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1. Introduction

Let A = {x eR3:1<|x< 2} and 0B, = {x eR?: x| = 2}. This work is devoted to the study of
existence and nonexistence of weak solutions to hyperbolic inequalities of the form

= A+ —E— > (= Dl in (0, 00) X 4, (1.1)
(Ixl = 1)
where u = u(t,x), u > p* = —i, p > 0and p > 1. Problem (1.1) is studied under two types of
inhomogeneous boundary conditions on dB;: the Dirichlet-type boundary condition
u>f on(0,00)X 0B, (1.2)
and the Neumann-type boundary condition
0
S ¢ on(0,00) X 0B, (1.3)

ov
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where f = f(x) € L'(0B,) and v is the outward unit normal vector on dB,, relative to A. Notice that
the constant y* appears in the Hardy inequality that involves the Hardy potential corresponding to the
distance to the boundary of an annulus, see Marcus, Mizel and Pinchover [1].
Several authors contributed in the study of the large-time behavior of solutions to the nonlinear
wave equation
Uy — Au = |uff  in (0, 0) x RV, (1.4)

where p > 1, see e.g., [2-10]. Thanks to these contributions, it is known that for all N > 2, there
exists a Fujita-type critical exponent ps(N) for the global existence question to (1.4) with compactly
supported data, that is the positive root of the polynomial

(N-1Dp*-(N+1p-2=0.

More precisely,

(i) for any (u, u,)|,-o compactly supported with positive average, if 1 < p < ps(NN), then the solution
to (1.4) blows-up in a finite time;

(i1) if p > ps(N), then there are compactly supported initial conditions (u, u,)|,=o such that the solution
to (1.4) exists globally in time.

In [11], Kato considered for the first time the wave inequality
Uy — Au > |uf’  in (0, 00) x RY, (1.5)

where p > 1. He found another critical exponent pg(N) = x—f}, N > 2. Pohozaev and Véron [12]

generalized Kato’s work and established the sharpness of pg(N) for problem (1.5). Namely, it was
shown that,

(i) if 1 < p < pg(N), there is no global weak solution to (1.5) satisfying

f u;(0, x)dx > 0; (1.6)
RN

(i1) if p > pg(N), then (1.5) admits global positive solutions satisfying (1.6).

Hamidi and Laptev [13] investigated the hyperbolic inequality

A .
Uy — Au+ Wu > ulf in (0, c0) x RY,
X

1.7)
u(0,x) >0 inR",

2
where N >3 and 4 > — (%) . It was proven that, if one of the following assumptions is satisfied:

2
A1>20, 1<p<1+ ;
p 1 + s*

or

N =2\ 2
_(T) s/1<0,1<p§1+1 ,

— S,
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where
N-2
f= + 4[4+
= (

N-2
2

2
),s*:s*+2—N,

then (1.7) admits no nontrivial weak solution. Other contributions related to existence and nonexistence
of solutions to wave inequalities in RV with different types of nonlinearities can be found in [12,14-18].
We also refer to [19-21], where the issue of nonexistence for wave inequalities has been investigated
in Riemannian manifolds.

It is natural to ask about the behavior of solutions to wave equations or inequalities in other
unbounded domains of RY. For instance, in [22], the authors investigated hyperbolic inequalities of
the form

A
Uy — Au+ —u > ul” in (0, 00) X RM\B,,
) & (1.8)
aa—(t, x) + Bu(t, x) > w(x) on (0,00) X dBy,
%

where By = (x € RV : [x| < 1), N = 2, 4> — (%2}, . 2 0, (@) # (0,0) and v is the outward unit
normal vector on dB, relative to Q = R¥\B;. Namely, it was shown that (1.8) admits a Fujita-type
critical exponent

if N-2+21y=0,

0
Pc(/l,N) :{ 4 .
1+N—2+2/1N if N—-2+21y>0,

where

N =2\
Ay = /l+( 2 )

More precisely, it was proven that,

(1) if 1 < p < p.(A,N) and f w(x)dS ; > 0, then (1.8) admits no global weak solution;
OB
(i) if p > p.(1, N), then (1.8) aldmits global solutions for some w > 0.

For other results related to evolution inequalities in an exterior domain of RV, seee. g., [23-27] and the
references therein.

