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1. Introduction and preliminaries

A Lidstone series provides a generalization of Taylor’s theorem that approximates an entire function
f of exponential type less than 7 in a neighborhood of two points instead of one:

[

f@ = ) [P MA@ + £ 0AL - 2), (1.1)

n=0

where the polynomials (A,(z)), are called Lidstone polynomials (see [14]).
Several authors including Boas [5, 6], Poritsky [19], Schoenberg [22], Whittaker [23], and Widder
[24] gave necessary and sufficient conditions for representation of functions by Lidstone series (1.1).
In [13], Leeming and Sharma introduced an extension of Lidstone series. They proved that for a
given integer k > 2, the following representation holds for a certain class of entire functions:

00 k-2
F@ = D [£0) Cul@) + D7 F4 (1) A2, (12)

n=0 v=0
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where (Cy,(2)),, and (A,+,(2)),, are certain polynomials which they called the fundamental polynomials
of the series defined on the right-hand side of (1.2).

Recently, Ismail and Mansour [11] introduced a g-analog of the Lidstone expansion theorem for a
certain class of entire functions as in the following formula:

(o)

f@ = |02 HDAR) - (DX, F)O)B,R)) (1.3)

n=0

where (A,), and (B,), are the g-Lidstone polynomials defined by the generating functions

E (zw) — E/(=zw) < 5
=) A@w™, (1.4)
E,(w) — E,(—w) Z;
E E(—w)—-E ,(—zw)E - "

(OB = BB S g (1.5)

Eq(W) - Eq(_w) 0 [n]q‘

respectively, and E,(-) is one of Jackson’s g-exponential function defined by
e (2(1 = )"

E()=Y ¢TI0 eo). (1.6)

oy (45 Dn

On the other hand, Al-Towailb [3] has constructed another g-type Lidstone theorem by expanding
a class of entire functions in terms of g-derivatives of even orders at 0 and g-derivatives of odd orders
at 1. Also, in [3], we proved that

[ee)

F@ =D [0 HO)m(z g) + (D, £O) 4z 9), |

n=0

where f is an entire function satisfying some prescribed conditions, the sequences (r,,), and (s,), are
two sequences of non-negative integers, and {m,(z; q), {.(z; q)}, are the set of polynomials (called a
g~ '-standard set) that satisfies the following conditions:

(D;k-l ﬂn) (1) = 511,1( and (D;A—l 7Tn) (0) = O,

(DY, £)0) = 6, and (DY, £)(1) = 0,

where 6, 1s the Kronecker delta (k € N). In particular, the set of polynomials {A,(z), B,(z)}, which
defined in (1.4) and (1.5) form a g~ !-standard set of polynomials in relation to the pair of sequences
(rn; sn) = (21’1, zn)nEN(y

For details and more results to the g-Lidstone’s theorem, we also refer the reader to [2,4,15,16].

Our aim here is to introduce another extension of g-Lidstone series, which will be called g-type k-
Lidstone series, and determine the class of functions for which this series is valid, to obtain a g-analog
of Leeming and Sharma’s result. Furthermore, we consider the problem of expanding an entire function
in the g-type 3-Lidstone series. These results will be derived by using Cauchy’s integral formula and
complex contour integration.
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Throughout this paper, we assume that g is a positive number less than one and N is the set of
positive integers. We follow Gasper and Rahman [9] for the definitions, notations and properties of the
g-shifted factorials (a; g),, g-gamma function I'y(n), g-numbers [n], and g-factorial [n],!.

The Jackson’s g-derivative of a function f is defined by

f (z) f 42)

qf()— Z?&Oa

and D, f(0) is usually defined as f(0) if f is differentiable at zero (see [9]).

