AIMS Mathematics, 8(5): 10929-10946.
DOI:10.3934/math.2023554
AIMS Mathematics Received: 22 November 2022

Revised: 23 February 2023

Accepted: 26 February 2023
http://www.aimspress.com/journal/Math Published: 07 March 2023

Research article

Some fixed point results based on contractions of new types for extended
b-metric spaces

Wasfi Shatanawi'->* and Taqi A. M. Shatnawi’

! Department of Mathematics and Sciences, College of Humanities and Sciences, Prince Sultan
University, Riyadh 11586, Saudi Arabia

2 Department of Mathematics, Faculty of Science, The Hashemite University, P.O. Box 330127,
Zarqa 13133, Jordan

* Correspondence: Email: wshatanawi@psu.edu.sa.

Abstract: The construction of contraction conditions plays an important role in science for
formulating new findings in fixed point theories of mappings under a set of specific conditions. The
aim of this work is to take advantage of the idea of extended b-metric spaces in the sense introduced
by Kamran et al. [A generalization of b-metric space and some fixed point theorems, Mathematics, 5
(2017), 1-7] to construct new contraction conditions to obtain new results related to fixed points. Our
results enrich and extend some known results from b-metric spaces to extended b-metric spaces. We
construct some examples to show the usefulness of our results. Also, we provide some applications to
support our results.

Keywords: fixed point; extended metric space of type (y,5); extended b-metric space
Mathematics Subject Classification: 37C25, 47H10, 54H25

1. Introduction

Nowadays, the subject of fixed point theory is one of the most beautiful and attractive subjects
in science because this subject has many applications in all aspects of science. Many authors have
extracted many fixed point results, and applied their results to give a set of conditions for such integral
equations, and ordinary differential equations to guarantee existence solutions to such equations,
see [1-4] and the references cited there. Ameer et al. [5] employed the directed graph to introduce
new mappings, called “hybrid Ciri¢ type graphic T, A-contraction mappings”, and then applied their
new results to study some applications to electric circuit and fractional differential equations.

The thought of metric spaces has been extended in many directions, such as G-metric spaces, cone
metric spaces and b-metric spaces in order to expand Banach’s contraction [6] to more beneficial
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forms. Recently, Kamran et al. [7] expanded the thought of h-metric spaces in the sense introduced
by Baktain [8] and Czerwik [9] into a new concept called “extended b-metric spaces”. The benefit
of extending metric spaces to new spaces is to enrich the sciences with new findings relevant to fixed
points for mappings that satisfy a set of suitable conditions to ensure the existence of fixed points for
some findings in b-metric and extended b-spaces, see [10-17].

Abdeljawad et al. [18] extended some results in fixed points to partial b-metric spaces.
Shatanawi et al. [19] utilized the ordered relation to present a new extension of Banach’s contraction
theorem. Roshan et al. [20] presented some common fixed points in ordered b-metric spaces for
functions that satisfy contraction condition based on two different functions. Recently, Mlaiki et al. [21]
launched a new space, called “controlled metric type space”, and they gave a new version of the
Banach contraction theorem. Then, some authors obtained good results on this new topic, see [22-25].
Farhan et al. [26] studied some results of Reich-type and (e, F)-contractions in partially ordered,
double-controlled metric-type spaces. Then, they applied their results to obtain some applications
to non-linear fractional differential equations.

Henceforth, Q stands for a non-empty set.

Definition 1.1. [7] For a set Q, let 8 : Q X Q — [1,0) be a function. Then, the function v : Q X Q
— [0, o) is called an extended b-metric, if V {,p,0 € Q, we have

(1) v(£,9) =0 &= (=g,
(2) v(£, ) =v(g, ),
(3) W&, ) <O, @[V, 0)+v(0, )]

The pair (Q,v) is referred to as an extended b-metric space.
Some examples for (Q, v) are stated here:

Example 1.1. For Q = [0,00),set0: OXQ — [l,00)andv: QX Q — [1,00) via0({1, () = 1+ 4+ 4,
V(],{z (S Q, and

W(&1.8) = { é 352, z?r:alé}f,gz €0; & # &,

Example 1.2. For Q = [0,00),set0: O X Q — [1,00) and v: O X Q — [0, 00) via 8(/, V) = 3+§+V, for
all Z,v e Q, and

(1) v(¢,v)=0,forall {,ve O, =v,
2) v(£,v) =v(v,{) =5, forall {,ve Q—-{0}, L # v,
(3) v(£,0) =v(0,¢) =2, forall £ € Q —{0}.

