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Abstract: Important progress has been made on the standard Laplacian case with mixed partial
dissipation and diffusion. The stability problem of the 3D incompressible magnetohydrodynamic
(MHD) equations without vertical dissipation but with the fractional velocity dissipation (—A)“u and
magnetic diffusion (=A)?b is unfortunately not often well understood for many ranges of fractional
powers. This paper discovers that there are new phenomena with the case @, < 1. We establish that,
if an initial datum (ug, by) in the Sobolev space H>(R?) is close enough to the equilibrium state, and
we replace the terms (—A)?u and (—AY’b by (=A;)*u and (—A,)?b, respectively, the resulting equations
with @, 8 € (3, 1] then always lead to a steady solution, where A, = 2 + 82
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1. Introduction

The MHD equations describe the evolution in time of velocity field # and magnetic field b of some
electrically conducting fluids such as plasmas, liquid metals and salt water or electrolytes [1,2]. The
set of equations that describe MHD is a combination of the Navier-Stokes equations of fluid dynamics
and Maxwell’s equations of electro-magnetism. The field of MHD was initiated by Hannes Alfvén [3],
for which he received the Nobel Prize in physics in 1970.

The MHD equations are also of great interest in mathematics. In recent years, the stability of the
MHD equations has attracted considerable interest, and one focus has been on the MHD equations
with partial or fractional dissipation and diffusion. Elegant works have been made (see, e.g., [4—12]).
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For the 3D incompressible generalized MHD equations with fractional dissipation and diffusion,

Ou+u-Vu=—-v(=A)u—-VP+B-VB, xeR3 t>0,
0B+u-VB=-n(-APB+B-Vu, xeR3 t>0, (1.1)
V-u=0, V-B=0, xeR? t>0,

where @, > 0 are real parameters, u = u(x,t) € R’ represents the velocity field, B = B(x,t) € R’
represents the magnetic field, P = P(x,t) € R represents the pressure, v > 0 denotes the kinematic
viscosity, and > 0 denotes the magnetic diffusivity. For notational convenience, we write 9; for
the partial derivatives 0,,(i=1,2,3). The fractional Laplacian operator (—A)® is defined via the Fourier
transform,

(—A)TF (&) = [E7F(©)

for
TreN 1 —ix-&
f(f)_WLde Jf(x)dx.

The MHD equations with fractional dissipation given by (1.1) have recently attracted considerable
interest, due to their mathematical importance and physical applications. The justification for the study
of this fractionally dissipated system can be made from several different perspectives. First, (1.1)
represents a two-parameter family of systems and contains the MHD systems with standard Laplacian
dissipation as special cases. (1.1) allows us to simultaneously examine a whole family of equations
and potentially reveals how the properties of its solutions are related to the sizes of @ and 8. Second,
the fractional diffusion operators can model the so-called anomalous diffusion, a much studied topic
in physics, probability and finance (see, e.g., [13, 14]). Third, fractional dissipation has been widely
used in turbulence modeling to control the effective range of the non-local dissipation and to make
numerical resolutions more efficient (see, e.g., [15]).

A range of global well-posedness results on (1.1) have been obtained. When @ = 8 = 1, (1.1)
reduces to the standard MHD equations, which is well-known possessing global L? weak solutions; in
two dimensions, it is also unique [7, 16]. When combined with the already established global weak
solutions [8], these bounds allow us to conclude that MHD equations possess a global classical solution
if @ and g satisfy

a2%+§, B >0, a+ﬁ21+§.
Wu [9] was able to sharpen this result by replacing the fractional Laplacian operators by general
Fourier multiplier operators. In particular, (1.1) with a l(fg_(fzz)u and lo(g_(?_)i)b for @ and B satisfying
the bounds above is also globally well posed [6]. Yamazaki obtained the global regularity for the case
when @ = 2 and = 0 and for a logarithmically reduced fractional dissipation [17]. Logarithmic
refinement of these fractional powers is contained in [18]. Ye and Xu [19] considered the global
existence of the 2D generalized incompressible MHD system with velocity dissipation exponent « > }‘
and magnetic diffusion exponent 8 = 1. After that, Ye established the global regularity solutions to the
2D incompressible MHD equations with almost Laplacian magnetic diffusion in the whole space [20].
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Recently, Dai and Ji [5] established the local existence and uniqueness in inhomogeneous Besov spaces
when

1
a>§, =0, a+B=>1.

Since (1.1) was proposed in [8], there have been considerable activities, and the global well-posedness
problem on (1.1) is now much better understood (see, e.g., [21-26]).

The nonlinear stability for the ideal MHD equations was established in several beautiful papers [27—
30]. Nevertheless, the stability of (1.1) remains unknown. The focus of this paper is the stability of
perturbation near a background magnetic field which is

u® =(0,0,0), B =(0,1,0).
The perturbation (u, b) with
b:=B-BY
solves the MHD system

Ou+u-Vu=-v(=A u-VP+b-Vb+0d,b, xeR> t>0,
Ob+u-Vo=-n(-=ANPb+b-Vu+0u, xeR3 t>0,
V-u=0, V-B=0, xeR3 >0,
u(x,0) = uo(x),  b(x,0) = by(x).