Very recently, in [28], we investigated problem (1.1) in the case u = 0, p > 2 and A C R¥, N > 2.
Namely, among author results, we proved that,

(1) if 1 < p < p — 1, then problem (1.1) (with u = 0) under the Dirichlet-type boundary condition
(1.2), or the Neumann-type boundary condition (1.3), admits no weak solution, provided f €
L'@B,) and [, f(x)dS . > 0;

(ii) if p > p — 1, then both problems (1.1) (with g = 0), (1.2) and (1.1) (with g = 0), (1.3) admit
(sationary) solutions for some f > 0.

To the best of our knowledge, no other results dealing with hyperbolic inequalities in an annulus have
been obtained in the literature. Our aim in this paper is to study the influence of the parameter u as
well as the singularity on the boundary appearing in the Hardy potential on the critical behavior of
problem (1.1) with u = 0, previously studied in [28].

AIMS Mathematics Volume 8, Issue 5, 11629-11650.



11632

Before presenting our main results, let us define weak solutions to the considered problems. Let
Q=(0,0)xA, T =(0,00)X%X0B,.

Notice that I" C Q.
For problem (1.1) under the Dirichlet-type boundary condition (1.2), we define admissible trial
functions as follows.

Definition 1.1. We say that ¢ = ¢(z, x) is an admissible trial function, if

(i) ¢ € C*(Q), supp(p) CC Q, ¢ > 0;
(1) ¢ =0onT;
0
Gii) 2 <0onT.
ov
By standard integration by parts, we define weak solutions to (1.1), (1.2) as follows.

Definition 1.2. We say that u € L]’; (£ is a weak solution to (1.1), (1.2), if

f(|x|—1)—P|u|1’<pdxdz—fa—‘”f(x)dsxdzsfu(goﬁ—Aszgo dxdt  (1.9)
Q r 0v Q (Ix = 1)

for every admissible trial function ¢ = ¢(¢, x).

For problem (1.1) under the Neumann-type boundary condition (1.3), admissible trial functions are
defined as follows.

Definition 1.3. We say that = (t, x) is an admissible trial function, if
(i) ¢ € C*(Q), supp(y) cC Q, ¢ > 0;
0
i) 2% = oonr.
ov
Weak solutions to (1.1), (1.3) are defined as follows.

Definition 1.4. We say that u € Ll’; (L) is a weak solution to (1.1), (1.3), if

f(|x|—1)-P|u|1’¢dxdz+ff(x)wdsxdrsfu(%—&/wLw dxdt (1.10)
Q r Q (Jxf = 1)?

for every admissible trial function ¥ = ¥(¢, x).

For u > —}1, we introduce the parameter

1 [
=— - -, 1.11
=3 /1+4 (1.11)

Our main results are stated in the following theorem.

Theorem 1.5. Let u > _211 and p > 0.

AIMS Mathematics Volume 8, Issue 5, 11629-11650.
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(I) Let f € L'(0B,) and f(x)dS,>0.If

0B,

)
0>2 and 1<p<1+f , (1.12)

then problem (1.1) under the Dirichlet-type boundary condition (1.2), or the Neumann-type
boundary condition (1.3), admits no weak solution.

an If

)
p>max{1,1+f } (1.13)

-
then both problems (1.1), (1.2) and (1.1), (1.3) admit (sationary) solutions for some f > O.

Remark 1.6. By a stationary solution to (1.1), (1.2) (resp. (1.1), (1.3)), we mean a function u = u(x)
that verifies (1.1), (1.2) (resp. (1.1), (1.3)) for almost everywhere x.

The proofs of the nonexistence results provided by part (I) of Theorem 1.5 are based on nonlinear
capacity estimates specifically adapted to the operator

u

A+ —E
(Ix] = 1)

the domain and the considered boundary conditions. Namely, for each problem, we derive integral
estimates involving a specially constructed class of admissible trial functions in the sense of
Definitions 1.1 and 1.3. We refer to [17,27] for a general account of these methods. The existence
results are established by the construction of explicit solutions.

Remark 1.7. (1) In the case p > 2, we deduce that both problems (1.1), (1.2) and (1.1), (1.3) have the
same Fujita critical exponent given by

. -2
p"(,u,,o):1+/O .
1-0

In the special case u = 0, one has p*(0,p) = p — 1, which is the Fujita critical exponent for
problems (1.1) (with u = 0), (1.2) and (1.1) (with u = 0), (1.3), recently obtained in [28].

(i1) By (1.13), we deduce that in the case 0 < p < 2, both problems (1.1), (1.2) and (1.1), (1.3) admit
no critical behaviors (solutions exist for all p > 1).

Remark 1.8. (i) The critical case

-2
p>2, p:1+'10

for problem (1.1) is not investigated here. It should be interesting to decide whether this case belongs
to the blow-up situation.