In this paper, we take advantage of the notion of extended b-metric to present new contraction
conditions, and we make use of our new contractions to formulate new results related to a fixed point
of a mapping that satisfies a set of conditions. More precisely, we will prove six new fixed point
theorems in the context of extended b-metric spaces. Also, we construct two examples to show the
validity and usefulness of our findings. Furthermore, we add an application to an integral equation to
support our results.
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2. Mains results

From now on, FP stands for a fixed point.

Theorem 2.1. Suppose (Q,v) is complete. Assume there exist r € (0,1] and h € [0,1), such that
T : Q — Q satisfies

v(T's, Tv) < r0(s,v)v(s,v) + hv(v, Tv), 2.1
forall s,v € Q. Assume that for any m € N,
1 -
lim sup 6(s;, $,,)0(s;, si+1) exists and less than , 2.2)
i—oo r

where s; = T'sq for sy € Q. Also, suppose that for any v, s € Q, we have

lim sup 8(v, T's) exists and is finite.
i—+00
Then, T has a FP in Q.
Proof. Let sy € Q. Then, set up a sequence (s;) in Q by putting s, = Q's,. For ¢ € N, condition (2.1)
gives

V(st, Siv1) = V(Q8i-1, Q1) < 10(s-1, SOV(Si-1, S1) + hv(sy, $i41). (2.3)

Simplifying inequality (2.3) to have

r
V(s S1) < 1 hg(st—l, SOV(Si—15 $1)- (2.4)
For ¢ € N, inequality (2.4) yields
t
;

V(s i) < (77 rl[ 0551 $)V(50, 51). (2.5)

For t,m € N with m > t, we choose k € N with m = t + k. The triangular inequality of the definition v
produces
V(Sts Strk) < 001, S )V(Sts Sr01) + 0081, S0 )V(St1, Sek)
< OCss, S )V(Se, Sea1) + 0081, $100)0(S 1415 S141)V(S1a15 S142)
+ O(Ss, S1)0(S i1, Stk )V(Sta2, Seak)
< O(St Sea)V(Sts Sta1) + 001, S111)0(S 1415 Sat)V(St15 S142)
+ 001, 51400081115 S140)0(S 142, S0 )V(Si12, 5143)
+ 001, 514001415 S141)0(S 1425 S141) V(81435 Si41)
<..
< 001, Seri)V(Sts Siv1) + O(S1, $110)0(S 1115 S141) V(8415 S142)
+ 0081, S0e1)0(S 1415 Se0i)O(St125 Se0i)V(St125 S143)

+

+ OCSs, S11)0(S i1 Stake) - - - O(Stak—2s Stak—1)V(Stak=25 Stak—1)

+ 0081, Seei)0(Sta15 Seek) -+ - OCSik=25 Stak=1)V(Stak=15 St+k)-
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In light of the values of € greater than or equal to 1, the above inequalities imply

IA

OCS1, Stai)V(Sty Si+1) + 0081, S14i)O(Six15 St )V(Sta15 S142)
+0(5t, St4)0(St415 S141)0(S 1425 St1)V(St42,5 St43)

+

V(Sts Stak)

+0(S1, S14)0(S1415 Stak) + + - OCSr4k=25 Stak—1)V(Stak—2, Stak-1)

+00Ss, S1+1)0(St415 Stak) - - O(Srak=25 Stak—1)0(Srik=15 St )V(Strk—15 St+k)
t+k—1 j

= > [ 10 sunviss 5. (2.6)
j=t =t
By using inequalities (2.5) and (2.6), it becomes
t+k—1 j
V(81 Sm) < }][Ieuwmw( y[]malwgw%wo 2.7)
Define
1_[ o(si, Sz+k)( )’ 1_[ O(sy—1, s,)v(s0, 51) := 1. (2.8)
Then,

lim 2~ i 00501, Soi)0(s 1 8 101)—— < 1
oo ; _j—>+oo Jj+1s Ot+k Jo O+l 1-h .