We now address the problem as to whether the steady weak solution of the MHD equations (1.1) does

in fact depend continuously on the perturbation of (1, B?)) given in the problem. In this paper, we
consider (1.1) with only horizontal fractional dissipation and lacking vertical dissipation

(1.2)

Ou+u-Vu=—-v(=A)u-VP+b-Vb+0,b, xeR3 t>0,
Ob+u-Vb=-n(=AN)Pb+b-Vu+0du, xeR? t>0,
V-u=0, V-B=0, xeR t>0,

u(x,0) = up(x), b(x,0) = bo(x),

(1.3)

with @, € (%, 1]. The concept of horizontal dissipation comes from geophysical fluid dynamics
(see [31]), and meteorologists model the turbulent diffusion with anisotropic viscosity —v,A;, — v30§,
where the horizontal kinetic viscosity coefficient v, and the vertical kinetic viscosity coeflicient v; are
empirical constants and satisfy O < v3 < v;. In this paper, we take the limit case v, = v and v3 = 0.
To give a complete view of current studies on the stability problem concerning the MHD equations
with partial dissipation, we mention some of the encouraging results in [4, 10, 16,22, 32-40] and the
references therein.

A natural consideration is how the parameters a and S are determined, and this is what we choose
to do in our tentative estimation work, based primarily on energy estimate method. When we bound
the H3-norm of (u, b), we plan to utilize a series of anisotropic inequalities derived from a Sobolev
embedding inequality and Gagliardo-Nirenberg (G-N) interpolation inequality [41-43]. Based on the
relationship between the parameters of these inequalities, we ended up choosing @, € (%, 1]1in (1.3)
to study the stability of the MHD equations with fractional horizontal dissipation.
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To construct a steady solution of (1.3), we make use of a bootstrap argument by anisotropic
estimates

E(0) = sup {lu(0)ll7+HIb(D)lI7:)

0<r<t

! !
+2v f IAGu(I> dt + 21 f IAPB(I1Z, dr. (1.4)
0 0

Here Aj, = (=A)? denotes the Zygmund operator. Our precise result is stated in the following theorem.

Theorem 1.1. Consider (1.3) with initial data (uy, by) € H>(R?) satisfying V - ug = V - by = 0 and
a,B € (%, 1]. Then, there exists a constant 6 = 6(v,n) > 0 such that, if

”(MO, b0)||H3 < 6’ (15)

then (1.3) has a unique global classical solution satisfying

t t
sup (lu@li7s + I6(IG) + 2Vf A7, dr + 2ﬂf NGB dT < €57,
<t<t 0 0

foranyt >0, and C = C(v,n) is a constant.

A natural starting point is to bound ||u(?)||zz + ||b(?)||z3 via energy estimate. We are able to derive
the following energy inequality:

E(t) < E(0) + CE(1)?. (1.6)

Combined with the bootstrapping argument (see [44]), we can prove Theorem 1.1. However, the proof
of Theorem 1.1 is not superficial. Due to the lack of the vertical dissipation and vertical magnetic
diffusion, some nonlinear terms are not easy to control in terms of ||u(?)||z3 + ||b(?)||z or the dissipation
parts ||Ajullz: and ||A§b|| 3. One of the most difficult terms is

- f Asuy, - V,05b - 3b dx
R3
]_i a ﬁ 3 l_ﬁ 3B ﬁ 2 l_i 2 A Q@ 2]7f
<l 105 Aguasl 22 1361, * N3 ALBI IV, 03011, * V403311 5.

Clearly, it does not appear possible to bound the subterms

1-L 1-55
185l 1038, * (1.7)

directly in terms of IIAguH;IIAﬁbIpr, but in terms of |[u(?)|>,[Ib(1)II7,;. Therefore, we hope the sum of

the corresponding exponents of the two subterms to be less than or equal to 1 for all given a and S,
which is

- —+1-—<1. (1.8)
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To establish the inequality of (1.6), we choose a, 8 € (%, 1]. In the case of

the subterms of (1.7) can be estimated directly by

@l + 1|1

The other case is

1—i+1—i<1.
2a 2B

Our strategy is to extract part from the rest subterms

||53A“uh||22 IIVh52b||

to fill the subterms of (1.7) by G-N interpolation inequality. One reason which cannot be ignored is that
103 A% uyl 12 could be bounded by either [|u||ys or [|[Ajullys, and ||Vh0§b||Lz could be bounded by either
bl or [|A}Dl|gs. In the last section of our paper, we have successfully used this method to solve all
similar difficulties in proving stability and obtain inequality (1.6).

Lemma 1.2. Assume that «,B,y € (3,11, f, 8 h. AL f, ANlg, AVh and dsh are all in L*(R®). Then,

f |fghldx < ”f”Lz 2“IIA"fI zllglle 2ﬁIIA gII ||h||22||63h”L2,

fIfghldx<||f||L22“||A“f|| IIgllezﬁllA gll ||h|| 2’Ill\yhll

Here, we write A < B to mean that A < CB for some constant C and A3 = (—833)%.