We start by stating some definitions in Section 2 and introduce a g analog of the generalized circular
functions of order k (k € N), which we need in our investigation. In Section 3, we state and prove the
principle theorem, and define the fundamental polynomials of a g-type k-Lidstone series. Then, we
present some properties of these polynomials. Section 4 studies the problem of expanding an entire
function in the g-type 3-Lidstone series. Also, we give six tables that deal with the generating functions
of the fundamental polynomials associated with the six kinds of g-type 3-Lidstone series.

2. g-analogs of circular functions of high orders

g-analogs of the trigonometric functions sin z and cos z are defined by

n(2n+1)
Sin,g o= “A L) _Z< P - g,
" 2.1
E,(iz) + Ey(—iz) nqn(Zn b 2 e
Cos,z = . Z( D" G =)™,

n=0

respectively, where E,(z) is defined as in (1.6). g-analogs of the hyperbolic functions Sinh,z and Cosh,z
are defined by
Sinh,(z) := —iSiny(iz), Cosh,(z) := Cos,(iz). (2.2)

In 1948, Mikusinski [17] introduced the generalized circular functions of order k (k € N) by

kn+j
M) = Z(— T (2.3)
> kn+j
Nk,j(Z) = Z(kfl—-i-])' (24)

Note that there exists a relationship between these functions and the Mittag-Leftler function

E,p5(z) = ZF(,B+ , @,B€C, R(a) >0, R(B) > 0,

(see [8, Section 18.1]), that is
M j(2) = ZE; j1(=2) and Ny ;(2) = 2/ Ep (2.
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We consider the following g-special functions M, j(z; q) and Ny j(z; ) (k € N), which are g-analogs
of the functions (2.3) and (2.4), respectively.

km+j
m (km+])(km+] 1) Z
Mij(zq) = Z( 1)"q CERTEL 2.5)
km+j
(km+})(km+] 1) Z
Nj(ziq) = ZCI l“(km—-l-]-l-l) (2.6)

Observe that M o(z;q) = E,(=z2), Myo(z;q) = Cos,z, and M (z;q) = Singz. Also, it is easy to
conclude that
Dl \Nij(z:q) = Ny j(z: ). 2.7)

Remark 2.1. The function N ;(z;q) is a special case of the big g-Mittag-Leffler function which is
introduced in [21], and defined by

q(tm+ﬁ 1)(an+B-2)/2 (m+ﬂ 1 (C/Z, Q)tm+ﬁ—l
q; aﬁ(Z, c)= Z
( (oN q)(m+ﬁ—l (6], Q)an+,3—1

where ¢, z,¢,a,8 € C; R(a) > 0, R(B) > 0 and |¢| < 1. More precisely,
Z
Nk,j(Z; q) =1~ C[)Eq;k,j+l(qu;0)-

Proposition 2.2. Letk e N, j=0,1,...,k— 1, and w = exp(2ni/k). Then, the following results hold:

w V2 kz_ll w™ Eq(w’””/zz) = kM, (z;q); (2.8)
m=0
W Mz ") = Nz q); (2.9)
-1
kz: W™ E(wW"2) = kNi(z;9). (2.10)
m=0
Proof. To prove Eq (2.8), we use (1.6) to obtain
ST 12 5w W S
mZ:;) w™ E(w"'7) = Z:; qu mZ:o W=D @2.11)

Since w = exp(27i/k), then w* = 1 and 1 + w + w?* + ... + ! = 0. Therefore,

k-1
- k, i=j(mod k);
(,(l o _
Z—o - { 0, i# j (modk). (2.12)

We obtain the required result by substituting from (2.12) into (2.11) and then multiplying (2.11)
with w0/,

Formula (2.9) follows immediately from definitions (2.5) and (2.6). Finally, we get (2.10) and
complete the proof from the results (2.8) and (2.9). O
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Now, we consider the following boundary value problems:
D y(x) + Ay(x) =
¥(0) = Dy1y(0) = D7, y(0) = ... = D.Py(0) = y(1) = 0

and the adjoint problem:

(2.13)

(—l)quD'Z,Z(X) + Az(x) =
) ) (2.14)
2(1) = Dyz(1) = D2z(1) = ... = DE2z(1) = 2(0) = 0

