AIMS Mathematics, 8(5): 11460-11479.
DOI:10.3934/math.2023580
ATMS Mathematics Received: 27 January 2023

Revised: 03 March 2023

Accepted: 07 March 2023
http://www.aimspress.com/journal/Math Published: 14 March 2023

Research article

Large time behavior of the Euler-Poisson system coupled to a magnetic field

Yingying Chen*, Lan Huang and Jianwei Yang

School of Mathematics and Statistics, North China University of Water Resources and Electric Power,
Zhengzhou 450046, Henan Province, China

* Correspondence: Email: chenyingying@ncwu.edu.cn.
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1. Introduction and main results

In this paper, we are interested in the large time behavior of solutions to a three dimensional Euler-
Poisson system of compressible fluids coupled to a magnetic field:

on + div(nu) = 0, (1.1)
0,(nu) + div(nu ® u) + Vp(n) = gnVe + curl B X B — nu, (1.2)
0,B — curl (u X B) = AB, (1.3)
divB =0, (1.4)
Ap=n-1, (1.5)

for x € T° and ¢+ > 0. In the above equations, T° is 3-dimensional torus. The unknown functions
(n,u, B, ¢) represent the density, the velocity, the magnetic field, and the gravitational potential or
electrical potential, respectively. Throughout this paper, we assume that the pressure function p(n)
satisfies the usual y-law,

Y

pm =", n>0, (1.6)
Y
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for some constant y > 1. When g = -1, the system (1.1)—(1.5) is used to model the evolution of
a magnetic stars [1,2] And when g = 1, the system (1.1)—(1.5) is used to describe the dynamics
of a plasma or semiconductor. It is obvious that equation (1.4) is redundant with equation (1.3), as
soon as they are satisfied by the initial conditions divB, = 0. In this paper, we consider the case of
q = 1. Without taking magnetic effects into account, system (1.1)—(1.5) is reduced to the Euler-Poisson
equations. The system (1.1)—(1.5) is supplemented with the initial conditions

n(-xa O) = nO(-x)7 I/l(x, O) = Uy, B(x7 O) = BOa X € T3, (17)
which satisfies the compatibility condition
diVB() = 0, A¢0 =ng— 1. (18)

Without taking magnetic effects into account, system (1.1)—(1.5) reduces to the Euler-Poisson
equations, whose asymptotic behavior has been studied by many authors in the literature. Specifically,
this model and its large-time behavior have been studied for Cauchy problem or initial-boundary value
problem in the case B = 0. Luo-Natalini-Xin [3] established the global existence of smooth solutions
to the Cauchy problem for the one-dimensional isentropic Euler-Poisson (or hydrodynamic) model
for semiconductors for small initial data and proved that, as t — oo, these solutions converge to
the stationary solutions of the drift-diffusion equations. Hsiao-Yang [4] investigated the asymptotic
behavior of smooth solutions of the Cauchy problem and the initial-boundary value problem of Euler-
Poisson system. For the case of multi-dimensional system (1.1)—-(1.5) with B = 0, Hsiao-Wang [5]
established the global existence and asymptotic behavior of the spherically symmetrical solution and
proved that the solution to the problem converges to a stationary solution asymptotically exponentially
fast in time. The solution without symmetry was studied by Hsiao-Markowich-Wang in [6], where the
asymptotic behavior of globally smooth solutions of the Cauchy problem was proved. Hsiao-Wang-
Zhao [7] also obtain the corresponding result when the Poisson equation has the following form

A¢p =n — b(x)

for two-dimensional space. Hsiao-Ju-Wang [8] extended the result of [7] to the case of d-dimensional
space for d = 2 and d = 3. In [9], Wu-Tan-Wang investigated the global existence and asymptotic
behavior of smooth solutions near a non-flat steady state to the compressible non-isentropic Euler-
Poisson system by some concise energy estimates and an interpolation trick. We also mention that
many mathematicians have made contributions to the large time behavior and global existence of
smooth or weak solutions to the related models. See [10—15] and the references therein. More recently,
the local well-posedness and quasi-neutral limit for the system (1.1)—(1.5) without magnetic diffusion
has been investigated by Yang [16]. Our main goal here is to establish the global existence of smooth
solutions around a constant state (1,0, 0, 0), which is a equilibrium solution of system (1.1)—(1.5), and
the decay rate of the global smooth solutions in time for the system (1.1)—(1.5). However, due to the
adjunction of magnetic effects, the proof to the global existence of smooth solutions and the decay rate
of the global smooth solutions in time becomes more complex and difficult. Because of these effects,
some key estimates in Ref. [6] have to be reconsidered, and our analysis depends heavily on the special
nonlinear structure of the system (1.1)—(1.5). Our main result reads as follows:
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Theorem 1.1. Let (1.8) hold. Assume that n(-,0) — 1 € H*(T?) and fﬂg Bodx = 0. There exists 6 > 0
such that if

l(no — 1, uo, Vo, Bo)llgz sy + (s, 4.V by, B)(-, O)ll g2y <6,
then the Cauchy problem (1.1)—(1.8) admits a unique global smooth solution (n, u, ¢, B) satisfying

12 = 1,1, Ve, B)llys 13, + (s, 1.V by, B)II;

H3(T3 HZ(T3)
2 2 _
< Co[llno = 1. 1o, Vo, B, + 1102 1.V b1, B, O o )| €
for some positive constants a and C.

