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Abstract: We investigate the thermal flow of Maxwell fluid in a rotating frame using a numerical
approach. The fluid has been considered a temperature-dependent thermal conductivity. A non-Fourier
heat flux term that accurately reflects the effects of thermal relaxation is incorporated into the model
that is used to simulate the heat transfer process. In order to simplify the governing system of partial
differential equations, boundary layer approximations are used. These approximations are then
transformed into forms that are self-similar with the help of similarity transformations. The
mathematical model includes notable quantities such as the rotation parameter A, Deborah number £,
Prandtl number Pr, parameter € and the dimensionless thermal relaxation times y. These are
approximately uniformly convergent. The Keller box method is used to find approximate solutions to
ODEs. We observed due to the addition of elastic factors, the hydrodynamic boundary layer gets
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thinner. The thickness of the boundary layer can be reduced with the use of the k rotation parameter as
well. When Pr increases, the wall slope of the temperature increases as well and approaches zero,
which is an indication that Pr is decreasing. In addition, a comparison of the Cattaneo-Christov (CC)
and Fourier models are provided and discussed.

Keywords: Maxwell fluid; CC model; rotating surface; heat flux; Keller box method
Mathematics Subject Classification: 76-10, 76R10

1. Introduction

Generalized Newtonian fluid mechanics has been a inspirational field as it describes such central
problems from food processing, chemical and petroleum industries. Its models are valuable to find the
effects of fluid flow in nature and industries such as biological fluid, pastes, polymeric liquids and
numerous complicated mixtures. Viscoelastic fluids are exclusive generalized Newtonian fluids in
which the shear-stress memory function of deformation rate. In these types of fluids, the deformation
rate generally decreases when the shear stress is eliminated. This phenomenon is called stress
relaxation. Many researchers have given special concentrate to the boundary layer flows of Maxwell
fluid in the current background. The coupled flow and heat transfer of an upper-convected Maxwell
fluid over a stretching plate with a velocity slip barrier was investigated by Han et al. [1]. The work
under consideration obtained an analytical solution. The rotating flow of upper-convected Maxwell
fluid was studied using the CC heat flux model by Mustafa [2], and it was discovered that the fluid
velocity significantly rises. Bhattacharyya et al. [3] have introduced multiple results for Maxwell fluid
with a porous shrinking surface by shooting numerical scheme. Fetecau et al. [4,5] have introduced
the unsteady flows in Maxwell fluid with oscillation and acceleration mature in the rigid body in flow.
Mabhsud et al. [6] studied the Influence of time-fractional derivatives on the boundary layer flow of Maxwell
fluids. It introduced that the Maxwell fluid is reasonable for relaxation effects which can’t be forecast in other
various kinds of non-Newtonian fluid. Khan et al. [ 7] give a scientific report on heat transfer analysis in mixed
convection flow of Maxwell fluid over an oscillating vertical plate. S. K. Nandy [8] investigated the heat
transfer assessment over a decreasing sheet with the Navier slip effect and unsteady upper-convected
Maxwell nanofluid flow, and they found that the quantities of the Nusselt number increased with
increasing values of the Maxwell variable. Shah et al. [9] provided an idea of Maxwell fluid flow between
vertical plates with damped shear and thermal flux a free convection phenomenon. Cao et al. [10]
investigated the steady flow of Maxwell fluid over a porous medium using an interpolation
methodology that is equivalent to the implicit RK. scheme. The expanding subject of engineering
known as hybrid nano-liquid has captured the attention of a large number of researchers who were
seeking for ways to increase the efficiency of cooling processes used in industry. These researchers
were looking for ways to improve the effectiveness of cooling processes. A nano-liquid is a type of
fluid that is created when powerful particles with sizes less than 100 nm in diameter are propagated in
other fluids. One of the noticeable properties of a nano-liquid is its low thermal conductivity, which is
one of the characteristics that can hinder the effectiveness of heat transport. Karim and Samad [11]
examined the effect of Brownian diffusion with CC heat flux on viscoelastic squeeze nanofluid flow
and double slip impact in a channel. Specifically, they focused on the effects of these two factors. The
effect of thermal radiation on the transmission of heat and mass through an unstable stretched surface
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was examined by Shateyi and Motsa [12]. Additionally, they noticed that when the values of the
unsteadiness parameter grew, the velocity profiles and concentration distributions decreased. Abel et al. [13]
used a numerical approximation to study the flow of a Maxwell material close to a stretchy surface.
The temperature of the fluid medium above the sheet decreases when the radiation parameter is increased.
When necessary, this effect might be employed to quicken the sheet's cooling process. The Maxwell effect's
implications in relation to issues with molecular transport were examined by C. I. Christov [14]. To the
best of authors’ knowledge, no attempt has yet been made to include the Maxwell delay in the closure
models for turbulent fluxes, and this potential is explored in the current study. B. Straughan [15] used
a Cattaneo-type constitutive energy equation to investigate the heat flux caused by thermal convection
in an incompressible viscous fluid. They showed that when the Cattaneo number is high enough and
the convection mechanism flips from stationary convection to oscillatory convection for smaller
magnitudes, thermal relaxation exhibits a significant influence. Tibullo et al. [16] introduced the
uniqueness of solutions for heat transfer in an incompressible fluid by Cattaneo-Shristov law. In the
framework of the CC model, S. Hadded [17] analyzes the thermal instability of flow through a porous
media.