Then, the real eigenvalues (4,,);_, are zeros of the g-circular function M;;_i(x;q) (defined in
Eq (2.5)). The eigenfunctions of Problem (2.13) are

{Mic g1 (A Q15

and the eigenfunctions of Problem (2.14) are {Mk,k—l (x, s @)}

-~ _» Where in general

(ks 1) (=A™ (1] 5 @i

L,nk+j+1)

Mij(x 4;9) = ) (~1)'q (2.15)
n=0

Notice, Ismail in [10] defined a g-translation operator by
g X" = X"(=y/%; @,
and acts on polynomials as a linear operator. Therefore, one can verify that
Mk,j(x, A;q) = el;le,j(/lx; q).
We use Mk, j(x; g) to denote Mk, i(x,1; g). One can also verify that

Mk '_r(.X), r< j,
D' M, (x)= /
q! k(%) { My jrii(x), j<r<k.
In the following, we construct the addition formula of the g-circular functions. For this, we define

the function
K j(x,4,y;q) =

Aensi R Tom 4

Z(_ G i D Lykm+ j+1) Z(;

One can verify that K; j(x, 4, 1; q) = M} j(Ax), K ;j(0,4,y;q) = Mk, i(y, 4; q). Moreover,

q(g)xr(—y)km*—j_r( 1 /y, Q)km+j—r-
q

Kij(x,2,y), 0<r<j<k-1;

Do Rl 4.3 = { —Kik-r+j(x, A, ), k>r>j

Theorem 2.3. The following result hold for j =0,1,...,k— 1.

Ky j(x,4,y;9) =
i S
Z kj-1 (> s My (Ax; q) — Z M j—ji(y, A, QM (A x5 q).
=0 I=j+1
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Proof. For fixed y, the functions {y; = K j(x, 4, y)}’j‘.;(l) form a fundamental set of solutions of the initial
value problem

Dl yi(x) + A;(x) = 0, D yi(0) = 6, (/s 1} € {O, 1, k= 1),
Therefore, there exist some constants ¢, (0 < n < k — 1) such that
Ky j(x, ,y) = coMyo(Ax; @) + ¢\ My 1(Ax; q) + . .. + Cro1 My -1 (Ax; g).
Hence, forr € {0,1,...,k—1}
D K (x,4,y;9) =

coD 1 Mio(Ax;q) + e\ Dy Mii(Ax;q) + ... + ek Dy Mig-1(Ax; q)

-1 k=1
= - Z My j—r+1(AX; q) + Z My - (Ax; q).
=0 I=r

If we set x = 0 on the previous identity, we get

_@k,k—r+j(y’ Aq), k>r>j,

=D Ky (0 A,y @l = .
¢r = D1 Kioj( A y; Pli=o { M (0, 49), 0<r<j

Theorem 2.4. The following biorthogonal property holds:

M x-2(Ay)

k 6j,m,

1
f M1 (XA M1 (x, A5 ) dyx = —
0
where 0, is the Kronecker’s delta, and (A,,),,_, are the set of the real zeros of the function My ;_(x; q).
Proof. We set y(x) = My—1(Ax; q), z(x) = AA/jk,k_l(y, A; q). Then, we have

(—1*q* Diz(x) = —A'z(x),

2.16
Dl y(x) = =2y(). (210

Consequently,

1 1
f [z(x)DZ_ly(x)+(—1)quy(x)Dflz(x)] d,x = =22 f y(x)z(x) d,x. (2.17)
0 0

Applying the g-integration by parts on Eq (2.17) j times, we obtain

k-1 1 . ' ' .
3 fo |1/ DI0D v + (<1 g = D) y(DE 2] dyx

=

1
= =2k - DA* f y(x)z(x) dgx.
0
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That is,
1 k-1 1
2 f Z( 1Y/ Djz(x)DLy(x) dyx = =20k = 1A f Y(xX)2(x) d,x.
0
But
k—1 k-1
D=0 DD () = A Mg (Ax )M 1 (v, 45 9)
J=1 Jj=1

»

-
Mg j(Ax; q)Mkj(y A, q) = Kip—2(x, 4, x; q) + y(x)z(x).