(i1) In this work, problem (1.1) is investigated in the three dimensional case. It will be interesting to
study the N-dimensional case for any N > 2.

Clearly, Theorem 1.5 yields existence and nonexistence results for the corresponding elliptic
inequality
J7 _ :
—Au+—"-—u>(x[- 1D’ inA (1.14)
(Ixl = 1)
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under the Dirichlet-type boundary condition
u(x) > f(x) onobB, (1.15)

or the Neumann-type boundary condition
ou
—(x) > f(x) ondB,. (1.16)
ov

Corollary 1.9. Let u > —l and p > 0.

(I) Let f € L'(0B,) andf f(x)dS > 0. If (1.12) holds, then problem (1.14) under the Dirichlet-

type boundary condition (1 15), or the Neumann-type boundary condition (1.16), admits no weak

solution.
(1) If (1.13) holds, then both problems (1.14), (1.15) and (1.14), (1.16) admit solutions for some
f>0.

The rest of the paper is organized as follows. In Section 2, we study the Dirichlet-type boundary
condition (1.2). Namely, we introduce a class of admissible trial functions in the sense of Definition 1.1
and establish some useful integral estimates involving such functions. Section 3 is devoted to the study
of the Neumann-type boundary condition (1.3). As in Section 2, a class of admissible trial functions
in the sense of Definition 1.3 is introduced and some useful estimates are provided. The proof of
Theorem 1.5 is given in Section 4.

Throughout this paper, C denotes always a generic positive constant, which is independent of the
scaling parameters T and R, and the solution u. Its value could be changed from one line to another.

2. The Dirichlet-type boundary condition
Letu > —}‘, p>0and p > 1. For 0 < §; < 9,, we denote by A(d;, d,) the subset of R3 defined by
A(61,6)) = {x e R*: 6y < x| < 63].

2.1. Admissible trial functions

We introduce the nonnegative function O defined in A by

- —T1In(-! if u=-1
o= | M Vi ) () N o
Il (xd = 17 (1= (xl = D7) i > =L,
where the parameter o is given by (1.11). Elementary calculations show that
~AD+ 2 —_D=0inA, D=00n0B. (2.2)
(Ix = 1)
Let £ € C*(R) be a cut-off function satisfying
{20, supp({) cc (0, 1). (2.3)

AIMS Mathematics Volume 8, Issue 5, 11629-11650.
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For T > 0 and sufficiently large ¢, let

L) = 2 (%) £> 0. 2.4)

Let & € C*(]0, 00)) be an increasing function satisfying

1
§(s):0if0$s£§, E(s)=1lif s > 1. (2.5)
For sufficiently large R, let
Er(x) = D(OE(R(x| - 1)),  x€A. (2.6)
We introduce functions of the form
@(t,x) = {r(Er(x), (1, %) € Q. 2.7

Lemma 2.1. For T > 0 and sufficiently large R and ¢, the function ¢ defined by (2.7) is an admissible
trial function for problems (1.1) and (1.2).

Proof. The properties (i) and (ii) of Definition 1.1 follow immediately from (2.1)—(2.7). On the other
hand, by (2.5) and (2.6), one has

&r(x) =D(x), x€A (1 + Il?’ 2). (2.8)

Moreover, in view of (2.1), (2.7) and (2.8), for all (¢, x) € I', we obtain

Op

1 if =1
== 2.9
3y i (2.9)

(1-20) if pu>-7.

1
(t, ) = =547(1) X {

0
Since {r > 0 and 1 — 20" > 0, we deduce by (2.9) that 6—()0 < 0 onI', which shows that the property (ii1)
v
of Definition 1.1 is satisfied. O

2.2. Preliminary estimates

For T > 0 and sufficiently large R and ¢, let ¢ be the function defined by (2.7). In this subsection,
some useful integral estimates involving the function ¢ are provided. We consider separately the cases
u= —% and u > —}‘.

2.2.1. The case u = _%

Lemma 2.2. Let u = —4—1‘. The following estimate holds:
f (x| = D)7 o7 [ou| 7T dxdr < CT'"77 InR. (2.10)
supp(¢)

AIMS Mathematics Volume 8, Issue 5, 11629-11650.
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Proof. By (2.3)—(2.7), we obtain

f (x| = 1)7T @7 || 7T dx dt
supp(¢)

T ) ,
= ( 7O O dt) (f (Ixl = D77 &g(x) dx).
0 A(1+55.2)

On the other hand, one has

1t
7)) < CT-ng’-Z(?), 0<i<T,

which yields

-2p

CT»r1

IA

T »
fo L OIF @) di

that is,
T

0
Moreover, by (2.1) and (2.6), we get

f (1] — 1)77 €g(x) dx
A(1+§,2)

[ e

(L) ar
T

1-2 ! 2p
CT —plf () ds,
0

OO dr < CT' .