Aims of this paper are the numerical study of viscoelastic fluid flow in rotating surfaces with
variable thermal conductivity. In this, firstly, mathematical modeling for laminar flow of Maxwell fluid
with a stretchable rotating surface. Secondly, to investigate the effects of heat transfer with thermal
conductivity. Finally, to solve numerical results by using the Keller box based on a finite difference
scheme. Furthermore, the following strategy is being utilized for the current communication: The
equation that describes the characteristics of fluid flow can be found in Section 2 of the document.
Section 3 disclosure includes the procedure for the numerical system that was implemented. In Section 4,
the primary conclusions are presented in the form of rough sketches of a few of the involved quantities.
In Section 5, the results are discussed.

2. Mathematical modeling

Let's imagine a stretchy surface as an incompressible Maxwell fluid laminar flow (see Figure 1).
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Figure 1. Schematic diagram of the problem.
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We choose the Cartesian coordinate system so that the fluid is taken into account in space z > 0
and the surface is aligned with the xy-plane. The fluid is considered to spin continuously about the z-
axis with constant angular velocity (2 while the surface is assumed to stretch in the x-direction at a
greater rate. We investigate a non-Fourier heat conduction model because the temperature of the sheet,
denoted by the symbol Ty, is constant and is thought to be higher than the ambient temperature T,.
Below are given the pertinent equations that represent the Maxwell fluid flow in a rotating frame [6].

V.V=0, (2.1)
(Vv +(@x(@x1)+2exV)}=-Vp+V.S, (2.2)

where the pressure and fluid density are denoted by p and p, while the angular velocity is Q =
[0,0,Q]. The stress tensor S for upper-convected Maxwell fluid follows the relation

(1 + 1 Dﬂt)s = uA,, 2.3)

where the fluid relaxation time is A, first Rivlin-Ericksen tensor is A; = (VV) + (VV)T and the

. . . . . . D
derivative of upper-convection with time is o For second rank tensor S and vector a, as

bs _os —LS—SLT

Fyiieviy (V.V)S — LS - SL", (2.4)
Da _ Oa
bt ot + (V V)a — La, (25)

Now, consider (1 + A4 D%) operator to applying in Eq (2.3), then compute the component forms after

implementation of boundary layer approximation while the resulting equations are obtained as [18]