Il
(=)

J
Set (x )" = Zizo ;] ¢Px (=Y ™*(1/y: @)u-s. Then

n

(xx0) =2 [Z] g1 /x5 @

k=0

" ) (2.18)
_ ann(n—l)/Z q"q k(l/x q)kq _ qn(n—l)/Z'
(g9
Hence, K x—2(x, 4, x; ) = My ;—2(4; q), and then we obtain
1
M vr(A;
f y(0)z(x) dyx = S 2}2 CI).

0 _

|

3. g-type k-Lidstone expansion theorem

Recall that ¥ is a comparison function if W(¢) = 3", W,¢" and ¥, > 0 (n € Ny) such that (‘P,m / ‘I‘n)
is a decreasing sequence that converges to zero (see [6]). We denote by Ry, the class of all entire
functions f such that, for some numbers 7,

|f(re'®)] < M¥(tr), (3.1)

as r — oo. The infimum of the numbers 7 for which (3.1) holds is the ¥Y-type of the function f. This
type can be computed by applying Nachbin’s theorem [18] which states that a function f(z) = X, fn2"
is of W-type 7 if and only if

7 = limsup |

n—oo n

We will use the following result from [6, Theorem 2.9].

Theorem 3.1. Let Y be a comparison function and f is a function in the class Ry. Suppose that
W@ = ) ' and f(2)= ) fi7
n=0 n=0

AIMS Mathematics Volume 8, Issue 6, 13525-13542.
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If D(f) is a closed set consisting of the union of all singular points of F and all points exterior to
the domain of F, then

£@) = — f W) (w) dw,
2ni Jr

where T encloses D(f) and

(59

Ramis [20] defined an entire function f to have a g-exponential growth (¢ > 1) of order y and a
finite type if there exist positive numbers @ and K > 0 such that

y1n® 2]
2| < K|z|* ex . 3.2
) < Kl p(21n2q) (3.2)
Also, from [20, Lemma 2.2], if the series f(z) := > ., a,2" satisfies (3.2), then
la, < Kg"5~  (neN). (3.3)

Proposition 3.2. Let u; be the zero with the smallest positive absolute magnitude of Ny y-1(w;q),
defined in (2.5), and let w be a complex number such that |w| < |u;|. Assume that

k=2
Ey(wz) = Z w2, W) + Egw) (2, W) (k 2 2), (3.4)
=0

where E, is the g-exponential function defined in (1.6). Then, for j € {0,1,...,k—2}:

b

Nij-1(wz; (])]

w2, W) = Ni j(wz; @) = N j(ws q)[ Nig-1(w; q)

_ N1 (wzig) (3.5)

k
QO(Z’W ) - ”
Nij-1(w; @)

where Ny j(z; q) are the functions defined in (2.6).

Proof. Replace w in Eq (3.4) by ww, w*w, ..., " 'w, with w* = 1 (w # 1), and note that the functions

¢ and ¢; remain unchanged. Then, we obtain the following system of k equations:

k=2

Ey(@'w2) = Ey(0'w) @(z, W) + " ow! (2, wh), (3.6)
=0

where n € {0,1,...,k — 1}. If we multiply Eq (3.6) by w™ and then adding these equations for
ne{0,1,...,k— 1}, we obtain

k-1 k-1 k=2 k-1
D 0 E('W2) = ) 0 E (W) ez wh) + 3w gz wh) )
n=0 n=0 i=0 n=0
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13533

Therefore, from (2.10), we get

k—1

Zw VE (@' w2) = kN (3 ) oz W) + Zw iz, w )Zw“ .