The ratio test makes certain

t+k—-1 j
(Z l_[ 0(si, St+k)(

i=t i=t

)[I“%lJQW%JO)
i1s Cauchy, accordingly the sequence (s,) is Cauchy in (Q,v). So, 3 s € Q as an output of the
completeness of (Q, v), such that
limv(s,, s") = 0. (2.9
>0
Our mission is to verify Ts” = s’. Before that, we need to verify

lim v(s;, 5441) = 0. (2.10)

t—+00

The triangular inequality with addition to inequality (2.2) emphasize

—-h
lim sup v(s;, §,41) < lim (v(s;, s") + v(s’, s,41)) = 0. 2.11)
t—+00

t—+00

Thus, (2.10) has been achieved. Again, the triangular inequality and (2.1) yield

v(s",Ts") < O(s", TsW(s', sp1) + 0", TSMWT's', s141)

2.12
<O, TSW(S, s41) + 08", TS)r0(s", sov(s’, s1) + hv(sy, Sie1)). (12
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On letting t+ — +co in (2.12) and benefiting from (2.9) and (2.10), we arrive at v(s’,Ts’) = O.
Accordingly, T's" = s5’.
In the following result, we assume that € is continuous in its variables.

Theorem 2.2. Suppose (Q,v) is complete. Assume there exist r € (0,00) and h € [0, 1), such that
T : Q — Q satisfies
v(T's, Tv) < rO(s,v)v(s,v) + hv(v, Tv),
forall s,v € Q. Assume that for any m € N,
) ) 1-nh
lim sup 6(s;, s,,)0(s;, si+1) exists and less than ,

i—00 r

where s; = T'sy for sy € Q. If 6 is continuous in its variables, then T has a FP in Q.

Proof. We proceed in the same way as in proof of Theorem 2.1, to generate a sequence (s, = T"s() in
0, such that s, —» s’ € O and

lim v(s;, $;41) = lim v(s,, s") = lim v(s, s;) = 0.
t—+00 t—+00

—+00

Also, the continuity of 6 in its variables implies that

lim 0(s’, s,) = 6(s’, s"). (2.13)

t—+00

Now,

v(s', Ts") <O0(s", TsW(s',s.01) +O0(s", TS WTs', s141)

2.14
<O, TSWS s s001) + O(s', TS YOS, s)OVS', ) + By, 5,41)). &1

Allow t — +c0 in the above inequalities, and make use of (2.13) and (2.14) to obtain

lim v(s',Ts") < O(s',Ts") lim v(s’, s,41) + 0(s", Ts")(r lim 6(s’, s)v(s’, s;) + h lim v(s;, s,11))
t—+00 t—+00 t—+o0 t—+00
= 0.

This means that 7s” = s’. Thus, the desired result is obtained.
The uniqueness of the FP in Theorem 2.1 or Theorem 2.2 can be obtained if an appropriate condition
is added.

Theorem 2.3. Suppose (Q,v) is complete. Assume there exist r € (0,1] and h € [0, 1), such that
T : Q — Q satisfies
v(T's, Tv) < rO(s,v)v(s,v) + hv(v, Tv),
forall s,v € Q. Assume that for any m € N,
. ) 1-h
lim sup 6(s;, 5,,)0(s;, si+1) exists and less than ,

i—oo r

where s; = T'sy for sy € Q. Moreover, assume that for any v, sy € Q,

lim sup 6(v, T'sp) exists and is finite or 6 is continuous.

i—+00
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Also, suppose that Vv, s € Q, we have

o 1
limsup 8(T'v, T's) exists and less than —.

i—+o00 r

Then, T has only one FP in Q.

Proof. 1f for any v, so € Q, we have limsup,_,, ., 6(v, T's,) exists and less than %, then Theorem 2.1
ensures that 4 s € Q, such that 7's” = 5.

If 6 is continuous in its variables, then Theorem 2.2 ensures that 4 5" € Q, such that Ts” = s’.

