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Abstract: New cancer therapies, methods and protocols are needed to treat affected patients.
Oncolytic viral therapy is a good suggestion for such treatment. This paper proposes a diffusive cancer
model with virotherapy and an immune response. This work aims to study the aforementioned model
while theoretically including positivity, boundedness and stability, as well as to find the analytical
solutions. The analytical solutions are found by using the tanh-expansion method. As a result, we
realized that the relative immune cell killing rate can be controlled by the viral burst size. The viral
burst size is the number of viruses released from each infected cell during cell lysis. The increasing
diffusion of the activated immune system leads to an increase in the uninfected cells. The presented
model can be used to study the combination of immunotherapy and virotherapy.
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1. Introduction

Recently, cancer therapies have been heavily developed in order to find a therapy that is able to
decay the tumor in a short time without harming the neighboring healthy tissue. In the field of genetic
engineering, scientists discovered a new cancer treatment by using genetically altered viruses [1].
Oncolytic viruses are genetically altered viruses that infect cancer cells. They grow in an abnormal
tumor cell and destroy it without infecting healthy cells or normal tissue. The oncolytic viruses interact
with the tumor cell and generate a burst of an oncolytic virus (see Figure 1). The burst size is the
number of new viruses resulting from the lysis of an infected tumor cell, and some of the new viruses
may infect nearby tumor cells. The burst size is used to measure the replicability of an oncolytic
virus [2].
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Figure 1. Burst of viruses released from each infected cell during cell lysis.

Mathematical models are able to describe biological and medical problems, such as cancer models
with a variety of therapies [3,4], epidemic models [5], HIV infection models [6—8] and prey-predator
models [9]. A few researchers have studied mathematical models of cancer with virotherapy and
described the interaction between the virus and the tumor. Wodarz introduced a basic mathematical
model that studied tumor growth in the presence of virotherapy treatment [10]. The model has been
modified to study the relationship between burst size and virus replicability. The results showed that
cancer cells decrease if the burst size is large [11]. On the other hand, some mathematical models have
demonstrated the immune system response to virotherapy. Since the immune system treats viruses as
foreign bodies and thus destroys them, it shows a negative response to virotherapy that may reduce the
quality of viral treatment [12]. Also, many studies describe the interactions between uninfected and
infected cells and different kinds of immune responses [13, 14].

Herein, we will review the basic model of oncolytic virus replication which was introduced by
Wodarz [15]. The model studies the tumor growth and the infection term and it is given by the following
system of ordinary differential equations (ODEs):

d _

d—{ FX(,y) - ByG(f.),

dy - =

Y BG( - by, 0

where f and y are the uninfected and infected cells, respectively, the function X represents the growth
of f and y and the function G denotes the rate at which tumor cells become infected by the virus.
The coefficients B and ¢ are the infection rate of the virus and the death rate of virus-infected cells,
respectively, and the coeflicient 7 is the logistical growth rate of uninfected cells. Then, Tian [2]
proposed a following common basic model for the virotherapy of three populations:

df .. f+y 5

E_rf(l k ) ﬁfv’

dy e =

E‘ﬁfv 5}’,

7 AV _

Ezb&y—/}fv—yv, 2)

AIMS Mathematics Volume 8, Issue 5, 10905-10928.



10907

where v is the free virus population and ¥ is the death rate of the virus. The coefficient b6 refers to
the burst size of new viral swarms resulting from killing an infected cell y. The model (2) was also
modified in [16] to study the dynamics of oncolytic virotherapy, and it includes four populations, as
follows:

‘;—f: =rf(1 — f%) -Bfv-afz-df,

% =Bfv - oy - fiyz,

< b3y~ Bfv— v~z

% =8yz — pz, )

where z denotes the innate immune cell population, § is the rate of stimulation of the innate immune
cell and p is the rate of immune clearance. Moreover, some models have demonstrated the spread of
tumor cells under viral therapy and radiation therapy [17,18].

The immune response and its impact in both uninfected and infected cells were considered in the
model (3) in Reference [19] as follows:

‘;—J: =Ff(1 — %) ~Bfv—afz-df,

% =Bfv =8y - fuyz,

% =bSy - Bfv - yv vz,

% =51yz + 522f — pz, )

where the infected and uninfected cells stimulate the immune response at rates s; and s,, respectively.
The novelty of this paper is its study of the mathematical model in [19] by distinguishing between the
naive and activated immune system cells. In addition, we study the spread of viruses and cells by taking
a diffusion term into account. Thus, we obtain a system of partial differential equations (PDEs). The
immune system cells can be activated by immunotherapy or biological therapy. Therefore, it is very
important to distinguish between the naive and activated immune system cells in the mathematical
model. Thus, the model introduced in this paper can be useful to study the effects of combining
immunotherapy with virotherapy.

The paper is organized as follows. The second section introduces the studied mathematical model,
the third section is the theoretical study of the system, the fourth section shows the analytical solutions
obtained via the tanh-expansion method, the fifth section discuses the results and the last section is a
summary of the work.

2. Mathematical model

In this section, we reformulate the mathematical model in [19] by considering the five cell
populations, which are uninfected cancer cells f, infected cancer cells y, the free virus v, the naive
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immune cells z and the activated immune cells z,, as follows:

of __ f+y, > _ ’f

Bt =rf(l - T) -Bfv—drfz +d1@,

dy - . 0?

E =Bfv — 0y — f1yza + dzﬁ,

o - - - 0%z

5 =bdy — Bxv — yv — kvz, + d3@,

07 - _ _ _ 0z

5 =A, — pz— S1yz — 5rzf + d4@,

07, _ _ 0%z

E =51y2+ 522f — floza + dSﬁ, (5)

where d;,i = 1,2,3,4,5 denotes the diffusion terms of f,y, v,z and z,, respectively. The rest of the

parameters are converted to dimensionless parameters in the following system of PDEs and described
in Table 1.

Table 1. Descriptions of the parameters in System (6) [17].

