AIMS Mathematics, 8(5): 11822-11836.
DOI: 10.3934/math.2023598
ATMS Mathematics Received: 25 August 2022

Revised: 01 March 2023

Accepted: 02 March 2023
http://www.aimspress.com/journal/Math Published: 20 March 2023

Research article

Blow-up phenomena and global existence for nonlinear parabolic problems
under nonlinear boundary conditions

Zhanwei Gou'* and Jincheng Shi’

! Basic Teaching Department, Guangdong Communication Polytechnic, Guangzhou 510650, China
2 Department of Applied Mathematics, Guangzhou Huashang College, Guangzhou 511300, China

* Correspondence: Email: gdhsxygzw@163.com.

Abstract: In this paper, we consider an initial-boundary value parabolic problem under nonlinear
Neumann boundary conditions. By virtue of the modified differential inequality, lower bounds for the
blow-up time of the solution are derived in higher dimensional spaces. An upper bound for the blow-up
time are specified under appropriate assumptions on the functions a, b, f, g, h and u,.

Keywords: blow-up; lower bounds; higher dimensional spaces
Mathematics Subject Classification: 35K55, 35K61

1. Introduction

In this paper, we investigate the question of blow-up for nonnegative classical solution u(x, f) of the
following initial-boundary value problem defined in higher dimensional spaces

N
(h(u)), = Z(a"j(x)uxi)xj +b(x)f(u), xe€Q,t>0, (1.1)

ij=1
with the following initial-boundary conditions

N

Z a¥(uyv; = gw),  x€9Q,1>0,

ij=1

u(x,0) =up(x) =20, xe€Q.

(1.2)

In (1.1) and (1.2), Q € RY,N > 3 is a bounded star-shaped region with smooth boundary 6Q, v is
the outward normal vector to Q. Moreover, we assume that 7 € C*(R*),0 < h,, < h'(s) < hy for
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s>0,uy€ Cz(ﬁ), f, g are nonnegative continuous functions. The N x N matrix (a"/(x)) is a differential
positive definite matrix; that is, there exists a constant § such that

N
> alemm; = 0P, for alln € RY. (1.3)

ij=1

The question of blow-up of solutions to nonlinear parabolic equations and systems has received
considerable attention in the literature. We refer to the reader the books of Straughan [1] and
Quittner-Souplet [2], the survey paper of Bandle and Brunner [3] and the papers of Vazquez [4] and
Weissler [5,6]. Most of the papers concerned with the existence and non-existence of global solutions,
blow-up solutions, upper bounds on blow-up time, blow-up rates and asymptotic behavior of solutions.
The blow-up phenomena of solutions to nonlinear parabolic equations and systems with nonlinear or
linear Neumann boundary conditions was studied by many authors (see [7-10]). Some special cases
of (1.1) and (1.2) have been treated already. Imai and Mochizuki [11] and Zhang [12] considered the
following problem:

(h(w), = Au+ f(w), xe€Qx(0,T) (1.4)

with different boundary conditions, where Q is a bounded domain of RY, (N > 2) with smooth
boundary. Under certain assumptions on the known functions, sufficient conditions were developed
for the existence of global solution or blow-up solution. Moreover, an upper bound of the blow-up
time was also derived. Gao, Ding and Guo [13] studied the following parabolic equation

(h(w)); = V@a@)Vu) + f(u), xe€Qx(0,T), (1.5)

where Q is a bounded domain of R, (N > 2) with smooth boundary. The authors obtained the
conditions therefor the existence of the global solution and blow-up solution. Song and Lv [14, 15]
studied the following semilinear parabolic equation with weighted inner source terms

(h(w); = Au+b(x)f(u), x€Qx(0,T). (1.6)

When the initial-boundary value problem with nonlinear Neumann boundary condition, they obtained
the bounds for the blow-up time of the solution in three dimensional space (see [13]). In [14], the initial-
boundary value problem with homogeneous Dirichlet or Neumann boundary condition, they derived
the bounds for the blow-up rate and the blow-up time in any smooth bounded domain Q € RV, N > 3.
Recently, Ma and Fang [16] considered the following equation

