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Abstract: The present study is concerned with the construction of a new high-order technique to
establish approximate solutions of the Telegraph equation (TE). In this technique, a novel optimal B-
spline collocation method based on quintic B-spline (QBS) basis functions is constructed to discretize
the spatial domain and fourth-order implicit method is derived for time integration. Test problems
are considered to verify the theoretical results and to demonstrate the applicability of the suggested
technique. The error norm L, and the rate of spatial and temporal convergence are computed
and compared with those of techniques available in the literature. The obtained results show the
improvement and efficiency of the proposed scheme over the existing ones. Also, it is obviously
observed that the experimental rate of convergence is almost compatible with the theoretical rate of
convergence.
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1. Introduction

Hyperbolic partial differential equations (HPDEs) have drawn much attention in recent years. This
type of equations play a key role in understanding physical phenomena such as vibrations of structures
and several atomic physics fields. The hyperbolic TE, used in the modelling of signal analysis for
transmission and propagation of electric signals, is one of the basic type of HPDEs. In this paper, we
deal with the approximate solution of the following TE

Uy + 20u, + Pu = uy, + g(x, 1) (1.1)
which satisfies the following boundary conditions (BCs)

u(a,t) = To@), ulb,t)y=T1), t=>0 (1.2)
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ula,r) = Ia(), u(b,t)=T5(0), >0 (1.3)
and initial conditions (ICs)
u(x,0) = Yo(x), u(x,0)=%1(x), a<x<b (1.4)

where @ and A are positive constants and g is adequately differentiable forcing function of x and r.
Suppose further that I'y,I'},I,,13 and their derivatives are continuous functions of ¢ and similarly
Yy, ¥, and their derivatives are continuous function of x. A variety of the numerical methods have
been proposed in literature to establish the solutions of the TE, such as the Rothe-wavelet
approximation [1], legendre multiwavelet Galerkin technique [2], the Rothe-wavelet Galerkin
method [3], the reproducing Kernel Hilbert space method [4], the Chebyshev wavelets approach [5],
the meshfree procedure with the radial basis functions [6], the computational method based on the
polynomial scaling functions [7], the numerical approach associated Hermite orthogonal
functions [8], the Bessel collocation method [9], the Galerkin approach [10], the implicit three-level
difference scheme [11], the differential quadrature method [12—-14]. In addition, in the past few years,
various B-spline collocation techniques have been implemented to obtain the approximate solution of
the TE. Alshomrani et al. [15] designed a new algorithm based on modified cubic trigonometric
B-spline functions. Dehghand and Shokri [16] proposed a numerical scheme structured on thin plate
splines. The collocation approach based on quartic, septic and cubic B-splines were presented to
compute the approximate solution of the TE in the studies [17, 18] and [19-21] respectively. Nazir
et al. [22] applied the cubic trigonometric B-spline approach for the approximate solution of the TE.
Sharifi and Rashidinia [23] proposed a collocation approach with extended cubic B-spline functions to
solve numerically the TE. Singh et al. [24] presented a method obtained by using exponential B-spline
collocation procedure in space and second-order Runge-Kutta scheme in time. Later, Singh et al. [25]
derived a fourth-order cubic spline technique to solve numerically the TE. A high-order new
numerical scheme is introduced in the study [26] in which the spatial integration of Eq 1.1 is managed
through collocation technique and fourth-order implicit scheme is used for temporal variables.

In the present study, our aim is to produce numerical results with high order accurate by enhancing
the accuracy in both time and space. For this purpose, a novel optimal B-spline collocation method
based on QBS basis functions is developed to discretize the spatial domain and fourth-order implicit
scheme is derived for time integration. The advantage of the suggested technique over the existing
ones in the literature is that the suggested technique has an accuracy of O (h6) in the spatial direction

and an accuracy of O (At“) in temporal direction and produces excellent results even with less points
of the temporal and spatial domains. The structure of this paper is as follows: In section 2, the time
discretization is carried out and a novel optimal B-spline collocation method is constructed. In
section 3, the application of the proposed method to (1.1) is explained. In section 4, the numerical
experiments are provided and the results are reported in the table form. The conclusion of the study is
given in the section 5 with the remarks about the main observations.

2. Derivation of the proposed method

In this section, we derive a new high-order approach to solve the problem (1.1). Firstly, by
introducing an auxiliary variable v = u,, the original equation (1.1) is transformed to the following
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system of first-order (in time) equations

u, = v, (2.1)
Ve = Uy —2av— u+g(x,1). (2.2)

The relevant BCs and ICs are rewritten as

u(a, 1) = To(0), u(b,1) =T'(n),

_ Ty _ @3
v(a,t) = o 0, vb,0)= o ()
uy(a, 1) =T (1), u (b, 1) = T'3(1),
o _in 4
vi(a,t) = 5 ®, v(b,p) = 5 (@)
and
u(x,0) = Yo(x), v(x,0) =Y (x). (2.5

Consider the uniform partition of the spatial and temporal domains represented by Q = [a, b] X [0, T]
with the grid points (x;, t,,), where x; = a + jh, j=0,1,2,..,N, t, =nAt,n=0,1,2, ...
2.1. Temporal discretization