To verify that T achieves only one FP, let v/ € Q, such that 7v' = v'. Now,

v, s =v(TV,Ts") < ro(V, s WO, s)+kv(s',Ts")
= 0TV, T'sSWV,s)+hv(s',Ts")
= (T, T's WV, s).

On taking the limit of supremum as ¢t — +oo in the above inequality, we reach to
vV, s") <v(V',s"),

a contradiction. Thus, v/ = " and we conclude that 7 has only one FP.

Corollary 2.1. Suppose (Q,v) is complete. Assume there exists r € (0, 1], such that T : Q — Q

satisfies
v(T's, Tv) < ro(s,v)v(s, V)

forall s,v e Q. For sy € Q, let 5, = T"sy. Assume for any m € N,

1
lim sup (s, s,,)0(s;, si+1) exists and less than —.

[—00 r

Also, suppose that for any v, s € Q, we have

lim sup 6(v, T's) exists and is finite.

i—+00
Then, T has a FP in Q.
Proof. By choosing h = 0 in Theorem 2.1, we obtain the result as desired.

Corollary 2.2. Suppose (Q,v) is complete. Assume there exists r € (0,1], such that T : Q — Q

satisfies
v(T's, Tv) < rl(s,v)v(s, V)

forall s,v € Q. For sy € Q, let s, = T"sy. Assume that for any m € N,

1
lim sup 6(s;, Si+m)0(s;, si+1) €xists and less than —.

i—00 r

If 6 is continuous in its variables, then, T has a FP in Q.
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Proof. By choosing & = 0 in Theorem 2.2, we obtain the result as desired.

Corollary 2.3. Suppose (Q,v) is complete. Assume there exists r € (0,1], such that T : Q — Q
satisfies
v(T's, Tv) < rl(s,v)v(s,v),

forall s,v e Q. For sy € Q, let s, = T"sy. Assume that for any m € N,
1
lim sup (s, s,,,)0(s;, si+1) exists and less than —.
i—o0 r

Moreover, assume that for any v, sy € Q,

lim sup 6(v, T'so) exists and is finite or 6 is continuous.

i—+00
Suppose for any v, s € Q, we have

o 1
limsup 8(T'v, T's) exists and less than —.
i—+00 r

Then, T has only one FP in Q.
Proof. By taking & = 0 in Theorem 2.3, we get the desired result.

Corollary 2.4. Suppose (Q,v) is a complete b-metric space with constant b > 1. Assume there exist
re (0,11 and h € [0, 1) with b*r + h < 1, such that T : Q — Q satisfies

v(Ts, Tv) < rbv(s,v) + hv(v, Tv), (2.15)
forall s,v € Q. Then, T has only one FP in Q.
Proof. Define 0 : O X Q — [0, +00) via 6(s, p) = b, Vs,v € Q. Now, for sy € O, we have
1-h
lim sup 0(s;, Sism)0(s;, Siv1) = b* < ——.
[—00 r
Also, from br < b*r + h < 1, we arrive at
. 1
limsup 0(v, T'sp) = b < —.
{—+00 r
So, all conditions of Theorem 2.3 are met. So, the result also follows.

Corollary 2.5. Suppose (Q,v) is complete. Assume there exists r € (0,1], such that T : Q — Q
satisfies
v(T's, Tv) < rv(s,v), (2.16)

forall s,v € Q. Assume that for any m € N,

lim sup 6(s;, $i+m)0(s;, ;1) exists and less than ,

i—00 r

where s; = T'sy for so € Q. Suppose that for all v, s € Q, we have
S 1
limsup 6(T'v, T's) exists and less than —.

i—+00 r

Then, T has only one FP in Q.
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Proof. Let (5,11 = T's;) be a sequence in Q constructed as in the proof of Theorem 2.1. So,
V(S, S141) < rtV(SO, s1).
Thus,
lim v(s;, $;41) =0
t—+00

has been obtained. Take m € N, as in the proof of Theorem 2.1, we obtain

lim v(s;, $i4m) = 0,
t—+00

and, hence, (s;) is Cauchy in Q. Then, one can show that 7" has a FP, say € Q. Since r < 1, then the
uniqueness of ¢ follows from inequality 2.16.