= YN (@ (0u)x, — b(x) fu), xeQ, >0,
SV aluyv; = gu), x€0Q, 1> 0, (1.7)
u(x,0) = ug(x) > 0, x € Q.
Based on the auxiliary function method and the modified differential inequality technique, conditions
on weight function and nonlinearities to guarantee the solution exists globally or blows up at finite time

were established. Also, the authors derived an upper bound and a lower bound for the blow-up time.
For more special cases of (1.1) and (1.2) with inner source term, one can refer to [17-20].
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In the present paper, we do not constraint f, g to satisfy the the conditions in [16]. By constructing
completely different conditions on the known data and auxiliary functions with those in the paper
mentioned above, we use the modified differential inequality technique to seek the conditions which
guarantee the solution of (1.1) and (1.2) exists globally or blows up in finite time. Under some certain
assumption, we determine a lower bound on blow-up time in a convex bounded domain Q c RY, N > 3
if blow-up occurs.

This paper is organized as follows: By establishing some appropriate auxiliary functions and using
first-order differential inequalities technique, we derive a lower and an upper bounds for the blow-up
time in sections 2 and 3, respectively. In section 4, we will establish the conditions to guarantee that
the solution to (1.1) and (1.2) exists globally.

2. A lower bound for the blow-up time

We list some Sobolev type inequalities which will be used in this paper.
Lemma 2.1. (see [12, p976]) Let Q be a bounded star-shaped domain in R¥, N > 2 and Ly =
mingg X - N, d = maxg |x|, Then we have

N kd
f wdeS—fwkdx+—fwk_1|Vw|dx. (2.1
90 Ly Jo Ly Ja

Lemma 2.2. (see [13, Corollary IX14, p168]) Let ¢, be a constant depending on Q and N and ¢ =
\/_cb ,for N=3,and c = cf(N ? for N > 3. Then we have

(fw;vzdx < [ fle|2d ‘“” (f de)ﬁ]. (2.2)

Moreover, we suppose that positive functions a, f, g and & satisfy

(1) f(0) =0, f(s) >0, 0<h(s) <hy, fors>0,

00 h/
(2) f (n)dn is bounded for s > 0,

@
h,l —m+ 2.3
(3) g(s) < ki f(5)( f((g))dn) L m>2, @)
HON L0
4 d 2 1) -4,
D ), Fop@r=Crthp

where ki, ky, n, B, hy; are positive constants. We have the following results:

Theorem 2.1. Assume that the non-negative functions a, f,h and g satisfy the conditions (2.3). If
the nonnegative solution u(x, #) of (1.1) and (1.2) becomes unbounded in the measure ¢ at some finite
time ¢*, then ¢* is bounded from below by

* * dn
L= 1o [ 2.4)
@0) o) + 0o+ o3 T8 4+ oyn 2D

where o071, 05, 03 and 074 are positive constants and ¢(7) will be defined in (2.5).
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Proof. Firstly, we define an auxiliary function

© W(s) -2
o) = fg | u f(s)ds] dx, n>2(m-1)N -2).

and we compute

o'(1) = 2nf[ ) h/(s)ds]_zn_l(h(u))tdx
Q u

S(s) f(u)
2nf h’(S) —2n-1 Z(au(x)ux e, +b(x)f(u))
Q u f(S) f( ) i
< —2n(2n + 1)f h,(S) 2w a”(x)u,u, dx
u f(S) fz(l/l) b A
() et ) S
+2n fg [ ; f(S) dS] f2(u) P a J(X)Mx,«uxjdx
* l’l/(S) —2n— ]g(u) 00 ]’LI(S) on1
2 LQ[ . f(s)d ] mdA +2n L[ ) dS] b(x)dx.

Using (1.3) and (2.3), we have

2nB0 f[ © 1(s) ds]—zn—z[h’(u)F
hv Jo'Jd.  f(s) f2(u)

0 h’(s) —2n-m+1 h/(s) 2n—
+ 2nk; fag[ ) f(s)ds] dA+2nL[£ Iz )ds] b(x)dx.

