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1. Introduction

The category of Yetter-Drinfeld modules over a Hopf algebra H was introduced firstly in [1], which
provides a solution to the Yang-Baxter equation [2] when the antipode of H is bijective. In 1998,
Andruskiewitsch and Schneider [3] introduced the lifting method which was extensively used in the
classification of finite dimensional pointed and copointed Hopf algebras. It is remarked that the Yetter-
Drinfeld modules play an important role in this process. More precisely, by determining the braiding
in ny) and indecomposable objects in the category of Yetter-Drinfeld modules over a Hopf algebra
H, one can construct all finite dimensional Nichols algebras in Zyz), and then all finite dimensional
Hopf algebras over H by the lifting method. There are a lot of works to classify finite dimensional
Hopf algebras by lifting method, see for example [4—13]. Therefore, it is important to understand the
structures of Yetter-Drinfeld modules for a finite dimensional Hopf algebra.

In 2003, Radford [14] gave an idea of constructing the simple Yetter-Drinfeld modules: any Yetter-
Drinfeld H-module M is the form M = H - N for some simple subcomodule N of H ® L, where L
is a left H-module. In 2012, Zhu and Chen [15] gave the classification of all simple Yetter-Drinfeld
modules over the Hopf-Ore extension A(n,0) of the dihedral group O, for even or odd nummber .
In 2020, Yang and Zhang [16] classified all Hopf algebra structures on the quotient of Ore extensions
H,[z; o] of automorphism type for the Sweedler’s 4-dimension Hopf algebra H,, thereby obtaining
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a family of non-pointed and non-seimsimple Hopf algebras Hy, of rank one. The classifications
of finite dimensional Hopf algebras over Hg and H;, were given in [8] and [9] respectively. The
Green ring of Hy, was determined by Chen and Yang et al. [17]. Xiong [18] (see also Zhang [19]
in somewhat different idea) classified all simple Yetter-Drinfeld modules over Hy, and gave the
structures of projective class rings of the category of the Yetter-Drinfeld modules of Hy,. In [20],
we classified the Yetter-Drinfeld modules over H,,2 and gave the Grothendieck rings of the category of
the Yetter-Drinfeld modules of H,,., where H,,> is a family of Kac-Paljutkin semisimple Hopf algebra
of dimension 2n°.

Motivated by the above works, a family of non-pointed 8m-dimension Hopf algebras Hsg,, of tame
type with rank two are studied in [21], where m is even. It is pointed that Hg, is a special biserial
algebra, which is just one subclass of basic tame Hopf algebras with only one block in [22]. By the
technique of special biserial algebras (see for example [23]), we construct and classify the isomorphism
classes of all indecomposable modules of Hg,, and determine the components of Auslander-Reiten
quivers. Furthermore, we establish the tensor product of arbitrary simple (or projective) modules and
indecomposable modules, and characterize the projective class rings and Grothendieck rings of Hyg,,.

In this paper, we focus on the classification of simple (or indecomposable projective) Yetter-Drinfeld
modules over Hg,, by Radford’s method and the description of the projective class rings of the category
of the Yetter-Drinfeld modules over Hg,,. In our further works, we hope that the classification of finite
dimensional Hopf algebras over Hs,, is established.

Throughout this paper, K is assumed to be an algebraically closed field of characteristic zero, m > 2
is even and w the 2m-th primitive root of unity. The Sweedler’s notation

A = )" hay ® hoy
()

for a Hopf algebra is used, and some other notations see [24].
2. Preliminaries

In this section, let us recall some basic definition and results for the Hopf algebra Hg,,.
By definition, the Hopf algebra Hyg,, as an algebra is generated by x;(i = 1, 2), z with the following

relations

2 2 '
zZ"=1, x7=0, xixx+xx =0, xz=(-1)wzx.

The co-multiplication, counit and antipode are given as follows:
Alx) = 1® x; + x; ® 7",
AZ)=(1®1+xQ®x"z®2),
e(x)=0, &@@)=1,
S(x)=-x7", S@=z"
fori =1,2. Itis easy to see that
{xixtzzih‘ € sz, S,t € [09 1]}

is a basis of Hg,,, and

AD) =7 ®7 +amd @ x"! @2.1)
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—wY )
%. In particular,

for [ € Z,,, where a; = 5

AZ") =7"®7".

In [21], all finite dimensional simple modules of Hg,, were constructed and classified. There exist
exactly 2m pairwise non-isomorphic 1-dimension simple Hg,-modules S; with the basis {v/} for i €
Zyy. The actions are given by

x: V=0, x%-v=0,z1v=ddv.

Let ;M be the category of left H-modules. Recall that a left Yetter-Drinfeld H-module M for a
finite dimensional Hopf algebra H is a left H-module (M, -) and a left H-comodule (M, p) satisfying

p(h-m) = Z h(l)m(_l)S (l’l(3)) ® I’l(z) - M), VmeM,he H,

where § is the antipode of H and p(m) = } m;) ® m(). The category of left Yetter-Drinfeld H-
(m)

modules is denoted by ‘,;’3/ D, whose morphisms are both H-linear and H-colinear maps (see [1]). Let
V € #Y D, the left dual V* is defined by

(h- fov)y ={f,S (W), f(—l)(f(O)J’) = S‘l(w_n)(f, V(O))- (2.2)

According to Radford’s results in [14], we have the following results.

