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1. Introduction

Fractional calculus is used as a powerful tool to describe the memory and hereditary properties of
various materials and processes [1–4]. Compared with the classical integer-order differential equation
models, the fractional-order differential equation models become more practical and realistic by the
effect of these characteristics of the FDs. As a matter of fact, in many engineering and scientific
disciplines, fractional differential equations (FDEs) all exist, among which include physics, chemistry,
biology, control theory, economics, signal and image processing, blood flow phenomena,
aerodynamics, biophysics, fitting of experimental data, and so on [1,3,4]. For further developments
about this topic, please refer to the references [5–10] and see the related references therein.

It is important to study the IFDE. The existence of solutions about various IVPs for IFDEs included
with Caputo FDs or the R-L FDs was studied by authors in papers [11–17] recently. The solvability of
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various BVPs of impulsive DEs involved with the R-L FDs was researched in the references [18–25]
in the past few years.

However, we should notice that most of the works on this subject in the past were based on R-
L FDEs and Caputo FDEs. In 1892, another kind of FD was introduced by Hadamard, called the
Hadamard type FDE, which differs from the previous FDE in that the kernel about the integral and
derivative contains a logarithmic function of the arbitrary exponent. One similar property for both the
Hadamard and R-L FDs is based on the fact that the derivative of a constant is not equal to zero. That’s
because their definitions include the general derivatives beyond the integral.

Recently, some results have been achieved in the study of BVPs or IVPs for IFDEs, which involve
IFDEs with Hadamard derivative with a single starting point see the references [26–31]. For example,
the existence of solutions for a class of IVPs for impulsive Hadamard FDEs was established by Wang
etc in [29].

HDα
1+u(t) = f (t, u(t)), t ∈ (1, e]\ {t1, · · · , tm} ,

HI1−α
1+ u

(
t+
i

)
− HI1−α

1+ u
(
t−i
)

= pi ∈ R, i = 1, 2, · · · ,m,

HI1−α
1+ u(1) = u0 ∈ R,

(1)

where α ∈ (0, 1), HDα
1+

is the left-side Hadamard FD of order αwith the single starting point 1 and HI1−α
1+

denotes left-side Hadamard fractional integral (FI) of order 1 − α. The existence of the solution was
proved by using the Banach contraction principle and Schauder’s fixed point theorem on the weight
spaces of piecewise continuous functions.

The following Cauchy problem with R-L Hadamard FD and the impulsive effect was studied in [31]:

HDα
a+u(t) = f (t, u(t)), t ∈ (ti, ti+1] , i = 0, 1, 2, · · · ,m,

∆HDα−1
a+ u (ti) = φi (u (ti)) , i = 1, 2, · · · ,m,

∆HI2−α
a+ u (ti) = ψi (u (ti)) , i = 1, 2, · · · ,m,

HDα−1
a+ u(a) = u1 ∈ R,

HI2−α
a+ u(a) = u2 ∈ R,

(2)

where α ∈ (1, 2], HD∗a+ is the R-L Hadamard FD of order ∗, HI∗a+ is the Hadamard FI of order ∗, a =

t0 < t1 < · · · < tm < tm+1 = e are the impulse points, f : (a, e] × R → R is a continuous function,
φi, ψi ∈ C(R,R). The jump conditions are defined by ∆u (ti) = u

(
t+
i

)
− u (ti) , i = 1, 2, · · · ,m.

We find that some of the lemmas about the BVPs for IFDEs involving Hadamard FDs in [31] are
wrong (see Remarks 3.1 and 3.2 and the counterexample in Section 3), despite ideas in these documents
are very good. For this reason, the article gives the following new general solution for the FDE

HDα
1+ x(t) = g(t), a.e. , t ∈ (ti, ti+1] , i ∈ Zm

0 , (3)

where
(i) α ∈ (n − 1, n) which n is a positive integer, Zc

b = [b, b + 1, b + 2, · · · , c] with b, c being
nonnegative integers,
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(ii) 1 = t0 < t1 < · · · < tm < tm+1 = e and ti(i = 1, 2, · · · ,m) are constants (i.e., impulse points),
q ∈ Zn−1

1 ,

(iii) g : (1, e]→ R, g ∈ C0(1, e], |g(t)| ≤ (ln t)k(1 − ln t)l, a.e., t ∈ (1, e], k > −1, l ≤ 0, 1 + k + l > 0,
(iv) HD∗1+ is the standard R-L Hadamard FD of order ∗ with the starting point t = 1.
A function x : (1, e] → R is called a piecewise continuous solution of (3) if x|(ti,ti+1]

(
i ∈ Zm

0

)
is

continuous, limt→t+ (ln t − ln ti)n−α x(t) is finite, HDα
1+ x ∈ L1(1, e] and satisfies (3) for almost all

t ∈ (1, e].
In Section 2, some definitions are given, and we establish the new expression of the general solution

of (3) in Theorem 2.1. In Section 3, we point some incorrect lemmas out in recently published papers
by remarks and counterexamples.

