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1. Introduction

Frigyes Riesz [1] first discovered the fundamental ideas of proximity spaces in 1908. Later, in 1934,
Efremovich [2] resurrected and axiomatized this theory, which was later printed in 1951. Numerous
studies on proximity spaces have been conducted over the years [3-6]. Smirnov [5] explained the
relationship between proximities and uniformities, as well as the relationship between the proximity
relation and topological spaces.

Inspired by [7], Kostic [8] introduced fixed point theory and defined the concepts of w-distance
and wy-distance in proximity space. For more details on w-distance, see [9]. Naimpally et al. and
Sharma [10, 11] have also done studies on proximity spaces and their examples. Qasim et al. [12] give
the theorems of Matkowski and Boyd-Wong in proximity spaces.

Geraghty [13] established a class of functions in 1973, which he designated as the set of functions.
Khan et al. [14] introduced the idea of an altering distance function. Alsamir et al. [15] gave some
common fixed point teorems in partially ordered metric-like spaces.

Moreover an important development is reported in fixed point theory via some applications.
Hammad et al. [16-18] utilized some fixed point techniques to solve differential and integral
equations.

In this study, we give some common fixed point results via generalized (y,5)-Geraghty contraction


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2023743

14542

mappings in proximity spaces and an application of the existence of a unique solution of an integral
equation.

2. Preliminaries

In this section, we will include the basic definitions and theorems that will be necessary in the
following parts of our work.

Definition 2.1. [5] Suppose Q is a set and § is a relation on the set 2. If the following hold, the pair
(Q, 6) is considered to be in a proximity space: for any A, B, C € 2%, where 2 is the power set of Q.

(p1) AOB = BOA,

(p2) A6GB= A,B #0,

(p3) A6(BU C) & AdB or A6C,

(ps) ANB # 0 = AJB,

(ps) For all y € Q, Ady or B6(Q2 — y) implies AdB.

We shall write all ¢ € Q and A C Q as £0A and A€ rather than {£}0A and Ad{€}, respectively.
If é6p means that € = u for every &, u € €, then the proximity space (€2, ) is said to be separated.
Generalizations of uniform features are used to describe the characteristics of proximity spaces, metric
and topological continuity qualities, respectively.

Any proximity relation on a non-empty set 2 induces a topology 75 through the Kuratowski closure
operator. When applied to all A € Q , the Kuratowski closure operator can be described as cl(A) = {£ €
Q : £6A}. The topology 75 in this situation is always completely regular and if (€2, 0) is separated, it is
Tychonoff.

If (Q, 1) is a topological space and ¢ is a proximity on € such that 75 = 7, it is said that 7 and ¢
are compatible. Every completely regular topology on a nonempty set €2, has a compatible proximity.
Also, we obtain £6{&,} if a sequence {&,} converges to a point & € Q with regard to the induced topology
7s5. Additionally, each uniform space (2, U) is associated with a proximity structure that is described
by forall A, B C Q, A6Bif (Ax ByN C # 0 for all C € U. See [10, 11] for more information.

Example 2.1. [12] Give us a metric space (X, p). Take into account the relation & on 2,
AOB & p(A,B) =0and p(A, B) = inf{p(u,v) :u € A,v € B}.

0 is thus a proximity on Q. Additionally, the metric topologies 7, and ¢ are compatible.

In order to get the proximity space version of the Banach fixed-point theorem, Kostic [8] defined
the concepts of w-distance and wy-distance, which were inspired by [7].

Definition 2.2. [8] Let w : Q X Q — [0, o) be a function and (€2, 6) be a proximity space. Then w is
a w-distance on Q, if the axiom below is true:

(wy) if w(n,A) = 0and w(n, B) = 0 imply AéB forallnp € Qand A, B C Q, when w(n, A) = inf{w(n,¢) :
& €Al
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Definition 2.3. [8] A w-distance on a proximity space (€2, 9) is also referred to as a wy-distance if the
axioms below are true:

(WQ) For any é:’ M1 € Q’ W(é:,ﬂ) < W(f’ '7) + W(U, ,Ll),

(w3) Since w is lower semicontinuous in both variables with regard to 75, we get

w(&, p) < liminfw(é', pu) = supinfw(€', p),
&—¢ £'eB

Be’Ll‘f
and
w(u, &) < liminfw(u, &) = supinfw(u, &),
¢ &'eB

BE(L{g

where U, is a base of neighborhoods of the point & € €.