Proposition 2.1. If V,W € ZM D, then VW e Zy D. The actions and coactions are as follows:

h- (U ® w) = Z h(]) ‘U® h(z) c W, p(U ® w) = Z U W(-1) ® V(o) ® w(0),
) @),(w)

whereve V,we WheH.
Lemma 2.2. Let L € ;M. Then, we have

(1) H® L € Zy@; the module and comodule actions are given by

g (h®h) =) guhS(ee)®gn -1, (2.3)
(€9

ph®l) = hy®he®l, VhgeH,leL. (2.4)
(h

(2) If M is a simple Yetter-Drinfeld H-module, then M = H - N for some simple subcomodule N of
H ® L where L is a simple left H-module.

By Proposition 2.1 and Lemma 2.2, we can construct all simple Yetter-Drinfeld modules over any
Hopf algebra H.
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3. Simple and indecomposable projective Yetter-Drinfeld modules over Hj,,

To classify the simple Yetter-Drinfeld modules over the Hopf algebra Hg,,, we firstly give all simple
subcomodules of Hy,, ® S; forall i € Z,,,.

Lemma 3.1. Let 0 # L be a subcomodule of Hg,, ® S, then there exists j € Z»,, such thatz7 ® v' € L
or (7 +Ix7)®v' € L, where 0 # [ € K.

Proof. Let 0 # L be a subcomodule of Hg,, ® S; and 0 # u = (Z?ZO’ ! Zi,z:o kix) xgzi) ®v' € L, where
ks:j € K. By (2.4), we have

2m—1
p(u) = Z (@7 +a1;@x17 + a2 ® 27 + a3, @ x12)) @V
J=0

where
— / j m+j m+j
o, = koo, j7’ + ki1, jxi1302" + ki jx1 2"+ Koy e jX22",

B ) i
ay; = kg7’ + kim0,

_ j j m+j m+j
;= kO,l,jZJ - kl,O,jaijXZZj + kO,O,m+jam+jx2Z I - kl,l,m+jxlz J,

_ J m+j
@3 = ki 7+ ki me jlms jX22"

Assume that j # 0,m (the discussions when j = 0, m are similar). Note that there exist some j such
that the vector 6; = (ko j, k10,j, ko,1,j,k1,1,;) # 0 and a; # 0. Now, we complete the proof by discussing
the cases (i)-(vi).

(1) ki1 #0,kip; #0.

(a) If @y ; and a,,; are linearly independent, we have 77 ®@v' € L. Moreover, x,7""/ ®@ v' € L since
POV = (2 @7 + a7 ® x7") @'

(b) If ap; and @, ; are linearly dependent, there exist a 0 # [ € K such that (z/ + Ix,z/) ® v/ € L.
Moreover, (a;x,2""/ + IZ"*) ® v' € L since

p((zj +107)® vi) = (zj R (7 + 1x7)) + %27 ® (a szz"”j Ny rar )) QU';

(i) k11, # 0,kio; =0, we have 7 @ V' € L;
(iii) k1.1; = 0,k10, # 0, we have x,z/ € L. Moreover, 7"/ ® v' € L since

(07 V) = (@ 27 + 07 7)Y @'
@iv) kl,l,j =0, kl,O,j =0, k(),(),j # 0, k(),l,j # 0, similar to (0);
(V) kl,l,j = 0, kl,O,j = 0, k()’()’j * 0, kO,l,j = 0, similar to (ll),
(Vl) kl,l,j = 0, kl,O,j = O, k()’()’j = O, kO,l,j * O, similar to (lll)

Lemma 3.2. Fori € Z,,, all simple subcomodules of Hg,, ® S; are as follows:
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(1) UG, j) := K{z/ @ v'}, where j = 0, m;
(2) V(i, ) := K{z/ @ V', x,2™ ® U}, where j € Zy,, and j # 0, m;
(3) W(, j, 1) == K{(2 + Ixz)) @ V', (ajx22"" + IZ") @ V'), where 0 # | € K, j € Zy,, and j # 0, m.

Proof. 1t is easy to see that U(i, j) is a simple subcomodule of Hg,, ® S; for j = 0, m. One also see that
V(i, j) is a subcomodule of Hg,, ® §; by (2.1). We show that V (i, j) is a simple. Indeed, let O # V be a
subcomodule of V(i, j) and 0 # v = (k; 2/ + I jx:2"") ® v' € V, where k; ;,[;; € K and (k; ;,1; ;) # 0.
By (2.4), we have

p) = (k; ij + 1,0 @V + (ki jaixa7 +1,;7") ® x»n" QU

One can check that k; ;z/ + I; jx22™*, k; ja;xz7 + ;7™ are linearly independent. It follows that z/ ®
UV, 7" ®@v € Vand V = V(i, j). Hence, V(i, j) is a simple subcomodule of Hg,, ® S;. Similarly, we
have W(i, j, ) is a simple subcomodule of Hg,, ® S, for0 # [ € K, j € Z,,, and j # 0, m. By Lemma3.1,
the vector spaces defined in (1)—(3) are all simple subcomodules of Hg,, ® S ;. O

Lemma 3.3. As Yetter-Drinfeld modules, Hs,,-V (i, j) = Hg,,W(i, j, 1), where 0 £ 1 € K, j € Z,,, and j #
0, m.