Parameters Description

c Carrying capacity of the tumor cells

r Tumor growth rate

A, Stimulation rate of the immune response

b Burst size of the virus

ay Rate of immune-mediated uninfected tumor cell death

0 Death rate of infected tumor cells

B Infection rate of the virus

p Clearance rate of the immune response

K Rate of immune-mediated virus death

0% Clearance rate of the virus

I Rate of immune-mediated infected tumor cell death

o Clearance rate of active immune cells

1 Stimulation rate of the immune response by infected cells
Y Stimulation rate of the immune response by uninfected cells

The system becomes dimensionless by setting ¢t = %, F = Cf, Y = Cy, V = Cv, Z = Cz and
Z, = Cz, and renaming the parameters as follows:

pTog G Ca iy kb &
_59 _65 f—é,ﬂ1—6,7—6, _67 z_éap_69 1 — ’
G2,
2 5#2 5
Thus, we obtain the following diffusive PDEs:
oF O*F
— —di— =rF(1 = (F+7Y))-pFV —a;FZ,
ot ox ‘
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n_ vy —BFV - Y — 11, YZ

o1 255 MLy,

ov o’V

— —d3s—— =bY - BFV —yV —«kVZ,,

o “ox PEV =V =«

0z 9’z

E - d4a— :/lz —pZ— SlYZ— SzFZ,
0Z, 9*z,

- d5 =1YZ + s, F7Z — [lzZa. (6)

ot ox

Then, the initial conditions become F(0) = %, Y(0) = %, V(0) = 2, Z(0) = 2, Z,0) = %0
3. Theoretical study

3.1. Positivity and boundedness of the solutions

Theorem 1. Let (F(x, 1), Y(x, 1), V(x,1), Z(x, 1), Za(x, 1)) = (F(£), D(&), D(&), 2(E), 2.(&)) € RS, where & =
kx+ct+&; then, the solutions (f(£), (€), 9(€), 2(£), 24(£)) are nonnegative and bounded in the following
region:

e
Il
—_
~
N
F)
5\1)
2>
S
N
m
=
+ O
~hy
IA
—
5
+
<>
IA
P
>
IA
\<,| ol
~ND>
+
&
IA
o~ o~

where { = min{p, u,}.

Proof. First, we specify the initial value problems for System (6) as follows:

oF 0°F
@y =0
(Z—f—dza;—j:ﬁFV,ZO,
%—dsi—;/:bxz(),

2
%, L,
5dZta —dsagfa =5,YZ+ s,FZ,> 0.

As aresult, the solutions are non-decreasing. In order to study the boundedness for the aforementioned
system of PDEs, we will transfer the system to a system of ODEs using the traveling wave
transformation. Let us define & = kx + ct + &; then, we get

; 2
CL=fa (e -Ep - e A
dy B 1. ..  dk
%:Z V_Ey_?yza+7y§§’

b b, B, v. k.. dk*,
g o T T T e
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dz A . Si A dyk?
—=—Z—£z——1yz——fz+4—Zgg,

d¢ ¢ ¢ c

dz, s, r Mo dsk*

7 L T 7
dé cyZ cfZ . c Zage- 7

From the first equation in System (7), we have

df r . A An QA T o4 N

4/ =—f( —(f+y))—'§fv— —fZu < - f(1= /).

dé ¢ c c c

Let us assume the differential equation% = rF1(1 — Fy) with the initial condition F;(0) = F,, which
satisfies

Fy
Fi(t) = ;
1@ Fo+ (1 - Fy)exp™!
hence,
limsup Fy = 1.
1—00

dF|

Note that df < 9 which implies that lim,_,., sup f < lim,_,« sup F;. Therefore, we have

limsup f < 1.

—o0
From the first and second equations in System (7), we have
df d5 r, .
— +—=<-f(1-(f+9)),
de TS SSA=(+9)
r r N
< 2(1 - (f+9),
which satisfy
limsup f +9 < 1.
t—00

Again, from the third equation in System (7), we have

dv b, v,
— <=9
dé — ¢ c
< é — Zf;,
c c
which yields
) b
limsupd < —
t—00

Also, from the fourth and fifth equations in System (7), we note that

dz dza /lz pA K,
dg—“ df c c
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A
<= - §(2 +2,),
C C
where { = min{p, u,}. Thus, we obtain
. P
limsupz+2, < —
—o0 g

and

IS

+

2>

S

IA
o~

3.2. Equilibrium points

Model (6) has equilibrium points of the form (F,Y,V,Z,Z,) such that F > 0,Y >0,V > 0,Z >0
and Z, > 0. The equilibrium points of the system are the steady-state solutions, which are obtained by

setting the following:

OF 82F_0
e ox
o Y
dt 26x -
v _LEV
dr ox
9z  8Z
= _d== =0,
dt ox
aZ, *Z,

—d = 0.
dt 56x

However, with help of Mathematica, we obtained five equilibrium points:

E,=(0,0,0,0,0),
E, =(1,0,0,0,0),
EQ:( Y Y (ﬁr(b—l)—vr) r(b-1)B-7) 00)
(b-1B (b-1DB\ (b—1DB+yr | B(b-1)B+yr) ")
E;= ((/lz - p),0,0, or (A, +p + 52), r(-;+p+ 52)),
52 ayso(d; — p) ayss
Ey =(F4,Y4, V4,24, Zs),

where

r(1 = (Fs+Yy)—pVs—arZ,u =0,

Y, = BFsVy
4= —,
,L11Za4 +1

bY.

Vi 2

ZIBF4+KZa4+7,
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A
Z4: ’
S1Y5 + S2F5 +p
s1Yy + o F
ZM:MZ‘_

M2
E, is positive if b > 1 + (y/f), and Ej is positive if p < A, < p + 3.

3.3. Basic reproduction number

The basic reproduction number is the number of cases that are generated by a signal virus in the
population [20]. Let P = (Y, F,V, Z, Z,), model (7) is rewritten as

P =v(P) - vy(P),

where
,ulYZa
’BISV —-rF(1 = (F+Y))+BFV +asFZ,
v (P) = o I’ n(P) = -bY + BFV +«kVZ, +yV
0 A, +pZ+ Y2+ s, FZ

-1 YZ - s, F7Z + /JzZa

Next, the Jacobian matrix for v{(P) and v,(P) at E; are computed as follows:

0000
00 0O0O0
Ty = D(wi(E))) = 00000
00 0O00O0
1 0 0 0 0
r r B 0 ar
Ty =Dw(E)=| -b 0 B+y O 0 [,
0O 0 0 p+sy O
0 0 0 —$ M2
bB B
N
(T1T2 ) O O 0 ’
0O 0 O
_ bB
Ry = p(T; 05 = —/—, 8
o =p(Ty 2 ) B+y (8)

where p is the spectral radius. Thus, if Ry < 1, the cancer will decline; if Ry = 1, the cancer will
stay alive and stable; if Ry > 1, the cancer will experience growth and outbreak. Therefore, Ey and E,
always exist, E; exists if Ry > 1, E5 exists if p + s, > A, > p and E, exists if Ry > 1.