Remark 2.1. [12] Itis evident that for every sequence {£,} convergent to & with respect to 75, w(&, i) <
liminfw(¢,, ) and w(u, &) < liminfw(u, &,) exist. This is true if w is lower semicontinuous in both
variables with respect to 7;.

Example 2.2. [12] Let Q = R possess the usual metric as well as the proximity ¢ specified in
Example 2.1. Definition of wy, w,:Q X Q — [0, o) by

€1+ [l
2 b

wi(€, w) = max{|é], |ul} and wy (&, p) =
both w; and w, are wy-distance on Q.

Lemma 2.1. [7,8] Let (€, 6) be a space of proximity with w-distance w. The following properties are
then true:

(1) If (Q,9) is separated, then w(n, &) = 0 and w(n, u) = 0 imply & = p,

(i) Ifw(n, &) = 0and w(n,&,) — 0asn — oo, then {&,} subsequently converges to & with respect to Ts.
Definition 2.4. [15] Let (€2, <) be a partially ordered set and g, s : Q — Q be two mappings. Then
(i) The elements &, u € Q are called comparable if & < u or u < & holds,

(ii) g is called nondecreasing i.e., if & < y implies g€ < gu,

(iii) The pair (g, h) is weakly increasing if g¢ < hgé and hé < ghé for all £ € Q,

(iv) The mapping g is weakly increasing if the pair (g, /) is weakly increasing, where / is denoted to
the identity mapping on Q.

Definition 2.5. [15] Let (Q, <) be a partially ordered set. Q is called regular, if whenever {n,} is a
nondecreasing sequence in Q w.r.t. < such thatn, — n, then n, < n for Vn € N.

Definition 2.6. [13] If {x,} is a sequence in [0, o) with a(x,) — 1, then x,, — 0. The set of functions
a : [0,0) — [0, 1) which holds the condition is denoted with a class of functions II.

Definition 2.7. [14] If the circumstances below are true;
(i) ¢ is continuous and non-decreasing,
() y(x) =0 x =0,

afterward, the function ¢ : [0, c0) — [0, c0) is referred to as an altering distance function.
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3. Main results

The following lemma is introduced at the beginning of this section and will be used to prove our
main results.

Lemma 3.1. Let (Q,0) be a separated proximity space with wy—distance w and {n,} be a sequence
in Q such that lim w(n,,1,+1) = 0. If lim w(n,,n,) # 0, then there exist € > 0 and two sequences
n—+00 n,m—+00

{ni} and {my} of positive integers with ny > my > k such that following three sequences {w(&an,, Eam,)}s
W15 Eam )} W€y Eams1)} converge to r* when k — oo.

Proof. Let {n,} C Q be a sequence such that
lim w(17,,1,41) = 0and lim w(n,, n,) # 0.
n—+00 n,m—+00

Then there exist r > 0 and two sequences {n;}, {m;} of positive integers such that the lowest positive
integer, ng, for which ny > my > k, w(n2,,, 12, ) = r. This means that w(12,,-2, 2, ) < r. The triangular
inequality implies that

r < W(Uan ) 772mk)
< W Nane Mame—1) + W(M2n—1, Mome—2) + W2 =25 Mom,)
< W(n2nk» 772nk—1) + W(n2nk—la nan—Z) +r.

Letting k — oo in the above inequalities, implies that
lim W(§2nk7§2mk) = r+'
n—+oo
Once more, we may determine that
(Wi, Exmer1) = WEans Eam)| < Wy, Exmys)
from the triangular inequality. In the inequality above, if we let k — oo go, we get
kl_i)rgow(San’§2mk+l) =r".
Similarly, one can easily show that
lim W(é:an—la mek) = r+'
k—+00
O

Definition 3.1. Let (€, <) be a partially ordered set, (€2,0) be a separated proximity space with
wo—distance w and g,h : Q — Q be two mappings. If @ € II, y € ¥ and a continuous function
B :[0,00) — [0, ) exists with B(¢) < ¥ (¢) for all £ > O such that

Y(W(gg, hi)) < a(Ke )B(Ke ), (3.1

holds for all comparable elements &, u € QQ, where

K, = max{w(&, p), w(gg, &), wiu, )},

we may then state that the pair (g, 4) is of the generalized (¢,3)-Geraghty contraction type.
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Theorem 3.2. Let (Q, <) be a partially ordered set, (£,0) be a separated proximity space with
wo—distance w and g, h : Q — Q be two mappings that meet the requirements listed below:

(i) The pair (g, h) is weakly increasing,
(ii) The pair (g, h) is generalized (,)-Geraghty contraction type,
(iii) Either g or h is continuous,

(iv) For all n € Q, any iterative sequences {g"n} and {h"n} have convergent subsequences with respect
to Ts.