= f (lxl — 1) DER(x| — 1)) dx
A(1+55.2)

< f (xl = D7 |~ Vil — lln(
A(1+#,2)

<ClnR.
Hence, (2.10) follows from (2.11)—(2.13).

Lemma 2.3. Let u = —}‘. The following estimate holds:

WS u
(a1 P77t |-ap +
fsupp@ T -
Proof. By (2.3), (2.4) and (2.7), we obtain

[ =it aps
supp(p) (lxl - 1)

T ~1
- ( [ aw dr) ( [ -nHg o
0 supp(&r)

AIMS Mathematics

P
=

p=

I dxdt

—Aég +

_H
(Ixl = 1)?

1
d
|x|—1) !

1 p—2p+3
dxdt < CTR*-D InR.

=
‘fR d)C) .

Volume 8, Issue 5,

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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On the other hand, we have

[ <)o

0
1
T f {'(s)ds,
0

T
f {r(0) de
0

that is,
T
f {r(t)dt = CT.
0
Moreover, by (2.6), for x € supp(éz), one has

u
(|X| _ 1)2§R(X)

M
= =AD& R = )] + 556000

= —&'(R(x] - D)AD() - D@A[£R(1xl - 1))| - 2VD() -  [¢'(R(lx| - 1))]

M ¢ _
+ Tl = 1)2D(X)§ (R(|x| = 1))

= & (R(Ix - 1)) (—AD(X) +

— A(Gr(x)) +

u
(Ixl = 1)

= 2VD(@) - V [€R(x = 1)]

@(x)) - DA £ (R(x - 1)]

Taking in consideration (2.2), we get

~ A () + ) = ~DOALE (R = 1)] = 29D - T [¢/(Ra = 1)],

which implies par (2.5) that

p =L
f (Ixl = D& (x)
supp(£r)

- f (= DPer ()
A(1+ﬁ,l+%)

On the other hand, by (2.1) and (2.5), for all x € A (1 + 5., 1 + £ ), we obtain

“AEg + " dx

&r

_Kr
(Ixf = 1)2

_pr_
K =

MR o

dx.

&R

D(x) < CR? InR, [VD(x)| < CR? InR
and
A [¢'RAx - 1)]| < CRE2RAx - 1), |V[£RAxl = 1)]| < CRET (R( = 1.

Then, (2.17), (2.19), (2.20) and Cauchy-Schwarz inequality yield

'—A(fR(X)) + E(X)| < CRY InREXR(Ix| - 1)).

_H
(Ix = 1)?

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

AIMS Mathematics Volume 8, Issue 5, 11629-11650.
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Next, using (2.1), (2.6) and (2.21), for all x € A (1 + %, 1+ &), we obtain

P
p-1
—A&g + S - Er

TSI CRA7(In R)#T D71 ()£~ (R(lx| — 1)

IA

7 (x)

3 o1 -1
CR*»-7(InR)» TR (In R) 7T
= CR%7InR.

IA

1

Using (2.18) and integrating over A (1 + 355

1+ %) we get

P

2 =4 u p1
(x| = D& (x) |-Aég + ——— dx
Lpp(fze) gR X (x| = 1)2§R
< CR#D 1an (x| = )77 dx
T+ S <|xl<1+%
3p+l I+% o (2.22)
= CRD 1an (r—Drir2dr
r:l+ﬁ
< CR% InRR™\71
- CR% InR.
Thus, (2.15), (2.16) and (2.22) yield (2.14). O
2.2.2. The case u > —}‘
Lemma 2.4. Let u > —}‘. The following estimate holds:
oo [P -4 (o)
(Ix| = DrTrt|p,|rTdxdt < CT 7T |{InR + R \»-T . (2.23)
supp(e)
Proof. Following the proof of Lemma 2.2, we have
f (Il = D717, |7 dxdt < CT' 74 f (Ix] = 1)77 €x(x) dx. (2.24)
supp(¢) A(1+45,2)

AIMS Mathematics Volume 8, Issue 5, 11629-11650.
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On the other hand, by (2.1) and (2.6), we get

f (] — D)7 ér(x) dx
A(1+§,2)

= f (12l = DFTD)E R(I - 1)) dx
A(1+55.,2)

< f (xl = DF ™ (1= (Ix = D7) dx
A(l+55.2)

< f (= P dx
A(1+5%.2)

1
L
scf P dr
r

1
~2R

InR if 1% +o0=-1,
<Cx{ 1 if p%l +o0>-1,
R(FEre) g Lt o<1,

which yields
f (1] = 1)77 &g(x) dx < C(lnR + R‘(ﬁﬂfﬂ))'
A(1+5%.2)

Combining (2.24) with (2.25), we obtain (2.23).