2. Main results

Let us recall some basic definitions of fractional calculus [1,25]. Then the main result will be
proved. Let the Gamma function and the Beta function be defined by

Γ (α) =

∫ +∞

0
xα−1e−xdx, B (p, q) =

∫ 1

0
(1 − x)p−1 xq−1dx,

respectively for α > 0, p, q > 0. We denote loge t by ln t for t > 0.
Definition 2.1. [25] Let α > 0 and h : (a, b) → R be a sufficiently good function. The left side
Hadamard FI of order α about h is given by

HIαa+h(t) =
1

Γ(α)

∫ t

a
(ln t − ln s)α−1h(s)

ds
s
, t > a,

provided that the right-hand side makes sense.
The left side Hadamard FD of order α ∈ (n − 1, n) which n is a positive integer about h is given by

HDα
a+h(t) =

1
Γ(n − α)

(
t

d
dt

)n [∫ t

a
(ln t − ln s)n−α−1h(s)

ds
s

]
, t > a,

provided that the right-hand side makes sense.
Let α ∈ (n − 1, n) with n being a positive integer, q ∈ Zn−1

1 . The left side mixed Hadamard FD of
order α of h is given by

qDα
a+h(t) =

1
Γ(n − α)

(
t

d
dt

)q [∫ t

a
(ln t − ln s)n−α−1h(s)

ds
s

]
, t > a,

provided that the right-hand side makes sense.
Remark 2.1. Let α ∈ (n−1, n) which n is a positive integer. It is easy to know that nDα

a+h(t) = HDα
a+h(t).

Remark 2.2. Let α > 0 and h : (a, b) → R be a piecewise continuous function, i.e., h is continuous
on each subinterval (ti, ti+1] (i ∈ Zm

a = {0, 1, 2, · · · ,m}, a = t0 < t1 < t2 < · · · < tm < tm+1 = e). The
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Hadamard FI of order α > 0 of h at the point t ∈ (ti, ti+1] is given by

HIαa+h(t) =
1

Γ(α)

∫ t

a
(ln t − ln s)α−1h(s)

ds
s

=

m∑
i=0

∫ ti+1

ti

(ln t − ln s)α−1

Γ(α)
h(s)

ds
s

+

∫ t

ti

(ln t − ln s)α−1

Γ(α)
h(s)

ds
s
, t ∈ (ti, ti+1] ,

provided that each term of the right-hand side makes sense (it means
∫ ti+1

ti
(ln t − ln s)α−1h(s) ds

s (i ∈ Zm
0 )

and
∫ t

ti
(ln t − ln s)α−1h(s) ds

s exist ).
Let α > 0 and h : (a, b) → R be a piecewise continuous function, i.e., h is continuous on each

subinterval (ti, ti+1] (i ∈ Zm
a = {0, 1, 2, · · · ,m}, a = t0 < t1 < t2 < · · · < tm < tm+1 = e). The R-L

Hadamard FD of order α about the function h : (a, b)→ R at the point t ∈ (ti, ti+1] is given by

HDα
a+h(t) =

1
Γ(n − α)

(
t

d
dt

)n ∫ t

a

h(s)
(ln t − ln s)α−n+1

ds
s

=

m∑
i=0

(
t

d
dt

)n ∫ ti+1

ti

(ln t − ln s)n−α−1

Γ(n − α)
h(s)

ds
s

+

(
t

d
dt

)n ∫ t

ti

(ln t − ln s)n−α−1

Γ(n − α)
h(s)

ds
s
,

where n − 1 < α < n, provided that each term of the right-hand side exists ( it means both(
t d

dt

)n ∫ ti+1

ti
(ln t − ln s)n−α−1h(s) ds

s

(
i ∈ Zm

0

)
and

(
t d

dt

)n ∫ t

ti
(ln t − ln s)n−α−1h(s)ds

s exist ).
Now, we establish the new expression of the general solution of (3).

Theorem 2.1 Suppose that (i)–(iv) hold. Then x is a solution of (3) if and only if there exist constants
c j,v ∈ R (v = 1, 2, · · · , n, j = 0, 1, 2, · · · ,m) such that

x(t) =

i∑
j=0

n∑
v=1

c j,v

(
ln t − ln t j

)α−v
+

∫ t

1

(ln t − ln s)α−1

Γ(α)
g(s)

ds
s
, t ∈ (ti, ti+1] , i ∈ Zm

0 , (4)

Proof. Step I. Suppose that x is a solution of (4). We prove that x is a piecewise continuous solution
of (3).