Before ending the introduction, we give some notations and vector analysis formulas used
throughout the current paper. The letter C denote various positive constants, which can be different
from one line to another one. The symbol “:”’means summation over both matrix indices. |U| denotes
some norm of a vector or matrix U. Also, we denote

-1 =1 Mz, e lloo = I Hlzsersys -l = 11 Hlgrers), k € N7

The following vector analysis formulas will be repeatedly used, see [17].

curl (a X b) = adivb — bdiva + (b - V)a — (a - V)b, (1.9

diviax b) =b-curla —a - curl b, (1.10)

curlcurl a = Aa + Vdiva, (1.11)

curl (fa) = Vf x curla + fcurla, (1.12)
3

(a-V)b=curlaxb+V(a-b)+Va-b, Va-b:Zajbj, (1.13)
=1

1 2
curlaXa:(mV)a—EVlal , (1.14)

where, a and b are vector functions, f is a scalar function.
2. Proof of Theorem 1.1

Assume that (n, u, V¢, B) is a smooth solution to the Cauchy problem of the system (1.1)—(1.5) with
initial data (1.7) which satisfies (1.8). We introduce the transformation

n(x,t) =1+ p(x,1). 2.1
Then, the system (1.1)—(1.5) becomes
0,0 + div((1 + p)u) = 0, 2.2)
O+ (u-V)u+Vh(l +p) =V¢ + 1+’O(curleB)—u, (2.3)
0,B — curl (u X B) = AB, (2.4)
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divB =0,
A¢ =p,
with the initial conditions
p(x,0) = po =ng — 1,u(x,0) = ugy, B(x,0) = By

and the compatible condition
diVB() = 0, A¢o = Pos

where A(s) is defined by
W (s) = p'(s)/s.

(2.5)
(2.6)

(2.7)

(2.8)

To prove Theorem 1.1, we need the existence of the local solution and the a priori estimates. The
former is given by Lemma 2.1 whose proof can be found in [16], and the latter is proved in Lemma 2.2.

Lemma 2.1. Assume that the initial conditions

po € H(T%), uye H(T%), Bye H(T

be satisfied. Then there exists a unique smooth solution (p, u, V@, B) of (2.2)—(2.8) satisfying

P, Vo, B € C([0, Tinax), H*(T?)) N C([0, Tnax), H(T?))
defined on a maximal interval of existence [0, Tyax). Furthermore, if T < +00, then
1o, 1, Vb, B3 + 11(0s» s, Vb BOII3

!
+ f(ll(p, u, Vé, B3 + (o5, ts, Vb, By)ll)ds — 400
0

ast — Thax.

Lemma 2.2. There exist positive constants 81, a; and Cy such that, for any T > 0, if

Sup (”(p’ l/l, V¢’ B)||3 + ”(pt’ uta V¢ta Bt)||2) S 51»
t€[0,T]

then for any T > 0,

1o, u, Vb, B)II3 + 11(0r, s, Vébr, BII3
< Cl(”(p()’ Uo, V¢0’ BO)”% + ”(pt’ Uy, V¢, Bt)(" O)”%)e_a/]t'

Proof. From the assumption (2.9), we get

Sup |(P, I/l, V¢’ B, axp» 8xu’ axvfp, axBa pta l/l,, V¢t9 Bt)l

x€T3

< C(”(pa u, V¢a B)||3 + ||(pta U, V¢t9 BI)HZ) < C51

Using (2.2) and (2.11), we have

f il = - f pdiv((1 + puydx
T3 T3

(2.9)

(2.10)

(2.11)
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=- f o:(1 + p)divudx — f p:u - Vodx
3 3

1
<3 f o +C f (Vul +[p)dx.
el )

llodl < C(IVull + [[Vol).

Then, we get

Similarly, we have
j+l

1ol < € D d%pll + 16kul),  j=1,2.
k=1

(2.12)

(2.13)

Take &, j = 1,2,3 of (2.6) and multiply the resulting equation by 8., then integrate it over T° to get

f VP = - f AP pdx
T3 T3

= f O NO!V pdx

T
1 . 1 .
<= f |0/ NPPdx + = f 107"V g|dx,
2 3 2 )

which implies
1099l < Clla !N j=1.2.3.