Utilizing finite difference method which is fourth-order implicit scheme, the time discretization of
Eqgs (2.1) and (2.2) is derived as follows

un+1 =u" + Hlu:ﬁ—l + 9214? + 9314;1:—1 + 941/{:; (26)
and
VL=V 0t 4+ 60V + 0V + Gy, 2.7)
where
Uy = —2av—u+u,+ g1, (2.8)
Ve = Vae— 20 (i — 2av — Pu+ g(x, 1) = v + gi(x. 1), (2.9)

obtained by taking partial derivative of both sides Eq (2.2) with respect to ¢ and using Eq (2.1) and 6,
6,, 05, 6, are unknown parameters to be defined later.
Using Eqgs (2.1) and (2.8) in Eq (2.6) yields

un+1 — un + 91Vn+1 + 92\/” + 93 (MZ;—I _ 2a,vn+1 _ /12un+1 + g(x, tn+1))

+0,(u", — 2" — 22u" + g(x,1,)). (2.10)
Equation (2.10) can be rearranged to the form given as Eq (2.11)
(1+6:2%) ! + 265 — 0)v"™" - O3y = m(x, 1,) (2.11)

where
m(x, t,) = (1 — 0,4)U" + (=204 + V" + O4u” + 048(x, 1) + 038(x, t1).
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In a similar manner, using Eqgs (2.2) and (2.9) in Eq (2.7) gives

VL = 4, (uf;l = 20" = 220! + g(x, ln+1))
+6, (”Zx —2av" — A*u" + g(x, ln))
+6; (V”+1 2 (u”” — 20" — 22U+ g(x, t,1+1)) — 2"+ gi(x, ln+1))

xx xx

+0y (Vﬁx —a (MZX —2av" = 22U + g(x, tn)) — V" + 8:(x, tn)) .

After simplifying the above equation, we get,

(2261 - 200%03) u*! + (1 + 200, + 205 — 4a%63) V™! (2.12)
+(=6) + 20" — 60!
= k(x,1,)

where
k(x,t,) = (=220, + 22220)u" + (1 = 206, — 120, + 4a”O,)V"
+(92 - 2(194)sz + 04\/1{ + (—2(1’94 + Qz)g(x, tn) + 94g,(x, ln)
+(6, - 20«/93)g(x’ fhe1) + 93gt(x’ thsl)-

Lemma 1. Suppose that u,v, f € C°(Q) Then, when

At At)?
91 :92: 70”6193 :—94:—%,

the suggested scheme is consistent and has fourth-order accurarcy in temporal direction for the norm
Il lleo-

Proof. For the proof, see [10].
It can be also easily observed that by selecting the following parameters in Eqs (2.6) and (2.7)

At
91 :92:?8.1’1(193:94:0,
we achieve Crank-Nicolson scheme having an accurarcy of O(A#?) in time. O

2.2. Space discretization

In this subsection, we describe a fully discrete scheme by means of a novel optimal B-spline
collocation (NOBSC) method based on QBS basis functions in the spatial discretization. To this end,
we first provide some properties of quintic spline interpolant (QSI) which will be used later in the
formulation of NOBSCM.

2.2.1. Properties of QBS interpolant

Letm = {a = xp < x; <... < xy = b} be a uniform partition over the interval [a, b], where x;—x;_; =
h is the step size. In order to construct the QBS functions, ten additional mesh points are required
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outside the interval [a, b], which are positioned as x_5 < x_4 < x_3 < X < x_; and xy41 < Xy42 <
Xy+3 < Xy+4 < Xy+s. By making use of the results in [27, 28], we can define QBS basis functions ¢;(x)
fori=-2,-1,...., N+ 1, N + 2 as follows

(fi3), |3, %2
(fi-) - 6(f-) - [5x4
1 (fj—3)5 _ 6(]3_2)5 +15 (fj_l) , [xj l,xj]
6 = T30m 1 —(fa) +6(F2) = 15(fim) s [0 ] (2.13)
- (ff+3)5 +6 (fj+2)5 : [xm X 42
~(fi+3)° X425 Xjs3
0, otherwise,

where f; = x — x;. The set of QBS {¢_>,¢_i,...,Pn+1,Pns2} generates a basis over the solution
interval [a, b]. Let S (x,f) and R(x, ) be QBS approximations of the exact solutions u (x, ) and v (x, 1),
respectively Then, S (x, r) and R(x, ) are expressed by the sum of QBS basis functions as:

N+2 N+2
S0 = > ¢i09)x), Rx,0= " di)(x) (2.14)
j==2 j==2
where cjand d;, j = -2,-1,0, ..., N + 2, are unknown time dependent quantities to be determined via

collocation technique with the convenient BCs. Throughout this study, we denote

oks (x; t) O"R(x;, 1)
i S® EARSA »1(5)
0Xk ( Xjs )’ ka - R( (.Xj, t)’
k=1,2,..,j=0,1,...,N.
Fu(x:, 1) Ov(x;, 1)
o Wt e =Y,

Let S(x,7) and R(x,t) be the QSI of u(x,t) and v(x,1), satisfying the following interpolation
conditions

S(xj, 1) = ulxj,1), 0<j<N (2.15)
h4

S”(xj,0) = u'(xj,t)+ mu@(xj, 0, j=0,1,N-1,N (2.17)
h4

R'(xj,t) = V'(x;,0)+ %v@(xj,z). j=0,1LN-1,N (2.18)