, 0°u  , déu , 0°u o°u o’u |
-+ ~+ W ~ +2uv + 2vw
OX oy oz Oxoy oyoz
ou ou ou o’u ov ov ov o’u 26
Uu—+v—+w—-—2Qv+ 4 | +2uw —2Q|U—+V—+W— =V—7, (2.6)
OX oy oz OXoz OX oy oz oz
ou ou
+2Q V— —u—
L ( OX 6yj
[, 8%u o , O°u o’u o’u
> . — +2uv + 2
OX oy oz oxoy oyoz
ov ou ov o°u ov ov ov o°v
U—+V—+Ww— +2Qu + 4 | +2uw +2Q|uU—+V—+w— =v—-, (2.7)
OX oy oz OX0z OX oy oz
au au
+2Q| V— —u—
OX oy

The energy balance equation is provided by under the supposition that viscous dissipation and heat
generation/absorption effects are zero.
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pC,(V-VT)=-V.q, (2.8)
q:—Ag(%q+V-Vq—q-VV+(V~V)qj—kVT, (2.9)

where k is the thermal conductivity and A5 is the thermal relaxation time. The time delay required
for the start of a heat flow after a temperature gradient has been introduced at a certain place is known
as the thermal relaxation time. The heat can be transported via thermal waves that travel at a finite rate
according to the non-Fourier heat flux phenomenon. We eliminate q from Eqs (2.8) and (2.9) to achieve
the following:

oT ou oT
Uu—+V—+Ww—
OX oy oz

, 0°u , % , 62U o%u o%u
u > +V >+ W >+ 2uv + 2vw + (2.10)
1 o0 [k aTj A OX oy oz Oxoy oyoz
pc, 0z\ oz o°u oV oV ov ou ou
2uw +U—4+V—+W— |[+| V——U—
oxoz oX oy oz oX oy
The flow is subjected to the following conditions:
u=ax,v=0,w=o0, T=T, atz=0,
(2.11)
u—>0,v—->0T->T, atz — .

We seek the similarity solution of the problem in the following form:

f'(n)= ,g(n)zé, w=—Javf(n), O(T,-T,)=(T-T,), n:\/gz, (2.12)

u
ax

E(T—Too)]
AT P
where € > 0 isapositive constantand k., specifies the thermal conductivity at ambient temperature,

further assumes that the thermal conductivity varies with temperature T . Equation (2.1) is
automatically satisfied by transformation (2.12), and Eqgs (2.6), (2.7) and (2.10) are transformed into
the following differential equations:

where prime denotes a change in differentiation with regard to 7. The equation k = k, [1 +

fUy ff "~ f 24219218 fg'+ 21 ' "= Bf2f " =0, (2.13)
9"+ fg'= f'g-241'-24p( f*— ff "+ g*)+ p(2ff 'g— f°g") =0, (2.14)
[1+€0]0"+< 0+ Prio'—yPr[ ff 0+ £20"]=0, (2.15)

assuming to the transformed conditions:
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f-0,g=0f'=1 6=1 atp—0,
{ g = (2.16)

f'50,g—>0, 60, at n — o,

. . . . . c .
where [ = A;a is relaxation time, y = Aza is thermal relaxation, Pr = ¢ v/ K 18 the Prandtl

number, A = Q/ a 1s the Ratio of rotation and stretching rates.
3.  Numerical approach

The physical perception of the current work requires the manipulation of an accurate solution.
Karman approximation is used to model the equations at first, and then we arrive at the nonlinear
system of ordinary differential equations (2.13)—(2.15) along with boundary conditions in Eq (2.16).
Therefore, we used the implicit finite difference Keller-box approach that is mentioned in [19-21]. As
follows are the details of the Keller Box Method:

Conversion of
Begin Higher Order to
the 1* Order ODES

Domain
Discretization

Linearized by
means of
Newton’s Method

Formation of
Block Tri-Diagonal

| LU Decomposition
Scheme

No
Update of Solution Yes
Vector

Figure 2. Keller box method.