Lemma 2.5. Let u > —}l. The following estimate holds:

p =L /.l % (1-0)p+o—p+1
(Ixl = DPTprT |=Ap + ———¢| dxdt<CTR 7
supp(y) (Ix = 1)
Proof. Following the proof of Lemma 2.3, we obtain
f (o1 et |-ag+ o™ dea
x| = 1)rtert [=Ap + xdt
Supp(g) Y - 2¥
cer [ g wlags el ax
AQ1+ 5k 141) (|2l = 1)

On the other hand, by (2.1), for all x € A (1 + 5. 1 + £), we get
D(x) <CR™, |VD(x)| < CR'™.

Hence, using (2.17), (2.20) and (2.28), we obtain

< CR™7E(R(IX - 1)).

‘—A@R(x» P

(Ix = 1)?
Next, using (2.1, (2.6) and (2.28), for all x € A (1 + 2. 1+ &), we obtain
= Jz = o L e 2
r (X)) |-A&g + m&e < CR 7 Dri(x)E 7 (R(Ix| = 1))

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

AIMS Mathematics Volume 8, Issue 5, 11629-11650.
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Q-o)p o
CR 71 R
Q-o)p+o

CR 71

IA

Integrating, we obtain

-1
R
f (Il = DiTgg " (x)
A(l45%,1+%)
Q-o)p+o

<CR 1 f (Ix| = 1)77 dx
A1+ 55,1+ %)

Q-o)p+o _( p%l + 1)

<CR " R

P
p-1

—AfR + é:R dx

K
(Il = 1)?

(1-o)p+o—p+1
=CR p-1

Hence, in view of (2.27) and (2.30), we get (2.26).
3. The Neumann-type boundary condition
Letu>-1,p>0and p> 1.

3.1. Admissible trial functions

We introduce the nonnegative function A defined in A by

I~ VIxl = 1 if p=-4
7 (lx = D7 (1 + (= DI27) i > -,

where the parameter o is given by (1.11). Elementary calculations show that

N(x) = {

u . N
- A ———N=0inA, — =0ondhb;.
N + e 1)2N in 5 on 0B,

For T > 0 and sufficiently large R and ¢, we introduce functions of the form
Y(t, x) = Lr(xr(x), (1, x) € Q,
where the function {7 is defined by (2.4),
Xr(X) = NOOER(x - 1), x€A
and the function & € C*([0, 00)) satisfies (2.5).

(2.30)

(3.1)

(3.2)

(3.3)

(3.4)

Lemma 3.1. For T > 0 and sufficiently large R and ¢, the function  defined by (3.3) is an admissible

trial function for problem (1.1), (1.3).

Proof. The property (i) of Definition 1.3 follow immediately from (2.3)—(2.5), (3.1), (3.3) and (3.4).

On the other hand, by (2.5) and (3.4), one has

Xr(x) = N(x), xeA(l + I%,z),

Thus, by (3.2) and (3.3), we obtain

g—w(t, X) = fT(f)a_N(x) =0, txel,
v ov

which shows that the property (ii) of Definition 1.3 is satisfied.

(3.5)

O

AIMS Mathematics Volume 8, Issue 5, 11629-11650.
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3.2. Preliminary estimates

For T > 0 and sufficiently large R and ¢, let ¢ be the function defined by (3.3). As for the Dirichlet
case, some useful integral estimates involving the function ¢ are provided in this subsection. The cases
u= —i and u > —}‘ are considered separately.