Since |g(t)| ≤ (ln t)k(1 − ln t)l for all t ∈ (1, e) and g is a continuous function on (1, e], we obtain
for t ∈ (1, e] that(

ln t − ln t j

)n−α ∣∣∣∣∫ t

1
(ln t−ln s)α−i−1

Γ(α−i) g(s) ds
s

∣∣∣∣ ≤ (
ln t − ln t j

)n−α ∫ t

1
(ln t−ln s)α−i−1

Γ(α−i) |g(s)| ds
s

≤
(
ln t − ln t j

)n−α ∫ t

1
(ln t−ln s)α−i−1

Γ(α−i) (ln s)k(1 − ln s)l ds
s

≤
(
ln t − ln t j

)n−α ∫ t

1
(ln t−ln s)α+l−i−1

Γ(α−i) (ln s)k ds
s ( by ln s

ln t = w)

=
(
ln t − ln t j

)n−α
(ln t)α−i+k+l

∫ 1

0
(1−w)α+l−i−1

Γ(α−i) wkd.

Then x|(t j,t j+1] ∈ C
(
t j, t j+1

]
and limt→t+j

(
ln t − ln t j

)n−α
x(t) is finite by 1 + k + l > 0.
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From (4), for t ∈ (ti, ti+1] and Remark 2.1, we have

HDα
1+ x(t) = 1

Γ(n−α)

(
t d

dt

)n ∫ t

1
(ln t − ln s)n−α−1x(s) ds

s

=
(t d

dt )
n ∑i−1

j=0

∫ t j+1
t j

(ln t−ln s)n−α−1 x(s) ds
s +(t d

dt )
n ∫ t

ti
(ln t−ln s)n−α−1 x(s) ds

s

Γ(n−α)

=
(t d

dt )
n ∑i−1

j=0

∫ t j+1
t j

(ln t−ln s)n−α−1
(∑ j

κ=0
∑n

v=1 cκ,v(ln s−ln tκ)α−v+
∫ s

1
(ln s−ln u)α−1

Γ(α) g(u) du
u

)
ds
s

Γ(n−α)

+
(t d

dt )
n ∫ t

ti
(ln t−ln s)n−α−1

(∑i
κ=0

∑n
v=1 cκ,v(ln s−ln tκ)α−v+

∫ s
1

(ln s−ln u)α−1
Γ(α) g(u) du

u

)
ds
s

Γ(n−α)

=
(t d

dt )
n ∑i−1

j=0
∑ j
κ=0

∑n
v=1 cκ,v

∫ t j+1
t j

(ln t−ln s)n−α−1(ln s−ln tκ)α−v ds
s

Γ(n−α) ( by ln s−ln tκ
ln t−ln tκ

= w)

+
(t d

dt )
n ∑i

κ=0
∑n

v=1 cκ,v
∫ t

ti
(ln t−ln s)n−α−1(ln s−ln tκ)α−v ds

s

Γ(n−α) ( by ln s−ln tκ
ln t−ln tκ

= w)

+
(t d

dt )
n ∫ t

1 (
∫ t

u (ln t−ln s)n−α−1 (ln s−ln u)α−1
Γ(α)

ds
s )g(u) du

u

Γ(n−α) ( by ln s−ln u
ln t−ln u = w)

=

(t d
dt )

n ∑i−1
κ=0

∑i−1
j=κ

∑n
v=1 cκ,v(ln t−ln tκ)n−v

∫ ln t j+1−ln tκ
ln t−ln tκ

ln j − ln tκ
ln t−ln tκ

(1−w)n−α−1wvdw

Γ(n−α)

+
(t d

dt )
n ∑i

κ=0
∑n

v=1 cκ,v(ln t−ln tκ)n−v
∫ 1

ln ti−ln tκ
ln t−ln tκ

(1−w)n−α−1wvdw

Γ(n−α)

+
(t d

dt )
n ∫ t

1 (ln t−ln u)n−1(
∫ 1

0 (1−w)n−α−1 wα−1
Γ(α) dw)g(u) du

u

Γ(n−α)

=
(t d

dt )
n ∑i

κ=0
∑n

v=1 cκ,v(ln t−ln tκ)n−v
∫ 1

0 (1−w)n−α−1wvdw
Γ(n−α)

+
(t d

dt )
n ∫ t

1 (ln t−ln u)n−1(
∫ 1

0 (1−w)n−α−1 wα−1
Γ(α) dw)g(u) du

u

Γ(n−α)

= g(t), t ∈ (ti, ti+1] , i ∈ Nm
0 .