AIMS Mathematics Volume 8, Issue 5, 10905-10928.
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3.4. Local stability analysis

We investigate the local stability of the equilibrium points by evaluating the Jacobian matrix of the
nonlinear system [21].

Theorem 2. The trivial equilibrium E of the system is locally unstable.

Proof. The Jacobian matrix of System (6) at Ej is

r 0 0 O O
0O -1 0 0 O
JEN=[{0 b —y 0 O (€))
0O 0 0 -p O
0 0 0 0 —w
It is obvious that the eigenvalues for J(E,) are as follows:
A=r ==l 43=-y, l4=-p, 45 =~
All eigenvalues are negative if r < 0. Hence, E| is locally unstable if r > 0.
Theorem 3. The equilibrium point E; is locally asymptotically stable if only if Ry < 1.
Proof. By the calculation of the Jacobian matrix at £, we obtain
-r -r —f 0 -
0 -1 B 0 0
JEEH)=| 0 b —B-vy 0 0 . (10)
0 O 0 -p—s2 0
0 0 0 S2 —H2

The characteristic polynomial is
det(J(Ey) = AD) = (—pt = D(=(p + 52) = V(== 1) (=bB+ B+ ) + AB+y + 1) + 1),

The eigenvalues of J(E), which are 4; = —u, 4, = —r and 43 = —(p + s,), are negative. By the
Routh-Hurwitz criteria, since (8 + y + 1) is positive, 145 has a real negative partif b < 1 + %, which
implies that Ry < 1. Biologically, when the viral burst size b is smaller than the critical value which is
1+ % the new produced viruses will be enough to infect tumor cells.

Theorem 4. The equilibrium point E; is locally asymptotically stable if b > 1 and B < r .

Proof. The jacobian matrix J(E,) is

yr yr e 0 ay

B-bp B-BB T b-1 B-bB
M-DE-Y |y 0 _ yur(b-1)8-y)
(b—hl )B+yr bh—l (bk— 1 )/3})((b— DB+yr)
"(—_ﬂ+ﬁ+7) b T)’ 0 r(‘_ﬁ*’ﬁﬂ’) , (11)
-1y P Bb-DB+7r)
y(rs| (=bB+B+y)+s2(—=bB+B—yr
SO 7
y(rsi(b—1)B—y)+s:((b—1)B+yr _
0 0 0 G- DB((b-1)p+7r) H2

AIMS Mathematics Volume 8, Issue 5, 10905-10928.
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det(J(Es) — Al) = (—ta — A)(=Bs1F3Vs — 5:F3 — p — DX + A |22 + Ay + A3),
where

_bBy +BMb - 1) + Byr

- b-1)B ’
(5-1)Gr=B+bB=9) 1ty + (b))
G-I p+bB+yr) (-1
_yr(B=bB+y)(b - DB +yr)

T G-DBB-bE-yr)

The eigenvalues are 4; = —up and A, = —Bs1F3V3 — s,F5 — p, which are both negative, while A3 45
denotes the zeros of the polynomial A+ A%+ AA+ As. Ttis obvious that A; > 0if b > 1, A, > 0 if
b>1,<randRy>1,A3>0ifb>1and Ry > 1, and

AA, — As :ﬁ(b— DBB=B+ry)  (b+yr=1bB—B+yr)
bBy =B+ b8 +yr (b—DBOLB-B+7)

Bl =DBB-=1) +ry) (b+yr=1DB0b-1)+yr)

T Bby-D+bpryr G- DBEB-D+y)

Therefore, by the Routh-Hurwitz criterion, 1 4 s have negative real parts if A;A,—A3 > 0, which occurs
if b> 1 and B < r. Thus, Ej; is locally asymptotically stable.

Biologically, if the viruses are powerful, which means that the burst size is greater than the critical
value, then the system has the equilibrium E, with the balance of tumor cells, infected tumor cells and
viruses.

Ay

) =

3

Theorem 5. The equilibrium point Ej is locally asymptotically stable if b < 1, b < Ry and Ry < 1. If
A, = 0, the point E5 is locally asymptotically stable under the conditions that a8 < k and bp < r.

To find the eigenvalue, solve the Jacobian J(E3):

r(s2F3—2F3+1) —rF3 —ﬁF3 0 —(l’fF3
0 —M1Z3q — 1 BF3; 0 0
0 b -y —ﬁF3 - KZ3a 0 0
S223 S]Z3 0 —S2F3 - p 0
—5223 —5123 0 =5 F;3 )

The characteristic polynomial of this matrix is evaluated as follows:
P(A) = 2+ byd* + b3 + byA® + b1 A + by = 0,

where by, by, by, b; and b, are defined in the Appendix. All coefficients are positive if b < 1. By using

Descartes’ rule, the number of sign changes is zero; thus, the point E5 is locally asymptotically stable
ifb<1.

Theorem 6. The equilibrium point E, is locally stable if b < 1, bB < r,s| > 83, A, > Zy, and Zy > Zy,.

AIMS Mathematics Volume 8, Issue 5, 10905-10928.
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Proof. To find the Jacobian at the equilibrium point E4, we evaluate |J(E4) — Al| = 0, where J(E,) is
given by

El,l —BF, 0 —aFy

BVs —uiZy -1 BF4 0 —p1 Yy
-BV, b =Y —BF4 — kZ4, 0 —kVy |,
—Szz4 —s1Z4 0 —F4S2 — 5 Y4 - p 0

§224 8124 0 Fysy+ 51Ys —M2

where E; | = r(1 — Yy — 2F,) — aZy, — BV4 — rF4. The characteristic polynomial is
ao/ls + 01/14 + 612/13 + Cl3/12 +asd+as =0,

where ay, ay, a,, az, as and as are defined in the Appendix. All coefficients are positive if b < 1, bS8 < r,
A, > Zyg, S1 > 5o and Zy > Zy,. By using Descartes’ rule, the number of sign changes is zero; thus, the
point Ey is locally asymptotically stable if b < 1, b8 < r, A, > Zy,,51 > 52 and Zy > Zy,.