Theorem 1. Let S (x, 1) and R(x,t) be the QSI for u(x, t) and v(x,t) € C3 (Q), respectively, and satisfy
the interpolation conditions (2.15-2.18). Then, the below given results hold at the knot points x;,
j=0,1,.,N:

n*
W (x;, ) + ==—=uO(x;, 1) + O(h°) (2.19)

S”(x;, 1) 70
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4
R'(xj,t) = V'(x;, z)+7%v<6>(x,, 1) + O(h%) (2.20)
S'(xj, 1) = u(xj,t)+ Oh°) (2.21)
R'(xj,0) = V(xj,1)+O(h°) (2.22)

and
|s®-u®||. = om®™, 1=0,1,2
RO =V, = om®™h, 1=0,1,2
where KO, u®, PO and v\ denote the I th derivative w.rt. ‘x’.

Proof. For the proof see [29]. O

2.2.2. Construction of NOBSC method

Here, we construct a NOBSC method by developing a new approximation for S”(x, ) and R”(x, 1).
To do this, we first define the discrete operator & as follows

fM(x]‘, ) = M(Xj_z, ) — 4M(Xj_1’l‘) + 6M(.Xj, ) — 4M(Xj+1,l‘) + M(Xj+2, 1), j= 2,..N=2 (2.23)
for any function M defined at points of spatial discretization.

Lemma 2. Let S (x, t) and R(x, t) be the OSI for u(x, t) and v(x, t) € C® (Q) and satisfy the interpolation
conditions (2.15-2.18). Then we get,

1
u®(x;, 1) 76870 0) + on), j=2,.,N-2 (2.24)

1
VO, 1) = R G0 + o). j=2,..,N-2 (2.25)

Proof. We prove relation (2.24). From Eq (2.19), we have the following equality

S" () WD 1 ,
= ; . 2.26
h4 T gt + 00F) (2.26)

The application of the operator ¢ defined by (2.23) on (2.26) gives

£S"(x),1) ES"(xjt) 1
LA ! +720§u(6)(xj,t)+0(h2)

h* h
1 ’” ’” ’ . .
= ﬁ (Lt (Xj2, 1) —4u" (xj-1,1) + 6u (xj, ) = 4u" (xjs1, ) + U’ (X 42, [)) (2.27)
1
+ﬁ (u(6)(xj_2, 1) — 4u(6)(xj—1, 1+ 6u(6)(xj, 1) — 4u(6)(xj+1’ 1) + u(6)(xj+2’ t)) n O(hz).

By using Taylor expansion and finite differences for the u terms at x; on the right hand side of (2.27),
we obtain,

S (x Lt
g—}(ﬁj - WO, 0+ 0, j=2,.,N=-2.
This proves relation (2.24). In a similar manner, one can prove the relation (2.25). O
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Corollary 1. Ifu(x,t) and v(x,t) € C3(Q), then for j=2,3,...,N =2, the below given approximations
hold. 1

w’(xj, 1) = 8"(x),1) — 75587 (x), 1) + O(h®)

V/(x;,1) = R"(xj,1) — 75:ER" (x;, 1) + O(RO).
Proof. By Lemma 2 and Theorem 1, one can prove this corollary. O

Lemma 3. Suppose that S (x,t) and R(x,t) are the QSI for u(x,t) and v(x,t) € C®(Q) and satisfy the
interpolation conditions (2.15-2.18). Then, we have

For j=0,1: ‘ '
For (j,k)y=(N-1,1),(N,0) :
WO 1) = (B -k &S"(xy—2,1) = (2 = k) £S" (xn-3, 1) L OUR). (2.29)

h4

For j=0,1:
(3= DER"(x2,1) = (2 — j)ER" (x3,1)

6
VO (x;, 1) = x

+ O(h%). (2.30)

For (j,k)=(N-1,1),(N,0) :

_ B -RER (xya, 1) = 2~ k) ER" (xy-3, 1)
h4

VO (x;, 1) + O(h). (2.31)

Proof. We first prove relation (2.28) for j = 1. Consider the following approximation for u®(x;, t),
u®(xy, 1) = 2u® (x2, ) — u® (x3, ) + O(h?). (2.32)
Making use relation (2.24) for j = 2, 3, from Eq (2.32), we obtain

268" (xp, 1) ES"(x3,1)
h4 e

u® (x1,1) = + O(h?).

Hence, this proves relation (2.28) for j = 1. Now, we prove relation (2.28) for j = 0. For this purpose,
we take into consideration the following approximation for u®(xo, t),

u®(xo, 1) = 2u® (x1, ) — u® (x2, ) + O(W?). (2.33)
Considering relation (2.28) for j = 1 and relation (2.24) for j = 2, it follows from Eq (2.33) that

AU, 1)  26uO(x3,1)  EuO(x,1)

u®(xo, 1) o m ot o’
3u®(xa, 1) 26U (x3, 1) 2
= T o).