It follows that x is a piecewise continuous solution of (3).
Step II. We prove that x satisfies (4) if x is a piecewise continuous solution of (3). For t ∈ (t0, t1],

we have from (3) that

∫ t

1
(ln t−ln s)α−1

Γ(α) g(s) ds
s = HIα1+g(t) = HIα1+

HDα
1+ x(t)

=
∫ t

1
(ln t−ln s)α−1

Γ(α)

(
s d

ds

)n [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]
ds
s
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=
∫ t

1
(ln t−ln s)α−1

Γ(α) d
(
s d

ds

)n−1 [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u)du
u

]
= −

(
s d

ds

)n−1 [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]∣∣∣∣
t=1

(ln t)α−1

Γ(α)

+
∫ t

1
(ln t−ln s)α−2

Γ(α−1)

(
s d

ds

)n−1 [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]
ds
s

= −
∑n

v=1

(
s d

ds

)n−v [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]∣∣∣∣
t=1

(ln t)α−v

Γ(α−v+1)

+
∫ t

1
(ln t−ln s)α−n

Γ(α−n+1)

(
s d

ds

) [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u)du
u

]
ds
s

= −
∑n

v=1

(
s d

ds

)n−v [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]∣∣∣∣
t=1

(ln t)α−v

Γ(α−v+1)

+t
[∫ t

1
(ln t−ln s)α−n+1

(α−n+1)Γ(α−n+1)

(
s d

ds

) (∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

)
ds
s

]′
t

= −
∑n

v=1

(
s d

ds

)n−v [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]∣∣∣∣
t=1

(ln t)α−v

Γ(α−v+1)

+t
[∫ t

1
(ln t−ln s)α−n

Γ(α−n+1)

(∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u)du
u

)
ds
s

]′
t

= −
∑n

v=1

(
s d

ds

)n−v [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]∣∣∣∣
t=1

(ln t)α−v

Γ(α−v+1)

+t
[∫ t

1

∫ t

u
(ln t−ln s)α−n

Γ(α−n+1)
(ln s−ln u)n−α−1

Γ(n−α)
ds
s x(u)du

u

]′
t

= −
∑n

v=1

(
s d

ds

)n−v [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]∣∣∣∣
t=1

(ln t)α−v

Γ(α−v+1)

+t
[∫ t

1

∫ 1

0
(1−w)α−n

Γ(α−n+1)
wn−α−1

Γ(n−α)dwx(u) du
u

]′
t

= −
∑n

v=1

(
s d

ds

)n−v [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]∣∣∣∣
t=1

(ln t)α−v

Γ(α−v+1) + x(t), t ∈ (t0, t1] .

It follows that there exist constants c0,v ∈ R (v = 1, · · · , n) such that

x(t) =
∑n

v=1 c0,v(ln t)α−v +
∫ t

1
(ln t−ln s)α−1

Γ(α) g(s)ds
s , t ∈ (t0, t1]

c0,v = −
(
s d

ds

)n−v [∫ s

1
(ln s−ln u)n−α−1

Γ(n−α) x(u) du
u

]
.

We know (4) holds for i = 0. Supposing that (4) holds for 0, 1, 2, · · · , i, we will prove that (4) holds
for i + 1. Then by mathematical induction method, we obtain that (4) holds for all i ∈ Zm

0 .
In fact, we suppose that

x(t) = Φ(t) +

i∑
j=0

n∑
v=1

c j,v

(
ln t − ln t j

)α−v
+

∫ t

1

(ln t − ln s)α−1

Γ(α)
g(s)

ds
s
, t ∈ (ti+1, ti+2] . (5)
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Then for t ∈ (ti+1, ti+2] , we have

g(t) = HDα
1+ x(t) =

(t d
dt )

n ∑i
j=0

∫ t j+1
t j

(ln t−ln s)n−α−1 x(s) ds
s +(t d

dt )
n ∫ t

ti+1
(ln t−ln s)n−α−1 x(s) ds

s

Γ(n−α)

=
(t d

dt )
n ∑i

j=0

∫ t j+1
t j

(ln t−ln s)n−α−1
(∑ j

κ=0
∑n

v=1 cκ,v(ln s−ln tκ)α−v+
∫ s

1
(ln s−ln u)α−1

Γ(α) g(u) du
u

)
ds
s

Γ(n−α)

+
(t d

dt )
n ∫ t

ti+1
(ln t−ln s)n−α−1

(
Φ(s)+

∑i+1
κ=0

∑n
v=1 cκ,v(ln s−ln tκ)α−v+

∫ s
1

(ln s−ln u)α−1
Γ(α) g(u) du

u

)
ds
s

Γ(n−α)

=
(t d

dt )
n ∑i

j=0

∫ t j+1
t j

(ln t−ln s)n−α−1
(∑ j

κ=0
∑n

v=1 cκ,v(ln s−ln tκ)α−v
)

ds
s

Γ(n−α)

+
(t d

dt )
n ∫ t

ti+1
(ln t−ln s)n−α−1(∑i+1

κ=0
∑n

v=1 cκ,v(ln s−ln tκ)α−v) ds
s

Γ(n−α)

+
(t d

dt )
n ∫ t

1 (ln t−ln s)n−α−1
(∫ s

1
(ln s−ln u)α−1

Γ(α) g(u) du
u

)
ds
s

Γ(n−α) +
(t d

dt )
n ∫ t

ti+1
(ln t−ln s)n−α−1Φ(s) ds

s

Γ(n−α)