3.2.1. The case u = _i
Lemma 3.2. Let 1 = —}l. The following estimate holds:

f (x| = DTy |77 dxdt < CT' 77, (3.6)
supp(y)
Proof. By (2.3)—(2.5), (3.4) and (3.3), we obtain

p_ =L _P_
f (Ixl = D)7 T v Tyl 7T dx dt
supp(y)

r p 3.7)
- ( ol ol dr) ( I RCED e dx).
0 A(1+55.2)
Moreover, by (3.1) and (3.4), we get
f (Ix = D)7 yg(x) dx
A(1+55.,2)
= f (Ixl = DFTNOE R(Ix] = 1)) dx
(1+2%.2) (3.8)
< f (Ixl = D7 |x~ y/lxl = Tdx
A(1+55.2)
<C.
Hence, in view of (2.12), (3.7) and (3.8), we obtain (3.6). O
Lemma 3.3. Let u = —‘—11. The following estimate holds:
f (1] — D)FTy |~Ay + 2%0 " dxdt < CTR. (3.9)
supp(¥) (l | - 1)
Proof. By (2.3), (2.4) and (3.3), we obtain
L =1 M p-
(|X| — I)P*lwp—l —Al’b + mlﬁ dx dt
supp(¥) N (3.10)
p-1
( f Zr(0) dr) ( f (18 = D e ()| -Awk + —E— v dx).
supp(yr) (l | 1)

Moreover, by (3.2) and (3.4), for x € supp(yr), we get

= AQvr(®) + ——xr(x) = ~N@A[£R(Ix - 1))] - 2VN ) - V[ RO - 1)],  B.1D)

(|| 1)
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which implies par (2.5) that

f (Il - 1) 1)( (x)
supp(xr)

= f (x| — 1)1 1)( (X)
A(l+5%,1+%)

On the other hand, by (2.5) and (3.1), for all x € A (1 + 5

-1

dx

-A
YR - 1)2“

P
p-1

LXR
(Jx] = 1)?
2R, 1+ }Q), we obtain

N(x) < CR?, [VN(x)| < CR?.
Using (2.20), (3.11) and (3.13), we deduce that

CRIE2(R(x| - 1)).

]A(xR(x)H = R

(x| =

Next, by (3.1), (3.4) and (3.14), forall x € A (1 + =, 1+ %), we obtain

2R’

P
p-1 3p+l

X 1(x) < CRD,

u
—Ayp+ ——
R = ¥R

Using (3.12) and integrating over A (1 + 55,1+ ) we get

2R’
~1
f (X = D7 xg " (1) |[=Axg + Lz)ae
supp(yr) (| | )

3p+l1 P
< CR%@-1 (Ix| = D)» T dx
1+ <|x|<1+R

3p+1 1-
< CR®™-DODR™ =

L
—1

dx

p—2p+3

= CR™ 1,
In view of (2.16), (3.10) and (3.15), we obtain (3.9).

3.2.2. The case u > —41‘

Lemma 3.4. Let u > —4—11. The following estimate holds:

f (1 = P11 dxdr < CT' 71 (nR o+ RFY).
supp(iy)

Proof. Following the proof of Lemma 3.2, we have

f (1l = DFT Y|y, |77 dxdt < CT' 7 f (x| = 1)7T yg(x) dx.
supp(y) (14552

On the other hand, by (3.1) and (3.4), we obtain

f (x| = l)vpj)(R(X)dx < f (x| - 1),, T x| (1 (- D 20) dx
(1+5%.2 A(l+55.2)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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< f (= P77 dx
A(1+§,2)

< C (lnR ; R-(%“’“)). (3.18)

Hence, (3.16) follows from (3.17) and (3.18). O

Lemma 3.5. Let u > —‘—1‘. The following estimate holds:

f (] — 1Tyt "At// s —E _y|" dxdr < cTRTHFT. (3.19)
supp(¥) (lxl - 1)
Proof. Following the proof of Lemma 3.3, we obtain
f (ol - DTy |ag+ —E oy dxdr
supp(¥) (lxl - 1)

u
_A + —
YR (] - 1)2/\/R

1+ %), we get

;1
<CT f (= DTy (1)
supp(yr)

On the other hand, by (3.1), for all x € A (1 + ﬁ,
N(x) <CR, [VN(x)| < CR'™.