Similarly, we get

j
18Vl < C Z(Ilaipll + 1@l j=0,1,2,3.

k=0

Multiplying (2.3) by (1 + p)u and integrating it over T°, we have
1df(1+)||2dx 1f |ul*d +f(1+)||2dx
- u - = u X u
2 dl sl p 2 ™ pt sl p
+ f V(1 + p) — h(1))([(1 + p)u)dx + f (u-Vyu-(1+p)udx
T3 T3
—f Vo - (1 + p)udx — f (curl BX B) - udx = 0.
S T

We assume that ¢; is chosen so small that

SRR
IA
+
ie)
IA
(\o)

Then, from (1.6), we have
0<Dy <H(l+p) <D, <+00, K1 +p)<D;<+00

for some positive constants Dy, D,, D5 and an arbitrary positive integer k.

AIMS Mathematics Volume 8, Issue 5,
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(2.18)
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From (2.2), by integration by parts, we have
f3 V(h(1 + p) = W(D)((1 + p)u)dx
T

- f (h(1 + p) — H(D)div((1 + p)u)dx
T3

d v
= IE;f(; (h(1 + 5) — h(1))dsdx

d g
=< fT3fO(h(1+s)—h(1))dsdx.

1
- —f oilulfdx + f (- Vu- (1 + pudx = 0.
2 T3 T3

Using (2.2), (2.6) and (2.11), we have

Similarly, one gets

f Vo - (1+pudx = — f $0,pdx = f ¢A¢,dx:1i f \Vo|*dx.
3 3 T 2dt Jrs

T T

Multiplying (2.4) by B and integrating it over T, with the help of (2.11), we have

1d
—— | |BPdx- f curl (ux B) - Bdx+ | |VB|*dx
2 dt T3 T3 T3

_1d

2dt Jp

==— |Bl“dx + (curl BX B) - udx + |[VB|“dx
2 dt T3 T3 T3

=0.

|BPdx— | (uxB)-curl Bdx+ | |VBdx
T3 T3

So, from (2.16) and (2.19)—(2.22), we obtain

d 1 0 . |
E T3 [%lulz + \fo (I’l(l + S) - h(l))ds + 5|V¢|2 + §|B|2] dx

+ f (1 + p)lul*dx + f IVBdx = 0.
s T3

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

Differentiating (2.3) with respect to ¢ and then multiplying the resulting equation by (1 + p)u,, one

gets

1d 1
o7 .[T3(1 + p)|u*dx — 3 sz pilu*dx

+ f (1 + p)lu,dx - f 8,h(1 + p)div((1 + p)u,)dx
™ s

+ f O(u-Vyul - (1 + p)udx — f Vo, - (1 + p)u,dx
s T3

1
- f a,( (curl B x B)) (1 + phudx = 0.
T3 1 +p

(2.24)

Volume 8, Issue 5, 11460-11479.
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Differentiating (2.2) with respect to 7, we get

div((L + p)ur) = —py — div(pau).

Using (2.11), (2.17), (2.18) and (2.25), by integration by parts, we have

- f 0:h(1 + p)div((1 + p)u,)dx

)

_ f 1+ P+ f (1 + ppdiviouds
T T

1d 1
=—— | wa 2dx - = | w'Q 2d
2t ) (I +p)lp:"dx 2fT3 (I + oo dx

1
+ f W+ p)|p,|2divudx—§ f div(h’ (1 + p)w)lo:|*dx
T3 T3

1d
>—— | wa 2dx — C8y|lp;lI%.
227 ) (1 +p)lod~dx ol

Similarly, we have

1
-5 f piludx + f Ol - Vyul - (1 + pyudx
2 s s

1
=— —f ptlutlzdx + f (u-Vyu, - (1 +p)u,dx + f (u, - Vyu - (1 + p)u,dx
2 3 sl s
= f (u, - Vu- (1 +pudx
)
> — C6 llu .

Due to (2.11), (2.16), (2.19) and (2.25), we get

quﬁt (1 + p)u,dx

f¢tpttdx f(ﬁ;le(pl/t) dx

_f ¢tA¢ttdx+f Vo.(ou),dx

257 |V¢z|2dx Co1llGus, Vi, p)IP.