+
(t d

dt )
n ∫ t

1 (ln t−ln s)n−α−1
(∫ s

1
(ln s−ln u)α−1

Γ(α) g(u) du
u

)
ds
s

Γ(n−α) +
(t d

dt )
n ∫ t

ti+1
(ln t−ln s)n−α−1Φ(s) ds

s

Γ(n−α)

=
(t d

dt )
n ∑i

j=0
∑ j

k=0
∑n

v=1 cκ,v
∫ t j+1

t j
(ln t−ln s)n−α−1(ln s−ln tκ)α−v ds

s

Γ(n−α)

+
(t d

dt )
n ∑i+1

κ=0
∑n

v=1 cκ,v
∫ t

ti+1
(ln t−ln s)n−α−1(ln s−ln tκ)α−v ds

s

Γ(n−α)

+
(t d

dt )
n ∫ t

1

∫ t
u (ln t−ln s)n−α−1 (ln s−ln u)α−1

Γ(α)
ds
s g(u) du

u

Γ(n−α) + HDα
t+i+1

Φ(t)

=

(t d
dt )

n ∑i
κ=0

∑i
j=κ

∑n
v=1 cκ,v(ln t−ln tκ)n−v

∫ ln t j+1−ln tκ
ln t−ln tκ

ln t j−lnκ
ln t−ln tκ

(1−w)n−α−1wα−vdw

Γ(n−α)

+
(t d

dt )
n ∑i+1

κ=0
∑n

v=1 cκ,v(ln t−ln tκ)n−v
∫ 1

ln ti+1−ln tκ
ln t−ln tκ

(1−w)n−α−1wα−vdw

Γ(n−α)

+
(t d

dt )
n ∫ t

1 (ln t−ln s)n−1
∫ 1

0 (1−w)n−α−1 wα−1
Γ(α) dwg(u) du

u

Γ(n−α) + HDα
t+i+1

Φ(t)

=
(t d

dt )
n ∑i+1

k=0
∑n

v=1 cκ,v(ln t−ln tκ)n−v
∫ 1

0 (1−w)n−α−1wα−vdw
Γ(n−α) + g(t) + HDα

t+i+1
Φ(t).

We get
g(t) = HDα

1+ x(t) = g(t) + HDα
t+i+1

Φ(t).

So HDα
t+i+1

Φ(t) = 0 on (ti+1, ti+2] . Then there exist constants ci+1,v ∈ R
(
v ∈ Zn

1

)
such that

Φ(t) =
∑n

v=1 ci+1,v
(ln t−ln ti+1)α−v

Γ(v+1) on (ti+1, ti+2] . Substituting Φ into (5), we get that (4) holds for i + 1. By
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mathematical induction method, we obtain that (4) holds for all i ∈ Zm
0 . So x satisfies (4) if x is a

piecewise continuous solution of (3). The proof is completed.

3. Remarks and counterexamples

In this section, we present some remarks and counterexamples to illustrate the application of the
main theorem given in Section 2. At the same time, we correct the incorrect lemmas in recently
published papers by remarks and counterexamples.
Remark 3.1. Let 1 = t0 < t1 < · · · < tm < tm+1 = e and α ∈ (1, 2). From Theorem 2.1, we know that x
is a solution of

HDα
1+u(t) = f (t, u(t)), t ∈ (ti, ti+1] , i = 0, 1, 2, · · · ,m,

∆HDα−1
1+ u (ti) = φi (u (ti)) , i = 1, 2, · · · ,m,

∆HI2−α
1+ u (ti) = ψi (u (ti)) , i = 1, 2, · · · ,m,

HDα−1
1+ u(1) = u1 ∈ R,

HI2−α
1+ u(1) = u2 ∈ R,

(6)

if and only if
x(t) = u1

Γ(α) (ln t)α−1 + u2
Γ(α−1) (ln t)α−2

+
∑i

j=1
φ j(x(t j))

Γ(α)

(
ln t − ln t j

)α−1
+

∑i
j=1

ψ j(x(t j))
Γ(α−1)

(
ln t − ln t j

)α−2

+
∫ t

1
(ln t−ln s)α−1

Γ(α) f (s, x(s)) ds
s , t ∈ (ti, ti+1] , i ∈ Zm

0 .

