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1. Introduction

Let X be a reflexive, strictly convex and smooth Banach space with dual space X∗. Consider the
optimization problem:

min
x∈X
Φ(x) =: f (x) + g(x), (1.1)

where, the following assumptions are made throughout the paper:

• f : X → (−∞,+∞] is proper, lower semicontinuous and convex.

• g : X → R is convex Gâteaux differentiable, and its gradient is Lipschitz continuous with constant
L :

∥∇g(x) − ∇g(y)∥ ≤ L∥x − y∥,∀x, y ∈ X.

• The set of solutions to Problem (1.1), denote by Sol(P), is nonempty. The optimal value is denoted
by Φ∗.

Recently problem (1.1) together with many variants of it has been received much attention from
optimization community due to its broad applications to many disciplines such as optimal control,
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signal processing, system identification, machine learning, and image analysis; see e.g., [1, 2] and the
references therein. It is known that problem (1.1) is characterized by the fixed point equation:

x = proxt
f (x − t∇g(x)).

where, t > 0 and

proxt
f (x) = argminy∈H{t f (y) +

1
2
∥x − y∥2}.

This equation suggests the possibility of iterating(see [3]):

xn+1 = proxtn
f (xn − tn∇g(xn)).

This method is called the forward-backward splitting method and includes, in particular, the
proximal point method and the gradient method. The forward-backward splitting method is an effective
method to solve (1.1), which allows to decouple the contributions of the functions f and g in a gradient
descent step determined by f and in a backward implicit step induced by g taking the advantage of
some Lipschitz assumption on the derivative of g at each iteration. Forward-backward methods belong
to the class of proximal splitting methods. These methods require the computation of the proximity
operator and the approximation of proximal points (see [4]).

In 2020, Malitsky and Tam [5] introduced the forward-reflected-backward algorithm. Given λ0 >

0, δ ∈ (0, 1), γ ∈ {1, 1
β
} and β ∈ (0, 1). Compute

xn+1 = proxλn
f (xn − λn∇g(xn) − λn−1(∇g(xn) − ∇g(xn−1))) (1.2)

where the stepsize λn = γλn−1β
i with i being the smallest nonnegative integer satisfying λn∥∇g(xn+1) −

∇g(xn))∥ ≤ δ2∥xn+1 − xn∥. Very recently, Padcharoen et al. [6] proposed the modified forward-backward
splitting method. Give {λn} ⊂ (0, 1

L ), {αn} ⊂ [0, α] ⊂ [0, 1). Let x0, x1 ∈ H and compute
ωn = xn + θn(xn − xn−1),
yn = proxλn

f (ωn − λn∇g(ωn)),
xn+1 = yn − λn(∇g(yn) − ∇g(ωn)).

They established weak convergence of the proposed method.
Generalization of this method from Hilbert space to Banach space is not immediate. In [7],

the following generalization of the forward-backward iteration procedure was proposed in reflexive
Banach spaces X:

x0 ∈ X, xn+1 ∈ argminy∈X{
1
p
∥y − xn∥

p + tn(⟨∇g(xn), y⟩ + f (y))}, (1.3)

where, the gradient operator ∇g is (p − 1) Hölder-continuous on X, i.e., there exists a constant L such
that

∥∇g(x) − ∇g(y)∥ ≤ L∥x − y∥p−1, ∀ x, y ∈ X.

In [8], Guan and Song replace the square of the norm distance with Bregman distance proposed
another type generalization of the forward-backward method in Banach spaces

xn+1 = argminy∈X{
1
q
∥xn∥

p +
1
p
∥y∥p − ⟨Jp(xn), y⟩ + tn(⟨∇g(xn) + Jp(zn), y⟩ + f (y))},
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where, Jp is the p-duality mapping and q is the dual exponent.
In [9], Guan and Song further extended forward-backward splitting method (1.3) to more general

case, i.e., by taking a convex combination of the current step and the previous step:{
yn = argminy∈X{

1
p∥xn − y∥p + tn(⟨∇g(xn) + Jp(zn), y⟩ + f (y))},

xn+1 = (1 − λn)xn + λnyn.

In [7–9], they respectively proved that the sequence of functional values converges with the
convergence rate n1−p to the optimal value of Problem (1.1).

Inspired and motivated by previous works, we replace xn−1 with xn+1 and the square of the norm
distance with Bregman distance in (1.2) to study non-traditional schemes of the forward-backward
splitting algorithm for minimization problems with nonsmooth convex functionals in a Banach space.
This non-traditional algorithm is an implicit algorithm. The traditional forward backward splitting
algorithm is explicit algorithm, and the forward step and the backward step are completely separated.
After simple calculation (see Remark 3.1), the implicit algorithm can be converted into an explicit
algorithm, but the forward step and the backward step of the explicit algorithm are partially separated.
Our main goal is to prove the criterial convergence of these algorithms and obtain estimates of the
convergence rate under different stepsize assumptions.

2. Mathematical toolbox

Let f : X → (−∞,+∞] be an extended real valued function. The subdifferential of f is the set
valued operator ∂ f : X → X∗ the value of which at x ∈ X is

∂ f (x) = {x∗ ∈ X∗ : ⟨x∗, y − x⟩ ≤ f (y) − f (x), ∀y ∈ X}.

Let D be a closed convex set. For every x ∈ D, we define the set of normals to D at x by

ND(x) = {x∗ ∈ X∗ : ⟨x∗, y − x⟩ ≤ 0,∀y ∈ D}.

The function τD : X → (−∞,+∞] defined by

τD(x) =
{

0, if x ∈ D,
+∞, otherwise,

is called the indicator function of D. Clearly, τD is a proper convex function and for every x ∈ D, we
have ∂τD(x) = ND(x).

The duality mapping J : X → X∗ is defined by

J(x) = {x∗ ∈ X∗|⟨x∗, x⟩ = ∥x∗∥∥x∥, ∥x∗∥ = ∥x∥}, ∀x ∈ X.