1
-1 0
ng ’(1

= (1 )2 (curl BX B) - (1 + p)u,dx
T%

- f (curl B; X B) - u;dx — | (curl BX B,) - u,dx
) RS

From (2.25), we get

(curl B x B)) (1 +p)udx

(2.25)

(2.26)

(2.27)

(2.28)
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- fz(curl B, X B) - u,dx — C6,||(uy, pys Bt)||2~
T\

(2.29)

Differentiating (2.4) with respect to ¢ and then multiplying the resulting equation by B;, we have

1d
T |B,|2dx— fT 3 curl (u, X B) - B,dx

-~ f curl (u X By) - B,dx + f IVB,*dx =0
sl s
it is easy to get
- f curl (u; X B) - Bidx = f (curl B, X B) - u,dx.
T3 T3

Noting divB = 0 and using the vector analysis formula (1.9), we get

- f curl (u X B,) - B;dx

T

f divu|B,|*dx — f (B, - V)u - B,dx + f (u-V)B, - Bdx
T3

1
== f divu|B,*dx - f (B, - V)u - B,dx

2 T3 T3
> — C6y||BiII.

In view of (2.30)—(2.32), we have

1d
—— f |B,|*dx + f IVB,’dx + | (curl B, X B) - u,dx < C6,||B,||*.
2 dt T3 T3 T3

Combining (2.24) with (2.26)—(2.29) and (2.33) together, we have

1 d
S—= [h(1+p>|pt| + (1 +pluf + V4 + B | dx

f (1 + p)|u,dx + f |VB,|*dx
<Coill(oy, us, Vo, Bt)”z-

From (2.23) and (2.34), we have

d
dt

1+p

Jul? +f(h(1+p) h(l)dS+—|V¢| + | &
Y
+5h( +p)lpil? + 5(1 + )l + §|V¢t|2 + Elel2

+ f (1 + p)(Jul* + |u|>)dx + f (IVBP + |VB,|*)dx
T T3
< Co1llGoy, ur, Vb, B,)||2.

AIMS Mathematics Volume 8, Issue 5,
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By (1.9), (2.4), (2.5) and (2.11), we have

f |B,|*dx = f B, - curl (u X B)dx — f VB, - VBdx
T3 T3 T3

=— f B, - (Bdivu — (B-V)u+ (u- V)B)dx — f VB, - VBdx
3

sl

1 1
<= f |B,Pdx + = f (IVB* +|VB/|*)dx + C6; f (IVul® + [ul*)dx.
2 3 2 i) 3

Then, we get
IBP* < CI(VB, VB, Vu, w)|I*. (2.36)

Now we need to estimate fT3 |Vu|*dx. To do this, we use the formulation

f |Vul>dx = f |divul>dx + f lcurl ul*dx
T3 T3 T3

to control f1r3 |Vul>dx. Taking div of the Eq (2.3) and multiplying the resulting equation by (1 + p)divu,
by integration by parts, we get

1d
—— f (1 + p)|divul*dx + f (1 + p)|divul*dx
Zdt T} T3

=— f Ah(1 + p)(1 + p)divudx — f div(u - Vu)(1 + p)divudx
T3 T3

1
+ f o(1 + p)divudx + f div( (curl B x B)) (1 + p)divudx, 2.37)
T3 T3 1+ P

where we used A¢ = p.
First, we deal with the first term in the right hand side of the Eq (2.37), which is more difficult to
control. To do this, we rewrite the Eq (2.2) into the following formulation:

(1 + p)divu = —p, + u - Vp. (2.38)

With the help of (2.38) and (2.11), we have
— f Ah(1 + p)((1 + p)divu)dx
sl

= f div(h'(1 + p)Vp)p;dx + f div(h'(1 + p)Vp)u - Vodx
3 3

T T
=— f W1+ p)VpVp,dx — f W1+ p)Vp-V(u-Vp)dx
T3 b

1d

1
———— | w@ VolPdx+ = | K'(1 Vol*d
VTR (I +p)[Vpl X+2fT3 (1 + p)p|Vpl~dx

1
— f W+ p)Vu: (Vo® Vp)dx + Ef div(W (1 + p)u)|Vp|*dx
T3 T3

1d
<——— | WA +p)|Vpldx+ Cs|[Vpl?. (2.39)
2 dt T

AIMS Mathematics Volume 8, Issue 5, 11460-11479.
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Using (2.2) and (2.11), we have
- f3 div(u - Vu)(1 + p)divudx
T
=- L; 0, (u;0u;)(1 + p)divudx
=— fTL O uj0,,ui(1 + p)divudx — jq; u;0,,(0,,u)(1 + p)divudx

1
=- f 8,0y ui(1 + p)divudx — = f pildivurdx
T3 J 2 T3

<C§,|IVull*. (2.40)
and
f o(1 + p)divudx
T3
:—fpptdx—fpu-Vpdx
T3 T3
<14 f oPdsx + Cliw, p)IP (2.41)
- —— X u, . .
=T 2ar ) p