These anisotropic inequalities are greatly powerful in the study of global regularity and stability
problems on partial differential equations with only partial dissipation. Similar inequalities have
previously been used in the investigation of partially dissipated MHD systems and related equations
(see, e.g., [45,46])

The rest of this paper is divided into two sections. Section 2 provides the proofs of Theorem 1.1
and Lemma 1.2. Section 3 derives the energy inequality (1.6).

2. Proof of theorem
This section proves Theorem 1.1 and Lemma 1.2.

2.1. Proof of Theorem 1.1

Roughly speaking, the bootstrap argument starts with an ansatz that E(¢) is bounded, say,

E(t) < M,
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and shows that E(¢) actually admits a smaller bound, say,
E@) < 1M
s ;M.

when the initial condition is sufficiently small. A rigorous statement of the abstract bootstrap principle
can be found in T. Tao’s book [44].
It follows that

E(1) < E(0) + CE(t)?, 2.1)

for some pure constants C. To initiate the bootstrapping argument, we make the ansatz

1
E() <M= 1. (2.2)

We then show that (2.1) allows us to conclude that E(¢) actually admits an even smaller bound by
taking the initial H>-norm E(0) sufficiently small. In fact, when (2.2) holds, (2.1) implies

E(t) < EQ) + %E(t)
or
E(t) < 2E(0). (2.3)
Therefore, if we choose ¢ > 0 sufficiently small such that

6 <=M, 2.4)

EN(

then
1
E@) < EM. (2.5

E(f) actually admits a smaller bound in (2.3) than the one in the ansatz (2.2). The bootstrapping
argument then assesses that (2.2) holds for all times when E(0) obeys (2.4). This completes the proof.

2.2. Proof of Lemma 1.2

The proof makes use of the version of Minkowski’s inequality

g, .o < Az

®™) Li®m”>

forany 1 < g < p < oo, where f = f(x,y) with x € R”, and y € R” is a measurable function on
R™ x R", and the following basic one-dimensional Sobolev embedding inequality [12], for f € H'(R),

ke h
1Al < CFlLLE A A -
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where s > % By the above inequality and Holder’s inequality,
[ bl <l izl 5, Wi,

251 23
<c [, a7
1

IIglle g 1A, gllm2

Xpx3 X X3

Huhn S IADAS
3

XIXZ
2r 2& 2v 2v 2s 2?
<C||f||L2 HIAT Al 'IIgIILz Ay gll, 2||h|| AT AL -

Let s, = @, s, =, s3 = 1, and we obtain
1
f |fghldx <||f||L2 2" IAT f1 2"IIgIILz 2’3||1\ gII lIAll? zllﬁshllzz

1
<||f||L22“||A“f|| IIgIILzzﬂIIA gll ||h||22||53hllzz

Let s, = @, s, = B, s3 = ¥, and we obtain
f |fghldx <||f||L2 2"IIA"J'II z”g”Lz 2”IIA gll IIhII 27||A7h||

<||f||L22“||A“f||2"||gIIL22ﬁIIA gll ||h|| zyIII\yhll

Here, ||f]| 112,12, Tepresents the L*-norm in the x,-variable, followed by the L?-norm in x, and the
L?-norm in x3. This finishes the proof of Lemma 1.2.

3. The H3-stability

Due to the equivalence of ||(u, b)||s with ||(u, b)||;2 + |[(u, b)||z3, it suffices to bound the L?>-norm and
the H3-norm of (u, b). By a simple energy estimate and V- u = V - b = 0, we find that the L?-norm of
(u, b) obeys

t
lu(@)lI7. + 1B, + va IAGu(@)II7, dr
0

+ 277f IARB@IZ, dT = [uO)I7, + IBO)II7.. (3.1)

The rest of the proof focuses on the H>-norm. Applying &’ to (1.3) and then dotting by (87u,8’b), we
obtain

1d <
3% Z W87 ullZ, + 1183 BI17,) + vIIa; Ajull?, + nllafl\'iblliz =Lh+L+L+1+1s, (3.2)
i=1
where

3
=) f 830,b - B + 80,u - Dib dx,
-1 YR
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3
Z f 83 (u - Vu) - Oudx,
i=1

f [03(b - Vb) — b -VO?b] - Fudx,
R

3

Mm

Il
—_

[}

—Zf@?(u-Vb)-a?bdx,
- R3
3

:Z f [03(b - Vi) — b- V& u] - 8b dx.

i=1
Note that, by integration by parts,

and
3

Zfb-V@?b-@?udx+fb-V(‘)?u-afbdx:().
i=1 VR R?

To bound 7,, we decompose it into three pieces,

3
—Zf@?(u-Vu)-afudx
=1 VR

3
:—Z(f 0?u~Vu-8?udx+3f5?u'V6iu'6fudx+3f6,-M~V(?l-2u-6i3udx)
-1 VE R’

R3

2121 + 3122 + 3123,

where we have used the fact that |, u - V@gu . 8§u dx = 0. I; 1s naturally split into three parts,

3
b :—Zf Fu-Vu-dudx
i=1 VR
2
- Zf Fu-Vu-Fudx - f Ouy, - Vyu - Fudx — f Au303u - Frudx
= JR3 RS R3

Ly + by + Dys.

