""’an))

= pu(d(X)), X5, ..., X,) = (p"(fl(“l)’(;lz, N 8)

) =p(pn(X1, X2,..., X))

for all ay,a,,...,a, € A. From the above relation, we deduce that f; is a Lie n-centralizer on A and
fa(pnlay,as,...,a,)) = 0 for all a,a3,...,a, € A. Similarly, setting X; = (8 1?1)
X, = 8 ]? v X, = (8 : ) in (3.1), we obtain that k4 is a Lie n-centralizer on B and
ki(pn(by, by, .%.,b,,)) = 0 for all bl,nbz, ...,b, €B.

0 m 0 0 0 0)\.
Let us take X;| = (O O)’ Xo=...=X,1 = (0 13), X, = (n 0) in (3.1). Then, we have

(fl (mn) — ki (nm) 0
0 Ja(mn) — k4(nm)

) :¢(pn(X1’X27 cee ’Xn))

- _ [820m)n 0
—pn<¢<xl>,xz,...,xn>—( ; —ngz(m))'

It follows that fi(mn) — ki(nm) = g(m)n and ky(nm) — fy(mn) = ng,(m) for allm € M and n € N.

.. . 00 1, O 0 m). .
Similarly, taking X; = (n O)’ X, =...= X, = ((f O)’ X, = ( O) in (3.1), we obtain that
kqy(nm) — fy(mn) = hs(n)m and f,(mn) — k;(nm) = mhz(n) forallm e M andn € N. O

In the case that G satisfies (2.2), we will show in the next corollary that the conditions
fa(pu(ay,as,...,a,)) = 0 and k((p,(b1,bs,...,b,)) = 0 can be omitted, and k; : B — Z(A) and
f4: A — Z(B) hold.

A M .
Corollary 3.2. Let G = ( N B) satisfy

ac€A, aM =0 and Na=0=a=0,
beB, Mb=0 and bBN=0=b=0.

Suppose that an R-linear map ¢ : G — G is a Lie n-centralizer, and then ¢ has the form

¢(a m) _ (fl(a) + ki (D) g2(m)
n b hs3(n) fala) + ky(D))’

where fi :A > A ky : B—> Z(A), g M - M, h3 : N> N, fu : A —> Z(B)and ky : B — B are
R-linear maps satisfying the following conditions:

AIMS Mathematics Volume 8, Issue 6, 14609-14622.
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(1) fi is a Lie n-centralizer on A, and f;(mn) — ky(nm) = g,(m)n = mhs(n) for allm € M,n € N.
(i1) k4 is a Lie n-centralizer on B, and ky(nm) — fy(mn) = ng,(m) = hs(n)m for allm € M,n € N.

(i11) go(am) = ag,(m) = fi(a)ym — mfy(a), and g,(mb) = g,(m)b = mky(b) — ki (b)ym for alla € A,m €
M,b € B.

(iv) hz(na) = hs(n)a = nfi(a) — fa(a)n, and h3(bn) = bhsz(n) = ky(b)n — nk,(b) foralla € A,n € N,b €
B.

Proof. Since ¢ is a Lie n-centralizer, it follows that ¢ satisfies Theorem 3.1. First, we claim that
g2pu(ar, az, ..., an)m) = pu(filar), az, . .., a)m (3.7)
for all aj,a,,...,a, € Aand m € M. In fact, we can proceed by induction with n. If n = 2, then we can
get from g,(am) = ag,(m) = fi(a)m — mfy(a) that
g([ar, axlm) =ga(araym) — ga(araym)

=fila)azm — aymfi(ar) — ax(fi(a)m — mfi(ar))

=Lf1(a1), azlm.
This shows that (3.7) is true for =n = 2. We now assume that

g (pn-1(ar, ay, . ..,a,-1)m) = py_i(filar), as, ..., a,-1)m. Then,

g(puar,ay, ..., a,)m)

= g2(pn—l(al’ Ay ... Uy_1)pim — anpn—l(al’ az,...,0y_1)M)
= poi(filan), az, ... ap-)a,m — a,go(pu-i(ay, as, . .., a,_1)m)
= pu(filar), aa, . .., ap-1)aym — a,pu_1(fi(ar), az, . .., ay_1)m

= pn(ﬁ(a1)7a2a LI} an)m-
Next, according to g,(am) = fi(a)m — mfy(a) and (3.7), we have
.f](pn(a], ... ’a”))m - mf;‘(pl’l(ah az, ..., an))
= go(pn(ay, ay, ..., a,)m)