Now, we begin to deal with the last term in the right hand side of the Eq (2.37), which is most
difficult to control. Using (2.4), (2.5), (2.36) and the vector analysis formulas (1.9)—(1.14), we have

1
f div( (curl B x B)) (1 + p)divudx
T3 1 + P

1
= f div(curl B X B)divudx — f
T3 T3 1 +p

< f B - ABdivudx — | |curl BPdivudx + C6, f (IVul> + |Vo|*)dx
T3 T3 T3

(curl B X B)Vpdivudx

= f B - Bidivudx — f B - Bdivudx + C6, f (IVul* + |Vpl* + |VB*)dx
s 3 i
<C||(Vu, Vp, VB, u)|*. (2.42)

Combining (2.37) with (2.39)—(2.42), we get

1d
—— [ f (1 + p)ldivul*dx + ' (1 + p)|Vpl*dx + |p|*dx| + f (1 + p)|divul*dx
2 dt T3 TS

<C6,[(Vu, Vp, VB, u, p)II’. (2.43)

Similarly we take curl of (2.3) and multiply the resulting equation by (1 + p)curl # in L*(T®) to obtain
1d
2 dt sl
=— f curl (u - Vu)(1 + p)curl udx
s

(1 + p)lcurl u|*dx + f (1 + p)lcurl u|*dx
T3

AIMS Mathematics Volume 8, Issue 5, 11460-11479.
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1
+ f curl ( (curl B x B)) (1 + p)curl udx,
T3 1 + P

where we used curl (Va) = 0.
Direct calculation and integration by parts give

— fw curl (u - Vu)(1 + p)curl udx
= [P0 10) = 80,0, 0= 0,
=— sz(l + p)(axku‘,-axju,- - Gxiujﬁxjuk)(axku,- — Oy, ui)dx
- jj;}(l + 0) (W05, (Ox;u:) — 10, (0r;u1)) (O u; — O, ui)dx
=— T3(1 + )0, 0 Ui — O j0,, 1 )( O Ui — O up)udx
- fT 3(1 + P)uj(0x, (O i — Oy ui) (O tti — O ur)dx
=— T3(1 + )0y ;0 u; — 010, ) (O Ui — O )udx
1 T3(1 + p)u - Vicurl ul*dx

2
=— (1 + p)( 010 u; — OO0 i) (O u; — O,y Judx
g

1
——fptlcurlulzdx
2 3

<C6,||Vull*.

Using the vector analysis formulas (1.9), (1.12), (1.13), (2.5), we have

1
f curl ( (curl B x B)) (1 + p)curl udx
T3 1 +p
1
:f \Y (—) X (curl B X B)(1 + p)curl udx
T3 1 + P
+ f curl (curl B X B) - curl udx
3
\Y
=— P X (curl B x B)curl udx
T3 1 +p
+ f (B - V)curl B - curl udx — f (curl B - V)Bcurl udx
T3 T3

< | (B-V)B-curludx + Cé, f (VB + |Vul>)dx
T3 T3

= f (curl B X curl B)curl udx + f V(B - curl B)curl udx
T3 T3

(2.44)

(2.45)

AIMS Mathematics Volume 8, Issue 5, 11460-11479.
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- f (VB - curl B) - curl udx + Cé, f (\VB* + |Vu[>)dx
T3 T3
<C6,|((VB, Vu)|P,

where, we used div(curl ) = 0. Thus, (2.44) together with (2.45)—(2.46), implies

1d
—— f (1 + p)lcurl uPdx + f (1 + p)lcurl u*dx < C&,||(VB, Vu)||*.
2 dt T3 T3

Combining (2.43) and (2.47), we have, with the help of the smallness of ¢;, that

1d
5o | [+ pIVul + (1 + 0V + of | dx + f (1+ p)|VuPdx
2 dt 3 ™

<C81l(Vu, Vp, VB, u, p)lI.

On the other hand, multiplying (2.2) by Vp, and integrating it over T* to get

f (1 +p)|Vp|2dx =— f (u-Vyu-Vodx + f V¢ - Vodx
T3 T3 T

1
+ f (curl Bx B) - Vpdx — f (u, +u) - Vodx
T3 1+ P T3

<Cé¢, f (IVol* + [VB»)dx — f Agpdx
T3 T3

+€ f \VplPdx + f (u* + |u,*)dx
T3 T3

—Cs, f (VoP +[VBR)dx - f oL dx
T3 T3

+€ f |Vpldx + f (u* + |u,»)dx.
T3 T3

With the help of (2.18) and the smallness of ¢; and €, we have

f g(|p|2 +|VoP)dx < C f z(|u|2 + u* + |VB[})dx.
T T

Combining (2.35) with (2.12) and (2.48)—(2.50), we get
1d
2 dl sl
+ (1 +p)u* + IV, * + B + (1 + p)[Vul® + B (1 + p)|Vpl* + Iplz]dx
+ C”(P’ Vp’Pt’ u, Vl/l, Uy, V¢’ V¢l" B’ Bt)||2 S O