By Lemma 1.2 and G-N interpolation inequality,
2
|l =] - Z f3 &u-Vu - 0udx
2 1 1
sZ||63ullL2”||63A“ull NVallZ,IVasul,

1 1
Vull IV Osull,

L2|

2

2 Y2=3)192 Al A=NC2=3) ) 93
< NGNS NG ALl Al
i=1

(3.3)
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Shull I Ag ulls (3.4)
where we have applied inequality
0ull> < IAGullIAL Y = 1,2).

We now turn to I5;,, by Lemma 1.2,
|Lio| =| - f Fruy - Vyu - O3udx|

<||63uh|| 2alla3 uhllz" |83u|| 2“II(')BAaM||2w |V,1u||f2||V,1(313M||I%2
<||t93uh|| 2"||(93/\“uh||2"||<93u|| 2"||<93A“u||
X ||th||2“ 2||A ||7(1 = ”A1+a ”(1 -N(55)
X ||Vh53b¢||2” 2IIA O3u IIV(‘ | AL 85 ||(l )
ShullgAfulls G33)

1 1
In fact, we take IIthll 2"IIV;,Ggull 2 from IIthllzz||V;,(93u||z2 and combine it with

|I8§A“uh| 2"||(93A“ Il75 % to reach our desired bound. In addition, by G-N interpolation inequality,
we get
1—
IVl < Al 1AL ull);?.

We next consider the term /,;3, and we have

13| =[ - f 0§u363u . 8§u dx|
R3

2

:|Zf Bgajujaw-a;udxl

=1 YR
2
leaz ]||L22“||(92A”3 il zllasull 2”||(93A”M|| 2||33u|| 2”||(931\”M||
J=1

2 YA=25)1192 A 1 A=-M1=35) 1143 Yo 1192 1 (=M%
105 A5u;ll & ||<9A+“ ujll, & IIG Agull S NO5AL T ull, 72

MN

~.
Il
—_

><||5‘3u|| 2"||03A“u|| ||53A"u|| 2"II53MII 2"||53/\0‘u||2"
Sllutll g 1A Ul 5, (3.6)
where we used
10350 jujllz2 < |I8§AZMII NRA )1

1 19
S GsAll ! <l

and V - u = 0. To deal with I,, this term is split into three parts,

3
Iy =— Z:f3 al?u . V(?l-uﬁfudx

AIMS Mathematics Volume 8, Issue 5, 12143-12167.
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2
Zf u-V@iu-B?udx—f aguh~vha3u-agudx—f O2uz0%u - B dx
i=1 R} R?

=l + oo + In3.

Similarly to (3.4),

[1201] =| -

NS

f u-Vou - 0 udx|
R3

i=1

2
1
SZ Iﬁzulle 2“||(92A“u|| 2||(93u|| 2"|I53A“MIIZ”IIV(9 ull 2||V6ia3ullzz

2
1- I-y)(1-
S DAl ALl o A
i=1

a, U2 a. A=-N-5 1
x 107 Agull), 2||62A1+ ull,,” 2||63 ull; IIVﬁull ZIIVé‘i@gullzz
Slleell s AG Ul 5. (3.7)

Applying Lemma 1.2 and G-N interpolation inequality, we obtain

[1200| =| - f Auy, - V0su - dyu dx|
R3

1
2 @ (1,92 3 @ (193 o 2 112
<1105 uhll » 1035 ull IIH uII )» 03 ull;; (19,9l zlth(%ullfz
2 @ (1,92 3 a 1193
<1105 ”h” > 105 A“uhll |65 MII > 195 A”ull
s YI=3)pA 1 (1-n(1-%)
X IIVhazull2 2||/\“03u|| g Ay 0 ull,

2 1% y(l=25 1 (1-y(1-5
X |IV403 u||2 2||A“8 Ul = IIA o3 ull,»
Sllutll g 1A Ul 5. (3.8)

1 1
Note that we separate out a part of ||V,0; u||;2||vha§u|| 22 and make it controlled by ||A,u||g3. Similarly,

1223] =| —f usd5u - Ayu dx|
R3

2

f} 330 u;05u - Ou dx|
1 VR

Jj=

1=5h 1132 3 3 3 a2 3
||8 h||L22"||53AZMh||2 |05 M|| 2"||5 Aa“” 1030 jull 1, 1030 jul|

A
M~

1

~.
Il

=5 132 3 3
163 upll,» 2"||(93/\Zuhll2 (2 ull 2”||(9 A“ull

MM

Ul
—_

J
@ ¥(1=25) 1 (1-y(1-2)
x [|0;0 uJIIZ ZIIGzA“ull & 10:A, ™ ull,»
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1—— 1-y)(1-
X 11030 1 25 N ATl g AL (57
Slluall s 1AG ulls - (3.9)

We deal with I3 in the same method, as I»3 is naturally split into three parts,

Ly = f O - Voru - Fudx
R3

M- -

1l
—_

a,.u-va,?u.a?udx—f 63uh-Vh6§u~(9§udx—f Osusdu - O3udx
R3

3 R3

RN

1

=3y + I3 + Doss.