Thus, the result follows at once from (2.12).
Obviously, ¢(z, w*) and wiiy ;(z, wk) are analytic functions for [w| < |u]. o

According to the above results, we can prove the following main theorem.

Theorem 3.3. Let y; be the zero with the smallest positive absolute magnitude of Nix-1(w; q), defined
in (2.5). If f is an entire function of q~'-exponential growth of order less than 1, or of order 1 and a
finite type a such that

I 1 1-
< (_ _ oglui( Q)|) 3.7)
2 logg
then, for all 7 € C, the following representation holds
F@ =D [(D8 1) A2 + Z(D""“fxm Bii (2], (3.8)
n=0
where Ay, (z) and By, [(2) are the polynomials defined by the following generating functions:
New1(wz; @) _
kn
W A(2) = wh),
Z ¢ Newoi(wiq) #z,
. Nij—1(wz; @) (3.9
Z W B 1(2) = Nijwe @) = Nij(ws )| L]

oy Nig-1(ws q)
=wiyiz,w) (k=2,j=0,1,....k-2),

and w is a complex number such that \w| <|u;|. Furthermore, the series on right-hand side of (3.8)
converges to f(z) uniformly on all compact subsets of the plane.

Proof. We apply Theorem 3.1. Set ¥(z) = E,(z) and f(2) := },-, a,2". Then

n(n—1)

y - 9° Wi q(l—q) q
" Tr,nt+1) P, 1-—g™'  [n+1],

n

is decreasing and vanishes at co. Since ¥(z) has a ¢~'-exponential growth of order 1, then Eq (3.1)
holds if f is a function of ¢g~!-exponential growth y, y < 1. Then from (3.3), the type 7 of the function
f, 7= 0 of the function f has the upper bound

T =
%—af 1 (K( ) 2/2)% ﬂ(l_l)
imsup (K (¢:@)nq™ ") q*' 7.
(1—61) n—oo
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1

Consequently, if y < 1, then 7 = 0, if y = 1, then 7 < %. So, D(f) lies in the closed disk
1

|WISTS1q

< u; and we choose I' to be the circle |w| = 7 + € < u;, € > 0 which encloses D(f).

1o
Note that the inequality qlqu < |uy| satisfies the condition (3.7) on the type of f(z). Then, we obtain

f@)= f E (zw)F(w) dw.

Therefore,
kn 1 kn
D f(1) = o E,(wW)F(w)dw,
4 27
1 .
DUIfO) = — w""”F(w)dw j=0,1,... k-2.
2ni Jr
By setting

D W MA@ = @@ W), Y W B () = Wiz, wh,

n=0 n=0

and using Proposition 3.2, we have

k-2
[P (1) An(2) + Z(Dfﬁ?‘f)(m By (2|

o k-2
A {E () Z W AL() + Z Z Wi Bkn+,(z>} F(w)dw

n=0 j=

M

3
I
(=]

:]»—A

2ri

1

= o= {E (W)so(z,w)+ZW’l//](2, k)}F(w)dw

= %‘L‘Eq(wz)F(w)dw:f(Z)-

Finally, from the definitions of ¢ and ¢ ;, we have that the right-hand side of (3.4) is analytic in the
disk |w| < |uy|. Therefore, the series defined by ¢ and i; converges uniformly in every compact subset
of the disk [w| < |uy]. O

We will say that the formula (3.8) is g-type of k-Lidstone series of the function f, and the functions
An(z) and By, (2) (j = 0,1, ...,k — 2) are the fundamental polynomials of this series.

Remark 3.4. If we set k = 2 in Eq (3.8), we have the g-Lidstone series expansion (1.3).

The following result gives some properties of the fundamental polynomials of the g-type k-Lidstone
series.