We note that IVP(6) (that is similar to (6)) was studied in [31]. Corollary 3.5 in [31] is as follows:
Result 3.1. Suppose α ∈ (1, 2), λ, h ∈ R. Then IVP(6) is equivalent to the following integral equation:

u(t) =



u1
Γ(α)

(
ln t

a

)α−1
+ u2

Γ(α−1)

(
ln t

a

)α−2
+

∫ t

a
(ln t−ln s)α−1

Γ(α) f (s, u(s)) ds
s , t ∈ (a, t1] ,

u1
Γ(α)

(
ln t

a

)α−1
+ u2

Γ(α−1)

(
ln t

a

)α−2
+

∫ t

a
(ln t−ln s)α−1

Γ(α) f (s, u(s)) ds
s

+
∑k

i=1

[
ψi(u(ti))
Γ(α−1)

(
ln t

ti

)α−2
+

φi(u(ti))
Γ(α)

(
ln t

ti

)α−1
]

−
∑k

i=1
[
λψi (u (ti)) + hφi (u (ti))

] [ u1
Γ(α)

(
ln t

a

)α−1
+ u2

Γ(α−1)

(
ln t

a

)α−2

+
∫ t

a
(ln t−ln s)α−1

Γ(α) f (s, u(s))ds
s

−
u1+

∫ ti
a f (s,u(s)) ds

s
Γ(α)

(
ln t

ti

)α−1
−

u1 ln ti
a +u2+

∫ ti
a (ln ti−ln s) f (s,u(s)) ds

s
Γ(α−1)

(
ln t

a

)α−2

−
∫ t

ti
(ln t−ln s)α−1

Γ(α) f (s, u(s)) ds
s

]
, t ∈ (ti, ti+1] , i ∈ Zm

1 .
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Example 3.1. [31, Example 1] Consider the following problem:

HD
3
2
1+u(t) = ln t, t ∈ (1, 3], t , 2,

∆HD
1
2
1+u(2) = δ̄,∆HI

1
2
1+u(2) = δ, HD

1
2
1+u(1) = u1 ∈ R,

HI
1
2
1+u(1) = u2 ∈ R.

By Result 3.1, Zhang in [31] get that

u(t) =



u1
Γ(3/2) (ln t)

1
2 + u2

Γ(1/2) (ln t)−
1
2 +

∫ t

1
(ln t−ln s)

1
2

Γ(3/2) ln sds
s , t ∈ (1, 2],

u1
Γ(3/2) (ln t)

1
2 + u2

Γ(1/2) (ln t)−
1
2 +

∫ t

1
(ln t−ln s)

1
2

Γ(3/2) ln sds
s

+

[
δ

Γ(1/2)

(
ln t

2

)− 1
2

+ δ̄
Γ(3/2)

(
ln t

2

) 1
2
]

−[λδ + hδ̄]
[

u1
Γ(3/2) (ln t)

1
2 + u2

Γ(1/2) (ln t)−
1
2 +

∫ t

1
(ln t−ln s)

1
2

Γ(3/2) ln sds
s

−
u1+

∫ 2
1 ln s ds

s
Γ(3/2)

(
ln t

2

) 1
2
−

u1 ln 2+u2+
∫ 2

1 (ln 2−ln s) ln s ds
s

Γ(1/2) (ln t)−
1
2

−
∫ t

2
(ln t−ln s)

1
2

Γ(3/2) ln sds
s

]
, t ∈ (2, 3]

=



u1
Γ(3/2) (ln t)

1
2 + u2

Γ(1/2) (ln t)−
1
2 +

(ln t)
5
2

Γ(7/2) , t ∈ (1, 2],
u1

Γ(3/2) (ln t)
1
2 + u2

Γ(1/2) (ln t)−
1
2 +

(ln t)
5
2

Γ(7/2) + δ
Γ(1/2)

(
ln t

2

)− 1
2

+ δ̄
Γ(3/2)

(
ln t

2

) 1
2

−[λδ + hδ̄]
[

u1
Γ(3/2) (ln t)

1
2 + u2

Γ(1/2) (ln t)−
1
2 +

(ln t)
5
2

Γ(7/2)

−
u1+ 1

2 (ln 2)2

Γ(3/2)

(
ln t

2

) 1
2
−

u1 ln 2+u2+ 1
6 (ln 2)3

Γ(1/2) (ln t)−
1
2

−
(ln t)

5
2

Γ(3/2)

∫ 1

ln 2
(1 − w)

1
2 wdw

]
, t ∈ (2, 3].

We find that for t ∈ (2, 3]

HD
3
2
1+u(t) =

(t d
dt )

2 ∫ t
1 (ln t−ln s)−

1
2 u(s) ds

s
Γ(1/2)

=
(t d

dt )
2 ∫ 2

1 (ln t−ln s)−
1
2 u(s) ds

s +(t d
dt )

2 ∫ t
2 (ln t−ln s)−

1
2 u(s) ds

s
Γ(1/2)

=
(t d

dt )
2 ∫ 2

1 (ln t−ln s)−
1
2

[
u1

Γ(3/2) (ln s)
1
2 +

u2
Γ(1/2) (ln s)−

1
2 +

(ln s) 5
2

Γ(7/2)

]
ds
s

Γ(1/2)

+ 1
Γ(1/2)