= pa(filar), az, ..., a,)m

for all aj,a,...,a, € A and m € M. Since f; is a Lie n-centralizer on A, we have
filpu(ay, an, . .., a,)) = pa(fi(ar),az, ..., a,). This implies that M f,(p,(a,,as, ..., a,)) = 0. Similarly,
we obtain fy(p,(ai,as,...,a,)) N = 0 for all aj,a,...,a, € A. Finally, we arrive at
fa(pu(ai,as,...,a,)) = 0 from the hypothesis. In an analogous way, we can easily get that

ki(p(by,b,,...,b,)) =0forall by,b,,...,b, €B.
According to the condition (iii) of Theorem 3.1, we have
fil@ymb — mb fi(a) =g>(amb) = (fi(a)m — mfs(a))b
=fi(@mb — mfi(a)b
foralla € A,m € M,b € B. It follows that M(bfs(a) — fi(a)b) = 0. Similarly, by the argument above
and the condition (iv) of Theorem 3.1, we get (bfs(a) — fa(a)b)N = 0. Therefore, b fy(a) — fa(a)b = 0.

This yields that fy(a) € Z(B) for all a € A. In a similar way, we can deduce that k,(b) € Z(A) for all
b € B. O

AIMS Mathematics Volume 8, Issue 6, 14609-14622.
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Now we give the necessary and sufficient conditions for a Lie n-centralizer on a generalized matrix
algebra to be proper.

A M
Theorem 3.3. Let G = ( N B) be a generalized matrix algebra over a commutative ring R. Suppose

that G satisfies the following conditions:
acA, aM =0 and Na=0=a=0,

beB, Mb=0 and bN=0=b=0.
If an R-linear map ¢ : G — G is a Lie n-centralizer, then the following statements are equivalent:

(i) ¢ is a proper Lie n-centralizer, that is, $(X) = AX + 0(X) for all X € G, where A € Z(G) and
0 : G — Z(G) is a linear map which annihilates all (n — 1)-th commutators.

(i) fa(A) € 7p(Z(G)), and ki(B) € maA(Z(G)).
(i) fa(14) € mp(Z(G)), and ki(1p) € m4(Z(G)).
Proof. According to Corollary 3.2, ¢ has the following form:
o (a M) _ (ﬁ(a) + k(D) g2(m) )
hs(n) Ja(a) + ki (D))"

n b
where fi : A > A,k : B— Z(A),g,: M > M,h3; : N - N, f, : A - Z(B) and k4 : B — B are linear
maps with the properties mentioned in Corollary 3.2.
(i)=(ii). Suppose that ¢ is a proper Lie n-centralizer on G. Then, there exists an element 4 =

(C(l)l . ((c)l )) € Z(G) and a linear map 6 : G — Z(G) such that ¢(X) = AX + 6(X) for all X € G, where
1

a, € 74(Z(G)). Now, let us take X = (nOa “(’;”) € G and 6(X) = (“02 . (g )), a> € 74(Z(G)), and then
2
we have
500 = ( 0 82(61’")) _ ( 0 fitaym - mf4(a))
hs(na) 0 nfi(a) — faa)n 0
and

— _ (a1 0 0 am @ 0
¢(X)_/1X+9(X)_(O n(al))(m o)+(0 n(az))

_( a, alam)
n(apna n(ay)
for all ay,a, € m4(Z(G)), a € A, m € M, n € N. Comparing the above relations, we conclude that
filaym — mfy(a) = ajam and nfi(a) — fi(a)n = n(a,)na = na,a. Thus,
(fi(a) — ara)ym = mfy(a) and n(fi(a) — a1a) = fa(a)n

for all a; € m4(Z(G)), a € A, m € M, n € N. By the definition of Z(G), we obtain fy(a) € np(Z(G)) for
all g € A.