Hence, the relation (2.28) for j = 0 is obtained. In a similar way, the remaining relations in Lemma 3
can be proved. Thus, the proof of Lemma 3 is completed. O
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Corollary 2. If u(x,t) and v(x,t) € C¥(Q), then for j = 0,1, N — 1, N, the following relations are
obtained

ey = 57— (BT DE éz—j)fS"<x3,t))+ o, 20,1
W' (x,0) = S"(xj,10) - (3_l)fsﬂ(x’v‘z’t)ééz_l)fsﬂ(x“’t))+0(h6), (,) = (N —1,1),(N,0)
Vi) = R (O LER Ca) -0 per (x3,t))+ o, =01

Vi) = R - (STDE D 2 22 DET (XN—3’t))+o<h6). G = (N = 1,1),(N,0)

Proof. With the help of Lemma 3 and Theorem 1, one can prove corollary 2.
Let S(x,¢) and R(x,t) be optimal QBS approximate solutions of u(x,t) and v(x, 1), respectively.
Then, the values of S (x, 7) and R(x, ¢) and their first two higher-order derivatives are as follows:

1
S(xju1) = — (cjoa + 26,1 +66¢; + 2611 + Cju2) + OU°), j = 0,1,... N

120
, 1 :
S0 = o (cj2 + 10c;1 = 10cju1 = ¢jua) + Oh®), j = 0,1,...N (2.34)
1 T17c_y + 1448c_; — 4300¢
S" (xo,1) = 13202 +1322¢; +938¢, — 202¢3 + 92¢,4 |+ O(K®),
—10c¢5 — 7cg + 2¢7
1 —2¢c_9+ 725¢c_; + 14546‘0
§"(x1,0) = oo | —4396¢1 + 1574¢; +602¢; |+ O(h®),
+50c4 — 4c5 — 4eg + ¢
1 —Cj4+ 2Cj_3 + 728C‘,~_2+
S,’(Xj, ) = m 1406Cj_1 — 427001 + 1406C‘j+1 + 0(]16),_] =2,.,N=-2
+7280j+2 + 20j+3 —Cjt4
1 cy-7 —4cn_g —dcn_s + SOCN_4
S” (xy_1,1) = 13202 +602¢y_3 + 1574cy_n — 439%6cy_, |+ O(h®)
+1454cy + 725¢N+1 — 2Cn42
1 2¢cn-7 — Ten-e — 10cn_5 + 92cn_4
S”(XN, r = W —=202¢n_3 +938cy_n + 1322¢n_1 + 0(h6)
—4300cy + 1448cn+1 + 717cn 42
and
1
R(xj’ t) = m (dj_z + 26dj_1 + 66dj + 26dj+1 + dj+2) + 0(/16), _] =0,1,..,.N
1 .
R0 = 5o (djoa + 10d)-; = 10d}s) — dju) + O, j=0,1,...N (2.35)
1 717d_, + 1448d_, — 43004,
R"(xp,1) = 132072 +1322d, + 938d, — 202d5 + 92d,, |+ O(h®),
—10d5 —Tdg + 2d7
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—2d_, + 725d_, + 1454d,

—4396d, + 1574d, + 602d; |+ O(h®),

+50d4 —4ds — 4d6 + d;

—dj_4 + 2dj_3 + 728dj_2+

R'(xj,t) = 12007 1406d,_, — 4270d; + 1406d,,, |+ O(K®), j=2,.,N-2
+728dj+2 + 2dj+3 — dj+4

RiGe0 = 0m

1 dy_7 —4dn_¢ — 4dy_s5 + 50dy_4
R'(xy_1,1) = 13008 +602dy_3 + 1574dy_, — 4396dy_; |+ O(K®)
+1454dy + 725dy.1 — 2dna
1 2dy_7 — Tdy_¢ — 10dy_5 + 92dN_4
R'(xy,1) = 132072 —202dy_3 + 938dy_» + 1322dy_; |+ O(K®).
_43OOdN + 1448dy, 1 + 717dy 1o

3. Implementation of the proposed method

Substituting Eq (2.14) into Eqs (2.11) and (2.12), using Egs (2.34) and (2.35), we get the following
systems:
For j =0,

Cn+1 [ ay 71765 ] + cn+1 [26&1 ]44893] + Cn+1 [66(11 + 430003]
0

-2 | 120 ~ 432042 -1 | 120 ~ 43202 120 " 43202

el [ 260 132205 nel [ 93865 a1 [ 20265
¢ [120 4320h2]+c2 [120 4320h2]+c3 [4320h2]

n+l [ _ 9263 n+1 | 1063 n+l | 7603 n+l | _ 263
Ty [ 4320h2]+65 [4320h2]+c6 [4320h2]+c7 [ 4320h2] (3.D

n+1 | ax n+1 | 26ay n+1 | 66ay n+1 | 26a; n+l | a2
+d”; [120]+d—1 [120]+d0 [120]+d1 [120]+d2 [120]

=m ()C(), tn) .