(
t d

dt

)2 ∫ t

2
(ln t − ln s)−

1
2

[
u1

Γ(3/2) (ln s)
1
2

+ u2
Γ(1/2) (ln s)−

1
2 +

(ln s)
5
2

Γ(7/2) + δ
Γ(1/2)

(
ln s

2

)− 1
2

+ δ̄
Γ(3/2)

(
ln s

2

) 1
2

−[λδ + hδ̄]
(

u1
Γ(3/2) (ln s)

1
2 + u2

Γ(1/2) (ln s)−
1
2 +

(ln s)
5
2

Γ(7/2)

−
u1+ 1

2 (ln 2)2

Γ(3/2)

(
ln s

2

) 1
2
−

u1 ln 2+u2+ 1
6 (ln 2)3

Γ(1/2) (ln s)−
1
2 −

(ln s)
5
2

Γ(3/2)

∫ 1

ln 2
ln s(1 − w)

1
2 wdw

)]
ds
s

AIMS Mathematics Volume 8, Issue 5, 11837–11850.



11846

=
(t d

dt )
2 ∫ t

1 (ln t−ln s)−
1
2

[
u1

Γ(3/2) (ln s)
1
2 +

u2
Γ(1/2) (ln s)−

1
2 +

(ln s) 5
2

Γ(7/2)

] ds
s

Γ(1/2)

+ 1
Γ(1/2)

(
t d

dt

)2 ∫ t

2
(ln t − ln s)−

1
2

[
δ

Γ(1/2)

(
ln s

2

)− 1
2

+ δ̄
Γ(3/2)

(
ln s

2

) 1
2
]

ds
s

−[λδ + hδ̄] 1
Γ(1/2)

(
t d

dt

)2 ∫ t

2
(ln t − ln s)−

1
2

(
u1

Γ(3/2) (ln s)
1
2 + u2

Γ(1/2) (ln s)−
1
2 +

(ln s)
5
2

Γ(7/2)

−
u1+ 1

2 (ln 2)2

Γ(3/2)

(
ln s

2

) 1
2
−

u1 ln 2+u2+ 1
6 (ln 2)3

Γ(1/2) (ln s)−
1
2 −

(ln s)
5
2

Γ(3/2)

∫ 1

ln 2
(1 − w)

1
2 wdw

)
ds
s

+ 1
Γ(1/2)

(
t d

dt

)2 ∫ 1

0
(1 − w)−

1
2 δ

Γ(1/2)w
− 1

2 dw + 1
Γ(1/2)

(
t d

dt

)2 (
ln t

2

) ∫ 1

0
(1 − w)−

1
2 δ̄

Γ(3/2)w
1
2 dw

−[λδ + hδ̄] 1
Γ(1/2)

(
t d

dt

)2 ∫ t

2
(ln t − ln s)−

1
2

(
u1

Γ(3/2) (ln s)
1
2 + u2

Γ(1/2) (ln s)−
1
2 +

(ln s)
5
2

Γ(7/2)

−
u1+ 1

2 (ln 2)2

Γ(3/2)

(
ln s

2

) 1
2
−

u1 ln 2+u2+ 1
6 (ln 2)3

Γ(1/2) (ln s)−
1
2 −

(ln s)
5
2

Γ(3/2)

∫ 1

ln 2
(1 − w)

1
2 wdw

)
ds
s

= ln t − [λδ + hδ̄] 1
Γ(1/2)

(
t d

dt

)2 ∫ t

2
(ln t − ln s)−

1
2

(
u1

Γ(3/2) (ln s)
1
2 + u2

Γ(1/2) (ln s)−
1
2 +

(ln s)
5
2

Γ(7/2)

−
u1+ 1

2 (ln 2)2

Γ(3/2)

(
ln s

2

) 1
2
−

u1 ln 2+u2+ 1
6 (ln 2)3

Γ(1/2) (ln s)−
1
2 −

(ln s)
5
2

Γ(3/2)

∫ 1

ln 2
(1 − w)

1
2 wdw

)
ds
s

, ln t, if [λδ + hδ̄] , 0.

It is easy to see that Theorem 3.4 in [31] is incorrect.
Remark 3.2. Let α ∈ (0, 1). Wang and Zhang (Lemma 2.9 in [29])proved that u is a solution of

HDα
1+u(t) = f (t, u(t)), t ∈ (1, e]\ {t1, · · · , tm} ,

HI1−α
1+ u

(
t+
i

)
− HI1−α

1+ u
(
t−i
)

= pi ∈ R, i = 1, 2, · · · ,m,
HI1−α

1+ u(1) = u0 ∈ R,

(7)

if and only if x satisfies

x(t) =

 u0
Γ(α) (ln t)α−1 +

∫ t

1
(ln t−ln s)α−1

Γ(α) f (s, x(s)) ds
s , t ∈ (1, t1] ,

u0
Γ(α) (ln t)α−1 +

∑i
j=1

p j

Γ(α) (ln t)α−1 +
∫ t

1
(ln t−ln s)α−1

Γ(α) f (s, x(s)) ds
s , t ∈ (ti, ti+1] , i ∈ Zm

1 .
(8)

Let A0 = u0
Γ(α) , Ai =

pi
Γ(α) for i ∈ Zm

1 . We can rewrite this expression by

x(t) =

i∑
j=0

A j(ln t)α−1 +

∫ t

1

(ln t − ln s)α−1

Γ(α)
f (s, x(s))

ds
s
, t ∈ (ti, ti+1] , i ∈ Zm

1 .