(1 +p)luf* +2 fp(h(l +p) = h(D)ds + VoI’ + |BP + /' (1 + p)lo,*
0

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

Take V of (2.4) and multiply the resulting equation by VB, then integrate over T?, using integration by

parts, to get

1d
0==— f IVB|*dx + f curl (u X B)ABdx + f |AB[*dx
2dt T3 T3 T3

(2.52)
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1d 1
>=— f IVBPdx - C6 f (IVul® +VBP)dx + f |ABPdx, (2.53)
2 d[ T3 sl 2 s
which implies
1d 2 2
o |[VB|*dx <C6,||(Vu, VB)||". (2.54)
2 dl s
Thus, (2.51) together with (2.52), (2.51), (2.14) with j = 1, implies

il
dt ™

+ A10,V¢I* + B + VB + B> + I (1 + p)lp* + [Vpl*) + |P|2]dx
+ C”(p’ Vp’pla u, VM’ Uy, V¢’ axv¢’ V¢l‘7 Bv VB, BZ)HZ S 0 (255)

(1 + p)(lul® + > + [Vul®) + fp(h(l +5) = h(1)ds + Vo + [V,
0

for some positive constant 4 > 0.
The next step is to estimate the higher-order derivatives. Taking &> of (2.3) and multiplying the
resulting equation by (1 + p)d%u, we get

1d 1
—— f (1 + p)d*ul*dx + f (1 + p)0*ul*dx — f pi|0%ul*dx
2dt 3 ) 2 3
—~ f (h(1 + p) — h(1))0*divudx + f 2¢div((1 + p)d2u)dx
T3 T3

+ | (1 +p)d(u - Vu)d*udx — f d*(curl B X B)0udx
s 3

T

(1 + p)d2udx = 0. (2.56)

1 1
— 2 -7
]T; [ax (1 +p(curlB X B)) I +pc’)x(curlB X B)

Using (2.2), (2.6), (2.11), (2.13) and (2.18), one gets
-~ f (W1 + p))o*divudx
T3

:f 8)2((}1(1 +p))ai (M) dx
T3 1 +p

WA+p)n f K +p) ., 2

> —0p0.pd —0 - Vo p)d

—fw T+p PO pdx + I s P(u - Vo p)dx
- C(Sl ”axp’ 6)25 > axu’ a)zgu)”z

ld (H+p) .,
‘2dsz3 T+ Owlhdx

1 h(l+p) . (W +p) ) 0
()

— C6 0., 020, 0., 2u)|?

ld ( K(+p) ,
>- = | T2
—261sz3 T+ Owldx
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- C(S] ||(axp’ 6§p’ axua 635”)”27 (257)
and

f 2¢div((1 + p)d*u)dx
sl
= f ¢ divudx + f O pdiv(pd*u)dx
g g
=— f 0% (o, + div(pu))dx + f P pdiv(pd>u)dx
s s

= f VP>V ep.dx + f Vo> (pu)dx — f Ve (pd*u)dx
T3 3 3

T T
1d
25— 2Veldx — C,[(0.p, 020, Dxut, 8*u, 3>V P)|I*. (2.58)
TS

From (2.2), by integration by parts, we have

1
-3 f p,l@iulzdx + f (1 +p)8§(u . Vu)@iudx
3 3

1
=—- f piluldx + f (1 + p)u - VO u)d udx
2 ™ ™

+ f (1 + p)(0*(u - Vu) — (u - VO u))dudx
™
:f (1 +p)(6§(u -Vu) - (u - V@iu))@iudx
3
> — C6y10%ull. (2.59)
Direct calculations give

- f 9*(curl B X B)0*udx
3
=— | (&*curl B x B)d*udx — f (0*(curl B x B) — (6*curl B x B))d*udx
T T
=— | *(curl B X B)dudx
3

> — f (0curl B x B)0*udx — C6,||(0, 0*B)||*. (2.60)
3

and

(1 + p)dudx

1 1
- ﬁg [8)% (1 +p(cur1B X B)) - m@i(cuﬂB X B)

> — C6,|[(0%u, 0%p, 0.0, 0°B, 0.B)||*. (2.61)

Taking 8° of the Eq (2.4) and then taking the L? inner product of the resulting equation with 6B, we
have

1d
—— f |0>B|*dx + f 10>V B dx — f d*(curl (u X B)) - 3*Bdx
2dt b sl T3
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2dt
— C61|[(83u, Bu, 07B, 0:B)|I*.