Proposition 3.5. Forn e N, k > 2, and j € {0,1,2,...,k — 2}, the fundamental polynomials of the
g-type of k-Lidstone series, Ay,(x) and By, j(x), satisfy the following properties:

AIMS Mathematics Volume 8, Issue 6, 13525-13542.
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(i) Ap(x) = x¥*! and By(x) =1 — xF1;

(ii) D];—IAkn(x) = Axn-1(x) and DZ_IBknJr (X)) = Biu-1)+j(%);
(iii) Ag,(1) = 0 and By, j(1) =0
(iv) D)\ Ata(0) = 0 and D/, Biys(0) = 0 for r € {0, 1, .k =2},

Proof. The proof of (i) follows from the substitution with w = 0 in the generating functions in (3.9). To
prove (ii), we act on the two sides of (3.9) by the operator D’;_l and use (2.7). To prove the first identity
in (iii), we substitute with z = 1 in the first equation in (3.9) and using that Ag(1) = 1, consequently,
>y WX A, (1) = 0, This yields Ay, (1) = 0. The substitution with z = 1 in the second identity in (3.9)
yields 3,7, wWiB i(1) = 0. Hence, By,+;(1) = 0 for all n € Ny. Finally, the proof of (iv) follows at
once from (ii) and (iii). O

4. Special case: A g-type 3-Lidstone series

In this section, we give several problems that illustrate the g-type of 3-Lidstone series. One of them
can be derived immediately from Theorem 3.3 (see Table 1).

In the following, we discuss another problem of expanding an entire function in a g-type 3-Lidstone
series.

Theorem 4.1. Let p; 3 be the zero with the smallest positive absolute magnitude of M5(z; q) which
defined in (2.5). Then, for every entire function f(z) of q~'-exponential growth of order less than 1, or

of order 1 and a finite type a such that a < (% — %;(q]_q)l) the following representation holds:
F@ = D[P (1) A3y(2) + D £(0) Bawia(2) + DI £(0) Bana(@)], (4.1)

n=0

where A3,(2), B3ni1(2) and Ba,.2(z) are polynomials defined by the following generating functions:

ZWS"A3,1( ) = N3owz; @)

N3, ‘Nio(w: q) qQ’
O el N3o(wz; q)
2w B (@) = Nay(wz: ) = Ny wi )| 5T, 42)
oy 30w q)
' 32 i N3 o(wz; q)
Z W2 B3,,0(2) = N3o(wz; @) — N3o(w; Q)[%W,qq)]-
30(W;

B
Il
(=]

The series on (4.1) converges to f(z) for all z and the convergence is uniform on all compact subsets
of the plane.

AIMS Mathematics Volume 8, Issue 6, 13525-13542.
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Proof. First, we consider the functions } .’ wA3,(2) = p(z, w?) = @,

W By (2) = wibi(z, w) = wi,

M

S
Il
S

3n+2 D 2 7 3N 2
W B3,10(2) = W a(z, W) = w i,

s

(=]

n=

and assume that the function E,(wz) has the following representation:
E,(wz2) = E,(W)p + w1 + Wi, (4.3)

Let w? = 1 with w # 1 and replacing w by ww and w?w in Eq (4.3), we obtain

E, (wwz) E,(ww)p + wwi +w @™, (4.4)
Eq(wwzz) = Eq(wa)z)gb + Wa)le/] + WZ(,L)l]/z. 4.5)

If we add the Eqs (4.3)—(4.5), we obtain @. In order to get the function wiy;, we multiply the
Eqgs (4.3)—(4.5) by 1,w™" and w2, respectively and add. w?¥, obtained by multiplying the same
equations by 1,w™? and w™', respectively. The proof is then completed similar to the proof of
Theorem 3.3. O

Corollary 4.2. For n € N, the polynomials As, and Bs,,, i (7 = 1,2) satisfy the g-difference equations
D;_1A3n(2) = A3-1)(2)s D3—1§3n+j(z) = Byu_1)+(2),
with the boundary conditions

A3,(1) =0 = B3,1 (1), D, 1A3,(0) = 0 = DB, 5(0),
Dz—IASH(O) =0= D§—1§3n+j(0)~

Proof. The proof follows by using the generating functions in (4.2). O

Remark 4.3. According to formula (4.1), if P any polynomial of degree less than or equals to 6, then

we have _ . .
P(z) = P(DAy(2) + D} P(1) A3(2) + DS P(1) Ag(2)+

_ , i \ i X _ (4.6)
D1 P(0) Bi(2) + D, P(0) By(2) + D, P(0) B4(2) + D, P(0) Bs(2).