Then for t ∈ (ti, ti+1] , we obtain
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HDα
1+ x(t) =

(t d
dt )

∫ t
1 (ln t−ln s)−αx(s) dd

s
Γ(1−α)

=
(t d

dt )
∑i−1
τ=0

∫ tτ+1
tτ

(ln t−ln s)−αx(s) ds
s +(t d

dt )
∫ t

ti
(ln t−ln s)−αx(s) ds

s

Γ(1−α)

=
(t d

dt )
∑i−1
τ=0

∫ tτ+1
tτ

(ln t−ln s)−α
(∑τ

j=0 A j(ln s)α−1+
∫ s

1
(ln s−ln u)α−1

Γ(α) f (u,x(u)) du
u

)
ds
s

Γ(1−α)

=
(t d

dt )
∫ t

ti
(ln t−ln s)−α

(∑i
j=0 A j(ln s)α−1+

∫ s
1

(ln s−ln u)α−1
Γ(α) f (u,x(u)) du

u

)
ds
s

Γ(1−α)

+
(t d

dt )
∑i−1
τ=0

∑τ
j=0 A j

∫ tτ+1
tτ

(ln t−ln s)−α(ln s)α−1 ds
s

Γ(1−α)

=
(t d

dt )
∑i−1

j=0
∑i−1
τ= j A j

∫ t
ln tτ
ln t

(1−w)−αwα−1dw

Γ(1−α)

+
(t d

dt )
∑i

j=0 A j
∫ 1

ln t j
ln t

(1−w)−αwα−1dw+(t d
dt )

∫ t
1

∫ t
u (ln t−ln s)−α (ln s−ln u)α−1

Γ(α)
ds
s f (u,x(u)) du

u

Γ(1−α)

=

(t d
dt )

∑i−1
j=0 A j

∫ ln ti
ln t j
ln t

(1−w)−αwα−1dw

Γ(1−α)

+
(t d

dt )
∑i

j=0 A j
∫ 1

ln t j
ln t

(1−w)−αwα−1dw+(t d
dt )

∫ t
1

∫ 1
0 (1−w)−α wα−1

Γ(α) dw f (u,x(u)) du
u

Γ(1−α)

= f (t, x(t)) +
(t d

dt )
∑i

j=0 A j
∫ 1

ln t j
ln t

(1−w)−αwα−1dw

Γ(1−α) , f (t, x(t)), if Ai , 0.

It shows that Lemma 2.9 in [31] is wrong.
By Theorem 2.1 (n = 1), we know that x is a solution of HDα

1+u(t) = f (t, u(t)), t ∈ (1, e]\ {t1, · · · , tm}

if and only if there exist constants ci ∈ R such that

x(t) =

i∑
j=0

ci

(
ln t − ln t j

)α−1
+

∫ t

1

(ln t − ln s)α−1

Γ(α)
f (s, x(s))

ds
s
, t ∈ (ti, ti+1] , i ∈ Zm

0 .

Then

HI1−α
1+ x(t) = Γ(α)

i∑
j=0

ci +

∫ t

1
f (s, x(s))

ds
s
, t ∈ (ti, ti+1] , i ∈ Zm

0 .

Hence HI1−α
1+ u

(
t+
i

)
− HI1−α

1+ u
(
t−i
)

= pi, i ∈ Zm
1 and HI1−α

1+ u(1) = u0 imply that ci =
pi

Γ(α) , i ∈ Z
m
1 and

c0 = u0
Γ(α) .

It follows that x(t) =
u0(ln t)α−1

Γ(α) +
∑i

j=1
p j

Γ(α)

(
ln t − ln t j

)α−1
+
∫ t

1
(ln t−ln s)α−1

Γ(α) f (s, x(s)) ds
s , t ∈ (ti, ti+1] , i ∈ Zm

0 .
This is a corrected form of the solution to the above-mentioned problem.
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4. Conclusions

The authors believe that the article will be appreciated by the researchers working in the field of
impulsive fractional calculus and be helpful for study on the boundary value problems for impulsive
fractional differential equations involving Hadamard fractional derivatives and in the nonlinear area and
the numerical simulation, especially for study in the the solvability of boundary value problems, initial
value problems or numerical solutions of boundary value problems for impulsive fractional differential
equation involving the Hadamard fractional derivatives
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