>—— f |0>B|*dx + f 10>V B dx + f (0curl B x B)0*udx

Combining (2.56) with (2.56)—(2.61), we have

1d h'(1
1d TP o 4 2w + 1528
2dt Jo,

1+
+ f (1 + p)|0*ul* + 0>V BI*dx
3

<C61||(Fou, O, Oop, O, 02B, 0,B, V)|

(1 + p)ldzul’
3

(2.62)

(2.63)

As (2.50), differentiating (2.3) with respect to x and multiplying the resulting equation by d,Vp, we get

1020, 0.0)II* < ClI(6>u, d,u, >B)|I*.

(2.64)

Taking 8, of (2.3) and then taking the L? inner product of the resulting equation with (1 + p)d,u, in T?,

one gets

1d 1
— f (1 + p)ldu*dx + f (1 + Py Pedx - 5 f pild,u,Pdx
Zdt ™ ™ 2 T3

- f Ox(h(1 + p); — Ox¢)div((1 + p)O.ur)dx + f (1 +p)0x(u - Vu), - 0.udx
s s

1
—fT3(1+p)5x(1+

In view of (2.2), (2.13) and (2.14), we have

(curl B x B)) Oudx = 0.
0

t

- f (0x(h(1 + p)); = Oxp)div((1 + p)0.uu;)dx
s

- f (1 + p)0:(h (1 + p)p)drdivudx — f Ox(W (1 + p)p)0.u; - Vpdx
s

3

- f 00,0, divu,dx — f 00,0, div(pu),dx
sl sl

- f (1+ PO (1 + p)p)ds (M) dx
T3 t

1+
, f (1 + P)3sdidr(os + divipu))dx
T3

- €4, f (0.0 + 10,0 + 10,0 )dx

Zid_ f (1 +p)lawpl + (1 +p)laVe,Pdx
- C61 ”(axp’ xPts 6xut’ (?xu, axp’ a)zcu’p”’ axv¢t)||2

and

1
-3 f pil0.cuPdx + f (I +p)0x(u - Vu), - 0 udx
2 s T3

(2.65)

(2.66)
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1
=——jﬂ@WMfdv+jkl+per@m%8mdx
2 T3 T3

+ f (1 +p)O0x(u-Vu), —u-Vo.u,) - 0.u,dx
3

= f (1 +p) 0 (u-Vu), —u-Vou,) - 0udx
T3
> = C8\ (Dt P (2.67)

For the third term in (2.65), we have

- | 1+ p)@x( (curl B x B)) o udx
3

t

1+p
> — f (curl 0,B; X B)0 u,dx
™
= C611|(0p1» Oy, (9th)||2. (2.68)

Taking 9., of (2.4) and then taking the L? inner product of the resulting equation with 8,8, in T3, we
have

1d
o fT 3 10,.B,|>dx + fT 3 10, VB,[>dx

= fq; z curl 0,(u X B),0,B,dx
= f 3 curl (0,u; X B)0,B;dx + f . (curl 0,(u x B); — curl (0,.u; X B))d,B;dx
T T
<- fT (curl 9,B, x B)dstdx + C6[|(s1t, 0u, 0.B)|I*. (2.69)
Thus, (2.65) together with (2.66)—(2.70) and (2.15) with j = 1, implies

1d
Sqr f3 (1 + p)0.u* + B (1 + p)|0xoi)* + 10V, > + |0,B,|*1dx
T

C f (1 + P)lsu + VB, + 10, )dx
T3
<C8LIDop, Dpr, Dutts Dty o, it prs Vs BN + Cll(Dstt, D) (2.70)
Combining (2.63), (2.64), (2.70), (2.13) with j = 1 and (2.14) with j = 2, we get

1d W+ p)
—_ 1 2.2, A T a2 42 ZV 2 2B2
23t e (1 + p)loul” + T+ 0 l0wol” + 10Vl + 10, B

+ (1 + P + B (1 +p)ldsp, + (1 + )0V, + Iathlz]dx
<CE (O, B> Duths, Dtt, 33, 8t P, 0.V b1, D BOI + Cll( D0, B,p)II. (2.71)

Xi

Notice that in obtaining the estimates on the first and the second derivatives, we have used the
smallness of |(o, 0.p, u, 0,.u,Veo,d,Vo, B, 0, B)| and |(o;, u;, Vo, B;)|. However, the above arguments do
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not work for the third derivatives because we cannot obtain the smallness of 8%p, #u, 3¢, 3>B and
0.0, 0u;, 0.V, 0.B,. Then we need to obtain the estimates of the third derivatives. Taking 8)3C of (2.3)
and multiplying the resulting equation by (1+p)d°u, and takingd® of (2.3) and multiplying the resulting
equation by 8°B, and summing up them, by integration by parts, we get