Proof. By (2.3), we have
X (@ + o) @ v) = (1) = 00" @ V' € Hg,, - WG, j, D).
By (2.4), we have
P07 @ V) = 7" R U + 7" @ " U
Then 7/ ® v € Hg,, - W(i, j,[). Hence
xi- (@ @v) = (-1 + (- whx" @' € Hy - WG, i D),

X1 (2" @ V) = (1) + (=) w )0z ® U € Hyy - W, j, D).
Therefore, as Yetter-Drinfeld modules, we have Hg,, - V(i, j) = Hsg, - W(i, j, 1), where 0 # [ € K, j €
Zyy and j # 0, m. O

By Lemma 3.2 and Lemma 3.3, we just need to consider the following Yetter-Drinfeld modules:

e Hg, - U(i, j), where i € Zy,,, j = 0, m;
e Hyg, -V(,j), where i, j € Zyy, j # 0, m.

Now, we consider M(i, j) := Hg,, - U(i, j), where i € Z,,,, j = 0, m. There are two cases:
Case 1: M, := M(i, j) for i € Z,,,, where j = 0 if i is even and j = m if i is odd. M; are 1-dimension
simple Yetter-Drinfeld modules. The actions on the basis {¥' = 7" ® v/} and the coactions are given by

V=0, x%-vV=0 =z-vV=0V, p0)=7"®V.
Case 2: M(i, j) for i € Z,, where j = 0 if i is odd and j = m if i is even. M(i, j) is a 4-
dimension simple Yetter-Drinfeld module. The action on the basis {v;’ = 2/ ®v/, v’ = x;z"" @v/, v}’ =
%" @V, vy = x1x2/ ® U'} and the coaction are given by

i,j

Lj _ in, i Lj _ inyiJ — i
xpvy = D2y, vy = (D)2, vy =Wy,
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ij i,j i+1~_ 0] i,j i—1_ i.j
x-vy! =0, XV = (DT, v = -0,

i _ in, ] L _ [ R = B A
xp-vy =(=D2vy, x-vy =0, vy =W vy,
xp-vy =0, x-vy =0, vy = —w’_zv;’J.

pO%) = 2 ® VY,
pO) = 12" @ vy + 2" @ v,
PO = 2T @ Vil 4 2 @ Vi,
P(Vé’j) = Xlszj ® Vf)’j + xzzj ® yi’j — X1Zj ® V;.i +7® V;,j.
For N(i, j) := Hgy - V(i, J), i,] € Zow,j # 0,m. N(, j) are 4-dimension simple Yetter-Drinfeld

modules. The action on the basis {v;’ = 2/ ® v/, v} = ;2" @ v, v} = x2™ @ v,V = xix7/ @ V1)
and the coaction are given by

xovgl =ap, wmevy =bgy, v = oy
X Vl;j =0, X Vil’j = _bi,jV;’j, vy = —wi_lvll’],
X V;’j = “i,jV;’j’ X2 V;’j =0, z- vgj = w"‘lvgj,
re V;’j =0, Xy V;’j =0, Z v;’j = —w"‘zv;’j .

N PN oo i
pvy) =2/ ®vy +axz’ ®vy,
LIy m+j i,j m+j iJ m+j ij m+j i,J
e =xiZ" vy + " v —aixi " @ vy +aixd" @ vy,
S N =S B ¥ B TS A N
p(Vy) = " vy + " vy,

Py = xi02 @ vy + 7 @V —xid @ vy + 2 @V

Here a;; = (-1)' + (-1)/"'w™,b;; = (-1} —w™,a; = =45
Let A ={(i, j)li, j € Z,,, and j # im (mod 2m)} and

N = K{vgj =@ VY = "™ @ v VY = n" @ U VY = xind ® vi},
where (i, j) € A. Note that
{Nl,jl(la .]) € A} = {M(l’ J)ll € Zstj = 09 m’j * lm (mOd 2m)} U {N(la ])|l"] € ZZma.j * Oam} .

In the sequel the operations of subscripts are in Z,,,.
We get the first result of this paper.

Theorem 3.4. The set
(Mili € Zoh|_J{NijlGG, ) € A}

forms a complete list of non-isomorphic simple Yetter-Drinfeld modules over Hg,,.
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Proof. Firstly, we show that
M; = M, if and only if i = i’ for i,i" € Z,,,.

Let f: M; > My,V' — av' be a Yetter-Drinfeld module isomorphism, where 0 # a € K. Then, we
have

z- fO) =az- V' =ad" V' = fz-V) = W fO) = awV,
(d ® () = (d ® )Z" & V) = az" @V = p(f(O)) = p(') =aZ " @V .

Hencei =17
Now we show that each N; ; for (i, j) € A is simple Yetter-Drinfeld module.

