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Abstract: For a connected network I', the distance between any two vertices is the length of the
shortest path between them. A vertex c¢ in a connected network is said to resolve an edge e if the
distances of ¢ from its endpoints are unequal. The collection of all the vertices which resolve an edge
is called the local resolving neighborhood set of this edge. A local resolving function is a real-valued
function is defend as  : V(I') — [0, 1] such that n(R.(e)) > 1 for each edge ¢ € E(I'), where R,(e)
represents the local resolving neighborhood set of a connected network. Thus the local fractional
metric dimension is defined as dim; (I') = min {|n| : nis the minimal local resolving function of I'},

where || = ) n(a). In this manuscript, we have established sharp bounds of the local fractional
acR(e)

metric dimension of different types of modified prism networks and it is also proved that local fractional
metric dimension remains bounded when the order of these networks approaches to infinity.
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1. Introduction

The notion of resolving sets in general networks is introduced by Slater in 1975 and he called the
minimum cardinality of a resolving set location number [1]. In next year Harary and Melter also
introduced the same concept with different name and they called it the metric dimension (MD) of the
connected networks. They provide a characterization of MD of the trees and they also proved that the
MD of wheel W, and complete network K, is 2 and z — 1 respectively [2]. Later on the results of the
MD of W, ., were improved by S. Khuller et al. and they also characterized the connected networks
that those have MD 1 and 2 [3]. Shanmukha et al. improved the results of Harary and Melter and they
computed the MD of wheel-related networks [4]. Chartrand et al. established the bounds on MD of
connected networks in terms of the order and diameter of a network [5].
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The concept of MD arises in diverse areas including network discovery and verification [6], robot
navigation [7], strategies for the Mastermind game [8], combinatorial optimization [9], coin
weighting [10], navigation of robots in networks [11] and image processing [12]. There are some new
types of MD are discovered in recent times as local MD [13], k- MD [14], edge MD [15], fault tolrent
MD [16] and some interesting results of fault-tolerant MD of convex polytope networks have been
derived by Raza et al [17].

The idea of MD to find the solution of specific integer programming (IPP) is introduced by
Chartrand et al. [5] and Currie and Ollermann introduced the concept of fractional metric dimension
(FMD) to find improved solution of IPP [18]. The concept of FMD in the field of networking theory
is formally introduced by Arumugam and Mathew, they developed different combinatorial techniques
to find the exact value of FMD of different connected networks. Moreover, they also found the FMD
of Petersen, cycle, friendship and cartesian product of different connected networks [19,20]. Feng
et al. established a computational technique to find FMD of vertex transitive networks and as an
application they computed the FMD of hamming and generalized Johnson networks [21]. Javaid et al.
characterize all those connected networks that attain FMD exactly 1 [22, 23] and Zafar et al.
computed the exact value of FMD of different connected networks [24].

The notion of latest derived form of FMD known as a local fractional metric dimension (LFMD) is
defined by Asiyah et al. and they calculated the exact values of the LFMD of the corona product of
connected networks [25]. Javaid et al. purposed a unique methodology to compute the sharp bounds
of LFMD for all the connected networks and they also proved that the lower bound of LFMD of non-
bipartite networks is greater than 1 [26,27]. Some interesting results of LFMD of different connected
networks can be seen in [28-30].

In this paper, the lower and upper bounds of LFMD of generalized modified prism networks have
been computed. It is also proved that all the upper bounds of all these networks is less or equal to 2,
when the order of these networks approaches to co. The rest of the paper is organized as follows:
Section 2 deals with preliminaries, Section 3 consists of the main results of LFMD of generalized
modified prism network, Section 4 represents the conclusion and comparison among all the main
results.

2. Preliminaries

A network I' is a pair (V(I') x E(I')) with V(I') is a vertex set and E(I') € (V(I') x V(I')) an edge
set. A walk is a sequence of edges and vertices of a network. A path is a sequence of vertices with
the property that each vertex in the sequence is adjacent to the vertex next to it. For any two vertices
x , y of V(I') then the distance d(x, y) between them is the number of edges between the shortest path
connecting them. A network is called connected if there exist a path between every pair of vertices of
I'. A vertex x € V(I') resolves a pair (a, b) if d(x,a) # d(x,b). Let R = {ry,r,13,....,1,} C V(I') be a
ordered set is considered as resolving set of I' if each pair of vertices of I' is resolved by some vertex
in R. A resolving set with minimum cardinality is called the metric dimension of I" and it is defined as

dim(I') = min { |R| : Ris resolving set of T'}.