The Hahn-Banach theorem guarantees that J(x) , ∅ for every x ∈ X. It is clear that J(x) = ∂(1
2∥ ·

∥2)(x) for all x ∈ X. It is well known that if X is smooth, then J is single valued and is norm-to-weak
star continuous. X is reflexive if and only if J is surjective. X is strictly convex if and only if J is
injective. In particular, J is a monotone operator in any Banach space, that is,

⟨J(x) − J(y), x − y⟩ ≥ 0,∀x, y ∈ X.
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The duality mapping J is said to be weakly continuous on a smooth Banach space if xn ⇀ x implies
J(xn) ⇀ J(x). This happens, for example, if X is a Hilbert space, or finite dimensional and smooth,
or lp, 1 < p < +∞. This property of Banach spaces was introduced by Browder [10]. It is also well
known that if a Banach space X is reflexive, strictly convex and smooth, then the duality mapping J∗

from X∗ into X is the inverse of J, that is, J−1 = J∗. Properties of the duality mapping have been given
in [11–14].

Let X be a smooth Banach space. Alber ( [15]) considered the following function:

W(x, y) = ∥x∥2 − 2⟨J(x), y⟩ + ∥y∥2,∀x, y ∈ X.

It is obvious from the definition of W that

(∥x∥ − ∥y∥)2 ≤ W(x, y) ≤ (∥x∥ + ∥y∥)2, ∀ x, y ∈ X.

Consider the Moreau envelope envt f (x) and the set-valued proximal mapping πt f (x) defined by

envt f = inf
y∈X
{t f (y) +

1
2

W(x, y)}, (2.1)

πt f (x) = argminy∈X{t f (y) +
1
2

W(x, y)}.

The operator πt f is called the proximity operator. For every x ∈ X, the infimum in (2.1) is achieved at
a unique point πt f (x) which is characterized by the inclusion

J(x) − J(πt f (x)) ∈ ∂(t f )(πt f (x)). (2.2)

Let us introduce some concepts and characteristics of Banach space geometry [15, 16]. Denote the
modulus of convexity of X by δX(ϵ) and modulus of smoothness of X by ρX(τ) and set

hX(τ) =
ρX(τ)
τ
. (2.3)

We recall that a Banach space X is uniformly convex if and only if δX(ϵ) > 0 for all ϵ > 0 and it is
uniformly smooth if and only if limτ→0 hX(τ) = 0. The space X is said to be 2-uniformly convex (resp.
2-uniformly smooth) if there is a constant c > 0 such that δX(ϵ) ≥ cϵ2 (resp. ρX(τ) ≤ cτ2).

If ∥x∥ ≤ M and ∥y∥ ≤ M, then J is uniformly monotone in a uniformly convex Banach space in the
form

⟨J(x) − J(y), x − y⟩ ≥ (2µ)−1M2δX(
∥x − y∥

2M
), (2.4)

where 1 < µ < 1.7 is Figiel constant, it is uniformly continuous in a uniformly smooth Banach space
in the form

∥J(x) − J(y)∥ ≤ 8MhX(
16µ∥x − y∥

M
), (2.5)

Next we present some auxiliary lemmas on the recursive numerical inequalities which are often
used in the proofs below.
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Lemma 2.1. [17] If X is a reflexive, strictly convex and smooth Banach space and A is a maximal
monotone operator, then for each λ > 0 and x ∈ X, there is a unique element x̄ satisfying J(x) ∈
J(x̄) + λA(x̄).

Lemma 2.2. [18] Assume that

(i) z(t) : [1,∞)→ [0,∞) is a continuous decreasing function satisfying
∫ ∞

1
z(t)dt = +∞;

(ii) φ(t) : [0,∞)→ [0,∞), φ(0) = 0 is continuous and strictly increasing;

(iii) {µ(n)} is a sequence of nonnegative real numbers such that the implicit recursive inequality

µn+1 ≤ µn − αnφ(µn+1) (2.6)

holds, where αn = z(n), then limn→∞ µn = 0, and there exists c̄ ≥ 1 such that for all n=1,2,· · ·

µn ≤ φ
−1

(
c̄∑n

i=1 αi

)
.

Lemma 2.3. [18] Assume that {µn} is a sequence of non-negative real numbers such that µn+1 ≤

µn − cµ2
n+1 with a constant c > 0, then there exists c̄ > 0 such that

µn ≤
c̄
n
.

Lemma 2.4. [19] Let {an}, {bn} and {ϵn} be real sequences. Assume that {an} is bounded from below,
{bn} is nonnegative,

∑∞
n=1 |ϵn| < +∞ and an+1 − an + bn ≤ ϵn. Then {an} converges and

∑∞
n=1 bn < +∞.

Lemma 2.5. [20] Let X be a uniformly convex Banach space. If limn→∞W(xn, xn+1) → 0, then
limn→∞ ∥xn − xn+1∥ → 0.

Lemma 2.6. [21] If g : X → R is convex Gâteaux differentiable, and its gradient is Lipschitz
continuous with constant L, then we have

⟨∇g(x) − ∇g(y), x − y⟩ ≥
1
L
∥∇g(x) − ∇g(y)∥2,∀x, y ∈ X.

Lemma 2.7. [22] (Descent lemma) Let g : X → R be a continuously differentiable function whose
gradient is Lipschitz continuous with constant L. Then, for any x, y ∈ X, we have

g(x) ≤ g(y) + ⟨∇g(y), x − y⟩ +
L
2
∥x − y∥2.

Lemma 2.8. [23] Let X be a 2-uniformly convex and 2-uniformly smooth Banach space. Then there
exists two constants α > 0 and β > 0 such that

α∥x − y∥2 ≤ W(x, y) ≤ β∥x − y∥2, ∀ x, y ∈ X.

Remark 2.1. If X is a 2-uniformly convex and 2-uniformly smooth Banach space, then X is also a
2-uniformly convex and 2-uniformly smooth Banach space. Hence, there exists a constant c > 0 such
that

⟨J(x) − J(y), x − y⟩ ≥ c max{∥J(x) − J(y)∥2, ∥x − y∥2},∀x, y ∈ X.
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3. Main results

Algorithm 3.1. Modified forward reflected backward splitting algorithm
Take x0 ∈ X. Given xn, define xn+1 by the inclusion

xn+1 = πtn f J−1(J(xn) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn))), (3.1)

where, {tn} and {λn} are two sequences of nonnegative real numbers.