3 .
Let 0 # V be a Yetter-Drinfeld submodule of N(i, j) and 0 # v = }, v, € V, where ¢}’ € K and
=0

(g’ @), a5, ay)) # 0. By (2.4), we have

Wi i C P ; ij
p) =(ay'z + o' 17" + @y %" + & X7 © vy
L,j_m+j i,j j i,j
+()'7" + a3’ %7 ® V)
Lj_m+j _

[ SR B N S m+j 9 iJ
+ (ayajx7) —a’aix 70" + @)’z a; x17)®v,;

i,j m+j ij_j i
+ (o) ajx?" + a3’z ® vy

If (o), @5') = 0, it is easy to see that vy’ € V. If (o}, @5)) # 0, a2/ + &)/ x1 2" + &5 102" + @ x1 3002/
and a}’a;x,2"* + 'z’ are linearly independent. We also get that v/ € V. It follows that

| -
Vl,] = —Xx - Vls.] c V,
1 o 0
ai

o i
v, _b-~x2 4 eV,
1)

. 1 )
vy = xix - vy €V
b
al,] L]

Hence, V = N(i, j) and N(i, j) is a simple Yetter-Drinfeld module.
Finally we show that

N;; = Ny yif and only if (i, j) = (7, j') for (i, j), (7', J) € A.

. 3 L
Letg: Nij = Ny j,vy' = X agv,”, where k € {0, 1,2,3}, ax, € K and there exists / € {0,1,2,3)}
1=0
such that a;; # 0 for each k € {0, 1, 2, 3}. Then we have
3

LN _ i'7 iLj _ LN _ i',j
x1-8(vy) = @opar v’ + @opar vy =g vy =ai; poany,”,
=0

3
Liy ij iJ _ Liy _ i
X2+ 8(vy) = aoobi jvy” — @by vy = g(xa - vy') = bij g v, ,
1=0
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1 1,07 i'=2_i.j

ij i -
Vit @oaw TV, — @o3w V3

ij i i'—
. g(Vo ) = Qo ow Vo T Q1w

3

I NN i

8(z-v; —w’Zao,lvl ,
1=0

LN _ iy iLj _ ij _O
xp g = arpapr v, +aipap vy = glxr - vyt =0,

3

LIy iJ i _ LIy i’y

X - g(vl ) = a’l,Obi’,j’Vz - al,lbi’,j'v3 =g(x - 14 ) = _bi,j § s v, ,
1=0

a'l,OU-)l Vé)’J _ a’l,lwl —lvll,] + 0/1,260’ —lvlz,j _ a'l,30-)l —2vl3d

z- W)

3
LiN _ i—-1 i
gz-v) = -w g v, ,
1=0

x1 - 805 = anpap V) + aapar vy = g(x1 - vy?)

3
l',,j,
ai,j as v, ,
=0

iy _ i i _ Liy —
X2 8(vy) = anobi jv,” — aiby jvi’ = g(xa - v;7) = 0,
Ly _ i i i'—1JJ i—1_i.J i'=2_i,j
Vo g(V2 = QoW VO — 1w Vl + a2 V2 — dr3W V3
3
— Liy — , i-1 iJy
=8z v;)=w E<mw ,
1=0
NN i'j ij _ LN —
x1+8(v37) = aspap pv," + aspap vy = glx - vy') =0,
LIy — i i _ LIy —
X - g(v3 ) = 0/3,0bi',j'V2 - 0’3,1bi',j'V3 =g(x - V3 ) =0,
LIy _ PP =1 iJ i—1_i.J =2 i.j
7-80ry") = o' vy — @310 TV F @’ T Y, —assw' TV

3
_ Liy — i-2 2 : i'.J
- g(Z " V3 ) =—w sz v, " .
=0

Hence i =i and a;; = O for k # [. Also, we have

(id® g)p(vg’j (id ® g)(x1 %7 ® vgj + 07 ® vi’j -x7® v;j +7® v;’j )

. i/’j/ . i/’j/ . i/’j/ . l'/’j/
@ooX107" @ vy + @107 @V —appx17 ®v,T + a3z’ ® vy

= p(g(/2) = az3p(Vy )

o i/, o o i,, v . l.,, - . i,, -
= w3301 07 @V +asznd @V -z @y +aszr @y

Hence j = j and app = @11 = @22 = @33. Therefore,
N;j = Ny j if and only if (i, j) = (¢', j') for (i, j), (", j') € A.
The proof is finished.
Corollary 3.5. N; 7= Nipio-ij for (i, j) € A.

Proof. Let {11’ Ik € {0, 1,2,3}} be the dual basis of {+}/|k € {0, 1,2,3}} such that