For an edge ab € E(I) the local resolving neighbourhood set (RLN) R, (ab) of ab is defined as R, (ab) =
{c e V(I') : d(a,c) # d(b,c)}. A local resolving function (LRF) is defined as  : V(I') — [0, 1] such
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that n(R.(ab)) > 1 for each R,(ab) of I'. A local resolving function 7 is called minimal if there exists a
function i : V(I') — [0, 1] such that 4 < n and u(a) # n(a) for at least one a € I'(V) that is not a local

resolving function of I'. If [y = 3, n(a) then LFMD of I' is donated by dim (I') is defined as
a€R (ab)

dimpp(I') = min { |n| : nis minimal local resolving function of T'}.

Throughout the paper, we have used the symbol of local resolving neighbourhood set of an edge ab €
E(T) is R,(ab). For more details about local resolving neighbourhood set and local resolving function,
we refer [25].

Lemma X. [26] LetI' = (V(I') x E(I')) be a connected network. If |R,(e) N A| > w, Ye € E(I') then

1 < dimy(T) < Y&

where w = min{|R,(¢e)| : e € E(I')}, where A = U{R(e) : |R,(¢) = w}.
Lemma Y. [27] LetI' = (V(I') x E(I')) be a connected network. Then

dimy () > 10!

where o0 = max{|R.(e)| : e € E(')}.

2.1. Modified prism networks

7’

For z > 5 the modified prism network MP, ; , with vertex set vertex set V(MP,,,) = {a;,a I 1
J < z)and edge set EMMP,;,) = {ajaj,n : 1 < j < z-2}U {a}a;Jrl 1 < j < ztu {aja;. |
J £ g Ulajajg 1 £ j < zf, where [VIMP,»)| = 2z and |[E(MP_ »)| = 4z. Fore more details see

Figure 1.

<
<

Figure 1. Modified prism network MPy ;.

For z > 5 the modified prism network MQ, , , with vertex set vertex set VIMP_ ;) = {a;, a;: 1
J < zyandedge set EMMP, ) ={aja;,2:1 < j < z—Z}U{a’/.a;+1 1 <j<gdU{aa i1 <

z}U{ajaj+1 1< ] < z}U{a}bj: 1 < ] < z}U{a.,-ajH 1 < ] < Z}U{bjbj+1 . 1S ] < Z}
where [V(MP, ;,)| = 3z and |[E(MP, ; »)| = 6z. Fore more details see Figure 2.

AN VAN

-

AIMS Mathematics Volume 8, Issue 5, 10864—10886.



10867

Figure 2. Modified prism network MQy ; ,.

3. Main results

In this dissertation, our objective is to compute RLN Sets and LFMD of modified prism networks
(MP, 1 ,,MQ);, ) in the form of sharp upper and lower bounds.

4. RLN sets and LFMD of modified prism network MP, ; ,

In this section, we compute the RLN sets and LFMD of modified prism network (MP, ; »).

Lemma 4.1. Let MP, | , be a modified prism network , where z = 1 (mod 4) . Then
Z
(a) |IR«(ajaj)| =z—1and Ul R.(ajaj.1) = VIMP, ).

Jj=
Z
(b) IR (ajaj)| < IRV, and | |J Ry(ajaj.1) N R(y)| > |R(ajaj.i)| where |R.(y)| are the other possible
=1
resolving local neighbourhood sets.

Proof. Let a; inner, a’; be the outer vertices of modified generalized Prism network, for 1 < j <z,
where z + 1 = (1 mod z), we have following possibilities

(a) R.(ajaj.) = VIMP_15) = {Gjs2,Ajes, Qjugeenees Qzaios, Qzaio3, Azvicl) U

{a}+2,a}+4,a}+6, ..... A 5Ol 3l ) U {Clz+22i+2} U {a’“zzHZ} and |R.(aja;,)] = z — 1 and

Z
| _Ule(ajajH)l =3z = [VIMP_2)l.
i

(b) Rx(aja;') = V(Mpz,ll) - {a;+2,a;.+3, a;+j_3’ az+j—4}’ Rx(ajaj+2) = V(MPz,l,Z) - {aj+1’a}+1}a

r o _ ’ ’
Rx(ajaj_H) - V(MPz,I,Z) - {aj+27 Ajiss Ajr6y oeeey Az4j-3, ai+4’ ai+6’ ai+8’ ai+10’ ooy az+i—5}‘ O

The cardinalities among all these RLN sets are classified in Table 1.

Table 1. Cardinality of each RLN set.