By Lemma 1.2 and G-N interpolation inequality, we have

2
31| =| - Z ‘[3 i - VO7u - 8ludx]
._ R‘

2
1
Z:IIVﬁ2 || Z“IIV(?QA"MI ||c93u|| 2“||<5’3/\“th S 10;ull 2||aia3u||zz

2
vaa/\ 772 va, Afreu]S7 % ||V82A“u||
i=1
y(1=3) o, n(=N01-% ) !
X |07 AY || TN ull, - ||a3 MII |0;ull,110:03ull;,
Slleell s AG Ul 5. (3.10)

We estimate 53, similarly as /3, which yields

|11232| = —f Osuy, - Vyoju - Ou dx|
2 o 2 o 3 71 3
<IVi05 M|| v IVaO3ASull ||53uh|| ¥ 103 Ay unll ||0 M|| “l03 Ay u |
1- I—y)(1- 1-
<||Aaa2u”7( 20 ||Al+aa ”( -7X 20 ||83Aaull7’zly ”82Aa+1 ||( '}’)2(,

Xllé’auhll 2||53A"uh|| ||03A“uh|| 2“||(93u|| 2“Ilc93/\“u||

Sluallps 1 AG ull3s (3.11)

We next consider the term /33, and utilizing the incompressible condition again, we have

|133] =| — j\3 O3uz05u - O3u dx|

R
2
:|Zf O u;0%u - Fiu dx|
Jj=1
2
2,$ 3A é % %
< > 10l MRG0 01121050 1
j=1
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2
31277143 (1= 1 (1=y)(1=3)
< > NGl NSAull 18 25 A A
.

3 ¥(l=24 1 (I-y)1-5)
X [10:0; u,||2 2||83A;f il % as AL ujll,»
Slleell s A 175 (3.12)

Combined with (3.3)—(3.12), we obtain
L(T) SlullslIAGull .

To bound 75, we can refer to the way which is used in 7, and then divide it into three terms,
3
L= Zf [6°(b - Vb) — b - V&b - Budx,
- 3

3
:Zfa% Vb - 83udx+3f 3?b - Voib - 63udx+3f dib - Vb - 8 udx)
R3 R3

=131 + 313 + 313;. (3.13)

I3, can be further decomposed into three parts,

3
Ly = Zf &b - Vb - Sudx
i=1

2
Zf a%-vza-afud“fagbh-vhb-agudHfa§b3a3b-a§udx
-1 VR R? R}

=Ly + Lo + I33.

By Lemma 1.2 and G-N interpolation inequality,

2
|I311|:|Zf36§b~Vb-6i3udx|
2

1_* a
SZ |c93b|| 2“Ilé’31\ﬂl7|| N3 ull > 167, ullzzllVbllizlch')abll

2

5 y(1- 241 A=n1-35) 12 Y(=55) 102 A 1 (I-y)(1-55)
N 2 N e N e PN
i=1

1
X II(?%AﬁbII 107 Al 2"IIVbllzzllV@sbllzz
<Ibl s NAG ull s LA Bl (3.14)
where we have applied inequality

10:bll2 < IARBILIA, BT = 1,2).
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By divergence-free condition V - b = 0 and Lemma 1.2, we have
17312] :|f by, - Vb - A3udx|

1
SR, P NN 12l 1A 19,511 1,001
<33l %na%’*bhn 1162 ||L22“||03Az|
< IS AL 7 gy

8=

x||Aﬁ63b||y“ % ||A1+ﬁ5%b||(1 ), bl
<l 2 B ALl | ALB
Significantly, we have used G-N interpolation inequality
IVibllz < IAGBILIA, Bl

We simplify 13,3 by the same way as 15,3, that is,

Il =1 [ B3bsdb-
R32
=| - Z fR 020;b;03b - Oiu dx|
F
SZ |a3b”L2 2ﬁ||(93/\ﬁb|| ||(93u|| 2"Ilé’31\"u| 2"Ilé‘za ibj || 2’3II6’2/\'8(3‘ ibj ||

(H+%-D o )
||(93b|| 2ﬁllazl\ﬁbllzﬁ2 v 195/ bll” .

9 1

~
Il
—

3 -3 e 2 —3) (351
X |05 ull 03 A ull ||(9 0;b; ||

X||62Aﬁb~|| 2ﬁ)( 2a Zﬁ)”aZ 1+ﬂb ”(1 (- 2[3)(2 2n 2[5)
x||a3Aﬁb||“ﬂ||az bl
<Nl = NI Al I ACB 7,
where we have used
1035001112 < 103 ARBIL, 13N Bl
and
||63Aﬁb|| ia2ab0 s 5 < bl

To deal with I3,, we also split it into three parts,

3
132:Zf}6fb-V6,-b~6§’udx
i=1 VR

(3.15)

(3.16)
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i=1

=I5 + I3 + I33.