In order to simplify our computations, we let

“HW(s) , -1
w=| [ Faal
and rewrite (2.7) as

, nia [ )] a1 810 -
@' (t) < —2nB0 fg V? ZWIVulzdx+2n fa . 2 lf(u)dA+2 fg Vv b(x)dx
2860

<——f|Vv”|2dx+2k1nf v2"+m_1dA+2nfv2”“b(x)dx,
pre) Q

where we have let i, = 1 for convenience. In (2.9), we have used the fact

©'(t) < - \Vul*dx

Vv = (}f;)|v .

By using Lemma 2.1, we have

N 2n+m—1)d
f V2n+m—1dA < — f v2n+m—ldx + ( n m ) fv2”+m_2|Vv|dx.
40 Lo Jo Ly Q

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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Using Holder inequality and the Young inequality for (2.11), we have

_ N QCn+m-1)>d? f _ & f

2n+m—1 2n 2n+2m-2 n2

dA < — dx + + dx+— | [W'%dx, (2.12
fagv 2Lojg; * (2L0 Lie ) Qv T Ql s

where & is a positive constant to be determined later. Substituting (2.12) into (2.9), we obtain

280 k Nk
¢'(1) < (i—;—gl)va"Fd + lnf vdx

20 + —12d2
+ 2 N Grrm-D) f M2y 4 o f V" b(x)dox.
2L0 Léé‘l Q Q

(2.13)

Using Holder inequality and the Young inequality again for (2.12), we have

n—-2(N-2)(m-1) 2(2N-3) 2(N-2)(m—1)
f v2”+2’"_2dx§( f vz”dx) " ( f v N2 dx) !
Q Q Q (2.14)

p n—2(N—2)(m—1)(f'v2ndx)+2(N—2)(m—1)(fvwdx)’
n Q n Q

dn-dN-2)-QN-3) VN = L
f v b(dx < ( f vrdx) f Vi) " f b (o))
Q Q Q (2.15)

4 _4 _2 _ 2 _ N—2 n(2N-.
< AN DZOND) (g SND) [ L o
4n Q 4n Q

and

Obviously, since n > 2(N —2)(m— 1), 4n > 4(N —2)+ (2N - 3). Inserting (2.14) and (2.15) into (2.13),
we have

280 k v
') < (ﬁ - 1_81)f IVV"[dx + my f vdx + mz( f Vi 23)dx) + ms, (2.16)
Q Q
where
Nkin 2n+m—12%d*>\ 4n—-4N-2)-(2N-3
my = Ll + 2k [n = 2(N = 2)(m —1)]( i . ) )+ W2 ),
0 L081 2

2n+m— 1)2d2 1 2.17)

= 4k (N — 2)(m — 1 +3(N -2 = — | b™(x)dx.

my = 4k (N = 2)(m )(2L0 e ) +3(N =2), m3 = - fg (x)dx

We use the Schwarz inequality to bound

'l(lzvN 3) 2n % n 1\%\] %
Lv 2dx<(L dx)(fg(v) 2dx). (2.18)

Now, we use Lemma 2.2 with w = V" for (2.16) to get

fvn(i'N23)dx<c fvz”dxi fle"lzd 4(N E (f 2”clx)wyi_z)]
Q Q
3 3
= c fvzndx ! fle Izdx w7 +c(f v¥dx ) .
Q
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Applying the Young inequality again to obtain