Theorem 2.4. Suppose (Q,v) is complete. Assume there exist r € (0,1] and h € [0,1), such that
T : Q — Q satisfies
v(T's, Tv) < rl(s,v)v(s,v) + hv(s, Tv), 2.17)

forall s,v € Q. Also, suppose that for any m € N,

lim sup 6(s j+1, $m) (2.18)

Jj—o+oo

(re(sj, Sj+1) + ho(s, Sj+2)) <1
[~ h6(s;, 522) ’

where s; = T'sy for so € Q. Moreover, assume that for any v € Q, we have limsup,_,, . v(v, s;) exists

and is finite. Then, T has a FP in Q.

Proof. Presume sy € Q. Then, set up a sequence (s,) in Q, such that s, = Q'sy owns condition (2.18).
For t € N, condition (2.17) gives

V(Tst—l’ Tst)
rO(Si—1, SOV(Si-1, St) + hv(Si-1, St41)
rO(si—1, SOV(Si=1, 1) + hO(si—1, Sex1)V(Si—1, 1) + hO(si-1, Six1)V(Se, Si41). (2.19)

V(S Se41)

IA

IA

Simplifying inequality (2.19) to have

0(s,_1, + hO(s,_;,
Wy suay) < 1Ot SO F AOGS12 Seet) 0y (2.20)
1= h0(5r1, S121)

For n € N, inequality (2.20) yields

t

rl(sy_1, sy) + hO(sy_1, $y41)
) < , 851)- 2.21
Vs < | | =7 o e ) 2.21)

Choose f,m € N in such a way that m > ¢. Select k € N, such that m = ¢+ k. By helping with triangular
inequality of the definition v and imitation of the procedure in the proof of Theorem 2.1, at the end of
the day, we obtain

t+k—1

v(sisi) < D[ ] 0Csis swdv(sy, s, (2.22)

j=t i=t
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By employing inequality (2.21), inequality (2.22) can be written as

t+k—=1 j J

ro(sy_1, sy) + h0(sy_1, Sy.1)
V(Ss Sm) < 0(s;, Siix) v(Sg, S1). (2.23)
t ; E[ t+k 1:1[ 1 — hQ(Sy_l,SyH) 0591
Define
! L r0(s,-1. 5,) + hO(sy_1, 5y.1)
i=t y=1
Then,
I. 0(s:, Sis1) +hO(s:, s
lim ALY = lim 9(5j+1,S,+k)(r (Sj Sj+1) (S] SJ+2)) <1
Jjo+oo j Jjo+oo 1- hQ(Sj, Sj+2)

Ratio test implies that

+00 Jj ) Jj o rO(sy_1,5y)+h0(sy_1,5y+1)
Zj:] i=t Q(Sta s[+k) 1—[)’:1 1=h0(s,—1,5y+1) V(S()a sl)

_ +00 Jj J r6(sy_1,s).)+h9(sy_1,sy+1)
- S§= Zj:l i=t G(Si» St+k) Hy:] 1=h6(sy-1,5y+1) V(SO» Sl)-

By moving towards infinity in (2.23), the following will be achieved:

Iim v(s;, s,) =0,

t,m—+o00

and, hence, (s,) is Cauchy in (Q,v). As an output of the completeness of (Q, v), we find s € Q, such
that s, — s’; that is,

lim v(s,, s") = limv(s’, s,) = 0. (2.25)
t—00 t—00
Our task 1s to verify Ts” = s". Now, (2.25) and (2.17) lead us to
lim v(s;41, Ts") = lim W(T's’, T's;) < lim (rO(s’, s)v(s’, s;) + hv(s’, s;41)) = 0. (2.26)
t—+0c0 t—+00 t—>+00

By using the triangular inequality, and then moving towards infinity to obtain

lim v(s',Ts") < lim (O(s", TsW(S', s41) + (", TS W(s141, Ts"))
t—+00

t—+00
= 0,

and, hence, v(s’, Ts") = 0. Accordingly, T's" = s’.
In our next result, we assume that 8 is continuous in its variables.