For j =1,

ntl [ 265 nel [Lai 72565 n+l [26a; 145465
€ [4320h2]+c—1 [120 4320h2]+CO [120 4320h2]

ot [66a| 4 439693] 4 entl [265” _ 157493] n+l [a_| 60263 ]
1 120 7 432012 2 120 432012 3 120 4320K2

n+l [ 5083 n+l | 463 n+1 465 n+l | __ 63 2
Ty [ 4320h2]+c5 [4320h2]+66 [4320h2]+c7 [ 4320h2] (3-2)

n+l | az n+1 | 26ax n+1 | 66ax n+1 | 26ax n+l | a2
+d”] [120]+d0 [120]+d1 [120]+d2 [1zo]+d3 [120]

= m()C],tn).
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For2<j<N-2

n+l | _03 n+l | _ 203 n+l | a1 72803 n+l | 26a; _ 140603
Cig [4320h2] TC3 [ 4320h2] TCi [120 4320h2] i [ 120 4320h2]

s [66a1 + 427093] s [26a1 140663] g [ﬁ _ 72803]

J 120 432042 j+1 [ 120 T 432012 Jj+2 [ 120 432042

(3.3)

n+l [ __ 203 n+1 03 n+l | a2 n+1 | 26az
TCis [ 4320h2] T Ciy [4320h2] +d) [120] +dy [ 120 ] +

n+1 | 66a> n+1 | 26a n+l1 | a2 | _ .
d; [ 120 ] +d [ 120 ] +d7, [120] = m(xj,tn).

For j=N -1,

n+tl |__ 03 n+1 463 n+l1 463 n+1 [ _ 5065
Cn—7 [ 4320h2] T e [432Oh2] T Chvs [4320h2] T Cy_y [ 4320h2]

n+1 [al 60293 ] + n+1 [26a1 157493] + n+1 [66611 + 439693]

TCN_3 | 120 ~ 132012 N-2|120 ~ 432012 N-1]|120 " 43202

(3.4)

n+1 | 26a; 145465 n+l | ar _ 72565 n+1 263 n+l | _ax
tCy [ 120 4320h2] T i [120 4320h2] Ty [4320h2] +dy'y [120]

n+1 | 26ay n+1 | 66ax n+1 | 26az n+l [ a | _
+dy', [ 120] +dy [ 120 ] +dy [ 120 ] +dy, [120] = m(Xy-1,1) -

For j =N,

n+l [ _ 203 n+1 763 n+1 [ _10603 n+l | _ 920
Cn_7 [ 4320h2] T Chve [4320h2] T Cyv_s [4320h2] T Cyvy [ 4320h2]

n+1 20265 n+l | ai 93863 n+l | 26a; _ 132265
TN [ ]"'C - [120 4320/12] T vy [ 120 4320h2]

n+1 | 66a; 430005 n+l | 26a; _ 144805 n+1 a 71705
TCy [120 + 4320h2] Tyt [ 120 4320/12] T iz [120 4320h2] (3.5)

n+l | ax n+1 | 26ay n+1 | 66ay n+1 | 26a; n+l | az
+dy', [120] +dy' [ 120] +dy [ 120] +dy [ 120 ] +dy, [120]

= m(XN, tn)

And for j =0,

n+l | as T17a;7 n+1 | 26as 1448a7 n+1 | 66as __ 430047
C—Z [120 + 4320h2] + -1 [ 120 + 4320h2] + 0 [ 120 4320h2] +

n+1 [ 26as 1322a7] n+l [& 938a7 ] n+l [_ 202a7 ] n+l [ 92a7 ]
+c [120 T oz | T (120 T o] T 6 3202 | T €4 | 101

n+1 | _ _10az n+l | __Taz n+1 2a;7 n+l | as 71765
+Cs [ 4320h2]+c6 [ 4320h2]+c7 [4320h2]+d—2 [120 4320h2]

(3.6)

2646 144893] + dnt! [6606 n 430093] Iy [26a6 132293]
0 1

- 120 " 432012 -

n+1
+d— 1 120 4320hn2 120 4320h2

120 432042

ntl [ a6 _ 93863 n+1 [ 20265 n+l [_ 9265
+d; [ ]+d3 [4320h2]+d4 [ 4320h2]

n+1 | _1063 n+l | _763 n+l |20 | _
+ds ] +dg [ ] +d; [ 4320h2] =k (x0,1,) -

4320h2 432042
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For j =1,

n+l | __2a7 n+l | as 725a7 n+1 | 26as 1454a;
) [ 4320h2] g [120 + 4320h2] + ¢ [ 0 T 4320h2]

i [ - 28]+ 5 [ 2 + 1] o [+ 421
+cjt! [42%22] + Cgl“ [_4;263112] + CgH [_4;263112] + C;Hl [43%}12]
3.7
[ [ - ]+ [ 2
vy |+ e |+ ! B - |+ 4 [ - ]
- ] ] 7 ] =k
For2<j<N-2
c’}fi [_43;(7)/12] + c’}fé [4322a07h2] + C;Hzl [120 + 473228072] + C;Hll [2162%5 + ié‘ggii]
o |5 - S|+ e | B+ v ] + e [ + o | + 3 | e
+c;l [ 4320h2] dn+l [433?);:2] + d?f; [_4322%}12] dnH [m - 47322%622] (3.8)
vyt | B - | S+ S | + 4 | B - vsor ]
7:21 [m - 47322%0;2] d;l:; [_ 432298/12] d;l:i [4320h2] =k (xi’ t")'
For j=N -1,
'y [4320h2] + i [_4;2a()7h2] +chs [_ 4;20()7h2] + e [42%22]
e+ ] B+ ]+ [55 - 22)
eyt |35 + daoe | + evih s + o] + i |~ 0w
3.9