_ 3(N-2)
f vL?vAS})dx < —C(SN 8 ( f v2"dx) e
Q 47 F(N -2) Ve

—_— V'°dx + ¢ v'dx ,
4N -2) Ja Q
for &, > 0, inserting (2.19) back into (2.16), we obtain
2ﬁ9 k181 mch82 f 2 f 2
"< —-|/— - — wWYd "d
o't < [n o 4(N—2)] Q| V'[“dx + my Qv X
3N -8 W e (2.21)
+ —szN( )(fvz”dx)* ’ +mgc(fv2”dx) 4 ms.
485”7’3(N -2) Ja Q
Now, we choose that
436 4B6(N — 2)
=—,86=—-—" 2.22
&1 k] 2 WLQNC ( )
to have
’ 2n 2n 1+ﬁ 2n l+m
Yt)y<oy+o, | vV'dx+ 0'3( v dx) + 0'4( 1% dx) , (2.23)
Q Q Q
where
cmr(3N — 8)
oy=m3, O, =my, 03 = —Fx —, 04 =NnC. (2.24)
4635 (N - 2) '
Recalling the definition of ¢(f) in (2.5), (2.23) can be rewritten as
¢ <o +0op+ oggo”ﬁ + 0-490“%, (2.25)
Then
d <L (2.26)

01+ 0o + o3t + 0-4¢1+2<+_2)
It follows on integrating (2.26) from O to ¢ that

(1) d’]
f <t, (2.27)
[

14 2 14+ 575
0) o+ 0o+ 03 "W + oynp 2D

so that letting t — ¢*, we conclude that

* ® dﬂ
L= 142 [ (2.28)
90) O + 0o + o031 TS + oyun T 78D

Thus, the proof of Theorem 2.1 is complete.
Remark 2.1. The special case h(#) = u and b(x) = 1 in (1.1) and (1.2) was considered by [6], and
lower bound was derived under some suitable assumption. Obviously, our result is more general.
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3. Upper bound of the blow-up time

In this section, we establish some auxiliary functions

Fo = [ o 60 = [ sman ow= [ [ s G.1)
N
H() =4 f G(u)dA -2 f Zaijuxiuxjdx+4 f b(x)F(u)dx, ky > 1. (3.2)
oQ Q' Q

i,j=1
We may have the following results:
Theorem 3.1. Let u be a nonnegative solution of (1.1) and (1.2). Assume that f,# and g satisfy the
conditions

() W' (8)s* < ky f S nh' (n)ydn, s> 0,k, > 0,
0

(ii) sf(s) = 2k, (1 + q@)F(s), g > 0,

(iii) sg(s) = 2k, (1 + p)G(s), s >0, p >0,

and H(0) > 0. Then the solution u(x, ) of problems (1.1) and (1.2) blows up in L?>-norm at some finite
time t* < T with

(3.3)

_ 20(0)
~ kspH(0)’
We note that A(s) = s, ky > 1 + 7y, f(s) = 57, 2ko(1 +q) < 1 + 7y, and g(s) = 57, 2k(1 + p) <
1+ 73, v2,v3 > 3, ks = min{lk,(1 + p), k(1 + q)} satisfy these requirements.
Proof. From the definition of ®(¢) in (3.1), we compute

(3.4)

N
(1) = f wh' (uyu,dx = f u[ Y (@uy)y, + b(x) f(w)]dx
Q Q

i.j=1

N
= f ug(u)dA — f > dluudx + f wf(u)b(x)dx
Q Q Q

4 i.j=1 (3.5)

N

> 2k,(1+p) | Gu)dA - f a’uguydx + 2k (1 + q) f F(u)b(x)dx
0Q Q Q

l!]_l
2 '

Differentiating H(¢) and using divergence theorem, we can derive

N
H(t) = 4f gwu,dA — 4f Z ai-/uxiuxj,dx +4 f b(x) f(u)u,dx
Fle} Q; Q

i,j=1

N N
3 du,vjudA + 4 f > (@) udx + 4 f b faudx  (3-6)
Q Q' Q

= 4f g(w)u,dA —4f
o0 p)

=4 f W (wuldx > 0,
Q

ij=1 ij=1
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which implies H(¢) > O for ¢ > 0, since H(0) > 0.
Using Schwarz inequality and (3.3),, we have

[ ()] = ( f uh’(u)u,dx)2 <( f I (uydx)( f I (uwyu;dx)
Q Q Q
Skg(fgfou sh’(s)dsdx)(f(;h'(u)utzdx)

< %H’(r)d)(t).