WY =0, We) =0, ug ) =0 gl0%) = 1w,

AIMS Mathematics Volume 8, Issue 5, 10997-11014.
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Loy dy — Lo dy — L dy — j Lje By
My (V() ) - O» My (Vl ) - O» My (V2 ) - —(,U], ,uo (V3 ) - 0,
g iy ijg gy g iy i iy
,le (V() ) - O, ,le (Vl ) - (_1)](1—)]’ luz (VZ ) - 07 ,le (V3 ) - 0’
ijg iy ijg iy ije iy — ij oy idy —
WO =1, o) =0, WO =0, @0k =0,
By (2.2), we have
Lj _ ij Lj _ ij Lj _ 2—-i i.j
X1 My = Amio—i—jly > X2 " My = bm+2—i,—j,uz P My =W l,u() P
ij ij Lj ij 1-i 0Jj
X py” =0, Xy o (= =baoniuss zopy =0 Ty
ij _ i.j ij _ i =i i
Xi ot fy = Amao-imjly s X2y =0, Ty = —w Ty,
Lj _ Lj _ Lj =i
xi-py =0, Xy p50 =0, Ty = Wy
and
Liy — o~ i,j —Jj i,Jj
puy) =727 ®uy’ +ajxz7 ®
LN _ —j i,j —j ij —j i,j —j i,j
Py = xi 2" ®uy’ + 2" @y = asjx 2" @ iy + a_jxp 7" @y,
iLj\ _ m—j i,j m—j i,j
p(y) = 2" @ uy + 7" @y,
iy _ & 1 & 1 @ 1 4 i @
P = X127 @uy + X7l @uy —xiz7 @y + 77 @y
Hence N; i = Npsoi—j- i

4. Projective class rings of ZZ,}‘/ D

Assume that H is a finite dimensional Hopf algebra. Let F'(H) be the free abelian group generated
by the isomorphic classes [M] of H-modules M. Then the abelian group F(H) becomes a ring equipped
with a multiplication given by the tensor product [M][N] = [M ® N]. The Green ring r(H) is defined
to be the quotient ring of F'(H) module the relations [M @ N] = [M] + [N]. The projective class ring of
H is the subring of r(H) generated by their projective and simple representations of H. As is known,
WD = peon /M. where g eon) M is the category of the left modules of Drinfeld double D(H*P).
The projective class ring of D(HP), or equivalently, the projective class ring of ZJZ) is denoted by
rp(D(HP)).

In this section, we denote D := D(H,"). Let P(V) be the projective cover of a simple D-module
V, or equivalently, a simple Yetter-Drinfeld module V e ggmyz) It is well-known that (V) is unique
(up to isomorphism) indecomposable projective D-module which maps onto V. Let Irr(D) be the set
of isomorphism classes of simple 9-modules. One sees that

P =~ @ P(v)@dimv’
Velrr(D)

and D is unimodular and quasi-triangular (see [24,25]).
Let us determine the projective class ring rp(9). For this purpose, we denote P; := P(M;),i € Zyy,
and firstly introduce some lemmas.

Lemma 4.1. (1) M,'®Mj = M,-+j = Mj®Ml' and M,'®Nk’1 = Ni+k,im+l = Nk,1®M,-f0r i,j€ ng,(k, l) €
A;
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(2) P(N;ij) = N;j, (i, ) € A;

(3) Mi®P;=Pir;=P;®M; and dimP; = 16 for i, j € Zy;

(4) For (i, j), (k,I) € A, h € Zy,,, Hom(N; ; ® Ni;, M) # 0 if and only if h = i + m + k — 2 (mod 2m)
and j = (i + k)ym — 1 (mod 2m).

Proof. (1) It follows from a direct computation.
(2) Suppose that P(N; ;) # N;; for some (i, j)) € A. Since D is unimodular, SocP(N;;) = N;;, and
dimP(N; ;) > 2dim N; ; = 8. Since P(N_ j-mr) ® M is projective and

Homg(P(Ni—k,j-mk) ® My, Ni—g j-mx ® My) = Homp(P(Ni, j-mi)> Ni—k, j-mr ® My ® M)
= Homp(P(Ni—k,j-mi)> Ni-k,j-mik) # 0,

we have P(N; ;) = P(Ni—i j-mk ® Mi) C P(Ni—i j-mi) ® My, which implies that
dimP(N,‘_k,j_mk) > dlmP(Nlj) > 8.
Let J = {(s,1) € Al(s,t) = (i — k, j — mk) for k € Z,,,}. It is obvious that

|[J| = 2m and |A — J| = 4m* — 4m.

Then
2m—1
dim®D = Z dimP(M,) + Z 4dimP(N,,) + Z 4dimP(N,,)
i=0 (s,p)ed (s,HeN-J
2m—1

> Z dimP(M;) + 32|J] + 16|A — J| > 32|J| + 16|A — J| = 64m”.

i=0

It is a contradiction. Hence P(N; ;) = N; ; for (i, j) € A.

(3) Since P(N; ;) = N, ; for any fixed (i, j) € A, it follows that 2m dim P; = dim D —4|A|dim N; ; = 32m
and hence dim#; = 16. Similar to (2), we have P; C Py ® M;. Then, P; = Py ® M;. Hence, P; @ M; =
PQ@Mj@M,‘ = p()@MH_j = P,‘.;.j.