By Lemma 1.2 and G-N interpolation inequality,

113211 —|Zf 3?b-Vob - 0 udx|
i=1
2

Z I52b|| 2ﬁllé’zl\ﬂbll N0 u IIIWII('J”3 ol zllVabIIZzllV(?@abll

2
y( 144, (A=N(=3) %
< > IaiNgblly, TN R N

i=1

1- o (=n1-2 @ 1
x NI ALull S AL w02 Al IV LI, IV 0i5b112,

Sl 1A ull s | AG Bl s

Naturally,
17322 :|f &by, - V,03b - O3u dx|
R%
1-L @ La 1 1
N LA A e e u||2 V10311, 1IV403DI1,
<3l ZﬁnazA’*bhn 0%l O A ul
(A=n(1=35) %1
X [INfasbITs ||A“ﬁa3b|| - ||Vhasb||§;2
x ||Aﬁazb||’““ ||A“ﬁazb||(1 S\ T
<l I A w2 AL I
and

1323 =|f 3b305b - O3u dx|
R3

2
=| - Z fR 830b,;05b - Ou dx|

2
1
SZ Iﬁzblle 2ﬁllé’zl\ﬁbll ||<93u|| 2"Ilé‘3/\“u|| 2||03<9 bjll; z”agajbj”;g

2

1-L o €L
N T 7 el e e
Jj=1

)05 s AL

1

||(93(9 b ||
% ”aZAﬁb ”7’(1_5 ”82Al+ﬁb ”(1 Y- 2<y ||828 b | 20 -2

2
:Z f b -Voib - dudx + f 33by, - V,03b - Aju + f 33b303b - Ou dx
R3 R3 R3

(3.17)

(3.18)
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<IIMII 2"Ilbl % AUl z ||A'3b||

In the same way, I53 is split into three parts,

3
I3 :Zf 8ib - VO’h - Budx
i=1 VR

(3.19)

2
=> f Oib - Vb - Budx + f Osby, - Vb - Fiudx + f 03303 - P dx
P R3 R3 R3

=l31 + I33; + I333.

Lemma 1.2 and G-N interpolation inequality imply

2
1331 =|Z f3 dib - Vb - 8 udx|
— Jr
2

Vbl L F IV AL 02l ¥ 82 Al 10,11 16,0511
|| || [ || 2|l M|| gl M|| |0:0l|,,110;05Dll

-y)(1-

2
(1
Z IVONLBI, 7|va, AVPD ||62Aﬁb||

1- 1—y)(1- 3
x||02A“u||’( ALl 10} ALl 101, 10,0501

SIBl s 1A ull o | A Bl s

We estimate /53, similarly as /33, which yields

VEEY] =|f 03by, - V,05b - A3u dx|

(3.20)

<||(93th| 2ﬁ||531\ﬁbh|| Cl13ul, 2"II53A"MI 2||52Vhb|| 2ﬂllﬁth/\ﬁbll

(35 +3p Q=553
<||aabh|| ”nazAﬂbhnz“ w ||63Aﬁbh||2ﬁ e

)( st~
><||(93u|| 2"||(93/\“u| ||02Vhb|| .
(1-55)2— 55— (1=y)(1-35)2-55—35)
X”azAfb” 28 2 Zﬁ ||62 1+/3b|| AT 3 28

(1= 7)2/3

x||a3Aﬁb||’2ﬂ||az “ﬁbn
<l I Al 2 | AZBI

Now we turn to the next term /333, by V- b = 0,

| 133 :|j‘3 03b303b - Ayu dx|
R
2
:I—Zf 0,b,0%b - Fu dx]
R
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MN

- o 1 1
||(93b|| 2/j||03/\ﬁbll ||53u|| “NO3A; uII2 10;b/ll},11039,b,ll;,
1

J

Mm

||03b|| 2ﬁ||(931\ﬁb|| N05u ||L22“||33AZ|

~.
Il
—_

(1-y)(1-3)
<AL, P IAL

a;b,0%
X 185 AL 7S 1 AL ||(1 00,0, 1%
<l WISl 2 IASB 2. (3.22)
Utilizing Young’s inequality, combining with (3.13)—(3.22), we have
I(1) <||b||Hz||A;iu||Ha||Aﬁb||H3
L B ALl AL I
Slulls + 161 (IAGull? s + ||A’,ib||,,3).