Combining the above Eq (3.5), we can obtain the inequality
H' 0)®(1) > (1 + p)H(OP'(1),
which may be rewritten as
[HO@@) "] > 0.
Integrating (3.9) from O to ¢, we can have
HO[D@] " = HO)[D(0)] "7,
Substituting (3.10) into (3.5) yields that
(1) > %kﬂ? + HO)[D(0)] P [D(r)] .

Integrating now (3.11) from O to #, we obtain the inequality

[PDO]" < [PO)]" - %quH O)[DO0)] 7t

But this inequality can not hold for

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

* 20(0)
tr'>T= .
kspH(0)
In conclusion, the solution u(x, t) of problems (1.1) and (1.2) fails to exist by blowing up at some finite
timet* < T.
Remark 3.1. If p = g = 0, integrating (3.11) from 7 to oo, one can see that

k,H(0)
20(0)

O(r) < O(0)expi t}

is valid for all # > 0, which implies #* = oo; that is, T = co.
In particularly, if the N X N matrix (a”(x)) is a diagonal matrix,

auw) O ... O
0 aw .. O
0 0 . aw

(3.14)

(3.15)
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then problems (1.1) and (1.2) can be rewritten as

(h(w)), = V(a@)Vu) + b(x) f(u), in QX (0,1"),
&= g(u), on Q% (0,1, (3.16)
u(x,0) = ug(x) >0, in Q.

The last term of (3.16); means that the system is subjected to external force. Now, we define some
auxiliary functions:

S h/
v(s) = (y)dy, Y(t) = f dv(u(x, 1)dx, (3.17)
o a(y) Q
where ¢ is the associated eigenfunction of the problem defined as
Ag(x) + ig(x) =0, $ >0, x€Q, Z—¢ =0, xeaQ, (3.18)
4

and A, is the first eigenvalue of the problem (3.18). We have the following theorem:
Theorem 3.2. Let u(x,f) be the nonnegative classical solution of the nonlinear parabolic
problem (3.16). Assume that f, g, h satisfy the conditions

d(s)>0, s < OS Z/g))dy, £(5) 2 a(s)( fo Z((yy))dy)k, s>0, k> 1, (3.19)
and the initial condition satisfies
—4(0) + (¢b(0dx) WO > 0. (3.20)

Then y(f) which was defined in (3.17) must blow up at some finite time #* and the upper bound for ¢*
can be given in the form

< fw ﬂ (3.21)
Bl ¥ (0) ®(77)' '

Proof. From (3.17) we compute

a
a

1
W) = fg L 1¥(a Vi) + b)) 1dx
Q

B|\VulPdx — f VoéVudx + f ]—Cb(x)rpdx
Q od

¢ (3.22)

Z—Alfq’)udx+ka¢b(x)dx

Q Q

Z—/llf¢vdx+ka¢b(x)dx,
Q Q

where we have used Eq (3.16), the divergence theorems (3.17), (3.18) and the assumption (3.19).
Making use of Holder’s inequality and (2.3), we have

w(t) = f gvdx < ( f ¢b(x)v"dx)%( f ¢bﬁ(x)dx)k%. (3.23)
Q Q Q
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Combining (3.22) and (3.23), we obtain

W) = o) + f o™ ()dx) WO = O), (3.24)

Q

Suppose that the initial data i is large enough to insure @(¥(0)) > 0. Then it can be derived from (3.24)
that (¢) is increasing for ¢ small. Since ®(y) is increasing in ¢ from its nonnegative minimum, it
follows that ®(y(?)) is increasing in ¢ for ¢ > 0. This shows that ¢’(f) remains positive, so ¢(t) blows
up at some time ¢*. From (3.24), we can derive the upper bound for #*:

< fw ﬂ (3.25)
B ¥(0) ®(77)' '

4. Global solution

In this section, we derive the conditions on the known functions f, g and & to guarantee existence
of global solution. Our main result is the following Theorem 4.1.
Theorem 4.1. Let u be nonnegative classical solution of problems (1.1) and (1.2). We first establish
an auxiliary function:

Y1) =2p f f ' s (s)dsdx, p > 1. (4.1)
Q

0

Assume that

(A1) :f(s(x, 1) = y1(s(x, D),

(A2) :g(s(x, 1) < ya(s(x, ), s(x,1) >0, (4.2)

where y; > 0,7y, > 0,2y < k+ 1,y > 1. Then the solution u of (1.1) and (1.2)can not blow up in finite
time. that is to say there must be a global solution.