Then g and h have a common fixed point v € Q with w(v,v) = 0. Furthermore, assume that if n,
u € Q such w(n,n) = w(u,u) = 0 implies that n and u are comparable then the common fixed point of
g and h is unique.

Proof. Let &, € Q, & = g&y and &, = h&). By continuing in this manner, we create a sequence {&,} C
defined by &,11 = g&>, and &,,40 = hé,,41. Since the pair (g, h) is weakly increasing

E1=g& 2 hgéy =& =86 = ... 2 hgbr, = Epan 2.

Thus &, < &4 for all n € N. If there exists some / € N such that w(&,,,, £,,+1) = 0. Hence & = &4
and gé&,; = &y;. To show that h&y; = & it is enough to show that &) = &1 = &x42. Assume

W(&a141, E2140) # 0 and w(érrin, E2141) # 0.

Since &y < &41, then by (3.1) we have

YW(éarr, E2142)) Y(w(géas, hérii))

< Ky, B Ky 1.

= a(max{w(&, &), W&o, 8620), W(&arr1, héaii1)})
Blmax{w (&, Eari1), W(&ar, 8621), W(Eair1, &)Y

= a(max{w(&a, Ea11), W(Eas Ea1v1), W(Ea141, E2142)})

Blmax{w(&a, E2141), W(éais Eais1)s Wi, E2142)})

= a(w(éa1,E02))BW (a1, E2142))

< BW(&as1,E2142))

< YyW(&aur1,E12))s

which is a contradiction. So w(&y41,&242) = 0 and similarly w(&y42, &21) = 0. That is & = &4 =
&142- Thus & is a common fixed point for g and 4. We now presume that

W(é‘:n, §n+l) * 0 and W(§n+la§n) * 0

for all n» € N. When n is even, n = 2¢ follows some ¢t € N

YW(&p, Eni1)) YW(&as, Exr41))

Yy(W(g€as, hé2i-1))
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IA

a(max{w(&-1, &) W(&ar-1, héar-1), w(&ars 862001
Bmax{w(&a-1, &20), W(Er-1, hé2r-1), W&o, 8621)})
= a(max{w(&a-1, &x), W&o, E2+1)})
Bmax{w(&a-1, &), W(&ars Ex+1)})
< Bmax{w(&z-1, &20), W&o, E2141)})- (3.2)

Assume
max{w(&x—1, Ex)s W(Enrs Ex1)} = W, E2141)-

By (3.2), we get
YW, E2i41)) < YW, E241))s

which is a contradiction. Thus,

max{w(&xy—1, ), W&o, Exie1)} = W(Eai—1, E20).

Therefore

YW (&an, Eane1)) < Y(W(E2n-1,€2n))- (3.3)

Because ¢ is an altering distance function, we draw the conclusion that

W(&ny Ene1) < W(Ern-1,E20)

is true for every n € N. n = 2t + 1 for some ¢ € N if n is odd. By (3.1) we have

YW(&ari1, E2142))
Y(W(g&ar, hérs1))
a(max{w(&a, Ev1)s W&o 8620), W1, héa1)})
Bmax{w(&a, E2+1), W&, 8€20)s W(Eari1, héari1)})
a(max{w(&a, §241), W15 E2142)})
Blmax{w(&a, Exv1), W1, E242))
< Bmax{w(&ay, Exr41)s W(Earr1, E2r02)})- (3.4)

YW(&ns Ens1))

IA

Assume that

max{w(&a, £xr41), W(Eair1, Ex42)} = W(&arat1, Exri2)-

By (3.4) we get
YW(&r1, E2142)) < Y(W(E2s115 E2142)),

which is a contradiction. Then,
max{w(&a, Exr41), W41, E2142)} = W(&ar, Enpr1)-

Thus,
YW, Enr1)) <Y W(En-1,60))-

We conclude that
W(&ant1,Ems2) < Wy Exns1) (3.5)
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holds for all n € N since ¢ is an altering distance function. The result of combining (3.3) and (3.5) is
that

W(é:n’ §n+l) < W(é‘:n—l’ é:n)

holds for all n € N. The sequence {w(&,, &,+1)} 1s hence a decreasing sequence. Therefore, v > 0 exists
such that limw(&,, &,,1) = v and the sequence {w(&,, &,.1)} 1s a decreasing sequence.