3.5. Global stability

In this section, the global stability of the equilibrium points will be investigated by using Lyapunov
functions [22], which must be positive definite.

Theorem 7. E, is globally asymptotically stable if 1 + b <r <2, b < 1.

Proof. The Lyapunov function is defined at point E; as follows:

1_
L(F.Y,V,Z,7Z,) =F —F, —InF + Y + TrV+Z+Za.

The derivative of L; is

’ ’ F, (1_r)V, 7 4 4
L=F-—+———+-+Y +72 +7Z7,
Fy b
1 -rV
:—( br) +Y' +7Z' +7Z,

=AyY + Avv +AzZ + AZaZa + AvaV + Ayza YZ, + AVZ,, VZ,,
where

Ay ==-2+r=-2-r),

Ay=f-rr=T1-n,
AZ :_p9
Az, = — u,
1
AFV :ﬁ+§—l’§ = 1+E(1—I’),
AYZH = — M1,

AIMS Mathematics Volume 8, Issue 5, 10905-10928.
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K Kr

1
A :———:—1— .
VZ, b b b( r)

The equilibrium equations at E; are
rFi\(1 - F)) =rF; - rF? =0,
4, =0.

We found that L) < 0if 1 +5 < r < 2, b < 1. Hence, E; is globally asymptotically stable if
1+b<r<2,b<1.

Theorem 8. E; is globally asymptotically stable if 2 < b, r > BRy <1 and2 <Y, < Z—;.

Proof. The Lyapunov function is defined at E, as follows:

F Y \%4
L (F.Y,V.Z.Z,) =A\(F = Fy = FyIn —) + Ay(Y = Y, — Yo In —) + As(V = V5 — Vs In —)
F, Y, v,
+ AyZy + AsZy,.

Thus, we have L) as follows:
, Fyo Y, o Vo , ,
L2 :Al(l - F)F +A2(1 - 7)Y +A3(1 - V)V + AuZ +ASZa'

The equilibrium equations are

rF>(1 — (Fy + Y,)) = BF,V, =0,
I"—VFQ — rY2 :ﬁVQ,

BF,V, =Y,,
BE,Vy +yV, =bY,,

1
=—(b-1)Y,,
Y V2( )Y,

A, =0. (12)

’

Using the equilibrium equations in L gives

L, =CrF +CyY+CyV +CzZ+Cy,Z,+Cyz FZ, + C\,,VZ, + Cyz, YZ, + CF2F2
+ vaFV + CFyFY + CFzFZ + CYVVY + CYZyZ + prvFVY + C*,

where

Cr =AFor+Ar + A36V,,

Cy =A3b + A For — As,

Cy =A\BF, — A3y,

Cz =—Ayp,

Cz, =@AF; + A3kV) + Ay Yo — Aspy,

AIMS Mathematics Volume 8, Issue 5, 10905-10928.
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Cp2 =—-Ayr,

Cry = — A1,

Crv = — A3 — A1 + Aop,
Crz = — Asso,

Cyz = — Aysy,

CFZ,, == Ala/f,

Cvz, = — Ask,

Cyz, = — Aoy,

Cyv = - A3bV,
Cryv = — AyBY5,

C'=- A1 For + Ag’)/VQ + ALY, + A4/lz.

Note that

Y. 1 Y.
Cv = A\BFs —Asy = Aj— — As—(b — 1)Ys = —(A; — As(b — 1)),
Vs Vs Vs
and Cy = 0if A3 = A& Let Ay = A3 = £L; then, Cpy = —Aifand Cp = A;(r2 — V) — V5 + £ V).
We have that Cr < 0if Y, > 2. Thus, we obtain Cy as
A
Cy =7 11 (b=1)+ A For = A|(1 + r — BV, — rBF,V5),
:Aﬂ1+r—ﬁ%—rb71%x
bh-1
:Al(l‘l'l”—( )IBYZ—I"YQ).

Since Y, > 2, Cy < 0. Thus, Cz, becomes

K Hi
C;, =A Fr + Vs, + Y>) — Asup,
Za 1(01f 2 h—1 2 bh-1 2) 5H2
Ay ayy
= — + Vo + 1Y) - A =0.
b—l( 5 kVy + ui Y2) — Aspo
If As = #23)‘_1)(% +kV, + 11 Y>) and we let A, = A;, we obtain C* as follows:

CcC' = — A Fyr +A3’)/V2 + A,Y,,

A
= — A For + —((b— DY, + 1),

b-1
=A|(—Fr+ Ys).
1(=Far 51 2)
Wegetthat L) <0if2 <Y, < Z—;. Hence, E; is globally asymptotically stable.
r+ags re 200
Theorem 9. E; is globally asymptotically stable if b < 1; then, p < A < Z (‘:fzr:afff}), y( — ) <pB,
and r > u;ff .

AIMS Mathematics Volume 8, Issue 5, 10905-10928.
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Proof. The Lyapunov function at E5 is defined as follows:

F
Li(F,Y,V,Z,Z,) =A|(F — F5— F31n F—) +AY + A3V + Ay(Z — Z;5
3

and its derivative is

F Z
Ly =Ai(1 = F + AgY' + A3V + As(1 = )Z + As(1 -

Z
- Z3 In —) + A5(Za
Z3

After substituting the points F3,Z; and Z,, in L}, we get

Za3

Z,
- Za3 - Za3 In _)’

a

Z,
7.
7

a

L; =BrF + ByY + ByV + BzZ + BZaZa + BFZaFZa + sz,,VZa + BYZ,,YZa + BF2F2 + BpyFV
+ BeyFY + Bz FZ + By YZ + BFZZ{,FZZa + BYZZC,YZZLI + B*,

where

Br =Ar + A F3r + Aysy273,
By =Ays1Z5 + AirF5 + Asb — Ay,
By = — A3y + A\ BF;,
By = — Ay, Z3 — Ayp,
Bz, = — Asup + A Faay,
Bp2 = — Ayr,
Bry = — Ayr,
Bry = - AsB+ Ay — A,
Brz =Assy — Ay,
Byz =Ass; — Aysi,
BFZa == Ala'f,
Byz, = — Ask,
Byz, = — Ay,
Brzz, = — As$2234,
Byzz, = — Ass1Z34,
B* = — A\ Fsr + AsuyZs, + Ay, + AypZs.