(4) Since D is quasi-triangular, M ®¢ N = N ®¢ M for M,N € , M,

HOI'IID(N,‘J ® Nk,], Mh) =~ HOl’l’lg) (N,‘,j, HomK(NkJ, Mh)) = HOl’Ilg) (N,',j, NZ,Z ® Mh)

= Homp (N, M) ® N;;) = Homp(N; j, M} @ Nypiok-1)

= Homqp(N; j, Npsm+2—khm—1)-

Then by Schur’s lemma, Homg(N; j ® Ny, M) # Oifand only if i = h+m + 2 — k (mod 2m) and
j=hm—1 (mod 2m), ifandonlyifh=i+m+k—-2 (mod 2m)and j = (i + k)m —1[ (mod 2m). O

Corollary 4.2. We have

2m—1

0= (r) B |

(Jk)eN

AIMS Mathematics Volume 8, Issue 5, 10997-11014.
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Now we describe the projective cover P; of the simple module M; for i € Z,,,. For convenience, we

let

0000 1 0 0 0 00 00

100 0 0 -1 0 0 00 00
A=10 0 0 ol B=lo o -1 0 ©7|1 o o ol

0010 00 0 1 0 -1 00
10 0 0 0 00 0 10 0 0

0 —w' 0 0 0 000 0z 0 0
D=l 0 o' o | E7|=w 0 0 o| F=lo 0o o o

0 0 0 - 0 100 01 0 1
0O 0 0 0 0O 0 00 0 00 0
lomzr 0 0 0 o o0 0o o o000
=10 0 0o o |z o0 ool KT 0 o000
0 0 -2x, 0 0 2x, 0 0 dxixs 0 0 0

Let  be a vector space with a basis {pg, p1, -
the form:

-+, p1s} and the action and coaction of Hg, on $ be

A0 0O cC 0 00 -w’D 0 0O O
[]_BAOO []_OCOO (2] = 0 wD 0 0
=0 0 A of T B 0o c o] "7l wE 0 -wD 0Of

0 0 BA 0 -B 0 C 0 E 0 D

F-G-H+K 0 0 0
| 2xZ"H+F) Z"(F+G+H+K) 0 0

PBY=1 5 n(F - G) 0 2"(F+G+H+K) 0 ®F
4x1x, F 2x,(F + G) 2xi(H - F) F-G-H+K
where P = (po, p1,-+, p1s)’ . By a complex computation, we know that # is a left Yetter-Drinfeld
module.

Lemma 4.3. P is an indecomposable Yetter-Drinfeld module over Hg,,,.

Proof. Suppose that # is not indecomposable. Then there exist two non-trivial submodules M and N

suchthat P = M & N. Let

Ko = p3+ pi2t+pPo—pe, Ki=p7—P13, K2 =Pi1— P4, K3 = Pis,
K4 = P1+ P4, K5 = Ps, Ke = P2 + Ds, K7 = P10,
Kg = po, Ko = p3 — P12, Kio = Pe t+ P9, K11 = P11+ Pis,
Ki2 = D1, K13 = P2, Ki4 = p7, Ki5 = Pe

and K_; =0,K; = Zfzo Kk; for [ € {0, --- , 15}. One can check that

0=K,cKycKyc---cKis=%P

AIMS Mathematics
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is a Yetter-Drinfeld submodules chain of # such that K;/K,_; is a one dimensional Yetter-Drinfeld

module. And

KK =M., ifl=2,11; K/K_ =M, ifl=0,9,10,15;
K/Kii =M, ifl=4,12; K/K.3 = M, ifl=3;

Ki/Kioy = My, if1=1,14;  K/K_1 =M, ifl=57;
Ki/Kiy = My, if 1 =6,13;  K)/K; = M., if [ = 8.

We claim that Kis € M and K15 € N. If Kis € M, then K11 — K2, K4 — K12, Kg, K13, K1a € M since

X1 * K15 = K14,
_ Kiit — K
X2 " K15 = —2 s

p(K15) =4x1x, @kg +2x, ® (K4 — K12) +2x1 k3 + 1 ®«kys,

which implies that

Ko = X1 X2 - kg €M, Ki = X1X2 - (K4 — K12) € M,
Ky = XX - K13 € M, K3 = =Xy Kis € M,

Ky =X Kg €M, Ks = X1 - (k4 — K12) € M,
Ke = Xp - kg € M, K7 = —X2 - K13 € M,

Ko = X1 - K13+ X2 - (K4 —K12) € M, Kio = X1X2 - kg + X3 + (Ka — K12) — X1 - K13 € M,

K11 = XoX1 - K13 +2X2 - K15 € M, K12 = X1 + Kg + K1p — K4 € M.

Then M = P. It’s a contradiction. Similarly, if x;5 € N, then N = # and also a contradiction. Hence
the claim follows. Therefore, there exist some a; € K, fori € {0, 1, --- , 14}, such that

Then

14

K:Zaiki+K15 eM.
i=0

pK) = (g + Qay + ag)x17" + 2ax7" + 4azx;1x3) ® Ko

AIMS Mathematics

+ (17" + 2a3%) @ k1 + (27" — 2a3%1) @ kr + 31 @ k3

+ (7" + 2as5x1 + 2(@19 — Qo + @15) X + 414 X1 %22") ® Ky

+ (a5 + 2a143x27") ® Ks

+ (@™ + 2a7x5 + 2(g + a10)x1 + 811 x1x22™) ® ke

+ (7 —4a1x2") ® k7

+ (ag = 2a12x12" = 21338 + dary5X1X2) ® Ky

+ (g + 2a11%27" + @4x17") @ ko + (a1 + 211 7" — a14%12™) ® K10
+an" @ ki + (@127" = 2a15x2) ® k1o + (132" + 2a15x1) ® K13
+au?" @ ks + 1 @ k5.