Remark 3.1. By (2.2), we have

xn+1 = πtn f J−1(J(xn) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn)))
⇔ J(xn) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn)) − J(xn+1) ∈ tn∂ f (xn+1)
⇔ J(xn) − tn∇g(xn) + λn∇g(xn) ∈ J(xn+1) + λn∇g(xn+1) + tn∂ f (xn+1)
⇔ JJ−1(J(xn) − tn∇g(xn) + λn∇g(xn)) ∈ J(xn+1) + (λn∇g + tn∂ f )(xn+1)
⇔ xn+1 = π(λng+tn f )J−1(J(xn) − tn∇g(xn) + λn∇g(xn)).

Hence, the iterative sequence {xn} defined by Algorithm 3.1 is well-defined, that is, for each xn, there is
a unique element xn+1 satisfying Eq (3.1).

Remark 3.2. Notice that

xn+1 = πtn f J−1(J(xn) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn)))
⇔ JJ−1(J(xn) − tn∇g(xn) + λn∇g(xn)) ∈ J(xn+1) + (λn∇g + tn∂ f )(xn+1)
⇔ xn+1 ∈ (J + λn∇g + tn∂ f )−1(J(xn) − tn∇g(xn) + λn∇g(xn)).

Hence, by Lemma 2.1, we also know that the iterative sequence {xn} defined by Algorithm 3.1 is well-
defined.

Proposition 3.1. Let {xn} be a sequence generated by Algorithm 3.1 and define

h(xn) : = f (xn) − f (xn+1) + ⟨∇g(xn), xn − xn+1⟩.

Assume that ⟨J(x)− J(y), x−y⟩ ≥ c∥x−y∥2, ∀x, y ∈ X with some constant c > 0. If 0 < t̄ < tn ≤
2c−2Lλn

L ,

then we have

(i) ∥xn − xn+1∥
2 ≤

tn
c−Lλn

h(xn).

(ii) Φ(xn+1) ≤ Φ(xn) − (1 − tnL
2c−2Lλn

)h(xn).

Proof. (i). By Remark 3.1, we have that

J(xn) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn)) − J(xn+1) ∈ tn∂ f (xn+1) (3.2)

and so that

⟨J(xn) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn)) − J(xn+1), xn − xn+1⟩ ≤ tn( f (xn) − f (xn+1)).

AIMS Mathematics Volume 8, Issue 5, 12195–12216.



12201

Hence, by the Lipschitz continuity of ∇g(·), we have

1
tn
⟨J(xn) − J(xn+1), xn − xn+1⟩

≤ f (xn) − f (xn+1) + ⟨∇g(xn), xn − xn+1⟩ +
λn

tn
⟨∇g(xn+1) − ∇g(xn), xn − xn+1⟩

≤ f (xn) − f (xn+1) + ⟨∇g(xn), xn − xn+1⟩ +
λn

tn
∥∇g(xn+1) − ∇g(xn)∥∥xn − xn+1∥

≤ h(xn) +
Lλn

tn
∥xn − xn+1∥

2.

By condition ⟨J(x) − J(y), x − y⟩ ≥ c∥x − y∥2, ∀x, y ∈ X, we can get

1
tn
⟨J(xn) − J(xn+1), xn − xn+1⟩ ≥

c
tn
∥xn − xn+1∥

2.

Hence we have
∥xn − xn+1∥

2 ≤
tn

c − Lλn
h(xn).

(ii). Using the definition of h(xn), we have

Φ(xn) − Φ(xn+1) = h(xn) + g(xn) − g(xn+1) − ⟨∇g(xn), xn − xn+1⟩. (3.3)

By the Lipschitz continuity of ∇g(·) and Lemma 2.7, we get that

|g(xn) − g(xn+1) − ⟨∇g(xn), xn − xn+1⟩| ≤
L
2
∥xn − xn+1∥

2 ≤
tnL

2c − 2Lλn
h(xn). (3.4)

It follows from (3.3) and (3.4) that

Φ(xn+1) ≤ Φ(xn) − (1 −
tnL

2c − 2Lλn
)h(xn).

□

Proposition 3.2. Let {xn} be a sequence generated by Algorithm 3.1. Assume that

⟨J(x) − J(y), x − y⟩ ≥ c max{∥x − y∥2, ∥J(x) − J(y)∥2}, ∀x, y ∈ X

with some constant c > 0 and the sequence {xn} is bounded. If 0 < t̄ < tn ≤
2c−2Lλn

L , then the following
hold.

(i) lim
n→∞
Φ(xn) = Φ∗.

(ii) all weak accumulation points of {xn} belong to Sol(P).

(iii) Φ(xn) − Φ∗ ≤ βn−1 for some β > 0.
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Proof. (i). Let x̂ ∈ Sol(P). Since

g(xn) − g(x̂) ≤ ⟨∇g(xn), xn − x̂⟩

and
Φ(xn) − Φ∗ = f (xn) − f (x̂) + g(xn) − g(x̂),

we have that

Φ(xn) − Φ∗ ≤ f (xn) − f (x̂) + ⟨∇g(xn), xn − x̂⟩

= h(xn) + f (xn+1) − f (x̂) + ⟨∇g(xn), xn+1 − x̂⟩. (3.5)

Then, by (3.5) and (3.2), we have

Φ(xn) − Φ∗

≤ h(xn) + ⟨∇g(xn), xn+1 − x̂⟩

−

〈
J(xn) − J(xn+1)

tn
− ∇g(xn) −

λn

tn
(∇g(xn+1) − ∇g(xn)), x̂ − xn+1

〉
= h(xn) −

〈
J(xn) − J(xn+1)

tn
−
λn

tn
(∇g(xn+1) − ∇g(xn)), x̂ − xn+1

〉
= h(xn) + ∥

J(xn) − J(xn+1)
tn

∥∥x̂ − xn+1∥ +
λn

tn
∥∇g(xn+1) − ∇g(xn)∥∥x̂ − xn+1∥

≤ h(xn) +
1

ctn
∥xn − xn+1∥∥x̂ − xn+1∥ +

Lλn

tn
∥xn+1 − xn∥∥x̂ − xn+1∥

≤ h(xn) + c1∥xn+1 − xn∥,

where, c1 ≥
1

ctn
∥x̂ − xn+1∥ +

Lλn
tn
∥x̂ − xn+1∥. Hence, by Proposition 3.1, we have

Φ(xn) − Φ∗ ≤ h(xn) + c1

√
tn

c − Lλn
h(xn)

≤
Φ(xn) − Φ(xn+1)

(1 − tnL
2c−2Lλn

)
+ c1

√
tn

c − Lλn

Φ(xn) − Φ(xn+1)
(1 − Ltn

2c−2Lλn
)

≤ (Φ(xn) − Φ(xn+1))
1
2 (

1
c2

)
1
2 , (3.6)

where, ( 1
c2

)
1
2 ≥

√
Φ(xn)−Φ(xn+1)
(1− tnL

2c−2Lλn
)
+ c1

√
2tn

2c−2Lλn−Ltn
. Then we have

c2(Φ(xn) − Φ∗)2 ≤ (Φ(xn) − Φ∗) − (Φ(xn+1) − Φ∗). (3.7)

By Lemma 2.4 and (3.7), we obtain, lim
n→∞
Φ(xn) = Φ∗.