AIMS Mathematics Volume 8, Issue 6, 14609-14622.
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_ 0 mb _ (a3 0 .
If we choose X = (bn 0 ) and 0(X) = (O 77(613))’ as € ma(Z(G)), then we arrive at

_( 0 gmb) _ 0 mky(b) — ki(D)m
o) = (hg(bn) 0 ) - (k4(b)n — k() 0 )

and

(X)) = AX +6(X) = ( as a1mb)

n(a)bn n(as)

for all a1,a; € mA(Z(G)), m € M, n € N, b € B. Combining the last two equations, we find that
mky(b) — ki (b)ym = aymb = mn(a,)b and k4(b)n — nky(b) = n(a,)bn. It follows that

m(ks(b) —n(a)b) = ky(b)m  and  (ks(b) — n(a))b)n = nk, ()

for all a; € m4(Z(G)),m € M,n € N, b € B. Hence, k|(b) € n4(Z(G)) for all b € B.
(i1)=(ii1) It is clear.
(ii1)= (1) According to the hypothesis, we define

1= (ﬁ(h) =7 (fa(la) 0 )
0 ka(1p) — n(ki(1p)))

We claim that A € Z(G). Indeed, using (3.2)—(3.5), we get
[iLm =7 (fa(1a)m = ga(m) = mky(1) — mn(ki(1p)),
nfi(1a) = n ' (fa(10)) = ha(n) = ka(15)n — nky(15))n

forallm € M, n € N. It follows that A € Z(G).
Suppose that 0(X) = ¢(X) — AX for all X € G. We assert that (X) € Z(G). Applying Corollary 3.2
yields that

(fite) - Ailla+ ' (faa))a O )
o _( 0 fila)

N (kl(b) 0 )
0 ka(b) — ka(1p)b + (ki (1p))b)

Moreover, according to Corollary 3.2, we get

(fia) = filwa + 7' (fa(La)aym — mfi(a)
=fil@m — mfiy(a) + amfy(14) — fi(1la)am
=g2(am) — gy(am) = 0,

n(fi(a) - fillpa+ 17 (fa(la)a) — filan
=nfi(a) — fil@n + fi(la)na — nfi(1x)a
=h3(na) — h3(n)a = 0,
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m(k4(D) — ka(1p)b + 1(ky (15))b) — k1 (D)m
=mk4(b) - kl(b)m + kl(lg)mb — mk4(13)b
=g2(mb) — g2(m)b = 0

and

(ka(D) = ka(1p)b + (k1 (15))D)n — nky(b)
:k4(b)n - I’lk](b) + bl’lkl(lg) — k4(13)bn
=h3(bn) — h3(bn) = 0.

From the above expressions, we have

(fl @~ fillya+n'(fala)a 0O

0 f4(a)) € 2(6)

and
ki (D) 0
( 0 ka(D) — ka(1p)b + n(k1(15))D
Thus, 8(X) € Z(G) for all X € G.
Finally, by the fact that ¢ is a Lie n-centralizer and ¢(X) = AX + 6(X), we obtain

) € Z(G).

9(pn(Xl’X2’ cee ’Xn)) = ¢(pn(X1’X2’ cee ’Xn)) - ﬂpn(Xl’XZ’ o ’Xn)
= pn(¢(X1), X2a cee aXn) - /lpn(XlaXZ’ oo ,Xn)
= pn(/lXI + G(Xl)a XZ’ o ’Xn) - /lpn(Xl,XZ, o ’Xn)
=0

for all X;,X,,...,X, €G. m|

A M
Theorem 3.4. Let G = ( N B) be a generalized matrix algebra over a commutative ring R. Suppose

that G satisfies the following conditions:
acA, aM =0 and Na=0=a=0,
beB, Mb=0 and bN=0=b=0.
If we assume that
(i) mp(Z(G)) = Z(B) or p,(A,A,...,A) = A,
(il) ma(Z(G)) = Z(A) or p,(B,B,...,B) = B,
then an R-linear map ¢ : G — G is a Lie n-centralizer if and only if ¢ is proper.

Proof. Let ¢ be a Lie n-centralizer. Suppose that m3(Z(G)) = Z(B), and then it follows from
Corollary 3.2 that f;(A) € Z(B) = np(Z(G)). That is, fi(A) C np(Z(G)). If p.(A,A,...,A) = A, then
we can get fi(A) = fi(p.(A,A,...,A)) = 0 from the proof of Corollary 3.2. Therefore,
f1(A) € mp(Z(G)). Similarly, by the condition (i), we have k;(B) C m4(Z(G)). It follows from
Theorem 3.3 that ¢ is proper. The converse is clear. O
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4. Applications