In order to use this strategy, we must first convert to a system of first-order equations and establish
new variables u(z,1n), v(z,n), g(z,n), w(zn), p(zn) and 6(z,n) are

ff=u u' =v, g =w, 0 =p, 3.1

v+ fv—u®+2A(g — B +w)+BQ2fuv — f2v') =0, (3.2)

w' + fw —ug — 2A(u + Blu® — fv + g*]) + BRfuv — f?w') =0, (3.3)
(1+€0)p'+ Pfp—PBy(fup + f?p) =0, (34)

Implementing the Newton iteration fj,q = fj + 6f; for all dependent variables included in the
linearized nonlinear algebraic equations, substituting these formulations in the differential systems,
and ignoring quadratic and higher order terms in § the following linear tridiagonal arrangement:

8f; = 8fj—1 — s h(Su; + Su;_y) = ()2,

Suj — Swj_y — - h(8v; + 6v;,) = (r2); 1.
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1
89— 891 — 5 h(6w; + w;_4) = (73);1,

56; — 88;_1 — S h(8p; + 6pj_1) = (r2); 1,

where
fj—1 - f] + %(u] + uj—l) = (7‘1)]-_%,
U — U+ (U] + v )= (7”2)]__
gj-1— 9j + - (W] + W;_ 1) (r3)]_%9
0 6 + = (p] +p] 1) (r4)1_%a
1 ABh h
Yr=v2 =2 (v +v-) - % (wj +wja) + ﬁj(uj + 1) (v +v
—§(fj + fi-1) (W) + vj-1),
Y3 =1y = _%(uj + ) + %(Uj +v5-0)(f + fi-1)-
Y5 =1+5(f; + fia) + %(” + 1) (fi + fj-1) —é(fj + 1)
Vo= 150+ fi-0) + 5wt we) (5 + fi) =505+ £-0)"
Y7 =g = Ah,
Yo =10 = = (i + fi-1)-
Also,

(rs); 1T U (f, +fio) (v i) + o (”1 +v.4)°
—hA(g; — gj-1) + % (f + fi-) (v + vj2),

a,6f; + az6fj_1 + azéu; + ayduj_g + asév; + agdv;_q

+a76g] + agagj_l + 0(95W] + +a106gj_1 = (r6)j_1,

1)
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h ABh h
@ =ay =7 Wi+ wq)+ % (v +vj-1) - ﬁj ( + ) (W +wj-1)

=L+ f(w + i),

@y = ay =5 (i + fi-) Wy + wior) =5 (95 + 9j-1) = A = ABRCS + fi-) () + wia).

Aﬁh

as = —(fj + fi-1),
a; = ag = == (w; + 1) — 2hAB(g; + gj-1),
ay=1+5(f + i) + 5 (5 + F)(w +w0) =5 (f + £0)",

a0 = =145+ f-) + B+ £-0) (w + ) =5 (5 + -0

Also,

) jr= Wi wy = 5 (5 + fi-0) (wy + wi_0) +5 (5 + f-1) (g, + gj-1) + 2hA (ul _— 1)

fi — fj—l)(vj —v 9j —9gj-1
2

j-1 2
2y ¢ 0y

—ph[2 (L (M (U — (Ll iy

HBIE T2~

B16f; + B26fj—1 + B36u; + Baduj_1 + Bs66; + P666;_1 + B;6p; + Bsbpg = (17) -1,

P h
B1=p; = Prrh .
44 TT o (uj +j- 1) (fj+j-1)

Bs = Ba = = (f; + f1-1) (@) + Pj-1)-

Bs = Pe = S(Pj - 'Pj—1),

Prh
ﬁ7_(1+£9)+ (p]+p] 1)

Pyrh 29
4fjtj-1—g ujtj-1fjtj- o T fj

h Prh
Be = —(1+e0) +=(p; +pj_1) +

,. Pyrh .  Pyr_.
fitj-r—g—ujtj1fjtj1—pfj—j-

0; +6;_1 pj +pj-1\° fi+fi-1\(pj +Pj-1
()1 = (1+€(T)) Dy — 1)) — €h (T) - B (L= ( . )
fitfj—1\ (%jtUj-1\ (Pj*+Dj-1 fi+fj-1\* (Pj+Pj-1
+Prrh[(12’ )(]2] )(]21 )+(12] )(]h] )]
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The block tridiagonal structure of the linearized difference equation often consists of variables or
constants, but in this case, it consists of block matrices. The matrix elements in our scenario are defined
as follows:

[Aq] [C;] ' : . -6l 1 [ [l T
[B2] [Az] [C] : : ' [62] ;]

That is [A][6] = [r], where

1 0 0 0 0 0 O0F
01 0 0 0 0 0
00 0 1 0 0 0
00 0 0 0 1 0

Ailg 1 ‘7’1 0 0 0 O}
00 0 1 ‘7“ 0 0
00 0 0 0 1 =

(1 ‘7" 0 0 0 0 0]

Y, W, W, ¥, Yy 0 0

B a; a3 as a; a9 0 0

2:,31 P3 0 0 0 Bs Br|

O 0 0 0 0 0 0

O 0 0 0 0 0 0

Lo 0 o0 0o o0 0 o
0 0 0 0 0 0 O0F
00 0 0 0 0 0
00 0 0 0 0 0
0 0 0 0 0 0 0

C2=[p —1 ‘7’1 0 0 0 O}
0 0 0 -1 ‘?" 0 0

0 0 0 0 0 -1 2
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Ao

We assume that A is nonsingular and it can be factored into [A] = [L][U], where
o] S . "] ][] -

[B2] [az] - - ) : ) (1] [I]
[o_,] - . . - I e, ]
[B;]  [oy]] - . o ] |

where [I] is the matrix of order 7 and [a;] and [I3] are 7x7 matrices which elements determined by

the following equation:

[og ]=[A],
[A1] = [IT][C4],

[A] = [A-a] = [By][Fj-a]. 1=2.3.4....
[A][5] = [¢]. I=2.3.4,...3-1,

If we define [U][8] = [W], then equation becomes [L][W] = [r], where

F [Wh] T
[We]

W]
 w] |

and the [WJ] are 7x1 column matrices. The elements W can be solved from

[og [Wh] = [r4],
[a] W) |=|r-1B; L Wjl,2<j <.
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The step in which I3, a; and W; are calculated is usually referred to as the forward sweep. Once the

elements of W are found, the solution § in the so-called backward sweep in which the elements are
obtained by the following relations:

[5;1=Iwj].

[6;]-[W;] = 1118j41), 1< j < J-1.

These calculations are repeated until some convergence criterion is satisfied and calculations are

stopped where |5v(§i)| < &, where &; is a small, prescribed value.

4. Results and discussion

We were able to find a solution to the problem of laminar boundary layer flow in rotating Maxwell
fluid that was induced by uniform elastic stretching material. In addition, the CC model is put to use
in the study of the characteristics of heat transmission. The primary objective of this section is to
present and analyze the impacts that physical parameters have on the solutions, and this will be
accomplished through the use of instances. To do this, we depict the temperature and velocity profiles
in Figures 3-8.

When A=0.2, we draw conclusions about the profiles of the non-dimensional x-component of
velocity f'(n) at various values of the Deborah’s number S is shown in Figure 3. Deborah's number
contrasts the observation time scale with the fluid relaxation time of memory distortion. When Deborah
number is low, the material reacts like a completely viscous fluid and the recovery time is quick. When
P increases, the horizontal velocity of the vehicle tends to decrease. A greater value of [ implies a
more physically significant viscous force, which resists the flow and causes the velocity to drop. When
the value of S is increased, we observe that the patterns are skewed in the direction of the border.
This suggests that the thickness of the boundary layer decreases as 8 increases. A substance with a
high Deborah number, however, receives a strong like response. When 7 is increasing and it
diminishes beyond the boundary layer, the function f'(n) gradually decreases. It is evident that the
velocity fluid f'(n) and boundary layer thickness decrease as the parameter 8, or the parameter
associated to fluid relaxation time, increases.

Figure 4 reveals that the behavior of f'(n) affects the rotational parameter A. A=0 refers to a
condition where the frame is not rotating. The ratio of rotation rate to stretching rate rises as 1 grows.
From a physical perspective, when A grows, the rotation rate increases more quickly than the
stretching rate. Due to rotational effects, the value of f' for bigger values of 1 turns negative close
to the border.