n+l | _ n+1 465 n+1 46 n+1 _ 5065
+dy' [ 4320h2] +dy [4320h2] +dys [4320h2] +dy [ 4320h2]

n+1 ae 60293 ] n+1 [26(16 _ 157493] n+1 [66&6 439693]
+d [12 4320h2 + d 120 4320h2 + d 120 + 4320h2

ntl [26as 145465 n+1 [ as 72563 n+l (263 | _
d [120 4320h2] dN+1[120 4320h2] dN+2[4320h2]_k(xN‘1’t")'
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For j =N,
n+1 2a7 n+l | __Taz n+l | _ _10az ] n+1 [ 92az ]
Cn—7 [4320h2] T Cyve [ 4320/12] T Cys [ 32012 | T Cn_a | 3202
el [ 202a; nel [as | 938az nel [ 26as ]322a7]
TCN_3 [ 4320]12] Ty [120 + 4320h2] T o [ 20 T 332012
+Cn+1 [66a5 _ 4300a7] n+1 [26a5 1448a7] + o] [a_s 717a; ]
N | 120 T 32012 N+1 | 120 T 3202 N+2 | 120 T 33202
(3.10)
n+l | _ _26 n+1 763 n+1 [ _1063 ] n+1 [_ 9263 ]
+dy'; [ 4320h2] +dy [4320h2] +dy's [4320h2 +dy"y |~ 50r
n+1 | 20203 n+1 | as 93863 n+1 | 26as _ 132265
+dy'y [43zoh2] +dy", [120 4320112] +dy [ 120 4320h2]
nal [66as | 43000 nel [26a5 144865 nil [ ag 71765 | _
+dy [ 0 T 4320h2] +dy, [ 120 432Oh2] +dy, [120 4320h2] =k (xy. 1),
where

a =1+ 93/12 a, = 2&93 -6 as = 1- 94/12

as = 200, +6, as= /1291 - 2(1’/1293 ag =1+ 2a6, + /1293 - 4&’294
a; = -0, +2a0; ag = —/1292 + 2(1’/1204 ag =1-2ab, — /1294 + 4&’294
ap =0, —2ab, a; =-2ab6;+6, ap =0, —2abs

m(xj, t,) = a3S’ + R + 6, (S”)'; + 048 (xj, t,,) + 638 (xj, t,,+1) ,0<j<N
andforO0< j <N
k(xj, t,) = agS’} + ClgR;f + ajg (S H)? + 6, (RH);’ +ang (Xj, tn)
+ang (xj, ln+1) +048/(x),1,) + O38,(x;, tys1)-

The final system obtained by combining Eqs (3.1)—(3.5) with Egs (3.6)—(3.10) consists of 2N + 2

linear equations involving 2N + 10 unknown parameters, ¢ = et e} and
-2 ¢ N+2

d= (dﬁ;l LA dj’i,ﬁrlz) To set the number of unknown parameters equal to the number of equations,

: LB n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
BCs are implemented to eliminate unknown parameters %', d"3°, ¢4, d"}', ¢\, dy', chs dyy

from the system. Therefore, the resultant system can be written in the following form
AX =B (3.11)

where A is 2N + 2) X (2N + 2) matrix, B and X are (2N + 2) X 1 column matrices. In order to initiate
the time evolution process, the initial vector

T
0 0 0 40 0 0
(C—za dy,c2y,d”y, s Cyyo, dN+2)

is first determined by utilizing ICs and BCs of the problem. After getting the values of the initial
parameters ¢’ and d°, the unknown vector

T
n+l gn+l n+l1 n+1
(C—z dly, ""CN+2’dN+2)
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forn =0,1,2,... s iteratively calculated at the required any time level. Pseudo code for the numerical
algorithm is given below.

Numerical Algorithm
Input a,A,01,0,,05,04,At,t,N, h
Output S (x, 1), R(x, t)
Determine uy(x, 0) and vo(x, 0)
N+2 N+2
Obtain the initial parameters (c,%)m:_2 and (dgl)m:_z
fori=Ar:At:tdo
Define {ak},lci1
Form the matrix A and column matrix B stated in Eq 3.11

. V2N+2 .
Find {x}(}k:_2 by solving the system AX = B

end
Obtain the unknowns S (x, ) and R(x, 1)

4. Numerical results

In this section, three numerical examples are presented to validate the applicability and efficiency
of the suggested technique. We compute the L., error norm defined by the following formula:

Lo = |lu = Uyllo = max |u; - U, (4.1)
J

where u and Uy denote analytical and approximate solutions, respectively. The convergence orders in
time and space are calculated by the following formulas:

log‘ (Lw)h,-
(L°°)hi+1
hi
hi+1
log (Leo)a,

Lo,
At
Atiq

order , 4.2)

log

order 4.3)

log
where (L., ),and (Le),,, are the error norm L, for space step h; and time step At;, respectively.
4.1. Test problem 1
Consider the following TE
uy +20u, + 25u = u + g (x,1)  x €[0,2]

with BCs and ICs
w(@©.0)=tan(3), w20 =tan(%) 120

w0 =an(3), w0 = (1ae()

AIMS Mathematics Volume 8, Issue 5, 11015-11036.



11028

where X+t X+t
g(x.f) = 10(1 ; tanz(T)) +25 tan(T).