We now have proof that v = 0. Consider the contrary, which is v > 0. We get

lﬁ(W(fn, §n+l)) < Q/(W(fn—l s gn))ﬁ(w(fn—l’ gn))

from (3.2) and (3.4). The inequality above indicates that ¥(v) < B(v) < ¥(v) if the lim sup is taken.
This is a contradiction. Therefore, v = 0. This implies that

W(fm §n+1) — 0asn — oo.
In a similar way, we can get

W(&nr1,€n) = 0asn — oo
We can now prove that

lim w(¢,,&,) =0and lim w(,,&,) = 0.

Assume that
lim w(&,,&,) # 0.

Using Lemma 3.1, there exist r > 0, two sequences {&,,} and {&,,} of {£,} with 2ny > 2my > k such
that the three sequences {W(&x,, Eam )}y (W(Eni—15 Eomy)}s (W(Eany> E2m+1)} converge to r™ when k — oo.
From (3.1) we have

YW(gamy> h&an-1))
- al(K.{:ka sznk—l )ﬂ(K‘,mek»onk—l )’ (36)

Y(W(Eang> Exm+1))

A

where
Ke,, &, = max{w(&on—1,Eom,), W(Ean—1, héan—1), W(Eamy 8&2m )}
= max{w(&an-1, Eom)> W(&ane-15 E2n)s W(Eames Eamr1)}-
Letting k — oo in (3.6) and using the properties of ¢, @ and 3, we deduce that
Y(r) a(r)p(r)

B(r)
w(r),

IA

IN A

a contradiction. Therefore
lim w(&,,&,) = 0.
n,m— oo

We can get lim w(é,,&,) = 0 in a similar way. According to (iv), if the sequence {£,} has a

subsequence {&,} that is convergent with regard to 75 to some 1 € €, then we get

w(p, &) < lim inf w(&,, &) = 0 (3.7
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and symmetrically, we obtain
W(&no) < lim inf (&, &,) = 0.

Since g or A is continuous, we get

Hmw(&yer, i) = limw(g&,, h) = wign, hnp), (3.8)
limw(gn, &.1) = limw(gn, he,) = w(gn, hn). (3.9)
Thus,
Hmw(&y, hmp) = win, hn), (3.10)
limw(gn, &,41) = wign, n)- (3.11)

Combining (3.8) and (3.10), we conclude that w(n, hn) = w(gn, hn). Also, by (3.9) and (3.10) we
deduce that w(gn, ) = w(gn, hn). So,

w(n, hn) = w(gn,n) = w(gn, hn). (3.12)

We now demonstrate how w(gn, ) = 0 and w(n, hn) = 0. Suppose that, on the contrary, is w(n, hn) > 0
and w(gn,n) > 0. Thus, we get

y(w(n, hn)) w(w(gn, hn))
(K, B(K,,,)
BK,)

U(K,,), (3.13)

IA

IN A

and

Y(w(gn, hn))

(K, )B(K;, )

B(Ky.y)

W(Kyy), (3.14)

Y(w(gn,n))

IA

IAN A

where

>~
I

- max{w(n,n), w(gn,n), w(n, hn)}
max{w(gn, n), w(n, hn)},

which is a contradiction. Thus we obtain w(gn,n) = 0 and w(n, hn) = 0. Hence gn = n, n = hn. So,
is a common fixed point of g, A.
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We assume that u is yet another fixed point of g and 4 in order to demonstrate the uniqueness of the
common fixed point.
We now show that w(u, u) = 0. On the contrary, suppose that is w(u, u) > 0.

Y(w(u, u)) Y(w(gu, hu))
a(w(u, w)Bw(u, u))
Bw(u, u))

Y(w(u, u))

IA

IN A

is a contradiction because of u < u. Hence w(u, u) = 0.
So get the conclusion that 7 and u are comparable on the additional requirements on Q.
We suppose that w(n, u) # 0.