Figure 5 reveal that the features of Deborah number S on the g(7n), the sheet is only stretched
in the x-direction, therefore flow in the y-direction is only anticipated as a result of the rotating frame,
where the magnitude of the velocity field g(n), which is proportional to the y-component of velocity,
decreases further from the stretching surface. Because of the rotating effect, flow only occurs in the
negative y-direction in this case, as indicated by the negative value of g(7n). The velocity profile g(n)
as a function of the rotational constant A is depicts in Figure 6. As can be observed, the rotation
parameter helps the flow move in the opposite direction of y. The profile g(n) is comparable to the

AIMS Mathematics Volume 8, Issue 5, 12559-12575.
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function -n exp(-n) for lower lambda. However, an oscillating pattern in the profile of g(n) is seen
for large values of the rotation parameter A.

—3=0.0
0.8 —0=0.3 J
—03=0.7
—p0=1.2
06| —p3=20 1
-
= L - |
= 04 A=2
0.2 1
0 L
0.2 :
0 1 2 3 4 5

Figure 3. Impact of 8 on f'(n).

— =000
— =025
— A=0.50
—A=0.75

Figure 4. Impact of 2 on f'(n).
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Figure 6. Impact of 1 on g(n).

Figure 7 shows that the on 6(n) for different values of & with given values of other factors. In
this study, variable thermal conductivity is taken into account, and its expression implies that the
parameter € has a direct relationship to thermal conductivity. A bigger value of ¢ indicates a larger
thermal diffusivity, which results in a thicker temperature penetration depth.

Figure 8 includes the 8 curve with non-dimensionality for different thermal relaxation times.
The curve tends to move closer to the stretching border when parameter y is directly proportional to
the increase in thermal relaxation time. When a longer thermal relaxation time is taken into account, it
suggests that the temperature penetration depth is shortened.

AIMS Mathematics Volume 8, Issue 5, 12559-12575.



12572

0.8

0.6

g

.4

02

08r

06

)
(=]
£

021

-0.2

=000
r=0.40
=080
#=1.20

#=0.25, A==0.2

i

Figure 7. Impact of € on 6(n).
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Figure 8. Impact of y on 6(n).

In order to verify the accuracy of our calculations, we compare the results for f''(0) to those
found in the prior literature in the non-rotating frame A = 0, is shown in Table 1. Table 2 contain a
numerical summary of the results for the wall velocity gradients f''(0) and g'(0).

Table 1. Code validation test for f''(0) for A = 0.

B Abel et al. [13] 1.000000

0.0 0.999962 1.101903

0.4 1.101850 1.196711

0.8 1.196692 1.285363

1.2 1.285257 1.368758

1.6 1.368641 1.368758
2.0 0.999962 1.000000
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Table 2. Numeric data for f''(0) and g'(0) for A = 0.2.

B —f"(0) —9'(0)
0.0 1.01091 1.01091
0.4 1.13091 1.13091
0.8 1.19832 1.19832
1.0 1.25312 1.25312
1.2 1.30912 1.30912

5. Conclusions

A numerical investigation of Maxwell thermal fluid flow in a rotating frame with variable thermal

conductivity and Cattaneo-Christov heat flux is carried out. A Keller box finite difference-based
approach is used to solve nonlinear equations governing self-similar flow. The following summarizes
the main features of this work:

Viscoelastic effects provide flow resistance in both the x and y directions. However, when a
larger value of the viscoelastic component [ is considered, the temperature 6 rises slightly.

As Pr rises, the wall slope of the temperature rises and becomes closer to zero, which
indicates that Pr is vanishing.

As expected, increasing € increases the thickness of the thermal boundary layer while
decreasing the gradient of the wall temperature.
By putting = 0, the current model reduces to the Newtonian fluid condition. The setting
y = 0 also makes it possible to retrieve the Fourier-law aspect.
The consideration of rotational effects reduces the thickness of the hydrodynamic boundary

layer.

fluids that are caused by body forces.
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