The rest of the proof is similar to that of Lemma 2.5. O

4. Proof of the main results

4.1. Problem (1.1) under the Dirichlet-type boundary condition (1.2)

Proof of Theorem 1.5. (I) We use the contradiction argument. Namely, suppose that u € L (Q) is
a weak solution to (1.1), (1.2). Then, by (1.9) and Lemma 2.1, for sufficiently large 7', R and ¢, we
deduce that

f (Il = 1) Plul o dxdi - f %% rods dr
Q r Ov
U “4.1)

< |u||y| dx dt + f |u4] —_—
fg s a (- 12*
where ¢ = ¢(t, x) is the admissible trial function given by (2.7). On the other hand, making use of

Young’s inequality, we obtain

f jullgy] dx dt f |2l = D P lulg? | [0 = 1)P 7 Il | dx
Q Q

dx dt,

—Ap +

1 P -1 P
< = f(lxl - D)PuPedxdt + Cf (Ix| = D T@rT|g,lTdxdt.  (4.2)
2 Ja supp(¢)
Similarly, we obtain
u
flul —Ap + ————¢| dxdt
o (I = 1)
! . g & (43)
<=z f(lxl - D™PulPpdxdt + Cf (|x[ = 1)rTrT| ‘—Ago + ———¢| dxdt
2 Q supp(¢) (lxl - 1)
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Hence, in view of (4.1)—(4.3), we get

a P — p
—Cf—(pf(x) ds.dt < f (Ix[ = 1)7]9071]|90n|ﬁ dxdt
r ov supp(¢)

P
p-1

u

P -1
[ - nEelae s Ll avar
fmp@ N BT
Moreover, by (2.3), (2.4) and (2.9), there holds
d¢
- | =f0dS.dt = C | {r(f(x)dS ,dt
r Ov r
T
= C(f {T(t)dt) (f f(x)de).
0 8B,
Hence, in view of (2.16), we deduce that
d¢
- | —f(x)dS,dt=CT f(x)dS,.
r ov 4B,
Next, using Lemmas 2.2-2.5, (4.4) and (4.5), we obtain
T | fds,.<c [Tl_;v, (lnR + R‘(p”n*‘”l)) + TR 1n R] ,
9B,
that is,
F(0)dS, < C(T‘f”l InR + T 75 RY + R® lnR),
0B,
where
A = —( p +0+ 1)
p—1
and
l-o)p+oc-p+1
Ay = .
p—1
Taking T = R, where
Ali(p—1
n > max {0, M} ,
2p

(4.6) reduces to
f F(0)dS, < C(R‘i’—”f InR + RY-H L RE lnR).
0By

Notice that due to the choice (4.9) of the parameter 7, one has

2pn

A — 0.
1 p—1<

4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)

Moreover, due to (1.12), one has 4, < 0. Hence, passing to the limit as R — oo in (4.10), we get

f(x)dS . < 0, which contradicts the positivity of f f(x)dS .. Consequently, problems (1.1)

0B> . . 0B,
and (1.2) admit no weak solution.
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(IT) We first consider the case u = —i. ForO<vy<1,let

2p=3-p

Fry=r'r=1)"7 (1-In(r—- DY"P2, 1<r<2.

Notice that due to (1.13), one has 2p — 3 — p < 0. Moreover, y(1 — p) — 2 < 0. Hence,
lir{l+ F(r) = +o0,
which implies that there exists some constant C, , , > 0 such that

F(r)=C 1<r<2.

Y.P:P°

For 1
0<e< [yl =9Cyp|".
let
iye(x) = exl " VXl = 1(1 = In(lx| = 1)), x€A.

Elementary calculations show that

u

- AM%E(.X) + W

Hence, using (4.11)—(4.14), for all x € A, we obtain

— Auy (x) + Uy (X)

u
(= 1)2
= (xl = D [elx (1 = DF (1 = In(lal = 1)7] €' Py(1 = 9)F(lx)
> (5] = 1), (D y(1 = 9)Cy

> (Ixl = D™7uf (x).

Hence, we deduce that u, . is a stationary positive solution to (1.1), (1.2) with f =
Next, we consider the case u > _41'1' For

£
3

and
1
0<e<[6(1=6)+u]r,
let
use(x) = elx ' (Ixl - 1)°,  x€A.

Notice that 1 — 20 > 0. Moreover, by (1.13), one has

p—2

1-o0.
p—1< o

tyo(x) = ey(1 =PI = DT (1 = In(xl = DY, x €A,

4.11)

(4.12)

(4.13)

4.14)

(4.15)

(4.16)

(4.17)
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Thus, the set of ¢ satisfying (4.15) is nonempty. On the other hand, by (4.15), one haso <6 < 1 -0,
which yields 6(1 — d) + u > 0. Elementary calculations show that

U

— Aus o(x) + Wua,s(x) =g[6(1 - &) +u]IxI"'(Ix - 1D)°?, xe€A. (4.18)
x —
Hence, using (4.15)—(4.18), for all x € A, we obtain
— At () + s ()
(|x = 1)