Theorem 2.5. Suppose (Q,v) is complete. Assume there exist r € (0,1] and h € [0,1), such that
T : Q — Q satisfies
v(T's, Tv) < rO(s,v)v(s,v) + hv(s, Tv), (2.27)

forall s,v € Q. Also, suppose that for any m € N,

(re(sj, Sjr1) + ho(s;, Sj+z)) <1, (2.28)

lim sup 6(s 41, Sm) 1 — ho(s;, Si2)
Jo Pt

J—o+oo

where s; = T'sq for sy € Q. If T is continuous, then T has a FP in Q.

AIMS Mathematics Volume 8, Issue 5, 10929-10946.
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Proof. By starting with sy € Q, we launch a sequence (s;) as in the proof of Theorem 2.4, such that
there exists s’ € Q with

lim v(s;, s') = lim v(s’, s;) = lim v(s;, s;41) = 0.
t—+00 t—+00 t—+o00

Now, we show that T's” = s’. The triangular inequality and inequality 2.27 imply that
v(s',Ts")

IA

O(s", Ts'W(s', si41) +0(s", T W(s141, Ts")

O(s", Ts"W(s', s;41) +0(s", Ts"W(Ts,, Ts")

0(s", Ts'W(s', s;41) +0(s", TsWTs',Ts;)

O(s", Ts'W(s', s;41) +0(s", TsHro(s", s)v(s’, s,) + ho(s", Ts"Ww(s", Ts;)
O(s", TsW(s', s;01) + 0(s", TsHro(s’, s)v(s’, s;) + hO(s", Ts"W(s', s;41).

IA 1l

IA

By permitting ¢+ — +co in the above inequalities, we have v(s’, Ts’) = 0 and, hence, s" = T's".
The uniqueness of the FP can be achieved in Theorem 2.4 or Theorem 2.5 if a suitable condition
is added.

Theorem 2.6. Suppose (Q,v) is complete. Assume there exist r € (0,1] and h € [0,1), such that
T : Q — Q satisfies
v(T's, Tv) < rO(s,v)v(s,v) + hv(s, Tv),

forall s,v € Q. Also, suppose that for any m € N,

(re(Sj, $j+1) + ho(s), Sj+2)) <1
1- he(sj, Sj+2) ,

lim sup Q(Sj+1, Sj+l+m)

Jj—o+oo

where s; = T'sg for sy € Q. Moreover, assume that for any v € Q, we have limsup,_, ., 0(v, s,) exists
and is finite. Also, suppose for any v, s € Q, limsup,_,,., O(T'v, T's) exists and less than % Then, T
has only one FP in Q.

Proof. Theorem 2.4 ensures that there exists s* € Q with Ts” = s’. To verify that T achieves only one
fixed point, we suppose there exists v' € Q with s’ # V', such that 7v' = v'. Now,
v(s' V) =v(Ts, TV) < rO(s",Vv(s' V) + hv(s', TV
= rO(T's', TV W(s', V) + hv(s',V).
Rewrite the above inequality in a proper form, then we have
v(s',v) < 1Trhe(s', V(s V')
= ﬁG(Tts’, TV Wv(s', V).

By permitting ¢ tends to infinity in the above inequality, we get v(s’,v") < v(s’,Vv"), a contradiction.
Thus, s* =" and, hence, T has only FP in Q.
Corollary 2.6. Suppose (Q,v) is a complete b-metric space with constant b > 1. Assume there exist
r€ (0,11 and h € [0, 1) with b*r + h(b> + b) < 1, such that T : Q — Q satisfies

v(T's, Tv) < rbv(s,v) + hv(s, Tv), (2.29)

forall s,v € Q. Then, T has only one FP in Q.
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Proof. Define 8 : Q X Q — [1,+00) via 8(s,v) = b, Vs,v € Q. Now, for 5o € Q and m € N, we have

(ré)(sj, Sj+1) + h6(s, sj+2)) _ b(rb + hb) -1

1' 9 i+1s 97 m
1m Sup O(s j+1, 8 j+1+m) 1 — ho(s;, sj42) 1= hb

Jjo+oo
Also, from br + h < b*r + h(b> + b) < 1, we arrive at

1-nh
lim 6(v,T'sg) = b < )
r

t—+00

So, all conditions of Theorem 2.6 are met. So, the result also follows.
Now, we present some examples of our results.