Volume 8, Issue 5, 10997-11014.
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It is observe that k; = agko + @3K3 + @5k5 + @7Kk7 + Qgkg + oKy + A19K10 + K15 € M. Hence

A

X1 Kq (ag + CZ]())K] + 7Ky + gk + K14 € M,

1 K11
Xy - K] = —5K] +(a9—a10—§)®/<2+a8/<6+7 eM,

A K3
X1Xp Ky = agkg + = €M,

2

and
K3 1
plagky + 5) =(ag +2x1%) @Ky + X2 ®K; — X] @ Ky + 51 ® K3.

Then Ko, K1, K2, K3 and agKy + K14, AgKg + % € M. Note that

plagks + k14) = (agZ" + 4x1%22") ® kg + 2x27" ® ks + x12" ® (Ko + kg — K1) + 2" ® K14,
m

K Z
p(agke + %) = (ag + 4x1%7") @ kg — 2x17" @ k7 + x7" ® (kg + K10) + ) ® Ki1.

Then Ka, Ks, Ke, K7, K9, K10, K11, K14 € M. Hence Ky = gk + a12K12 + a13K13 + K15 € M, and

p(ky) = 2x2 ® kg + (a5 — 2012%12" = 2a1307" + 4x1X2) ® ks + (122" — 2x2) ® K12
+ (a’13Zm + 2.X1) ® K13 + 1 ® Kis.

Thus k5 € M. It’s a contradiction. Consequently, £ is indecomposable. m|

Lemma 4.4. P = Py as D-modules.

Proof. It is well known that D is a symmetric algebra [26] and every projective module is injective. In
particular, Py = E(M;) for some i € Z,,, and the socle and top of # coincide. Therefore Py = E(M,).
On the other hand, by Lemma 4.3, we know that # is an indecomposable module with SocP = M,.
Thus,  embeds in E(M,), which implies that = E(M,), since they have the same dimension. Hence,
P = Py. O

Now we calculate the tensor decompositions of the simple and indecomposable projective Yetter-
Drinfeld modules. Denote EBi Visr = Voo ®V,yp, fora,b € 2,,,V € Z:Zy@.

Lemma4.5. (1) Fori,je€ Zy,,

P, ® @j o~ @ (P@z ® P2 @ Pi+j+m12) ® P?if' ® P?izﬂm'

i+jxl i+j+m=1 J
+

(2) Fori, j € N, k € Zy,,

N,"j QP =P, ® Ni,j

~ 2 @2
= @ (Niej—kil,j+km+m ® Ni+k+mil,j+km+m ® Ni+k+m¢2,j+km)
"

® N2

i+k+m,j+km*

e N

i+k,j+km

AIMS Mathematics Volume 8, Issue 5, 10997-11014.
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Proof. It suffices to prove the lemma for Py ® Py and Py ® N; ; by Lemma 4.1 (1)(3).
By the proof of Lemma 4.3,

[Pol = 2[M1] + 2{M 1] + 2[M 1] + 2[M)-1] + [Mypi2] + [M, 2] + 4[Mo] + 2[M,,,]
in the Grothendieck ring of the category of the Yetter-Drifeld modules over Hg,,. It follows that
Po@Po = (P ((Me1 @P)7 & (M1 @ P0)™ & (M2 8 P))
+

& (My® Po)* & (M,, ® Po)®*
=D (P50 P2, 0 Pu) 0 P 0 P,

m=1

and

Po®N; ;= @ ((Mil ® Ni,j)@z © (Mys1 ® Ni,j)@z ® (Mys2 ® Ni,j))

+

®(My® N, )* ® (M, ® N, )*

~ @2 @2 . . o4 @2
= @ (Nitl,j+m ® Ni+mi1,j+m ® NH'misz) ® Ni,j ® Ni+m,j’
+

The proof is finished. O
Lemma 4.6. For (i, j), (k,]) € A, we have

Piemek=25 ifj=(i+km—-1 (mod 2m);
Nij®Ni; =1 .

@ (N itk (m=1yt, j+iemt © Nitiy(m-1yi-1, j+l+(t+1)m) ; otherwise.

=0

Proof. If j = (i + k)m — [ (mod 2m), then by Lemma 4.1(4), Hom(N; ; ® Ni;, M;,) # 0 if and only if
h=i+m+k-2 (mod 2m). Since N; ; ® Ny, is projective and dim®P;,x—» = dim(N; ; ® Ni;) = 16, we
get that Py = N,-,j ® Ny

If j # (i + k)m — [ (mod 2m), then by Lemma 4.1(4), Hom(N; ; ® Ny;, M) = 0 for any h € Z,,,
which implies that #;, can not the direct summand of N; ; ® Ni;. Hence N; ; ® Ny, has to be the direct
sum of four 4-dimensional simple projective modules.