Y(w(n, u)) (w(gn, hu))
a(w(n, u))B(w(n, u))
Bw(n, u))

Y(w(n, u)),

IA

IN A

and

Y(w(u,mn)) Y(w(gu, hn))
a(w(u, n)Bw(u,n))
Bw(u,n))

Y(w(u, 1)),

IA

IN A

this is a contradiction. Thus w(n,u) = 0 and w(u,n7) = 0. Hence u = n. Thus g and & have a unique
common fixed point. O

Theorem 3.3. Let (QQ,<) be a partially ordered set, (£,0) be a separated proximity space with
wo—distance w and g, h : Q — Q be two mappings that meet the requirements listed below:

(i) The pair (g, h) is weakly increasing,
(ii) The pair (g, h) is generalized (,3)-Geraghty contraction type,
(iii) Q is regular,

(iv) For all n € Q, any iterative sequences {g"n} and {h"n} have convergent subsequences with respect
1o Ts.

Then g and h have a common fixed point v € Q with w(v,v) = 0. Furthermore, assume that if n,
u € Q such w(n,n) = w(u,u) = 0 implies that if n and u are comparable, then the common fixed point
of g and h is unique.
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Proof. After proving T heorem 3.2 we create a a sequence {£,} C Q such that
&, — veQwithw(y,v) =0.

Since Q is regular, &, < v foralln € N.
Therefore, the elements &, and v are comparable for any n € N.
We now show that w(v, hv) = 0.
Suppose to the contrary, that is

w(, hv) > 0.
By (3.1), we have

YyW(&ons1, hv))

Y(w(g&am, hv))

a(max{w(&a,, v), w(&an, 8621), w(v, hv)})
B(max{w(&an, v), W(&an, 8€20), w(v, hv)})
a(max{w(&a,, v), W(&an, E2041), WV, hv)})
B(max{w(&zn, v), W(&ans E2nr1), WV, hV)}).

IA

Letting n — oo in above inequalities, as a result, we say
Y(w, hv)) < aw(v, hv)Bw(v, hy)).
Utilizing the properties of ¢, a and 3,
Yyw(v, hv)) < g(w(v, hv)),

a contradiction.

Thus, w(v, hv) = 0 that is v is a fixed point of 4.

We can prove that is v is a fixed point of g by using arguments similar to those used above. Similar
arguments to those used in the proof of Theorem 3.2 are used to establish the uniqueness of the
common fixed point of g and A. O

Corollary 3.1. Let (Q,<) be a partially ordered set, (€2,0) be a separated proximity space with
wo—distance w and g : Q) — Q be a mapping that meet the requirements listed below:

(i) There exist a € I1, ¥ € Y and a continuous function 8 : [0, 00) — [0, c0) with B(t) < ¥(¢) for all
t > 0 such that

Y(w(gu, g8)) < a(max{w(u,&), wé, g&), wigu, 1)})
B(max{w(u, &), wé, g&), w(gu, )},

holds for all comparable elements u, & € Q,

(i) g& < g(gé) forall & € Q,

(iii) g is continuous,
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(iv) For all n € Q, any iterative sequence {g"n} has convergent subsequences with respect to T;.

Then g has a fixed point v € Q with w(v,v) = 0. Furthermore, assume that if n,u € Q such
w(n,n) = w(u,u) = 0 implies that n and u are comparable then the fixed point of g is unique.

Proof. Theorem 3.2 implies that by inserting & = g. O
Corollary 3.2. Let we take that
(iii) Q is regular,
Instead of (iii) in Corollary 3.1, again we can have the same result.
Proof. Theorem 3.3 implies that by inserting & = g. O

Corollary 3.3. Let (Q,<) be a partially ordered set, (€,0) be a separated proximity space with
wo—distance w and g, h : Q — Q be two mappings that meet the requirements listed below:

(i) There exist a € I, ¥ € Y and a continuous function B : [0,00) — [0, c0) with B(t) < W(t) for all
t > 0 such that

Y(w(gp, hé)) < aw(u, £))Bw, £))

holds for all comparable elements u, & € Q,
(ii) The pair (g, h) is weakly increasing,
(iii) Either g or h is continuous,

(iv) For all n € Q, any iterative sequences {g"n} and {h"n} have convergent subsequences with respect
1o Ts.