Example 2.1. Let Q = [0,+0). Define 7 : Q —» QviaTv = fvand 6 : O x Q — [1,) by
0(v,s) =v+ s+ 1. Also,definev: O X Q — [0, +0) via

0, ifv=s,
Vv, s) = > ?fV?ﬁO,S:O,
2 ifv=0, s #0,

1452

max{v, s}, ifOxv+s=+0.

Then:

(1) vis extended b-metric, which is not b-metric.

(2) (Q,v) is complete.

(3) Let vy € Q, take v, = T™v. Then, for m € N, we have

1-h
-

lim sup 6(v;, v, )0(vi, viz1) = 1 <2 =

i—+00
(4) For any v, 5o € O, we have

limsup (v, T"sg) = v + 1 exists and is finite.

n—+oo

(5) Forany v, s € Q, we have
1
limsup8(Tv,T's) =1 <4 =—.
r

t—+00
(6) For s,v € O, we have
1 1
v(Ts, Tv) < ZQ(S, wv(s,v) + EV(V’ Ts).

We note that the hypotheses of Theorem 2.3 have been fulfilled for r = Al, and h = %

Example 2.2. Let Q ={0,1,2,3,...}. Define T : Q — Q via

1<

, if v is even,

Tv =
{%1 if v is odd,

= N
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and 6 : Q X Q — [1,00) by
6. 5) = v+, %f (v, s) # (0,0),
1, if (v, 5) = (0,0).
Also, define v : O X Q — [0, +00) via
0, ifv=s,
v(v,s) =141, if one of v or s is even and the other is odd,
min{v, s}, if both of v and s are even or both are odd, provided that v # s.
Then:

(1) vis extended b-metric, which is not b-metric.
(2) (Q,v) is complete.
(3) Let 59 € Q, take (s,) = (T"sg). Then, for m € N, we have

%Q(Sj, Sjv1) + %H(Sj’ Sj+2)) B %

Tim sup 6(s; 1,sm)( 2.
" 1= 16(sj. 5j12)

Jjo+oo

3
(4) For any v, g € Q, we have

limsup 8(v, T"qo) = v or 0 exists and is finite.

n—+o0o
(5) Forany v, s € Q, we have
1-h

limsup0(T"v,T"s) =1<3 =

n—+oo r
(6) For v, s € O, we have
1 1
v(Tv,Ts) < ZQ(V, sv(v, s) + Zv(v, Ts).
We note that the hypotheses of Theorem 2.6 have been fulfilled for r = %, and h = }—r

3. Application

In this section, our goal is to present some applications of our findings.
We start this section by giving a solution to the following integral equation:

1
f@= f K(t, f(s))ds. (3.1)
0
Now, let Q = C([0, 1]) be the set of all continuous functions on [0, 1]. Define ||.||, : Q — [0, +0) by
Ifllo = sup |f(DI.
t€[0,1]
Also, define v : O X O — [0, +0) via
0, if f=g,
W(f.9) = e
max {||flle, llglle),  if £ # g,
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and6: O X Q — [1,+00) via

0(f,8) = max {1 + | fllw, 1 + lIglleo}-

Then, (Q, v) is an extended b-metric space.
Now, let

A={f:feQlflle <1}

Then, one can show that A is a closed subspace of Q. So, (A, v) is complete.
Theorem 3.1. Suppose the following conditions:

(1) K :[0,1] x R — R is continuous, and
(2) There exists r € [0, }1), such that

1
Supf K, f(sDlds < r(1 + 11 Tleo)ll.f1leo
0

t€[0,1]
forall f € A.
Then, the integral equation (3.1) has a unique solution.

Proof. Define T : A — A by

1
ThH® = fo K, f(s))ds, t €[0,1].

Now, for f € A, we have

ITflle = sup |[(THO
t€[0,1]
1
= sup| f K(t, f(s))ds|
[0,1] 0
1
< sup f |K(t, f(s))|ds
[0,11 Jo
< (T4 1A Nloo
1
< -
2
So, we conclude that
1
T|| < =.
T < 3

For f, g € O, we have

v(T'f,Tg) max {[|7 flleo, 17 8llo}
rmax {(1 + [ flleo)llflleos (1 + l1gllco)lIglleo }
rmax {1+ [|flle, 1 + llglleo} max {llf1lco, llglloo}

ro(f, g)v(f, g).