The equilibrium equations at (3, 0,0, Z3, Z,3) are

0 :r(l - Fg) - afZ3a,
0 =4, — pZ; — s, F32Z3,
0 =52F32Z3 — uoZs,.

(13)

A1F3(If

If A, = As, then Bpz = 0 and By = 0. If A; = A, then By < 0, A3 = 220 and By = 0. If A = =24,
then Bz, = 0. Thus,

AIMS Mathematics

By =A;517Z5 + AirF3 +A3b —A,,
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Fiars,Z Fi(b -1
3f13+rF3+,83( )
2%)

=A;( );

r+arfs123
and since b < 1, we have that Y(TZZ) < Band
Br =Ar + A\ Fzr + As5,73,
arlF38,7
=A (r + Far + L2222,
M2
:A1(2r - CZij,a + afZ3a),

and

B* = — A\ Fsr + AspipyZ3, + Ay, + AypZs,
Ala/fF3

=— A1F3}" + (/JQZ3H + /lz + pZ3),

M2
A1F3af

= —A]F3I"+ (2/11),

125)
2/lzaf

=AF3(-r + );

M2

249 Hence, E; is globally asymptotically stable.

L, <0ifr>
H2

4. Analytical solution

Finding the solutions of the system helps to understand the dynamics of the solutions. Some
researchers have found numerical solutions for biological systems by using Galerkin meshless
method [23] or traveling wave solutions [24]. Since there are no initial conditions available, the best
way is to apply an analytical method which does not require initial or boundary conditions. We shall
the use tanh-expansion method to find the solutions [25]. The following are the steps to construct the
solution:

(1) Transfer the system of PDEs given by (6) into the system ODESs given by (7) using a traveling wave
transformation, which is defined by & = kx + ct + &.

(2) Assume that

f=mu@, 3=nu@, ¥=nu@, 2=nu@, Z=nsu@), (14)
and substituting (14) into the equation of System (7) gives a polynomial of u and its derivatives:
Pu,u',u”,...)=0. (15)
(3) Assume that
M
ué) = S(@) = > ad, (16)

i=0
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where M is a positive integer and

® = tanh(ué), 17
where u and a; are constants such that
du dS ((D) ’ d(D’
-0 i
dE " do ) Z Do
dPu  dS (D) 2 oo PO
&= o 2®Zal—+(l—®);a,w :

(4) Apply the homogeneous balance theorem to find the value of M, i.e., balance the linear terms of
highest order in the previous equation with the highest-order nonlinear terms.

(5) Substitute Eq (16) into the equations of System (15) to obtain an equation of @'

(6) Equate the confections of @' to zero to obtain the a;’s and 1’s. By following Steps (1) and (2), we
obtain the following system of equations:

@ d,k?
m—u == u(l—(mu+nzu)) mnsﬁu —mns—fu +m—u5¢~,
dé c
iu 'Bu - lu— &u2+ dz—u
ﬂzdf =mns 2 215 - m - £Es
d b B, 0% K d;k>
773@” == M—TI1773 T M—773775 uw +773_“§$’
d /lz p 2 52 + dy S
—U=—- u-— —u - —u = u )
N4 dé - 774 yhyr mna T4 - &
d 5o U dsk?
7 772773—u +n1n3—u —'75—”+7755_“§§ (18)

Then, we sum all of the equations to obtain a single equation, as follows:
A+ Agu® + Asu’ — KA — As = 0, (19)

where

1 b v _p_ U r
A =772— - 772— + 773— + 774— + 775—2 - 771—,
r ay i B
Ay —m + i + mns—- + mis™— + M + 773775 ,
Az =n +m + 13+ 04 + 75,
Ay =d\m + domy + dsnz + dans + dsns,
A;

ASI——.
c
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Next, we follow Steps (3) and (4) and balance between the nonlinear term u? and the highest order

of the derivative u”’; we get 2M = 4 + M — 2, which satisfies M = 2. Thus,
u(é) = S(®) =ag + a\ P + a,d°.

Substituting Eq (20) into ODE (19) gives

ds (@ ds (@
A1S (D) + A8 (D) + Asu(l — @2)% — Ag(1 - cpz)(—z@%
d*S ()
+(1-®% o )—As =0.

Note that

S =ag+a,®+ GQ(DZ,
das
ﬁ =a; + 2a,0,
d*S

E :2612.

(20)

21

(22)

Substituting Eq (22) into Eq (21) and collecting all of the terms with the same power of ® together

implies the following:

Al(ap + a1® + @, ®%) + Ay + (ag + a1 @ + a,®*)? + As(a; + 2a,D)
- A42ay) — As = 0;

this can be rewritten as

bo + by ® + by®* + b3 ®° + by®* = 0.

Then, we equate the constant b;’s to zero to obtain the algebraic system of equations and find the

a;’s and i7’s.

Thus, the solutions are in the following form:

F =nu(x,t), Y =nulx,t1), V=nulxti), Z=nu(xt), Z,=nsu(x,t),

where

and

AIMS Mathematics

u(x,t) = ag + atanh (u (ct + kx)),

J _l 15(6.58537d; — 36.5854d,)
: _772 aycu
—66.9643d, — 423.018d; + 489.983d,),
66.9643
m=- 1.6,772 = 117143775 + 7 ,
5

58537 423.01 5854 489.
63853 congon. 4 23018 36.5854 oy 489983

acu ns acu ns

nm =

+n2(1.6d, — 1.17143d, — 6.85366d; + 7.42509d.,)

(23)

(24)
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5. Discussion of results

The presented mathematical model aims to elucidate the effects of combining viral therapy with the
immune response and its spread. First, we ignored the diffusion terms and solved the problem by using
the Runge-Kutta 4th-order method using the values of the non-dimensionless parameters according to
Reference [16], as follows:

r=036,8=0.1,a; = 0.36,

[ =048,b=29=02«=0.16,
,s1=0.6, 5, =0.29, p = 0.036,

A, = 0.2, 1> = 0.036.