Then g and h have a common fixed point v € Q with w(v,v) = 0. Furthermore, assume that if n,
u € Q such w(n,n) = w(u,u) = 0 implies that n and u are comparable then the common fixed point of
g and h is unique.

Corollary 3.4. Let (Q),<) be a partially ordered set, (Q,0) be a separated proximity space with
wo—distance w and g, h : Q — Q be two mappings that meet the requirements listed below:

(i) There exist a € I1, ¥ € Y and a continuous function 8 : [0, 00) — [0, c0) with B(t) < ¥(t) for all
t > 0 such that

Y(w(gp, hé)) < aw(u, £)Bw, £))
holds for all comparable elements u, & € Q,

(ii) The pair (g, h) is weakly increasing,
(iii) Q is regular,

(iv) For all n € Q, any iterative sequences {g"n} and {h"'n} have convergent subsequences with respect
to Ts.
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Then g and h have a common fixed point v € Q with w(v,v) = 0. Furthermore, assume that if n,
u € Q such w(n,n) = w(u,u) = 0 implies that n and u are comparable then the common fixed point of
g and h is unique.

Corollary 3.5. Let (Q,<) be a partially ordered set, (€,0) be a separated proximity space with
wo—distance w and g : Q — Q be a mapping that meet the requirements listed below:

(i) There exist a € I1, ¥ € Y and a continuous function 8 : [0, 00) — [0, c0) with B(t) < ¥(t) for all
t > 0 such that

Y(w(gu, 88)) < aw(u, £))Bwu, £))
holds for all comparable elements u, & € Q,

(ii) g& < g(g&) forall & € Q,
(iii) g is continuous,
(iv) For all n € Q, any iterative sequences {g"n} has convergent subsequences with respect to Ts.

Then g has a fixed point v € Q with w(v,v) = 0. Furthermore, assume that if n, u € € such
w(n,n) = w(u,u) = 0 implies that n and u are comparable then the fixed point of g is unique.

Corollary 3.6. Let (Q),<) be a partially ordered set, (,0) be a separated proximity space with
wo—distance w and g : Q0 — CQ be a mapping that meet the requirements listed below:

(i) There exist « € I, ¥ € Y and a continuous function B : [0, 00) — [0, c0) with B(t) < W(t) for all
t > 0 such that

Y(wigu, g&)) < aw(u, £))Bw, £))

holds for all comparable elements u, & € Q,

(i) g& =< g(g&) forall & € Q,
(iii) Q is regular,
(iv) For all n € Q, any iterative sequence {g"n} has convergent subsequences with respect to T;.

Then g has a fixed point v € Q with w(v,v) = 0. Furthermore, assume that if n, u € CQ such
w(n,n) = w(u,u) = 0 implies that n and u are comparable then the fixed point of g is unique.

Example 3.1. Let Q = {0, 1, 2} be equipped with the following partial order <,
<:=1{(0,0),(1,1),(2,2),(1,0)}.
Also, let Q be endowed with the usual metric and the proximity ¢ on 2 as
AdB & p(A, B) = 0,where p(A, B) = min{p(u,v) : u € A,v € B}.

Define w : Q x Q — [0, 00) by
w(é, w) = max{|g], [ul},
w(0,0) =0,w(1,1) =1,w(2,2) =2,w(0,1) =w(1,0) = 1,w(0,2) = w(2,0) = 2,w(1,2) = w2, 1) = 2.
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It is easy to see that (€2, 6) be a separated proximity space with w, distance w.

Also define g,h : Q — Q with g(0) =0, g(1) =0, g(2) =1 and h(0) =0, h(1) = 1, h(2) = 0. It is
simple to observe that g and h are continuous and that the pair (g, /) is weakly increasing with respect
to <.

Define a(r) = e%, B(t) = iLt, y(t) = Lrif t > 0 and (0) = 0.

We next verify that the functions (g, 4) satisfies the inequality

Yb(W(gE, hi)) < a(Ke ) )B(Ke )

For that, given &, u € Q with & < u.
Then we have the following cases:

Casei £ =0and u = 0. Then
Y(w(g0, h0)) = y(w(0,0)) = 0 < a(Ko0)B(Kop).

Caseii £ = 1and u = 1. Then

1
Yy(w(gl, hl)) = y(w(0, 1)) = y(1) = —

e
and
K, = max{w(1l, 1),w(gl, 1),w(1,h1)} = max{l, 1,1} = 1.
So,
®(Kyy) = a(l) = e
10
BKy1) =B(1) = —.
11e
Hence

Y(w(gl, hl)) < a(K;1)B(K ).