The analytical solution of this problem is also taken as

X+t
u(x,t) =tan (T) .

The computational process is carried out at different levels of time for the step sizes 2~ = 0.001,
h = 0.01, h = 0.02, At = 0.001 and Ar = 0.01. The error L, is reported in Table 1 along with the
results obtained by the methods in [8,14,20,23,25,26]. From Table 1, we can observe that our method
provides far better results than the methods in [8, 14,20, 23, 25,26]. Moreover, Table 1 demonstrates
the improvement in results even with fewer collocation points and number of divisions of the temporal
domain, which makes the proposed method computationally efficient. The spatial and temporal orders
of the convergence along with the error norm L, are listed in Tables 2 and 3, respectively. As expected
from the theoretical analysis, the used technique approaches fourth-order accuracy in time and nearly
sixth-order accuracy in space. The propagation of the approximate solution obtained for At = 0.01 and
h = 0.01 at different times up to # = 1 is plotted in Figure 1. Furthermore, the absolute error atr = 1 is
given in Figure 2.

Table 1. Comparison of error norms L.

Method h t=02 t=04 t=0.6 t=0.8 t=1
Present (At = 0.01) 0.01 2.82x 10710 1.04 x 1070 5.02x107° 4.90x 1078 3.72x 1076
Present (At = 0.01) 0.02 2.83x 10710 1.05x 107° 5.16x 107 5.23x 1078 -

Present (Ar = 0.001)  0.001 3.79% 10718 7.24x 1071 121x 10712 578x 10712 4.00x 10710
Present (At = 0.001)  0.02 425x10712  2.68 x 107! 253x 1071 6.03x 107 -

[26] (At = 0.001) 0.001 1.20x 1078 3.23x 1078 1.23x 1077 6.35x 1077 1.26 x 1072
[20] (At = 0.001) 0.001 3.61 x 107 1.04 x 10~ 2.60x 1073 7.43x 1073 4.66 x 1072
[23] (At = 0.001) 0.001 6.83 x 1072 4,28 x 107 - - -

[8] (Ar=0.001) 0.001 2.56 x 1077 4.93x 1077 - - -

[14] (At =0.001) 0.01 5.11x 1077 1.60 x 1076 7.03x 1076 5.79 x 1073 246 x 1073
[25] (At = 0.001) 0.02 1.69 x 1077 4.79 x 1077 1.37x 1076 6.39 x 107° -

Table 2. Spatial order of convergence and the error norm with At = 0.0001 at 7 = 1.

AIMS Mathematics

h Lo Order
0.0125 1.66 x 1077 -
0.00625 3.97 x 107° 5.39
0.003125 7.67 x 10711 5.69

Volume 8, Issue 5, 11015-11036.
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Table 3. Temporal order of convergence and error norm with 2 = 0.001 at 7 = 1.

At L Order
0.01 242 %1072 -
0.05 221x1073 345
0.025 1.53 x 107 3.85
0.0125 9.72 x 107° 3.98

15

12r

0 0.2 0.4 0.6 08 X 1 12 14 16 1.8 2

Figure 1. The simulation of approximate solution at# = 0 and t = 1.

%107

Absolute Error
= N w
= [¢;] N (4] w ol N

o
o
T

0 . . . . . . . .
0O 02 04 06 08x 1 12 14 16 18 2 22

Figure 2. Absolute error of the proposed method at 7 = 1.

4.2. Test problem 2
Consider the TE given by

uy +40u, + 100u = u,, + g (x,1)

AIMS Mathematics Volume 8, Issue 5, 11015-11036.
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with g (x,7) = 23exp(—2¢)sinh(x) over interval [0, 1] for space variable. The ICs and BCs are

considered as:

u(x,0) = sinh (x),
u(0,1) = exp (—2¢) sinh (0)

u; (x,0) = =2 sinh (x)
u(l,t) = exp(=2¢t)sinh(1) ¢>0.

The analytical solution of the above test problem is
u(x,t) = exp (—2t)sinh (x).

The computations are performed at various times by taking 4~ = 0.05, &~ = 0.01, Ar = 0.01 and
At = 0.001. The error L, is presented in Table 4. It is seen from Table 4 that the obtained error L,
is satisfactorily better and smaller than those of the methods given in [10, 12] even with less number
of divisions of the temporal domain. We have listed the spatial and temporal order of convergence
along with errors in Tables 5 and 6, respectively. From the Tables 5 and 6, it can be said that the
proposed scheme has fourth-order temporal accuracy and sixth-order rate of convergence in space.
The simulation of the approximate solution for 2~ = 0.05,Ar = 0.01 at various values of ¢ is shown
graphically in Figure 3. The absolute error of the presented method for 2 = 0.05 and Ar = 0.01 is
drawn in Figure 4.

Table 4. Comparison of error norm L, with & = 0.05.