Let
D bub

i,j o)
1 —w2 gr,s = ,urj ® V];

forr,s €{0,1,2,3} and

Boo = Givk j+1bisk, j+1(60,0 + 1622),

Bot = bisk jri(ari(Bo1 + 623) + (=1)*a; j(61 0 — 1652)),

Boz = Gk jri(briboz + (=1)*b; j62),

Boz = awibiibos + aibi 630 + (=1 a; jbi 612 + (=Dfarbi 651,
B10 = biskem-1,j+1sm B0 + 1023 — (1) w7 (0) 9 — 1652)),

AIMS Mathematics Volume 8, Issue 5, 10997-11014.
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Bi1 = bivkim—1,js12m(611 — 163 3),

Bz = (Db (1Y w63 — 621) — bis(6o3 + (1) w76, 1),
Bi3 = b3 — (=1)'b; 65,

B20 = Qi1 jiism(Bo2 — 0 0r),

Bai = a(Bos — w021) — (=Dfa; j(015 + 0 6s),
P22 = Qivi—1,j+1+mB2 2,

Bas = aribrs — (—1)'a; 652,

Bio =003 — w01 + (=1 w (015 + w ),
B =013+w 6,

Bir =03 + (1) w65,

Bsz = 0s3.

A direct computation shows that

K{Bo,0,B0.,1,B0.2,B03} = Nisk jsi»
K{B1.0,81,1:81.2: 813} = Niskrm—1,j1+ms
K{B2,0,B2,1,P22, P23} = Nisk—1,jstem>
K{B3,0,83,1,832, 33} = Niskem-2,j+1-

Hence,
Nij® Nii = Niti jr1 ® Nizkom—1,j+14m © Nivk=1,j+1om D© Niskam—-2,js1-

O

By Lemma 4.1, Lemma 4.5, Lemma 4.6, the projective class ring rp(2) is a commutative ring. Let
yo = [M1],y: = [No,l,i €{l,---,2m — 1}

Lemma 4.7. The following statements hold in rp(D).

(]) [Ml] = Y6f0” € ZZm;

(2) [Nijl = ¥ jrim for (i, ) € A;

(3) [Pi] = 35" 2y, for i € Loy

(4) Fori, j,k,j+ke{l,---,2m— 1},

V=1, YV = Vo
Vi = L+ 307+ 9 ke
Vive = (L+ 295"+ 2502 4+ 29577 + 230 + 4902 + 29070 + 30 .

Proof. The results are easy to get from Lemma 4.1, Lemma 4.5, Lemma 4.6. O
Corollary 4.8. The following set is a Z-basis of rp(D):
{3 YoV js oVmli € Zow, j € {1,2, - 2m = 1}}.
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Proof. By Lemma 4.7(4), 32" = 1, and for k, Lk + [ € {1,--- ,2m — 1}, %, yxJ1 can be expressed as a
linear combination of {y}, yy;, Voymli € Zom, j € {1,2,---2m — 1}}. It is easy to check that the set
(s o3> Yomli € Zom, j € 41,2, 2m — 11}

is a independent set since #{y., yiy;, Viyali € Zoy, j € {1,2,---2m — 1}} = 4m* + 2m, the number of
Z-basis of rp(D).
Hence, {y}, 35y, Viyali € Zoy, j € {1,2,---2m — 1}} is a Z-basis of rp(D). O

The results of this section is as follows.

Theorem 4.9. The projective class ring rp(D) is isomorphic to the quotient ring of the ring
ZIYo, Y1, "+ » Yam—1] modulo the ideal I generated by the following elements

V"= 1, YVamei = Ve Yk — A+ Y Y ke
2 2m—1 2m—2 2m-3 m—1 m—2 m—3 m—4
ViV — (L + 29" + 295" + 29" + 2yq +4yy T+ 2y + v i 4.1)

where i, jk, j+ ke {l,--- ,2m—1}.

Proof. By Corollary 4.8, there is a unique ring epimorphism

@ : Zlyo, y1.- -+ s Yam-1]1 = rp(Hsm)
such that ®(y;) = y; for i € Z,,,. By Lemma 4.7(4), we have
O(y" — 1) = OO ~ 1 =y3" ~ 1 =0,
OO Yam-i = Vi) = PCONPY2mi) = CYu)* = JiVom-i — Vi = 0,
D(yyx = (L+y5" "+ 357 + 307y
= O(y)P() — (1 + (o)™™' + D)™ + D) ) D(jar)
== L+ 35" 4307 + 36 = 0,
(I)(y,-yfn -1+ 2)%’"_1 + Zy%;’"_z + 2)7(2)’"_3 + ny)"_l + 4y6"_2 + 2))6”_3 + y6"_4)y,-)

= yya — (1 + 298" + 29872 + 298" + 290 + 4yt + 250 + 30y = 0.

Let I is the ideal generated by the elements (4.1). It follows that, ®(/) = 0 and ® induces a natural
ring epimorphism
D : Zyo, y1s- -+ > Yam /1 = rp(Hgy)
such that ®(¥) = O(v) for all v € Z[yo, 1, - » Yam_1], Where v = v + I.
It is straightforward to check that the ring Z[yo, y1, - , Yam—1]/1 1s Z-spanned by
(Yoo YoV j» YoVmli € Zow, j € 41,2, -+ - 2m — 1}}.

This means the Z-rank of Z[yo, y1, - , Yam-11/1 is 4m*+2m. Hence we get the ring isomorphism ®. O

5. Conclusions

It’s a challenging work to classify all indecomposable modules or indecomposable Yetter-Drinfeld
modules over the finite dimensional Hopf algebras over an algebraically closed field of characteristic
p > 0, and to classify all finite dimensional (Nichols) Hopf algebras over Hg,, over any field. This is
our future attempt.
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