Now, we try to bound /,, and we split it into three parts,

3
L :—ZfR36§(u-Vb)-6fbdx

3
= - Z(f a§u~Vb-a?bdx+3f 5?u-V6ib-6fbdx+3f du - Vb - 8b dx)
i=1 R3 R3 R3
2141 + 3142 + 3143. (323)

Similarly as /31, I4; can be divided directly into three parts,

3

141:—ZfR36i3u-Vb-8i3bdx

=Ly + Ly + Lis,

o
—_

w

&u-Vb-3bdx - fR Auy, - Vb - B3bdx — fR ru303b - O3b dx

R‘

and each term can be bounded by Lemma 1.2 and G-N interpolation inequality. Same as (3.14)—(3.15),
we have

2
|Ls11 :|—Zf3 &u-Vb-0}bdx|
i=1 VR

2
1-L @ 1
SZ 107 ull . 167 A M||22||53b|| 25||(931\ﬁb|| IIVbllzzllvaabllzz

SIBH A G ll s |AG Bl s (3.24)
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and
[Z412] :|—f Oy, - Vb - 03b dx|
R3

1
<||63Mh| 2"||(93AZ h||22||33b|| 2[’||<93/\Bbll ”Vhb”zzllvha?ab”Zz
<IIMII 2"IIbII2"3||/\"u||2‘2||Aﬁb|| : (3.25)

By V-u=0and ||83Afb|| < ||b||

H3

Ls1s] = —f Au303b - 3b dx|
R3

2

= f 330,05 - 33b da
j=1
2

R\

SZ 1630, ujll 2"Ilﬁzl\o’é” il 2|Ia3b” 2”||63Aﬁb|| ||33b|| 2’*Ilé’SAﬁbll
=1

2

2 YA=3) 92 A 1 A=N=55)1 93 Yaa a2 A+l (9%

< D NGNS WAL T NG A Ll 6 A
<

><||33b|| 2’5||03/\ﬂbllﬁz ||03Aﬂbll 2’3||03b|| 2’3||(93/\“b||
Sl 1A wll s 1ALl s (3.26)

Similarity, /4, can also be divided directly into three terms,

3

Ip=-) f 0%u - Vob - 8b dx
i=1

R
2

=-— Z Ou-Vob-dbdx - f Auy - V,03b - 3b dx — f us03b - A3b dx

-1 VR R3 R3
=ly1 + Ly + La23.

Then, Lemma 1.2 and (3.17)—(3.18) imply

2

L] =| - f ?u-Vob-0'b dx|
421 IZZI -
2

_ 1 1
< 62l N0 ALl E 1631, 2 102 ALBI IV Dbl Didsbil
i=1
<l A ull s 1AL s (3.27)

and

L422] =|—f uy, - V,03b - 33b dx|
R?
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1
<||<92uh|| 2"Ilﬁzl\(’uhl ||03b|| 2ﬁ||(93/\ﬁbll > IVROsb| 2||Vh8§b||zz
<||u|| 2”Ilbll IA"MII IAﬁbII : (3.28)

14»3 can also be bounded via V - u = 0, Lemma 1.2 and G-N interpolation inequality,

[La23] = —f 3u305b - 03b dx|
R3

2
=| Z fR 030,03 B

sZua%n ZﬂuazAﬁbn 2110311, Zﬁnawbn 11050 14112, 1020 11

[\

< N 1631, P NBALBI 21031, P 1AL

J=1

(1= 1 (1-y)(1-35) %3

X 103 A ujll ||63A ull, T P NGs0u);

5 2 a1 (I-y(1-55) 29 =3

><|Ié‘ ,IILZ ||6 A ,II % 1030 ull 5,
sllull 0 ||b|| ﬂIIA IIHfIIAﬁbII (3.29)

To deal with 143, we rewrite it as

3
Is==-> | dw-Voib-3bdx

R3
2
=-> f O - Vb - 83b dx — f Oy, - V303b - Bb dx — f 03138 - 33b dx
- R3 R3 R3

=ly31 + Lyzo + Iy33.

Again, by Lemma 1.2 and G-N interpolation inequality,

2
Lgz1| =[ - Z f3 Oiu - Vb - 6bdx|
— Jr

2
ZI|V52b|| 2’*||V(92Aﬁb|| ||(93b|| 2/’||53Aﬁbll 110;ul] 2||5i03ullfz

2

a A-y(1-2) %
< IvaALIL P Iva ALl Y e Al
i=1

(a 1-na- 1
X NI 12 ALl 102 ALl oy 6,0l
Sllull |AGBI,. (3.30)
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The estimate for /43, is more complex, and utilizing Lemma 1.2 and G-N interpolation inequality, we
have

[1432] =| —f Osuy, - V405b - 03b dx|
R

<||r93uh|| 2”Ilf%Aauhll |c93b|| 2’B||<93/\Bbl| ”Vhazb” 2‘*||V,,62A“b||
<||t93uh|| 2"||<93b|| 2ﬁ||031\’8b|| IIVh02A“bII

- (1-6)% 2 2, (1=0=25)
x 103 Al 5 195A7 upll,» IIVh63b|| IIVhb‘ bl »

)
SR 2“||a3b|| Zﬁnawbu ||a3Aﬁb||’”||a§ “‘*bn %

s -0
X 103 Aq uall, 3 ||53 upll,,

5, B(1- 5, Y(1-6)(1- 148 o2 (1=V(1=6)(1= )
X |[V,030l1,» WAL b, WAL 3l ¥
(-1)+64 1——)+9(1—— (1-6)5- (1-6)(1- )+
Sllull s = NI PlAGull, IIAﬁbII R (3.31)
o=l 2-3 ) .
where 6 = +——,1 — § = ——. It is worth noting that
%% 1 E‘E”