We considered two cases: (a) u; =, = 0.2, 51 =0.2, 5o =0.6and (b) u; =, = 0.7 sy = 0.2, 5, =
0.6, where the initial conditions are F = 0.9, Y =0.5, V=0.5, Z=0.1 and Z, = 0.2.

The results in Figure 2 show that, in Case (a), the unaffected cells F decreases during the treatment
when the concentration of activated immune system cells is low. On the other hand, the high
concentration of Z, helps to maintain the level of healthy cells in the body. Therefore, we predict
that the combination of biological therapy and virotherapy reduces the side effects of the virotherapy,
and the patient’s body may become less weak during the treatment.

The immune response against cancer cells has been investigated for decades. It has been determined
that the immune system actively patrols the body [26]. From this standpoint, we investigate the
diffusion coefficient of the immune system ds. The solutions of Model (6) are found by employing
the tanh-expansion method to study the effect of the treatment on cancer growth. The solution is
presented in Eq (24), which indicates that ds is dependent on d;, d,, d; and d4y. The diffusion of
activated immune system cells (ds) increases when the diffusion of the unaffected cells (d;) or naive
immune system cells (d4) increases, while it decreases by increasing the diffusion of the virus (d,) or
infected cells (d3).

Note that 75 is another parameter that affects the solution, as we can see in Figures 3-5. The
parameter 75 is a coefficient that is associated with Z,. When 75 increases, the concentrations of
uninfected cells F and activated immune system cells Z, increase, while the concentrations of infected
cells y, virus v and naive immune system cells Z decrease. We observed that the immune cells Z
have the highest concentrations compared to other components in the system, and this indicates the
response of the immune system for viral treatment. However, the immunotherapy has been widely
used in different protocols to treat cancers [27]. We predict good results of the combination between
immune therapy and virotherapy. The results are aligned with the clinical trial in Reference [28]. This
clinical trial confirms the possibility of combining the immunotherapy and virotherapy.
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(b)

Figure 2. Solutions obtained by ignoring diffusion terms and considering two cases: (a)
the activated immune system (Z,) has low concentration in the body and (b) Z, has high

concentration.

PRSI

—2

-1

Y
1400;

(a) Uninfected cancer cells.

(b) Infected cancer cells.

Figure 3. Solutions for different values of 7s.
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(a) Virus.

Figure 4. Solutions for different values of 7s.

Zs
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““““““ h5=0.5 O pez05
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Pt 0.5/

. PR X
-5 -5 -4 -3 -2 -1 1
(a) Naive immune cells. (b) Activated immune cells.

Figure 5. Solutions for different values of 7s.

6. Conclusions

In this work, we modified a mathematical model of cancer and virotherapy to study the dynamics
of virotherapy with tumor cells and the effects of the immune response. In addition, this modification
distinguishes between two types of immune system cells, which are the activated cells and naive cells.
The results predict that the high concentration of activated immune cells leads to enhanced results of
virotherapy. The activated immune cells can be generated in the patient’s body through biological
therapy. Moreover, the model was analyzed by using the stability theory of nonlinear systems. We
studied the stability of five equilibrium points and determined the conditions of the existence and local
and global stability of the equilibrium points. As a result, the success of viral treatment depends on the
size of the burst b, the viral infection rate 8 and the clearance rate of viruses y, which depend on the type
of the virus. The treatment by virotherapy can be more effective by stimulating the activated immune
cells. Furthermore, we found the analytical solutions for the studied model by using the tanh-expansion
method because of a lack of initial and boundary conditions. We found that, if the concentration of
activated immune cells Z, increases, the unaffected cells f increase, which indicates the improvement
of the treatment results.

However, for future work, the studied model can be solved numerically by finding the associated
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initial and boundary conditions based on real data, and by using the Galerkin method [23]. Also,
diffusion terms can be added in many biological models to study the spread of the model components
and deal with a system of PDEs.
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Appendix

The definitions of by, by, b,, b3 and b, that are related to the characteristic polynomial for E, are as
follows:

by =(1 = D)BF5 + vy + 1 Zs,(y + BF3 + kZ3,) (F3,U21?r + Fss) (F3,u2r + CYfPZ3))
+ kZ3,,
by =F§((1 — D)Brs, + Puarsy + Puirsazs,) + FZ((I —b)Bpr + (1 = b)Buyr
+ (1 = b)Bussy + ay(1 — b)BsrZ3 + k,ulrSZZSZa + Koy 23, + KrsyZs, + Bpr
+ @yBpsaZy + yuorsy + yrsy + parsy + YuirsaZsa + paparsaZsa + 2B parZs,
+ @ pPu252230 + Bripo 2234 + @ P $2:23.723) + F3((1 — b)Busp
+ Ko prsz, + aykpsrZs Zs + 2k 1,uer§a + K rZs, + k,ulluzsngu
+ask+ 1s2Z3zaZ3u + ko223 (@ Zzq + 1) + aprs223,23 + o pr
+ ypr+ popr + o pris, + ap psrZa 2y + apypseZs + appsiZs
+ Bt pZsa + Yol + 2ypaporZs, + Yo S + @YH2$223. 254 + Y1 252234
+ @y 9223075 + @y $173) + K pa pZa, + Vo + Qg pZag + Vit 2 pZsas
by =F5((1 = b)Br + (1 = b)Bsy + krsaZsq + p1 prZsa + i1 prisq + pr + pipar’Zs,
+ Buar + yrsy + parsy + prsaag + rsy + PirZs, + BuiparZs, + Pz sz
+ Bu1 52230 + a;Bs:Z4) + F3((1 = b)Bua + (1 — b)Bp + bBr + kuy prZs, + kprZs,
+ kulrzga + Ky /erzga + Ky rZs, + K/,l1SZZ§a + Ko §223q + A pkS2 23,23
+ k2230 + Bpop + Ypr+ papr + Y priz, + pipa pris, + pr+ aypsiZs
+ Yol + YT+ por + YT, + YT L3 + Y282 + Y S2 + [ S)
+ YU152Z30 + 2223, + Qg1 5223075 + apy 223 + ap$hZ3) + Yo
+ap(1 = DYBZsZsy + BF3rss + kpopZaq + KpZag + KioZsa + YH2P + YD + foP,
by =F3((1 = b)B + Pua + krZs, + k$223, + Bp + pr+yr + por + pirZs,
+r+ysy+ sy + 2723, + @psrZz + 5o+ BuiZsg) + yur +y
+ F3(Br + 152 + B52) + Zaa(yp + Kita + KP + K+ pupty + pup) + ki Zs,
U2 +Yp t+2p P,
by =y + BF3 + 2F3r + F3s50 + kZ3q + fo + p + @523, + 1723, + 1.
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The definitions of ay, a;, a», as, a, and as that are related to the characteristic polynomial for E, are as
follows:

Z +bY4+F + +/1Z+l
a; = Zsa + — r = +1,
1 =H144 V 47 + U 2

bu,Y.
a =(1 - D)BF4 + Z4a(% + vy + BEapy + Fakr + Fapor + Fapyr
4
+ Kily + KP + K + 15 + pipty + o + 1 p + Pun Vi + @i pinZs)

+yuy +y +,8F§r + BF 4y + Fapr+ yFur + Faor + Fyr
+po +YP + pop + P+ ppnZy,

1
a3 =y Fo(VaQuirZaad, + ppsrZaZaa + aps:Zy(pnZsZasa — pupZsa
42y

+ A+ Zy) + rYaZy(DB + (1 Z4(s1 — 52) — BB(A, + paZs)

+par A + 1A+ orZy) + BV Z(~Pu Zsa — (1 = b)B

+ o (r = B) + (r = B)A, + Zi(s105 + k(51 — 52))

+ DY, (rZy(ui Zaa + py + 1) + 1, + a$:73))

+ Ya(A(b(uiZsa + po + 1) + py 81 VaZs) + pZs(—p1Z4o(51 Vs — b) + b))
+ o Vad (i Zsa + 1) — B(F3rVaZy(=Va — b) + buy 1Y, Z5,

a4 =3 = BA(KF451Z; V3 + a Fi51Z3Vi — bF4A.VY)
444

= B FAV(A, + Zug oty + Zapn(1 = b) + Agpty + ZuZagtr 112)

— BFssi1Zy(—((@y + 0A,) + BYaZupty + (@5 + KO Zsap2)Vy

— BKF 452 Z4( A, + Zy (Zaapty + 1) = Zopiy) Vi — ba,BF; 5273V,

+ baBFys1Y4ZiVy + a;F45:Z4.Vs — bBFy5:YaZip, Vs

+ @ F45:24 24,00 Vo — BBF 4 AoV — apFy5224 74, (Zaapty + 1) 2V
+ baFys,Y,Z; + bapFys:YaZyA, + basFus,YaZi Zaapy

= bayFys:YaZyZsopto + bY4(A(Zyapy + Do + 51 YaZyp (A, — Zyapy))
+ r(Bks | ViZ2F5 — BrsyVIZEFS — BVa(b + BVa)(A, + Zuur)F'

+ bY4 A Fy + bV, Y4 A Fy + bs | Y Zop  Fy — bsyYaZyu, Fy

= $VaYaZyd iy Fay + Y4 Zy A Fy + Y4 Zypo Fy + BBV, Y4 Zuypo Fy

+ BViA o Fy + ViAo Fy + DY, A0 F s + bY 4 ZyZpt 1o F g

+ 2 VaYaZsZsopuipio Fo + VaZ Apipia Foy + $1VaYaZopy (A, — Zyof2)Fg),

F
as = v ; F4”(—bﬂ132Y§Z4(—llzz4a + ) + b po51YsZso(Yad, — 51YsZy)
44y

+ BF4ks1ViZy( A, — 2 Zy) — BFaks2ViZy(A, — paZsq) — BFapa Vad (b + BVy)
+ by 1Y Z4A, + bBusVaYad, + baYad, + Fo(—a;bBFys:VaZy(A, — p12Z4)
= bBu 5 VaYaZy(—oZsg + ;) — apbBuas\VaYsZsZs,

+ @by YaZy( Zag + V(—p12Zy + A.) — @B Fusi ViZy (A — 12 Z4,)

+ B rnpo 1V YaZaZsa — B2V Zs (1 Zag + 1) (2240 + 1)
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— B (K2 \ Vi ZsZy + (12 Vi Zod) + apbBsi VaYaZyd,
~ B Vid(1 = b) + uisi1YaZy + ks1V3Z4A,),

References

1.

10.

11

12.

13.

H. Fukuhara, Y. Ino, T. Todo, Oncolytic virus therapy: A new era of cancer treatment at dawn,
Cancer Sci., 107 (2016), 1373-1379. https://doi.org/10.1111/cas.13027

J. P. Tian, The replicability of oncolytic virus: defining conditions in tumor virotherapy, Math.
Biosci. Eng., 8 (2011), 841. https://doi.org/10.13005/bbra/947

S. Kumar, A. Kumar, B. Samet, J. F. Gémez-Aguilar, M. S. Osman, A chaos study of tumor and
effector cells in fractional tumor-immune model for cancer treatment, Chaos Soliton. Fract., 141
(2020), 110321. https://doi.org/10.1016/j.chaos.2020.110321

J. F. Gomez-Aguilar, M. G. Lopez-Lopez, V. M. Alvarado-Martinez, D. Baleanu, H. Khan, Chaos
in a cancer model via fractional derivatives with exponential decay and mittag-leffler law, Entropy,
19 (2017), 681. https://doi.org/10.3390/e19120681

Z. 7. Zhang, G. Rahman, J. F. Gobmez-Aguilar, J. Torres-Jiménez, Dynamical aspects of a delayed
epidemic model with subdivision of susceptible population and control strategies, Chaos Soliton.
Fract., 160 (2022), 112194. https://doi.org/10.1016/j.chaos.2022.112194

M. Umar, Z. Sabir, M. A. Z. Raja, J. F. Goémez-Aguilar, F. Amin, M. Shoaib, Neuro-swarm
intelligent computing paradigm for nonlinear hiv infection model with CD4+ T-cells, Math.
Comput. Simul., 188 (2021), 241-253.