(ii). Since limn→∞Φ(xn) = Φ∗, the sequence {xn} is a minimizing sequence, thus, due to the weak
lower semicontinuity of Φ, all weak accumulation points of {xn} belong to Sol(P).

(iii). By (3.7), we have

c2(Φ(xn+1) − Φ∗)2 ≤ c2(Φ(xn) − Φ∗)2 ≤ (Φ(xn) − Φ∗) − (Φ(xn+1) − Φ∗).

Then, by Lemma 2.3, there exists β > 0, such that Φ(xn) − Φ∗ ≤ βn−1. □
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Proposition 3.3. Let {xn} be a sequence generated by Algorithm 3.1. If λn = tn ≥ t̄ > 0, then we have

(i) the sequence {xn} is bounded.

(ii) lim
n→∞
Φ(xn) = Φ∗.

(iii) all weak accumulation points of {xn} belong to Sol(P).

(iv) if the duality mapping J is weakly continuous, then {xn} convergence weakly as n→ +∞ to a point
in Sol(P).

Proof. (i). For all x̄ ∈ Sol(P),

W(xn+1, x̄) ≤ W(xn, x̄) + 2⟨J(xn+1) − J(xn), xn+1 − x̄⟩

= W(xn, x̄) − 2tn⟨∂Φ(xn+1), xn+1 − x̄⟩

≤ W(xn, x̄) − 2tn(Φ(xn+1) − Φ(x̄)). (3.8)

Then we have
W(xn+1, x̄) ≤ W(xn, x̄) ≤ W(x1, x̄).

Hence, the sequence {xn} is bounded.
(ii). By (3.8) and tn ≥ t̄, we have lim

n→∞
Φ(xn) = Φ∗.

(iii). Since limn→∞Φ(xn) = Φ∗, the sequence {xn} is a minimizing sequence, thus, due to the weak
lower semicontinuity of Φ, all weak accumulation points of {xn} belong to Sol(P).

(iv). The space being reflexive, it suffices to prove that {xn} has only one weak cluster point as
n→ +∞. Suppose otherwise that xn,k ⇀ x̃1 ∈ Sol(P) and xn,s ⇀ x̃2 ∈ Sol(P). By part (i), we know that
there exists nonnegative numbers n1 and n2 such that

lim
n→∞

W(xn, x̃1)→ n1 and lim
n→∞

W(xn, x̃2)→ n2.

Hence

lim
n→∞

(W(xn, x̃1) −W(xn, x̃2)) = ∥x̃1∥
2 − ∥x̃2∥

2 + 2 lim
n→∞
⟨J(xn), x̃2 − x̃1⟩

= n1 − n2.

Since the duality mapping J is weakly continuous, we have

∥x̃1∥
2 − ∥x̃2∥

2 + 2⟨J(x̃1), x̃2 − x̃1⟩ = n1 − n2

and
∥x̃1∥

2 − ∥x̃2∥
2 + 2⟨J(x̃2), x̃2 − x̃1⟩ = n1 − n2.

Hence
⟨J(x̃2) − J(x̃1), x̃2 − x̃1⟩ = 0.

Since X is strictly convex, according to the properties of the duality mapping J, we conclude that

x̃2 = x̃1,

which establishes the uniqueness of the weak accumulation point. □
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Proposition 3.4. Let {xn} be defined by Algorithm 3.1. Assume that tn ≤ tn+1 and hn(x) = 1
2tn−1
∥x∥2 −

g(x), n = 1, 2, · · · is a convex function. Then we have the following:

(i) if the sequence {xn} is bounded and
∑∞

i=1 λi < +∞, then lim
n→∞
Φ(xn) = Φ∗ and all weak accumulation

points of {xn} belong to Sol(P).

(ii) if λn = 0 and tn+1 ≤ t̄, then the sequence {xn} is bounded.

Proof. Let

Gn(x) = Φ(x) +
1

2tn−1
W(xn−1, x) − Dg(x, xn−1) +

λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x⟩

and
gn(x) =

1
2tn−1

W(xn−1, x) − Dg(x, xn−1) +
λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x⟩,

where, Dg(x, xn−1) = g(x) − g(xn−1) − ⟨∇g(xn−1), x − xn−1⟩ is a Bregman distance function.
Since hn(x) = 1

2tn−1
∥x∥2 − g(x) is a convex function, we have that

gn(x) = Dhn(x, xn−1) +
λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x⟩ ≥

λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x⟩

and so that

Gn(x) ≥ Φ(x) +
λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x⟩ ≥ Φ∗ +

λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x⟩.

Then we have,

Gn(x) −Gn(xn)

= Φ(x) +
1

2tn−1
W(xn−1, x) − Dg(x, xn−1) +

λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x⟩

−Φ(xn) −
1

2tn−1
W(xn−1, xn) + Dg(xn, xn−1) −

λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), xn⟩

=
1

2tn−1
W(xn, x) + f (x) − f (xn)

−

〈
J(xn−1) − J(xn)

tn−1
− ∇g(xn−1) −

λn−1

tn−1
(∇g(xn) − ∇g(xn−1)), x − xn

〉
.

Since J(xn−1)−J(xn)
tn−1

− ∇g(xn−1) − λn−1
tn−1

(∇g(xn) − ∇g(xn−1)) ∈ ∂ f (xn), then we have

f (x) − f (xn) −
〈

J(xn−1) − J(xn)
tn−1

− ∇g(xn−1) −
λn−1

tn−1
(∇g(xn) − ∇g(xn−1)), x − xn

〉
≥ 0.