Method At t=0.5 t=1 t=1.5 t=2 t=3
Present  0.01 553x 107" 3.05x10°""  134x10°'"  538x107'2  7.88x 10713
Present  0.001 2.63x107%  1.14x 107"  438x107" 1.75x10°°  245x107'°
[10] 0.01 2.18 x 107° 8.73x10710  332x10710 - -

[10] 0.001 2.15x107° 8.59x 10710 326x10710 - -

[12] 0.001 224x107 3.57 x 107 1.95x 1072 - -

Table 5. Spatial order of convergence and the error norm with Ar = 0.001 at r = 1.5.

h L Order
0.2 3.43 x 107! -

0.1 3.19x 10713 6.75
0.05 438 x 1071 6.19

Table 6. Temporal order of convergence and error norm with 4 = 0.01 at 7 = 1.5.

At Lo Order
0.1 1.37 x 1077 -
0.05 8.51x107° 4.00
0.025 5.32x 10710 4.00
0.0125 3.32x 1071 4.00

AIMS Mathematics Volume 8, Issue 5, 11015-11036.
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12

0.8 t=0

0.4

0.2+
=15

0 0.2 04X 06 08 1
Figure 3. The simulation of approximate solution at # = 0 and # = 1.5.
11

1.4><10 :

1.2+

Absolute Error

0 01 02 03 04 05 %06 07 08 09 1

Figure 4. Absolute error of the proposed method at r = 1.5.

4.3. Test problem 3
Consider the following TE

g + 12u, +4u =u,, + g(x,t), x€l0,1]

with ICs and BCs
u(x,0) = sin (x), u; (x,0)=0

u(0,1) =0, u(l,1) =cos(t)sin(l), t>0

where
g (x,1) = —12sin(r) sin(x) + 4 cos(?) sin(x).

AIMS Mathematics Volume 8, Issue 5, 11015-11036.
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The analytical solution of this problem is considered as
u(x,t) = cos(¢)sin (x).

This problem has been solved by choosing At = 0.01, At = 0.001, 2 = 0.05 and & = 0.005. The error
L, at various values of ¢ is reported in Table 7 which confirms that the present method produces far
better results than the methods in [14, 17,20, 24,25]. In addition, Table 7 shows the improvement in
results even with small partitions in space and time domains. Table 8 displays the error L., and order
of spatial convergence with different spatial steps & at ¢ = 1. In Table 9, the error L., and the order of
temporal convergence are calculated with different time steps Az at t = 1. When examined the results
in Tables 8 and 9, it can be seen that our method has almost accuracy of O (h6) in the spatial direction

and an accuracy of O (At“) in temporal direction. This shows that the orders of the temporal and spatial
convergence obtained by our method are compatible with the theoretical analysis. The simulation of
the approximate solution obtained for & = 0.05 and At = 0.01 at various values of ¢ is given in Figure 5.
Figure 6 displays the absolute error at t = 1.

Table 7. Comparison of error norms L., with Az = 0.001.

Method h tr=02 t=04 t=1 t=2 t=3
Present (Ar = 0.01)  0.05 235%x 10718 7.67x10°3  3.05x107'2  573x107'?  3.86x107'2
Present 0.005 354x107"“ 451x107* 516x107# 1.59x107* 542x10°"
[25] 0.005 1.78x107° 7.00 x 107° 3.34x 1078 -

[17] 0.005 242x107° 7.93 x 107 1.64 x 10~ - -

[24] 0.005 6.83x107° 1.48 x 1074 3.43x 107 - -

[14] 0.005 3.73x107""  399x 107! 542x107! -

[20] 0.005  2.00x 1077 430 x 1077 - -~ -

Table 8. Spatial order of convergence and the error norm with Az = 0.001 at 7 = 1.

h Lo Order
0.2 439 x 10710 -

0.1 1.06 x 1071 5.37
0.05 1.14 x 10713 6.53

Table 9. Temporal order of convergence and error norm with 4 = 0.01 at7 = 1.

At Lo Order
0.1 3.28x 1078 -
0.05 2.05x107° 4.00
0.025 1.28 x 10710 4.00
0.0125 8.04 x 10712 4.00

AIMS Mathematics
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0.8F

0.6 =0

0.4

0.2r

0 0.2 0.4 X 0.6 0.8 1

Figure 5. The simulation of approximate solution at# = 0 and t = 1.

%10

Absolute Error
= N w
= (6] N (6] w [62) B

o
4

0 0.2 04 X 0.6 0.8 1

Figure 6. Absolute error of the proposed method at ¢ = 1.

5. Conclusions

In this study, we have constructed a new high-order numerical scheme with fourth-order accuracy in
time and sixth-order accuracy in space. A new approximation for the second-order spatial derivative is
developed. The local truncation error analysis is discussed for time discretization. The error estimation
of optimal QBS technique is carried out. Three test problems are provided to justify the effectiveness
and improvement in the obtained numerical results and to check the theoretical rate of convergence. It
is obviously observed that theoretical prediction is consistent with the numerical calculation. Moreover,
the obtained approximate results are compared with other some existing methods applied to find the
numerical solution of the TE. Comparison confirms that the present scheme provides far better results
than the methods given in [8,10,12,14,17,20,23-26]. A major improvement of the proposed technique
is that satisfactory results are provided even with fewer points in space and time domains. To conclude,
the proposed method approximates very well solution of the TE and is computationally efficient for
solving the TE. Also, as a future direction, the technique suggested for the spatial discretization can

AIMS Mathematics Volume 8, Issue 5, 11015-11036.
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also be applied to two-dimensional problems in space [30] and time fractional-type problems [31].
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