R. A. Alharbey, N. H. Aljahdaly, On fractional numerical simulation of hiv
infection for CD8+ T-cells and its treatment, Plos One, 17 (2022), e0265627.
https://doi.org/10.1371/journal.pone.0265627

N. H. Aljahdaly R. A. Alharbey, Fractional numerical simulation of mathematical
model of HIV-1 infection with stem cell therapy, AIMS Math., 6 (2021), 6715-6726.
https://doi.org/10.3934/math.2021395

N. H. Aljahdaly, H. A. Ashi, Exponential time differencing method for studying prey-predator
dynamic during mating period, Comput. Math. Method. M., 2021 (2021).

D. Wodarz, Gene therapy for killing p53-negative cancer cells: Use of
replicating versus nonreplicating agents, Hum. Gene Ther, 14 (2003), 153-159.
https://doi.org/10.1089/104303403321070847

7. Bajzer, T. Carr, K. Josi¢, S. J. Russell, D. Dingli, Modeling of cancer virotherapy with

recombinant measles viruses, J. Theor. Biol., 252 (2008), 109-122.

G. Marelli, A. Howells, N. R. Lemoine, Y. H. Wang, Oncolytic viral therapy and the immune
system: A double-edged sword against cancer, Front. Immunol., 9 (2018), 866.

N. L. Komarova, D. Wodarz, Targeted cancer treatment in silico, Model. Simul. Sci. Eng. Technol.,
Springer, 2014.

AIMS Mathematics Volume 8, Issue 5, 10905-10928.


http://dx.doi.org/https://doi.org/10.1111/cas.13027
http://dx.doi.org/https://doi.org/10.13005/bbra/947
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.110321
http://dx.doi.org/https://doi.org/10.3390/e19120681
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2022.112194
http://dx.doi.org/https://doi.org/10.3934/math.2021395
http://dx.doi.org/https://doi.org/10.1089/104303403321070847 

10928

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

@ AIMS Press

D. Wodarz, Viruses as antitumor weapons: Defining conditions for tumor remission, Cancer Res.,
61 (2001), 3501-3507.

D. Wodarz, N. Komarova, Towards predictive computational models of oncolytic virus
therapy: Basis for experimental validation and model selection, Plos One, 4 (2009), e4271.
https://doi.org/10.1371/journal.pone.0004271

T. A. Phan, J. P. Tian, The role of the innate immune system in oncolytic virotherapy, Comput.
Math. Method. M., 2017 (2017).

N. Al-Johani, E. Simbawa, S. Al-Tuwairqi, Modeling the spatiotemporal dynamics of virotherapy
and immune response as a treatment for cancer, Commun. Math. Biol. Neurosci., 2019 (2019).

E. Simbawa, N. Al-Johani, S. Al-Tuwairqi, Modeling the spatiotemporal dynamics of oncolytic
viruses and radiotherapy as a treatment for cancer, Comput. Math. Method. M., 2020 (2020).

S. M. Al-Tuwairqi, N. O. Al-Johani, E. A. Simbawa, Modeling dynamics of cancer virotherapy
with immune response, Adv. Differ. Equ., 2020 (2020), 1-26.

P. M. Ngina, R. W. Mbogo, L. S. Luboobi, et al., Mathematical modelling of in-vivo dynamics of
HIV subject to the influence of the CD8+ T-cells, Appl. Math., 8 (2017), 1153.

L. Edelstein-Keshet, Mathematical models in biology, STAM, 2005.

M. Martcheva, Analysis of complex ode epidemic models: Global stability, In An Introduction to
Mathematical Epidemiology, Springer, 2015, 149-181.

H. Jahanshahi, K. Shanazari, M. Mesrizadeh, S. Soradi-Zeid, J. F. Gémez-Aguilar, Numerical
analysis of galerkin meshless method for parabolic equations of tumor angiogenesis problem, Eur.
Phys. J. Plus, 135 (2020), 1-23.

R. A. M. Attia, J. Tian, D. Lu, J. F. Gébmez-Aguilar, M. M. A. Khater, Unstable novel and accurate
soliton wave solutions of the nonlinear biological population model, Arab J. Basic Appl. Sci., 29
(2022), 19-25. https://doi.org/10.1080/25765299.2021.2024652

A. M. Wazwaz, The tanh method for traveling wave solutions of nonlinear equations, Appl. Math.
Comput., 154 (2004), 713-723. https://doi.org/10.1155/S1073792804132157

I. H. Sahin, G. Askan, Z. I. Hu, E. M. O. Reilly, Immunotherapy in pancreatic
ductal adenocarcinoma: An emerging entity? Ann. Oncol., 28 (2017), 2950-2961.
https://doi.org/10.1093/annonc/mdx503

O. Nave, M. Sigron, A mathematical model for the treatment of melanoma with the BRAF/MEK
inhibitor and Anti-PD-1, Appl. Sci., 12 (2022), 12474. https://doi.org/10.3390/app122312474

E. Oh, J. E. Oh, J. W. Hong, Y. H. Chung, Y. Lee, K. D. Park, et al., Optimized biodegradable
polymeric reservoir-mediated local and sustained co-delivery of dendritic cells and oncolytic

adenovirus co-expressing IL-12 and GM-CSF for cancer immunotherapy, J. Control. Release, 259
(2017), 115-127.

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 5, 10905-10928.


http://dx.doi.org/https://doi.org/10.1371/journal.pone.0004271
http://dx.doi.org/https://doi.org/10.1080/25765299.2021.2024652 
http://dx.doi.org/https://doi.org/10.1155/S1073792804132157
http://dx.doi.org/https://doi.org/10.1093/annonc/mdx503
http://dx.doi.org/https://doi.org/10.3390/app122312474
http://creativecommons.org/licenses/by/4.0

	Introduction
	Mathematical model
	Theoretical study
	Positivity and boundedness of the solutions
	Equilibrium points
	Basic reproduction number
	Local stability analysis
	Global stability

	Analytical solution
	Discussion of results
	Conclusions