Proof. We begin with the auxiliary function W¥(#). Differentiating ‘P(¢), using the Eqs (1.1) and (1.2),
conditions (A1), (A2), (2.3) and divergence theorem, we have

Y'(1) = 2pfu2p—1h’(u)u,dx
Q

N
=2 2p-1 V(XU )y, + b d
p fg 2 @@, + b0 f(w)]dx

i,j=1
N
=2p f P g(u)dA - 2pQ2p — 1) f w72 H (u) Z a’(X)uyuy,dx + 2p f b(x)u*? f(u)dx
80 Q ij=1 Q

uzp_zh'(u)uxiuxidx+2py1fb(x)u2p+k_ldx
Q

<2py» f WA = 2p2p - 1)0 f
oQ

Q
202p -

Dhy, _
§2p)/2f U dA — ) HfIVuplzdx+2p)/1fb(x)u2p+k ldx.
oQ p Q Q

4.3)
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By using Lemma 2.1, we obtain

f u2p+y—ldA < ﬂ f u2P+)’—1dx+ Mfu2p+7_zlvbtldx
o0 Ly Jo Ly Q

N 2p+v—-1)d
=N f vy Gty =d f NPl “4.4)
Lo Q

1 2p+y— 1)2d?
< = f uPdx + 61 f \Vu|Pdx + [ + @pty-1) ]fu2”+272dx,
2 215 2p2Lie Q

where € is a positive constant to be determined later. Substituting (4.4) into (4.3), we get

2(2
¥Y'(1) < pyzfuZde+ leipys — p - H]IIVuplzdx
Q
4.5)
N> Q2p+v-1)>*d? (
+ pys|l— + Cpty-1) W 2dx + 2py, | b(o)u ™ dx.
2 272
LO P L0€1 Q Q
Since 2y < 1 + k and y > 1, by Holder’s inequality, we have
2p+k—1
fu2p+k—ldx > (fu2p+27 Zd )2;5:27 2|Q|2”+27 o) (46)
Q Q
and
2p _
W(1) < hy f wPdx < Iy f P2 dx) RO (4.7)
Q Q
Inserting (4.6) and (4.7) into (4.5) and choosing €, = %0 we have
lI_,/(t) Sal(fbl2p+zy_2dx)2pf£,2 +a2fu2p+2y—2dx_a3(fu2p+2)/—2dx)221ﬁ+2k712
) ? 22y p k+1-2y (48)
_ 2p+2y-2 2p+2y-2 2p+2y-2 2p+2y-2 2p+2y-2
= u dx||a, fu dx +a, — a3 fu dx ,
([ o anan( [ wroran) ([ wroraxy=]
where
-l Q2p+v-1)>d? 2yk-1
a; = py,lQIrvT, a; = 1972[? + = pzyLze ] as = 2py Q. (4.9)
0 01
From (4.7), it follows that
2p+2y-2 _
f WP 2 > f uPrdx) 10| (4.10)
Q Q

5 <0, 222225 (. So, combining (4.8)

In light of 2y < 1 + kand y > 1, we can easily find that %

and (4.10), we have

v < f w2 (o) T IQITF T+ ap — as(an) QYT . (4.11)
Q
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From (4.11) we can conclude that ¥(¢) can not blow up in finite time under the conditions (4.2). In
2-2y
fact, if u(x, r) blows up at time ¢*, then ¥(¢) becomes unbounded when ¢ — ¢*, which leads Y » — 0

and ‘PT27 — 00. So, W(r) decrease in some interval [fy, t*) which follows that W(¢) < W(¢y). This is a
contradiction.
Now, we consider a particular case of (3.16) with g(u) = 0

(h(u)); = V(a@)Vu) + b(x) f(w), in Qx(0,1°),

&=, on 0Q x (0,1, (4.12)
u(x,0) = up(x) >0, in Q.