Caseiii £ =2 and y = 2. Then

1
Y(w(g2, h2)) = y(w(1,0)) = y(1) = -
and
K>, = max{w(2,2),w(g2,2),w(2,h2)} = max{2,2,2} = 2.
So,
a(Kyp) = aQ)=e T =¢73
2
Bko) =) = 2
e
Hence

Y(w(g2, h2)) < a(K;2)B(Ky).

Case iv 1 < 0. Then we have two subcases:
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Subcasei ¢ =1 and u = 0. Then
Y(w(gl, h0)) = y(w(0,0)) =0

and
Ky = max{w(1,0),w(gl,0),w(l, h0)} = max{1,0,1} = 1.
So,
a(Kip) =a(l)=eT
10
B(Kip) =B(1) = —.
11le
Hence

Y(w(gl, h0)) < a(K;0)B(Ki )
Subcase ii ¢ =0 and p = 1. Then

1
Yw(g0, h1)) = yw(0, 1)) = (1) = ~

e
and
Ko1 = max{w(0, 1), w(g0, 1), w(0, 1)} = max{1,1,1} = 1.
So, 1
a(Kop) = a(l) = ¢
10
B(Ko1) =p(1) = e
e
Hence

Y(w(g0,hl)) < (Ko, )B(Ko,1)-

Therefore, requirements of Theorem 3.3 are all satisfied and so g and 4 have a common fixed point
(0 is a common fixed point of g and h).

4. An application

Let (€2,06) be the proximity space, where Q = C[0, 1] and ¢ is induced by the uniform metric
Poo(&, 1) = sup{|é(r) — u(?)| : t € [0, 1]}. In this case (€2, 0) is separated proximity space. Consider the
following wy—distance w on €2 defined by

w(&, ) = supfe™ [€(t) — u(0)] : € [0, 11}

Now, consider the integral equation
1
E=G@) + fS(t, S)F(s,&(s))ds, t € [0,1] 4.1)
0
where F : [0,1]XR - R, G :[0,1] - R, S : [0,1] X [0, 1] — [0, c0). By utilizing the outcome from
Corollary 3.1, the objective of this section is to provide an existence answer to (4.1). We give Q the
partial order "< provided by:

S pu e &) = u@)
forall t € [0, 1].
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Theorem 4.1. Suppose that the following conditions are satisfied:

(i) There exists a : [0,00) — [0, 1] such that for all s € [0, 1] and for all £, u €
0 < |F(s5,8(5)) = F(s, u(s)] < ale™ |£(s) — u(s)l)

and
alt) > 1=t -0,

1
(i) [S(,9)ds < |E@) — u@).
0

Then the integral equation (4.1) has a solution in Q.

Proof. Consider the mapping g : Q — Q defined by
1

o£(t) = f S(t, $)F (s, £(s))ds,

0

forall ¢ € Q and ¢ € [0, 1]. Then the (4.1) is equivalent to finding a fixed point of g.
Now, let &, u € Q. We have:

1

fS(t, SILF(s,&£(5)) — F(s, u(s)))ds

0
1

fS(t, $)|F(s,&(s)) = F(s,u(s))| ds

0
1

f S(t, s)a(e™ |E(s) — u(s)Nds
0

1£(1) — ()] ale™ € — ul)

Poo(&, a(e™ € — ul)

Poo(&, a(w(é, 1))

|g&(2) — gu(n)l

IA

IAIA IA

IA

and then we obtain
e |gé(t) — gu()| < w(€, wa(w(é, w))
i.e.,
w(gé€, gr) < w(&, waw(é, )

for all £, u € Q.

Now, let v € C[0, 1] be an arbitrary function. Define a sequence of functions {£,} as g"¢ = &,.
Since e peo(&, 1) < W&, 1) < po(&,p) for all &, u € Q, we have po,(&,,&,) — 0 as m,n — oo. That is
the sequence {£,} is Cauchy and so has a convergent subsequence with respect to p., since (€2, po,) 1S
complete. Consequently, there exists a unique & € Q which is a fixed point of the operator g, moreover
w(é, €) = 0. Hence the integral equation (4.1) has a unique solution in Q. O
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