Hence,

Gn(x) −Gn(xn) ≥
1

2tn−1
W(xn, x) ≥

1
2tn

W(xn, x)

≥ gn+1(x) −
λn

tn
⟨∇g(xn+1) − ∇g(xn), x⟩. (3.9)
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Let x̂ ∈ Sol(P), then we have

Gn(x̂) −Gn(xn)
= Φ(x̂) + gn(x̂) − Φ(xn) − gn(xn)

≤ Φ(x̂) − Φ(xn) − gn(xn) +Gn−1(x̂) −Gn−1(xn−1) +
λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x̂⟩.

Hence, by gn(xn) ≥ λn−1
tn−1
⟨∇g(xn) − ∇g(xn−1), xn⟩ and Φ(x̂) ≤ Φ(xn), we have

(Gn(x̂) −Gn(xn)) − (Gn−1(x̂) −Gn−1(xn−1))

≤ Φ(x̂) − Φ(xn) − gn(xn) +
λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x̂⟩

≤ −
λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), xn⟩ +

λn−1

tn−1
⟨∇g(xn) − ∇g(xn−1), x̂⟩. (3.10)

By (3.9), we have that the sequence {Gn(x̂) − Gn(xn)} is bounded from below. Since {xn} is bounded,
then by Lemma 2.4 and (3.10), we obtain that {Gn(x̂)−Gn(xn)} is converges. Hence, by (3.10), we have
that lim

n→∞
Φ(xn) = Φ∗, and so that, all weak accumulation points of {xn} belong to Sol(P).

(ii) If λn = 0, then gn(x) = 1
2tn−1

W(xn−1, x)−Dg(x, xn−1) ≥ 0. Then, once again from inequalities (3.9)
and (3.10), we get that

Gn(x) −Gn(xn) ≥
1

2tn−1
W(xn, x)

and
(Gn(x̂) −Gn(xn)) − (Gn(x̂) −Gn(xn−1)) ≤ Φ(x̂) − Φ(xn).

Hence, {xn} is bounded. □

Remark 3.3. If there exist c > 0 such that ⟨Jx − Jy, x − y⟩ ≥ c∥x − y∥2 and ∇g is Lipschitz continuous
with constant L, then for 0 < tn ≤

c
L we have

1
tn
⟨J(x) − J(y), x − y⟩ ≥

c
tn
∥x − y∥2 ≥ L∥x − y∥2 ≥ ⟨∇g(x) − ∇g(y), x − y⟩.

Then by

1
tn
⟨J(x) − J(y), x − y⟩ ≥ ⟨∇g(x) − ∇g(y), x − y⟩ ⇔ ⟨∇h(x) − ∇h(y), x − y⟩ ≥ 0,

we have that, hn(x) = 1
2tn
∥x∥2 − g(x), n = 1, 2, · · · is a convex function. □

We have proved that existence of solutions of Problem (1.1) is sufficient to guarantee convergence
of the sequence generated by Algorithm 3.1. The next proposition shows that it is also a necessary
condition.

Proposition 3.5. Let {xn} be a sequence generated by Algorithm 3.1. Assume that

hn(x) =
1

2tn−1
∥x∥2 − g(x), n = 1, 2, · · ·

is convex function. If the sequence {xn} is bounded and tn ≤ tn+1 and
∑∞

i=1 λi < +∞, then Sol(P) is
nonempty.
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Proof. Since {xn} is bounded, then weak closure {xn}
w

of {xn} is also bounded and there exists a bounded
closed convex set D ⊂ X such that

{xn}
w
⊂ intD, (3.11)

where intD is the interior of D. It follows that any weak accumulation points of {xn} belong to intD.
Let f̃ = f + τD and

x̃0 ∈ X, x̃n+1 = πtn f̃ J−1(J(x̃n) − tn∇g(x̃n) − λn(∇g(x̃n+1) − ∇g(x̃n))).

We will first prove by induction that the sequence {x̃n} coincides with the sequence {xn} when x̃0 = x0.

Suppose that x̃n = xn. By (3.11), we have that xn+1 ∈ intD, and so that,

ND(xn+1) = 0.

Hence, we have that

J(xn) − J(xn+1)
tn

− ∇g(xn) −
λn

tn
(∇g(xn+1) − ∇g(xn))

∈ ∂ f (xn+1) = ∂ f (xn+1) + ND(xn+1) = ∂ f̃ (xn+1)

and so that
xn+1 = πtn f̃ J−1(J(xn) − tn∇g(xn)) − λn(∇g(xn+1) − ∇g(xn))).

Then, by Remark 3.1, we have
x̃n+1 = xn+1.

Consider the optimization problem:
min
x∈X

f̃ (x) + g(x). (3.12)

Since D is a bounded closed convex set and X is a reflexive Banach space, the solution set of problem
(3.12) is nonempty. Then by Proposition 3.4, all weak accumulation points of {x̃n} are solutions to
problem (3.12). Since the sequence {x̃n} and the sequence {xn} are coincidences, the weak accumulation
point x̂ of {xn} is also solution to problem (3.12).

We prove next that x̂ ∈ Sol(P). Since x̂ ∈ {xn}
w
⊂ intD, we obtain ND(x̂) = 0. Hence,

0 ∈ ∂( f̃ (x̂) + g(x̂)) = ∂ f (x̂) + ND(x̂) + ∇g(x̂) = ∂Φ(x̂),

that is, x̂ ∈ Sol(P). □

Proposition 3.6. Let X be a uniformly convex and uniformly smooth Banach space. Let {xn} be a
sequence generated by Algorithm 3.1. Assume that ⟨J(x) − J(y), x − y⟩ ≥ c∥x − y∥2, ∀x, y ∈ X with
some constant c > 0 and assume that the sequence {xn} is bounded. Assume that 0 ≤ λ ≤ λn ≤ tn ≤ t
and (1

t − (1 − λt ) L
c ) > 0. Then the following estimate holds

Φ(xn) − Φ∗ ≤ φ−1(
c̄
n

), (3.13)

where c̄ is some positive constant and φ is defined by (3.17).
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Proof. Using
g(xn+1) − g(xn) ≤ ⟨∇g(xn+1), xn+1 − xn⟩

and
J(xn) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn)) − J(xn+1) ∈ tn∂ f (xn+1),

we calculate

Φ(xn+1) − Φ(xn)
= g(xn+1) − g(xn) + f (xn+1) − f (xn)
≤ ⟨∇g(xn+1), xn+1 − xn⟩

+⟨
1
tn

(J(xn) − J(xn+1)) − ∇g(xn) −
λn

tn
(∇g(xn+1) − ∇g(xn)), xn+1 − xn⟩

=
1
tn
⟨J(xn) − J(xn+1), xn+1 − xn⟩ + (1 −

λn

tn
)⟨∇g(xn+1) − ∇g(xn), xn+1 − xn⟩

≤
1
tn
⟨J(xn) − J(xn+1), xn+1 − xn⟩ + (1 −

λn

tn
)∥∇g(xn+1) − ∇g(xn)∥∥xn+1 − xn∥

≤
1
tn
⟨J(xn) − J(xn+1), xn+1 − xn⟩ + (1 −

λn

tn
)L∥xn+1 − xn∥

2. (3.14)