€1 -4
2
105 A1 211V, 8381,

allows us to extract part of

1- Zﬁ)

o o
|I33Ahuhll IIVhé‘zbll

_1
which can be bounded by ||u|| 2 and IIbIIZS ¥ ), and this brings us the hope of controlling 43, suitably.
We estimate 1433 by the same way as 14,3, which is

|Li33] =| - f O3u303b - A3b dx dx|

_|Z f & ;u;03b - 93b dx|

2
Z 103011 1GIALBII 10 2 105 01

MN ||

@ a o A== H-3
03I A A2 AL 10
j:l
a 213 1+a L=y~ 2;3 i_%
><||<93A j” l0; A, ,|| 1030 ju;ll
<IIMII o IIbII ﬁIIA ||H3ﬁ||/\/3b|| (3.32)

Combining with (3.23)—(3.32), we obtain
L) sllull s IABI,
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+ 1Bl Al | A Bl
+ ||u|| 2f’||b||23||1\Z ||23||ABb||

+ ||u||ﬁ3 IIbII ﬁIIA“ull ”IIAﬁbII

1= )+6(1- (1-0)(1- %)+

)+ ) (1-6),L
+ ||u|| ’ IIbII v Al [IALBI,e
Slulles + 161l WAG Ul + IATBIG).-

It remains to estimate /5, and since the estimation in /s is similar to what is done in I; — I, we will omit
the specific calculation process for Is.

3
Is = Z [03(b - Vu) — b -Vou] - &b dx
i:I RS l 1 l

3
:Z(f &b -Vu-dbdx + 3f Bt-zb-Vaiu-a?bdx+3f dib - Voru - &b dx)
- R3 R3 R3
=I5 + 3155 + 31s3. (3.33)

We turn to estimate /s,

3
=Zf &b - Vu - 03bdx

2
:Zf b Vu - 63bdx+f 83by - Vyu - 63bdx+f 83b30s3u - 03b dx
i=1 R3

=I5 + Isio + Is3.

By Lemma 1.2 and G-N interpolation inequality,

2
Ls11] :|Zf% 8b-Vu-6;bdx|

Sl IAEBI, (3.34)
£512] =|f by, - Vi - 03b dx|
R
<||u||’i ||b|| ﬂnA ||Hf||Aﬁb|| (3.35)

and

s3] =|f 33b303u - 03b dx|
R3

2

=| - Z; L 820;b03u - Bb dx|
p
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25)+0(1- (1-6)(1-55)+

1-5-)+6 (1- 1-6 5
<l A2 ull = A , (3.36)

where 6 = 7+ —+—. Now, we focus on /5, and set

In=) f 8% - Vou - 83b dx
R

2
Zf 8,.2b-V8,-u.6i3bdx+f 6§bh-V;163u-8§bdx+f 6§b38§u-6§bdx
R3 R3 R3

i=1

=Is5p1 + Isyy + Isp3.

By Lemma 1.2 and G-N interpolation inequality,

2
|I521] :|Z f3 &b - Vou - 0°b dx|

<||u||Hs||A’*b||H3, (3.37)
[£522] :|f 33by, - V,03u - 93b dx|
<||u||’3; IIbII ﬂIIA"ull ﬂIIAﬁbII (3.38)
and
[£523] =|f &3b305u - 33 dx|
R3
2
=| - Z f 050b,0%u - 33b dx|
<||u|| 2“||b||2zlll\”‘ullzallAﬁbll 2 (3.39)
We try to bound Is3,
3
:Zf b - Volu - Ob dx
i=1 R3
2

%%

2,

i=1

0ib - Vdu - 8bdx + f Osby, - V303u - B dx + f 03b3du - 83b dx
R3 R3
=Is31 + Is3 + Is33.

Again, by Lemma 1.2 and G-N interpolation inequality,

2
|Is31 :|Z fg Qib - V7u - 97b dx]
i=1 VR
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SIBH Al s 1ALl s (3.40)

/532 =|f 83by, - V,05u - 03b dx|
R3
Bl Al | AL D s (3.41)
and

| 533 =|f 03b303u - 03b dx|
R3

2
:|—Zf3 0;b,0u - 33b dx|

<l Bl ALl IAZB 2. (3.42)
Combined with (3.33)—(3.42), we obtain
Is(r) sllullIASBIE,
+ bl Al 2 | AS B
+||u||% [ ﬁnA“un ﬁnAﬁbn
Il B ALl 2 AL

(=L )+o: L)+(1-4) (1-0)(1- )+

(1- 1-
> bl ALl = AL
<(luls + ||b||H3)(||Azu||3,3 +IABI2,).
Adding (3.1), (3.2) and integrating in time,
!
E(1) SE(0) + f L(t) + I(7) + Iy(7) + Is(1) d,
0

and inserting all the bounds obtained above for /, through /5, we obtain (1.6). For example, the bounds

for I, yield
t !
f \L(D)ldT Sf llall s |G el d
0

< sup (Dl f ATl dr

T€[0 t]
<E(¥)? 2,
The time integrals of I3 — I5 are similarly bounded, which completes the proof of (1.6).
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