=(xl-1)7" [8p|)€|_p(|)€| - 1)517] glp [6(1 = 6) + u] x|~ (|x] - 1)p—2+6(1—p)
> (|x| = 1)_pM§g(X)(|x| _ 1)p—2+6(1—p)
> (x| - 1)_pu§8(x),

£

Then, u;. is a stationary positive solution to (1.1), (1.2) with f = %. This completes the proof of
Theorem 1.5 for problems (1.1) and (1.2). O

4.2. Problem (1.1) under the Neumann-type boundary condition (1.3)

Proof of Theorem 1.5. (I) We also argue by contradiction by supposing that u € L; (Q) is a weak
solution to (1.1), (1.3). Then, by (1.10) and Lemma 3.1, for sufficiently large T, R and ¢, we obtain

f (1l = D Py dxdi + f Fw dS . dr
Q T

Sflulll//zzlddeflul
Q Q

where = Y(t, x) is the admissible trial function given by (3.3). Proceeding as in the Dirichlet case,
by means of Young’s inequality, we get

M
—Aw + ml[/ dde,

C f fowdS, dr < f (x| = DTy |71 dxdi
r supp(y)

+f (x| = 1)1%1¢p%11| ‘—Aw + _H x4 " dxdt. (4.19)
supp(¥) (|x| - 1)
On the other hand, by (3.1), (3.3) and (3.5), one has
T
ff(X)tﬁ ds.dt = (f &r(0) dt)( JOOxR(X) de)
r 0 0B,
= CT FONx)AS
0B,
= CT f(x)dS,. (4.20)
0B>
Hence, using Lemmas 3.2-3.5, (4.19) and (4.20), we obtain
f F(0)dS, < C(T—% IR+ T RY + Rﬂz), 4.21)
B,
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where A, and A, are given respectively by (4.7) and (4.8). Next, taking 7' = R", where 7 satisfies (4.9),

passing to the limitas R — ocoin (4.21) and using (1.12), we obtain a contradiction with f(x)dsS, >
9B,
0. This shows that problems (1.1) and (1.3) admit no weak solution.
(IT) We first consider the case u = —}1. For
-2 1
= 4.22
p— 1 <a< > ( )
and ,
1 =
- (5 - a) <p <0, (4.23)
let
Ug g(X) =BIx"' (x| - D*, x€A. (4.24)
Notice that due to (1.13), one has
p—2
< =
p—1 2
Then the set of @ satisfying (4.22) is nonempty. On the other hand, elementary calculations show that
1 2
— Aug p(x) + (lxl'ufl)zua,ﬂ(x) = _ﬁ(i - Cl) IX'(x = D*%, x € A. (4.25)
Hence, using (4.22)—(4.25), for all x € A, we obtain
— Aug p(x) + %uaﬂ(x)
(Ix = 1)

1 2
= (Xl = D[R (x = D] (=B (E —a) P~ (x| = Dy (4.26)

> (lxl - 1)_p|u<x,ﬁ(x)|p(|x| _ 1)"(1—17)+p—2
> (x| = 1) uap(x)|P.

Moreover, by (4.22) and (4.23), we obtain

Ouap, . (Ra—-1p
ov (x) = 4 >0,

Thus, by (4.26) and (4.27), we deduce that u,z is a stationary negative solution to (1.1), (1.3) with

_ Qa-1)B
f===

Next, let us consider the case u > —}L. For

X € 0B,. (4.27)

)
max{~, 02"l cs<1-0 (4.28)
2 p—-1

and ¢ satistfying (4.16), let us. be the function defined by (4.17). Notice that o < %, so the set of ¢
satisfying (4.28) is nonempty. It was shown previously that

—Auso(x) + Use(x) = (x| = D7uf (x), x€A.

_K
(Ix = 1)?
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Moreover, using (4.17) and (4.28), we obtain

Ous e () = 26 - De .

a9y 1 0, =xe€ 632

Hence, u;, is a stationary positive solution to (1.1), (1.3) with f = %. This completes the proof of
Theorem 1.5 for problems (1.1) and (1.3). O

5. Conclusions

The existence and nonexistence of weak solutions to the hyperbolic inequality (1.1) have been
investigated in this paper. We studied (1.1) under the Dirichlet-type boundary condition (1.2) and the
Neumann-type boundary condition (1.3). Using nonlinear capacity estimates, we proved that when
p > 2, both problems have the same Fujita critical exponent given by

. -2
Pp) =1+ f :
-0
The critical case
p—2

o >2, p=1+
1-0

is not investigated here. It should be interesting to decide whether this case belongs to the blow-up
situation.
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