Then by condition ⟨J(x) − J(y), x − y⟩ ≥ c∥x − y∥2, ∀x, y ∈ X, we have

Φ(xn+1) − Φ(xn)

≤
1
tn
⟨J(xn) − J(xn+1), xn+1 − xn⟩ + (1 −

λn

tn
)L∥xn+1 − xn∥

2

≤
1
tn
⟨J(xn) − J(xn+1), xn+1 − xn⟩ + (1 −

λn

tn
)
L
c
⟨J(xn) − J(xn+1), xn − xn+1⟩

≤ (
1
tn
− (1 −

λn

tn
)
L
c

)⟨J(xn) − J(xn+1), xn+1 − xn⟩

≤ α⟨J(xn) − J(xn+1), xn+1 − xn⟩. (3.15)

where, 0 < α = (1
t − (1 − λt ) L

c ). Due to the monotonicity property of J,

⟨J(xn) − J(xn+1), xn+1 − xn⟩ ≤ 0.

Thus, from (3.15) we obtain the inequality Φ(xn+1) ≤ Φ(xn) and Φ∗ ≤ Φ(xn) ≤ Φ(x1). Therefore,
the sequence {Φ(xn)} has a limit. Since the sequence {xn} is bounded, there exists M > 0 such that
∥xn∥ ≤ M. By (2.4)

⟨J(xn) − J(xn+1), xn − xn+1⟩ ≥ (2µ)−1M2δX(
∥xn − xn+1∥

2M
).

This implies the estimate

Φ(xn+1) − Φ(xn) ≤ −α(2µ)−1M2δX(
∥xn − xn+1∥

2M
). (3.16)

By analogy with (3.14), we can write down
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Φ(xn+1) − Φ(x̄)
≤ ⟨∇g(xn+1), xn+1 − x̄⟩

+⟨
1
tn

(J(xn) − J(xn+1)) − ∇g(xn) −
λn

tn
(∇g(xn+1) − ∇g(xn)), xn+1 − x̄⟩

≤
1
tn
∥J(xn) − J(xn+1)∥∥xn+1 − x̄∥ + (1 −

λn

tn
)L∥xn+1 − xn∥∥xn+1 − x̄∥.

By condition ⟨J(x) − J(y), x − y⟩ ≥ c∥x − y∥2, ∀x, y ∈ X, we have

1
c
∥J(x) − J(y)∥ ≥ ∥x − y∥, ∀x, y ∈ X.

Hence,

Φ(xn+1) − Φ(x̄)

≤
1
tn
∥J(xn) − J(xn+1)∥∥xn+1 − x̄∥ + (1 −

λn

tn
)
L
c
∥J(xn+1) − J(xn)∥∥xn+1 − x̄∥

= (
1
tn
+ (1 −

λn

tn
)
L
c

)∥J(xn) − J(xn+1)∥∥xn+1 − x̄∥.

≤ β∥J(xn) − J(xn+1)∥∥xn+1 − x̄∥.

where, β = ( 1
λ
+ (1 − λt ) L

c ). Hence, we obtain

Φ(xn+1) − Φ(x̄) ≤ C2hX(C3∥xn+1 − xn∥),

where, C2 = 8βM(M + ∥x̄∥), C3 = 16µM−1 and hX(t) is defined by (2.3).
From (3.16), we now deduce

Φ(xn+1) − Φ(xn) ≤ −C1δX(
h−1

X (C−1
2 (Φ(xn+1) − Φ(x̄)))

2MC3
).

where C1 = α(2µ)−1M2. If we denote µn = Φ(xn) − Φ(x̄) and

φ(t) = δX(
h−1

X (C−1
2 t)

2MC3
), (3.17)

then we obtain
µn+1 ≤ µn −C1φ(µn+1).

By Lemma 2.2, we conclude that Φ(xn)→ Φ∗ with the estimate (3.13). □

Proposition 3.7. Let {xn} be a sequence generated by Algorithm 3.1. Assume that there exists c > 0
such that

⟨J(x) − J(y), x − y⟩ ≥ c max{∥J(x) − J(y)∥2, ∥x − y∥2},∀x, y ∈ X (3.18)

and assume that L|tn − λn| ≤ η < c. Then there exists a constant C > 0 such that the estimate

Φ(xn) − Φ∗ ≤
(

C∑n
i=1 ti

) 1
2
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holds. If 0 < t̄ ≤ tn in the Algorithm 3.1, then there exists a constant c̄ > 0 such that the following the
estimate of the convergence rate holds:

Φ(xn) − Φ∗ ≤
c̄
n
.

Proof. Using
J(xn) − J(xn+1) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn)) ∈ tn∂ f (xn+1),

we have

J(xn) − J(xn+1) + (tn − λn)(∇g(xn+1) − ∇g(xn)) ∈ tn∇g(xn+1) + tn∂ f (xn+1) = tn∂Φ(xn+1).

Hence,

Φ(xn+1) − Φ(xn) ≤
〈

J(xn) − J(xn+1)
tn

+
(tn − λn)

tn
(∇g(xn+1) − ∇g(xn)), xn+1 − xn

〉
.