So, by setting P(z) = 1,z,...,z° successively, in (4.6) we get

- B - _ ~ _q 2 - B q3 3
Ap(z2) =1, Bi(zx) =z—1, By(z) = [z]q!(z 1), As(z) = [3]q!(z 1),
< @ 4 A = q° q* 3
Bi(z) = 1) -2 -1, Bs(z) = S P S—e R
4(2) [4]q!(z ) mq!(z ), Bs(2) [S]q!(z ) [3]q![2]q!(z )
~ qls 6 1) q6 (2 1)
As(2) = - — (-1
6@ = o1 ¢ Bl B,
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Example 4.4. We apply Theorem 4.1 on the function f(z) = (z;9)3, (n € N) and using that for any
m € Ny,

[m],!
_1\k q- ) k< ,
D= T Tk G P K=
0, k > m.
This gives
@D _ _ S PN B3 (2) S Ik B31.2(2)
By, - TV AmEO kzz(;( D B —ak—1, " kzz(;( VB —sk—a,r

Example 4.5. Consider the Al-Salam-Carlitz II polynomials (see [12]) defined by

y@ _ AR XC])k( )
(x:9) = (-a)'q": Z Y

Since, Dl;,l V(x;q) = ¢ () n[:n]k"] V@ (x;9)if 0 < k < m, we obtain

DAV = O gy

[ _'k]q ’
DLV 0:9) = 4Oy H(1fa g
[ - k]q
for k < m. Consequently, applying Theorem 4.1 yields
Vil (g) & (—ay © (a7

(—a) g

BT](]! - =0 [3”_—3]{][1!143/{()6) + kzz(; [3n — 3k — 1]q!B3k+1(X)

Remark 4.6. For the g-type of 3-Lidstone series, we can consider six problems:

[e9)

DD f)AS @ + DI FO) B + DI FO0) B @),

3n+

(=]

3

| D3 F(DAS) () + DX F(0)BS),,(2) + D £(0) BY,,(2)),

3n+1 3n+2

(D71 F(DAS, ) + D, FO)BS @) + D2 F(0) B, (2)]

| DY FDAS) (2 + DY fO)BS)(2) + D £(0) BY), ()],

3n+1

| D f(1)AS) @) + DL F(0) BS)(2) + DY £(0) BS),,(D) |,

1= 01 10e 1] B

(D2 FDAY, )+ DY, FOBE@) + DY £(0) BY, ()]

3
Il
(=]
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where f is assumed to be entire function and satisfies the conditions on Theorem 4.1.

The tables below give the generating functions of the g-type fundamental polynomials and the
values at n = 0 in these problems, respectively.

Table 1. g-type 3-Lidstone series (1).

The functions The results
ZW%’A(I)( ) = Nip(wz; q)
G . N32(w; q)
eneratin, wz:
£ Zw*“B“’(z) N o(wz: @) = Nyo(w; q)%w.qq))
= 32(w;
N Nio(wz; q)
Wil g 32
B, (2) = N3 ;(wz;9) — N3 1(w; @) ————
nz(; et wiwed Hid N3 (w; q)

g-Polynomials A7) = 22 B(z) = 1 - 22 and B"(2) = z(1 - 2)

Table 2. g-type 3-Lidstone series (2).