INIA

(3.2)
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Let fy € A. Then, for € [0, 1]and i € N, we have | fi(D)] = IT*(fo)(1)] < ITlloo']| fllolt]. S0, [l filleo < IT i

Therefore,

lim sup 6(f;, fi+1)0(fi, fin)

i—+00

Letv, f € Q. Then,

= limsupmax {1 + [|fillw, 1 + [l fix1lleo} max {1 + | fillco, 1 + [l filleo}

i—+00

< limsupmax {1+ ||T|[,, 1 + [|IT)EY max {1 +||T|I,, 1 + ||T||"}

i—+00

1., 1, 1, 1,
< lim sup max {1 + (E)l’ 1+ (5)”1} max {1 + (E)l’ 1+ (E)Hm}

i—+00

1
1<4< -,
r

limsup (v, T'f) = limsupmax {1 + [[Vlle, 1 + [|T"f]leo}

—+00

—+00

< limsupmax {1 + [Vl 1 + |71 11 lleo}

—+00

< 2.

So, limsup,_,,., (v, T'f) exists and is finite. So, all conditions of Theorem 2.1 have been achieved.
Accordingly, T has a fixed point in A C Q. So, the integral equation (3.1) has a solution in Q.
Our second application is to give a solution to equation of the form f(s) = 0, where s € Q = [0, +c0).

Theorem 3.2. Fort > 1 and two integers m and k with 4m* < (1 + t)* and (1 + t) < k, the equation

(s=Ds+)"+E"+1)s—k"=0

has a unique real solution s’ in [0, +00).

Proof. Let Q = [0, +c0). Define T : Q — Q by

IO R
s+l 1

Also, define 6 : Q X Q — [1,+0c0) by

2m
0(s,v) = Z(s + 02w+ 1)L
i=1

On Q X Q, we define the complete extended b-metric v by

Then:

(1) For s,v € Q, we have

AIMS Mathematics

v(s,v) = |s— .

v(Ts, Tv) < k%mG(s, v)v(s, v).
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Indeed,

v(Ts, Tv) = |Ts—Tyv|
(s + )" + k> (v + 1) + K
s+ +k2m+1  (v+ 02 + k2 + 1‘
s+ -+
((s+ 02+ k2 + 1)((v + 1)>™ + k> + 1)'

< p (s + )" — (v + )™
1 2m
< o Z]:(s + 2 i+ ) s — v

1
= kme(v, Dy, 1).
(2) For sy € Q, put s; = T'sy. Then, one can show that

1
lim sup 6(s;, $,,)0(s;, s;+1) exists and less than — = K.

—00 r
(3) 61is continuous in its variables.

(4) Forv, s € Q, we have

S 1
limsup &(T'v, T's) exists and less than — = K.
i—+00 r

So, all the conditions of Corollary 2.3 have been fulfilled. Therefore, T has a unique FP in [0, +00).

Corollary 3.1. For k > 3, the equation
S+ (K +2k=3)s>+ (—dk+3)s— k> +2k-1=0

has a unique real solution s’ in [0, +00).

Proof. We can show that the equation
s+ (K +2k=3)s" + (—4k+3)s— kK" +2k-1=0

is equivalent to
(s=D(s+k=1>+& +1)s—k>*=0.

The result follows from Theorem 3.2 by taking m = 1, t = k — 1 and noting that 4m? < (1 + £)*> and
I+t<k

Example 3.1. The equation
s+ 11757 =375 -81=0

has a unique real solution s’ in [0, +00).

Proof. The result follows from Corollary 3.1 by taking k = 10.
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4. Conclusions

In this work, we have taken advantage of the notion of extended b-metric to present new contraction
conditions. Next, we proved several new fixed point theorems in the context of extended H-metric
spaces. Two examples are provided to show the validity and usefulness of our findings. Furthermore,
two applications were added to support our findings.
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