In this section, we refer to some applications of Theorem 3.4. First, we characterize generalized
Lie n-derivations on generalized matrix algebras. Let D be an algebra. An R-linear map ¢ : D — D
is called a Jordan derivation if it satisfies Y(x o y) = ¥(x) oy + x o y(y) for all x,y € D. We say
that a Jordan derivation ¢ : D — D is a singular Jordan derivation according to the decomposition
D =eDe +eDf + fDe + fDf if y(eDe + fDf) = 0, Yy(eDf) C fDe, y(fDe) C eDf. Benkovi¢ and
Eremita in [12] introduced the following useful condition:

[x,D] € Z(D) = x € Z(D) forall xeD. 4.1)

Note that (4.1) is equivalent to the condition that there do not exist nonzero central inner derivations
of D. The usual examples of algebras satisfying (4.1) are commutative algebras, prime algebras, and
triangular algebras. To prove our result, we need the following lemma.

Lemma 4.1. Let D be an algebra. The linear map @ is a generalized Lie n-derivation with an
associated Lie n-derivation VY if and only if ® — ¥ is a Lie n-centralizer.

Proof. Suppose that @ — ¥ is a Lie n-centralizer. Set ¢ = ® — V. It follows that

O(pu(x1, X2, - -+, X)) =V (Pu(X1, X2, - -5 X)) + P(P(x1, X2, - - -, X))
=pa(Y(x1), X2, . ., X)) + pa(x1, F(x2), .. o5 X)
+ .o+ pulxr, X, ., P (X)) + pa(d(x), X2, .00y Xy)
=pa(@(x1), X2, - - -, Xp) + pu(x1, F(x2), .. ., Xn)
+ ..o+ pulxr, xo,. ., (X))

for all x{, x5, ..., x, € D. Hence, ® is a generalized Lie n-derivation with an associated Lie n-derivation
Y. The converse is clear. O

According to [13, Theorem 2.1], we have the following result.

Theorem 4.2. Let G = (A

N B) be an (n — 1)-torsion free generalized matrix algebra satisfying the

following conditions:

acA, aM =0 and Na=0=a=0,
beB, Mb=0 and bBN=0=b=0.

Let us assume that
(1) ma(Z(G)) = Z(A) and np(Z(G)) = Z(B).
(i1) Either A or B contains no central ideals.
(ii1) Either A or B satisfies (4.1) when n > 3.

Then, every generalized Lie n-derivation ® : G — G with an associated Lie n-derivation ¥ is of the
form O(X) = AX + d(X) + ¥w(X) + v(X), where A € Z(G), d : G — G is a derivation, ¥ : G = G is a
singular Jordan derivation, and vy : G — Z(G) is a linear map that vanishes on p,(G,G,...,G).
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Proof. By Lemma 4.1, ¢ = ® — ¥ is a Lie n-centralizer on G. According to Theorem 3.4, we have
d(X) = AX + 0(X) for all X € G, where A € Z(G), and 6 : G — Z(G) is a linear map which annihilates
all (n—1)-th commutators. It follows from [13, Theorem 2.1] that ¥ = d+y + 71, where d is a derivation,
Y 1s a singular Jordan derivation, and 7 : G — Z(G) is a linear map such that 7(p,(G, G, ...,G)) = 0.
Define y = 6 + 7. It follows that y : G — Z(G) is a linear map satisfying y(p,(G, G, ...,G)) = 0 and

O(X) =¥(X) + ¢(X)
=d(X) + ¥(X) + 7(X) + AX + 6(X)
=AX +d(X) + y(X) + y(X)

forall X € G. O
In view of [9] and [14], we obtain the following
Theorem 4.3. Let G be any of the following algebras:
(1) M,(A) (n = 2), the full matrix algebra over A, where A is a 2-torsion free unital algebra.

(i1) T,(A) (n > 2), the upper triangular matrix algebra over A, where A is a 2-torsion free unital
algebra.

(i) B,z(A) (n = 3), the block upper triangular matrix algebra defined over A with B,;(A) # M,(A).
(iv) Standard operator algebra on a complex Banach space.

(v) Factor von Neumann algebra.

(vi) Nontrivial nest algebra on a complex Hilbert space.

Then, an R-linear map ¢ : G — G is a Lie n-centralizer if and only if ¢ is proper.

5. Conclusions

This paper gives the notion of Lie n-centralizers and characterizes the structure of a Lie n-centralizer
¢ on a generalized matrix algebra. The necessary and sufficient conditions for ¢ to be proper are
obtained. Using the results obtained, we can determine generalized Lie n-derivations on a generalized

matrix algebra and Lie n-centralizers on some other algebras.
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