The functions The results
Z w3”A(2)( )= N3 o(wz; 61)
G ' . Niow; q) Nea )
eneratin ) o(wz;
Y W TBE ) = Ny s ) Ny o DG
ry 30(w; q)
S Nso(wz: q)
3n+2 p(2) 3,0
B =N- 1q) — N- Q) ———
;w 2@ = Naa(wzig) = Naa(wi @) =2
g-Polynomials AP@ =1, BP()=z-1and BY(2) = [2] (Z -1
q-

Table 3. g-type 3-Lidstone series (3).

The functions The results
GG S g M)t
ZW”B“ 2@ = N3a(wz; q) = N3y (w; >%qu?
g-Polynomials AP@) =z, BY(z)=1and BY(z) = ﬁzz -z
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Table 4. g-type 3-Lidstone series (4).

The functions The results
S 3, N3,>(wz; q)
Do = T
=0 3,0 (w; q)

N3,(wz; q)

Generatin N
F BN = Nalnzg) - N R

0
S N32(wz; q)
Z w? +1B(;L)H(z) = N31(wz;q) — N32(w; q) ]\;2 X
e 3.0(W59)
. 2
g-Polynomials AP() = Efz—z]'q, B’(z) = 1and B¥(z) = 7

Table 5. g-type 3-Lidstone series (5).

The functions The results
- N3 (wz;
D wARR) = M
G . N ey N31(w;q) N )
eneratin . 3,1\WZ5 4
s Z w? B(35n)(2) = N3o(Wz; q) — N3 o(w; (])m
n=0 ’ >
N N31(wz; q)

Z W3n+23(35,,)+2(2) = N32(wz; q) — N32(w; q)

=0 N3 1(w; q)

g-Polynomials A(()S)(z) =z, Bés)(Z) =1-zand B(25)(Z) = qz[(zz];])

Table 6. g-type 3-Lidstone series (6).

The functions The results
I
Generating ; W Béff(z) = Nyo(wz; q) — Ng,z(w;q)%
£ w" BY) (2) = N3i(wz: q) — Nao(w; q)%
¢-Polynomials  AP() = & BY() = 1 and BY(2) = “3e
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5. Conclusions

In this paper, we introduced an extension of g-Lidstone series which was called a g-type k-Lidstone
series:

(9]

F@ =) [P () Au() + Z D"V £(0) Bine 2], (5.1

n=0

where (Ay,(2)), and (By,+(2)), are polynomials defined by the following generating functions:

Nix-1(wz; q)
1A k>2),
ZW @ = Nkkl(WCI)(>)
Nii-1(wz; Q)]

Z Wkn+]Bkn+j(Z) = Nk’j(WZ, (]) - Nk,](W, q)[ Nkk 1(W' q) 5

n=0

and determined the class of functions for which (5.1) is valid.

Notice, by following the same manner as a proof of (5.1), we can conclude that the function f can be
given also by the convergent another g-type k-Lidstone series expansion with different g-polynomials.
More precisely, we can obtain the following result.

Theorem 5.1. Let y1; be the zero with the smallest positive absolute magnitude of Ny o(w;q) which
defined in (2.5). If the function f(2) is an entire function of q~'-exponential growth of order less than
1, or of order 1 and a finite type « such that

< (l _ log |u; (1 - CI)|)
2 logg

then, for all z € C the following representation holds

o0

f@ =[P f(0) Cuula) + Z D1 P 2],

n=0

where (Ci,(2)), and (Piy+(2)), are polynomials defined by the following generating functions:

1
Z WCiu(@) = 7 Neowz: ).

n=0

& ‘ Ni;(wz; q) .
WP (@) = | —=—=| k=1, j=1,2,....,k=1).
Z_] e [ Nio(w; q) ] /

As a special case, we considered six problems of expanding an entire function in the g-type
3-Lidstone series. The Lidstone polynomials are used in many interpolation and boundary value
problems. See for example, [1, 7]. We studied boundary value problems includes the 2 type
g-Lidstone polynomials in [15], and we aim to study boundary value problems associated with the k
type g-Lidstone polynomials, k > 2.
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