By condition (3.18), there exists c > 0, such that

Φ(xn+1) − Φ(xn)

≤
1
tn

〈
J(xn) − J(xn+1), xn+1 − xn⟩ +

(tn − λn)
tn

⟨∇g(xn+1) − ∇g(xn), xn+1 − xn

〉
≤ −

c
tn
∥xn − xn+1∥

2 + |
tn − λn

tn
|∥∇g(xn+1) − ∇g(xn)∥∥xn+1 − xn∥

≤ −(
c
tn
− L|

tn − λn

tn
|)∥xn+1 − xn∥

2. (3.19)

By Remark 3.1 and the definition of subdifferential , we have

Φ(xn+1) − Φ(x̄)

≤

〈
J(xn) − J(xn+1)

tn
+

(tn − λn)
tn

(∇g(xn+1) − ∇g(xn)), xn+1 − x̄
〉

≤
1
tn
∥J(xn) − J(xn+1)∥∥xn+1 − x̄∥ + |

tn − λn

tn
|∥∇g(xn+1) − ∇g(xn)∥∥xn+1 − x̄∥

≤
1

ctn
∥xn − xn+1∥∥xn+1 − x̄∥ + L|

tn − λn

tn
|∥xn+1 − xn∥∥xn+1 − x̄∥

≤ (
1

ctn
+ L|

tn − λn

tn
|)(M + ∥x̄∥)∥xn − xn+1∥. (3.20)

Then by (3.19) and (3.20), there exists a constant λ > 0, such that

Φ(xn+1) − Φ(xn) ≤ −λtn(Φ(xn+1) − Φ(x̄))2.

Let us to denote µn = Φ(xn) − Φ(x̄). Then

µn+1 ≤ µn − λtnµ
2
n+1. (3.21)
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We now use Lemma 2.2. In the case of (3.21), we have φ(t) = t2, αn = λtn, z(t) = t (up to a constant)
and then we conclude that there exists a constant C > 0 such that

µn ≤

(
C∑n
i=1 ti

) 1
2

.

If 0 < t̄ ≤ tn, then by (3.21) we have

µn+1 ≤ µn − λtn+1µ
2
n+1 ≤ µn − λt̄µ2

n+1.

Then by Lemma 2.3, we obtain

Φ(xn) − Φ∗ ≤
c̄
n

with some constant c̄ > 0. □

Proposition 3.8. Let {xn} be a sequence generated by Algorithm 3.1. Assume that there exists c > 0
such that

⟨J(x) − J(y), x − y⟩ ≥ c max{∥J(x) − J(y)∥2, ∥x − y∥2},∀x, y ∈ X. (3.22)

If 0 < t̄ ≤ tn ≤ ¯̄t and λn = tn in the Algorithm 3.1, then there exists a constant C > 0 such that the
following the estimate of the convergence rate holds:

Φ(xn) − Φ∗ ≤
(

C
ln(n + 1)

) 1
2

. (3.23)

Proof. As in Proposition 3.7, we assert that Φ(xn) ≤ Φ(x1).Moreover,

Φ(xn+1) − Φ(xn) ≤
1
tn
⟨J(xn) − J(xn+1), xn+1 − xn⟩ ≤ −

c
tn
∥J(xn) − J(xn+1)∥2.

Hence,
(Φ(xn+1) − Φ∗) − (Φ(xn) − Φ∗) ≤ −

c
tn
∥J(xn) − J(xn+1)∥2. (3.24)

Therefore, the sequence {Φ(xn) − Φ∗} has a limit and there exists a constant C1 such that

n∑
i=1

∥J(xi) − J(xi+1)∥2 ≤ C1.

Letting x̄ ∈ Sol(P). Assume that xn , x̄, otherwise the Algorithm 3.1 terminates at finite steps. We
calculate

∥J(xn+1) − J(x̄)∥2 ≤ (∥J(xn) − J(x̄)∥ + ∥J(xn) − J(xn+1)∥)2

≤ (∥J(x1) − J(x̄)∥ +
n∑

i=1

∥J(xi) − J(xi+1)∥)2

≤ 2∥J(x1) − J(x̄)∥2 + 2(
n∑

i=1

∥J(xi) − J(xi+1)∥)2. (3.25)
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Since

(
n∑

i=1

∥J(xi) − J(xi+1)∥)2 ≤ (n + 1)
n∑

i=1

∥J(xi) − J(xi+1)∥2,

we deduce
∥J(xn+1) − J(x̄)∥2 ≤ 2∥J(x1) − J(x̄)∥2 + 2C1(n + 1).

By making use of the inequalities

Φ(xn+1) − Φ∗ ≤ ⟨∂Φ(xn+1), xn+1 − x̄⟩ ≤
1
tn
∥J(xn) − J(xn+1)∥∥xn+1 − x̄∥.

and (3.24), one gets

Φ(xn+1) − Φ(xn) ≤ −ctn
(Φ(xn+1) − Φ∗)2

∥xn+1 − x̄∥2

≤ −c3tn
(Φ(xn+1) − Φ∗)2

∥J(xn+1) − J(x̄)∥2

≤ −
c3tn(Φ(xn+1) − Φ∗)2

2∥J(x1) − J(x̄)∥2 + 2C1(n + 1)
. (3.26)

It is not difficult to verify that there exists a constant C2 > 0 such that

c3tn

2∥J(x1) − J(x̄)∥2 + 2C1(n + 1)
≥

C2

n + 1
.

It is clear that

C2 ≤
c3tn

2∥J(x1) − J(x̄)∥2 + 2C1
.

The following recurrence inequality is established from (3.26):

Φ(xn+1) − Φ∗ ≤ Φ(xn) − Φ∗ −
C2

n + 1
(Φ(xn+1) − Φ∗)2.

This is the particular case of (2.6) with αn =
C2
n+1 and φ(t) = t2. Thus, there exists a constant C > 0 such

that

Φ(xn) − Φ∗ ≤
(

C∑n
i=1(i + 1)−1

) 1
2

.

Since ξ > ln(ξ + 1), ∀ξ > 0,

n∑
i=1

1
i
>

n∑
i=1

ln(1 +
1
i
) = ln

n∏
i=1

(1 +
1
i
) = ln(n + 1).

Hence, (3.23) holds and the proof is accomplished. □
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Proposition 3.9. Let {xn} be a sequence generated by Algorithm 3.1. Assume that there exists c > 0
such that

⟨J(x) − J(y), x − y⟩ ≥ c max{∥J(x) − J(y)∥2, ∥x − y∥2},∀x, y ∈ X. (3.27)

If 0 < t̄ ≤ tn ≤ ¯̄t < c
L and

∑∞
n=1 λn < +∞, then, for every k ≥ 1, one has

min
1≤n≤k
Φ(xn+1) − Φ∗ = O

(
1

k
1
2

)
.