We still use the auxiliary function ¢(#) which is defined in (2.5), but with n > 2(N — 2). Assuming
that f, g, h satisfy the conditions (2.3) and a(«) > 6 and referring to (2.8) we write for g(u) = 0

2860
go’(t)s—% f IVV'[°dx + 2n f v b(x)dx. (4.13)
Q Q

By Holder and Schwarz inequalities, we have

2n+1

L Vv b(x)dx < ( L vz’”zdx)m( L bz””(x)dx)TI+2
< ;Zi;( L V2d) + 2n1+ o fQ B2(x)dx)

2n+1 N noN-3 02 1 ons2
< 2n+2(fgv dx) (fgv dx) +2n+2fgb (x)dx (4.14)

@n+ DIn=20N =21/ (5 \ . 220+ DN =2), [ v
= n(2n +2) (fgv dx) + n(2n +2) (fgv dx)

1
b2n+2 d )
T2 L (X)dx

Recalling (2.18) and (2.19), we have from (4.14)

fg;vz’“”b(x)dxﬁal(]g;vzndx)+a2(Lv2”dx)i(fQ|Vv”|2dx)M

AN (4.15)
+ az(‘[vb’dx)zw‘2> +as,
Q
where a; = %,az = 2(2Z(+21n)i12v)—2>.c, ay = ﬁ fg P 2(x)dx. Tnserting (4.15) into (4.13), we
have
230 ; v
¢'(1) < 5 f IVV'[2dx + 2na o + 2na2<p3(f |Vv"|2dx)‘“N 2
+ 2na2§o% + 2na;

(4.16)

- (f |Vv”|2dx)4”+2){ - ?(f |VV"|2dx)43(%7:§) + Znazgo%}
Q Q

2N-3
+ 2na ¢ + 2nap*™-> + 2nas.
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Since u has mean value zero it follows that

f IVV'Pdx > u f v¥dx, 4.17)
Q Q

where y is the first non-zero eigenvalue for

Aw + pw =0, in Q; (Z—w =0, on 0Q. (4.18)
%

Lower bounds for u can be found, for instance in [21,22]. From (4.16), we get

ey - 236
(0 < f 9V Pdx) ™ i - 2
Q

n

3N-8 1
AN 4 zna2gp 2N-2) }

(4.19)
+ 2na,p + 2na2¢% + 2nas; = n(e).

Now let the initial function u, and S satisfy

N 2 0 3N- 1 N-3
pT T p(0) - f {305+ 2na,[@(0)] 7 | + 2na10(0) + 2narl@(0)) 5 + 2na; < 0. (4.20)

It follows then that ¢(7) is initially decreasing. Since m(¢) is increasing in ¢, it follows that m(¢(?)) is
decreasing in ¢ for # > (. This shows that ¢’(#) remains negative. So ¢(f) can not blow up at any finite
time. In fact
236
Y1) < cp{ - ﬁ,u + 2nazuﬁ‘pm + 2na; + 2na2<,om} + 2nas. 4.21)
n
If we choose suitbale initial condition and S to satisfy that
236
2B 2na T [0 + 2nay + 214 @(0)] T < -1, (4.22)
n

for some positive A, then

@'(1) < —Ap(1) + 2na; (4.23)
or
_ s - 2043
@(1) < [¢(0) ) le T (4.24)

This inequality shows that ¢(7) decays exponentially in time as ¢ — co. This is to say that ¢(f) remains
bounded for r > 0. We have established the following theorem.

Theorem 4.2. Assume that f, g, & satisfy the conditions (2.3) and a(u) > 6. Then

(1) If the initial condition u, and S to satisfy (4.20), then the function ¢(¢) defined by (2.4) remains
bounded in L?.

(2) Furthermore, if the initial condition u, and g to satisfy (4.22), ¢(t) decays exponentially to
time as t — oo.

2nas

/lln
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5. Conclusions

In this paper, lower bounds for the blow-up time of the solution are derived in higher dimensional
spaces by virtue of the modified differential inequality. An upper bound for the blow-up time are
specified under appropriate assumptions.
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