1d
2dt i)

1
—~ f (1 + ,o))ai(iivuczx—E f 0 ulPdx + f F¢div((1 + p)du)dx
T T T

[(1 + )| ul* + 10> B|*1dx + f [(1 + p)|>ul*+)|0°VB[*1dx

)

+ f (1 +p)3(u - Vu)dludx — f & (curl B x B)d>udx
sl s

1 1
- 11;3 [6i(1 +p(curlB X B)) - m@i(curlB X B)

-~ f curl (3°u x B)3>Bdx — f (curl @ (u x B) — curl (3°u x B))d>Bdx
3 sl

(1 + p)&udx

=0. (2.72)
Similar to (2.57)—(2.64), by some tedious but straightforward calculations, we can get

1d
2dt T3
+ f (1 + p)|O2ul* + 0>V B[H)dx
T3
<C81[((83p, 83p, 0xp, Oatt, Dt BV b, 3B)|I” + €|0pll” (2.73)

(1
(1 + p)lPul® + %wipﬁ + 103Vl + |8§B|2] dx
Je

with the help of the smallness of € and 9;.
As (2.50), we easily get
@0, B> < Cl@u, B2u, dx0)1. (2.74)

Taking 620, of (2.3) and taking the L? inner product of the resulting equation with(1 + p)8u,, and
taking 920, of (2.4) and taking the L? inner product of the resulting equation with 4*B,, and summing
up them, one gets

1d
oW (1 + )&% l* + 102B,| dx + f |1+ p)I&%ul* + 162V B, | dx
t 3 )

- f Ox(h(1 + p); — 0:¢)div((1 + p)Ou)dx + f (1 +p)d(u - Vu), - 0 u,dx
s T3

1 1
— f 0110, Pdx — f (1 + p)d, (curl B x B)| d.u,dx
2 T3 T3 1 + p

t

- f curl 3(u x B),0>B,dx. (2.75)
s
Similarly, the terms in (2.75) can be estimated as the previous calculations to obtain

1d
ST f [(1 + E)Pul* + (1 + p)d*o.* + (1 + p)d>V,|* + |0>B,[*1dx
T3
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+C f (1 + p)|0*u|* + |0*°VB,|*)dx
T3

<Cs,1(0p, Bu, 3>V,

+ C|(8,u, Byty, 82u, 0,0, 3°p, 0B, 2B)||* + C||(01u, O2p)|*. (2.76)
Combining (2.73), (2.74), (2.76), (2.13) with j = 2, (2.14) with j = 3, and (2.15) with j = 2, we obtain

1d R+ p)

- 1 3 2 3 %V SB

T T3[( + p)l0ul” + T+ p —— |03 + 102V + (03B

+(1+ )0 + W (1 + p)&pil” + |2V, + |62B, |dx
+ C||(0%p,, p, O*uy, O2u, 02V $, 0>V by, 0B, 0> B)||*
<C|(82p, 0:p, O, D). (2.77)

with the help of the smallness of € and ¢;.
Finally, combining (2.55), (2.63) and (2.77), with the help of the smallness of ¢,, we have

d
7 f Gdx + C(ll(o, u, Vb, B3 + ll(or s, Vb, BI)II3) < 0, (2.78)
™

where

G-

+ AV + B + [VBP + B> + 1’ (1 + p)(o:* + Vo) + Iplz]

(1 +p)(lul® + lue* + [Vul®) + fp(h(l +p) = h(1)ds + |V¢I* + [V,
0

{1+ el + (+ P20 + 12V 4P + 102 BP

(4 plaan + W (L + plapil + (1 +pIaTo P + 10,8
1

+|(1 +p)dul + i:”)w* P+ 10°VoP + 15 BP

+(1+ 0% + W (1 + p)&pil” + 12V, + 162,
for some positive constant A. It is easy to see that G satisfies

c (o, u. Vo, BIE + (o 1, Vb, BOIB)

< f Gdx
3

< C(lIGo, u, Ve, B)IE + ll(os» i, Vi, BI) (2.79)
for some positive constants C > c.
So, (2.78) and (2.79) implies (2.10). And Lemma 2.2 is proved. O

Theorem 1.1 follows from the standard argument by using the local existence theorem (Lemma 2.1)
and the A priori estimates given in Lemma 2.2. In fact, from the A priori estimation in Lemma 2.2, we
can obtain that (n — 1,u, V¢, B) is uniformly bounded in space C'(([0, T), H*(T?)) N C([0, T), H*(T?))
for any 7 > 0, which implies that the system (1.1)—(1.5) has a unique global smooth solution satisfying
the exponential decay estimate, for detail, see [18].
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