In particular, if λn = 0 for all n in the Algorithm 3.1, then there exists a constant c̄ > 0 such that the
following the estimate of the convergence rate holds:

Φ(xn) − Φ∗ ≤
c̄
n
.

Proof. Using
J(xn) − J(xn+1) − tn∇g(xn) − λn(∇g(xn+1) − ∇g(xn)) ∈ tn∂ f (xn+1),

we have

J(xn) − J(xn+1) + (tn − λn)(∇g(xn+1) − ∇g(xn)) ∈ tn∇g(xn+1) + tn∂ f (xn+1) = tn∂Φ(xn+1).

Hence,

Φ(xn+1) − Φ(xn) ≤ ⟨
J(xn) − J(xn+1)

tn
+

tn − λn

tn
(∇g(xn+1) − ∇g(xn)), xn+1 − xn⟩.

By condition (3.27), there exists c > 0, such that

Φ(xn+1) − Φ(xn)

≤
1
tn
⟨J(xn) − J(xn+1), xn+1 − xn⟩ + ⟨∇g(xn+1) − ∇g(xn), xn+1 − xn⟩

−
λn

tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − xn⟩

≤ −
c
tn
∥xn − xn+1∥

2 + L∥xn+1 − xn∥
2 −
λn

tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − xn⟩

≤ (L −
c
tn

)∥xn − xn+1∥
2 −
λn

tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − xn⟩. (3.28)

By Remark 3.1 and the definition of subdifferential, we have

Φ(xn+1) − Φ(x̄)

≤ ⟨
J(xn) − J(xn+1)

tn
, xn+1 − x̄⟩ + ⟨∇g(xn+1) − ∇g(xn), xn+1 − x̄⟩

−
λn

tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − x̄⟩

≤
1

ctn
∥xn − xn+1∥∥xn+1 − x̄∥ + L∥xn+1 − xn∥∥xn+1 − x̄∥

−
λn

tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − x̄⟩
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≤ (
1

ctn
+ L)∥xn − xn+1∥∥xn+1 − x̄∥ −

λn

tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − x̄⟩.

Then by (3.28), we have

Φ(xn+1) − Φ(x̄)

≤ (
1

ctn
+ L)∥xn − xn+1∥∥xn+1 − x̄∥ −

λn

tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − x̄⟩

≤ (
1

ctn
+ L)

Φ(xn) − Φ(xn+1) − λn
tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − xn⟩

c
tn
− L


1
2

∥xn+1 − x̄∥

−
λn

tn
⟨∇g(xn+1) − ∇g(xn), xn+1 − x̄⟩.

Since {xn} is bounded and 0 < t̄ ≤ tn ≤ ¯̄t < c
L ,

∑∞
n=1 λn < +∞, there exists θ > 0 and αn ≥ 0 with∑∞

n=1 αn < +∞ such that

(Φ(xn+1) − Φ(x̄))2 ≤ θ(Φ(xn) − Φ(x̄)) − θ(Φ(xn+1) − Φ(x̄)) + αn. (3.29)

Hence, we get that

k∑
n=1

(Φ(xn+1) − Φ(x̄))2 ≤ θ(Φ(x1) − Φ(x̄)) − θ(Φ(xk+1) − Φ(x̄)) +
k∑

n=1

αn,

from which we obtain that

k min
1≤n≤k

(Φ(xn+1) − Φ(x̄))2 ≤ θ(Φ(x1) − Φ(x̄)) +
k∑

n=1

αn < +∞.

This implies that

min
1≤n≤k
Φ(xn+1) − Φ∗ = O

(
1

k
1
2

)
.

In particular, if λn = 0, then we can take αn = 0. Hence by Lemma 2.3 and (3.29), there exists c̄ > 0
such that

Φ(xn) − Φ∗ ≤
c̄
n
,

which proves the desired result. □

4. Numerical experiment

Let X = {x = (x1, x2) : ∥x∥ = (|x1|
1.5 + |x2|

1.5)
1

1.5 }. Then we know that X is finite dimensional, but ∥ · ∥
is not an euclidean norm, and J(x) = ∥x∥0.5(x1|x1|

−0.5, x2|x2|
−0.5) (see [14]). For simplicity, consider the

following Tikhonov-type optimization problem:

min
(x1,x2)∈X

∥(x1, x2) − (2, 3)∥1.5

1.5
+ |x1| + |x2|. (4.1)
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Simple computations show that

argmin(x1,x2)∈X
∥(x1, x2) − (2, 3)∥1.5

1.5
+ |x1| + |x2| = {(1, 2)}.

Let tn = 0.5, λn = 0.25, take x0 = (0, 0), then Algorithm 3.1 becomes

x0 = (0, 0), (xn+1
1 , x

n+1
2 ) = (0.6xn

1 + 0.4, 0.6xn
2 + 0.8).

We denote by Iter the number of iterations and Iter-Sequ the iterative sequence.
The data in Table 1 shows that Algorithm 3.1 after 21 iterations converges to the optimal solution

within a 0.0001 error, and the function value converge to the optimal value after only 11 iterations.

Table 1. Numerical results for solving the problem (4.1).

Iter(n) Iter-Sequ(xn) Φ(xn) Iter(n) Iter-Sequ(xn) Φ(xn)
0 (0, 0) 5.3497 11 (0.9960, 1.9927) 4.3333
1 (0.4000, 0.8000) 4.7247 12 (0.9978, 1.9956) 4.3333
2 (0.6400, 1.2800) 4.4812 13 (0.9987, 1.9974) 4.3333
3 (0.7840, 1.5680) 4.3884 14 (0.9992, 1.9984) 4.3333
4 (0.8704, 1.7408) 4.3536 15 (0.9995, 1.9991) 4.3333
5 (0.9222, 1.8445) 4.3407 16 (0.9997, 1.9994) 4.3333
6 (0.9533, 1.9067) 4.3360 17 (0.9998, 1.9997) 4.3333
7 (0.9720, 1.9440) 4.3343 18 (0.9999, 1.9998) 4.3333
8 (0.9832, 1.9664) 4.3337 19 (0.9999, 1.9999) 4.3333
9 (0.9899, 1.9798) 4.3335 20 (1.0000, 1.9999) 4.3333
10 (0.9940, 1.9879) 4.3334 21 (1.0000, 2.0000) 4.3333
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