RLN Set Cardinality
Rx(aja;) 2z-4>z-1
R.(ajaj.2) 2z-2>2z-1
Rx(a;.a;.ﬂ) z+3>z-1
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It is clear from above Table 1 that cardinality of R.(a;aj.) is less then all other RLN sets.
Theorem 4.2. Let MP,  , be a modified prism network , where z = 1 (mod 4). Then

2
X < dimpp(MP, 1) < ——
z—1 z—1

Proof. Case 1. For z =5, we have the following RLN sets
R.(a1a2) = R(d| @) = a1, a2, a},a}},

R (aya3) = R.(a)a}) = {az, a3, a}, a},

R (aza4) = R(d}ay) = {a3, a4, a}, a}},

R.(asas) = R(a,as) = {as, as, aj, ag}
R(asay) = R.(asa)) = {al,as,al,a5},
R(a1a3) = {a1, a3, 4], d;
R (a1a4) = {a1,a4,d), a
R(aray) = {az, a4, 0}, a
R (azas) = {ay, as, a}, a;
R (azas) = {as,as, a}, a

b

as},
ay},
b
}
),

)

R.(aia}) = VIMPs 1 5) — {a}, a,},
R(aya;) = V(MPs 1 1) — {a}, a5},
R (azay) = V(IMPs 1 5) — {as, a '}
R (asay) = V(IMPs 1 1) — {a), a}},

R,(asay) = V(MPs;2) — {612,613}-

For 1 < j < 5itis clear that |R.(aja;.)| = 8 and |R.(ajaj.1)l < |R.(e)|, where R,(e) are the
other RLN sets of MPs;,. Therefore, an upper LRF n : V(MPs;,) — [0, 1] is defined as n(y) = ;
for each y € V(MPs ;). In order to show that n is a minimal LRF, we define another LRF 7n(y)" :
V(MPs,,) — [0, 1] as [7°(y)| < [n(y)| then n(R.(e)) < 1 which shows that " is not a LRF of MPs ; , .

10
Therefore, dim;p(MPs ;,) < 3, }‘ = % In the same context, for I < j < zitis clear from the above
1

RLN sets that |R.(a ja;)l = 8 and |R,(a ja})l > |R,(e)|,where R,(e) are the other RLN sets of MPs  ,.
Therefore, a lower LRF 1 : V(MPs;,) — [0, 1] is defined as n(y) = 21—1 for all y € V(MPs ) hence

10
dim p(MPs15) > 3, % = %. Consequently,
1

45'1 < dimpp(MPs ;) < 2

Case 2. For 1 < j < zfrom Lemma 4.1 it is clear that |R.(a;a;.1)| = z+ 1 and |R(a;a;.1)| < [R.(e)],
where R,(e) are the other RLN sets of MP,;,. Therefore, an upper LRF n : V(MP,;,) — [0, 1] is
defined as n(y) = Z_Ll for each y € V(MP,;,). In order to show that 7 is a minimal RLF, we define
another RLF " : V(MP,,,) — [0,1] as [7°(y)| < [n(y)| then n(R.(e)) < 1 which shows that r’ is

2z
not a RLF of (MP,;,). Therefore, by Lemma X dim; r(MP,;,) < », L = = . In the same way,

1

for1 < j < zitis clear from Lemma 4.1 [R.(a;a;+1)| = 2z -2 and IR.(ajajn)l > |R(e)|,where

R.(e) are the other LRN sets of MP, ;,. Therefore, a lower RLF 5 : V(MPZ L 2) — [0, 1] is defined as
n(y) = 5 foreach y € V(MP_ ) hence by Lemma Y dim;r(MP_;5) > Z 21 5 = . Consequently,
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2
X < dimpp(MP, 1) < ——
z7—2 z—1

Lemma 4.3. Let MP, , , be a modified prism network, where z = 3 (mod 4) . Then
Zz

(a) |Rx(ajaj+l)| =z+1and Ul Rx(ajaj+1) = V(MP_ ;).
]:

Z
(b) IR(ajaj )| < |R:Y)|, and | |J Ri(a;jaj.1) N R(y)| > IR(ajaj.i)| where |R.(e)| are the other possible
j=1
RLN sets.
Proof. Let a; inner, a;. be the outer vertices of modified prism network, for 1 < j < z, where

z+ 1 = 1( mod z), we have following possibilities,

(a)R (ajaj+l)_ V(MPZ 1 2) - {aj+2’ Ajrd, Ajr6s eeee s Aoyi=55 Azyi-3, az} U {a;’+2’ a;+4’ a}+6a ----- s a;+i—5’ a;+i—3’ Cl;}

and R (ajajon)] = 2+ Land | U Rulajajon)| = 32 = [VOAP1 o)
]_

(b) Rx(ajaj) - V(MPz,l,Z) { j+2’ aj+3, az+j—3’ az+]—4}’ x(a]a]+2) - V(MPz,l,Z)_{aj+la a;'+1} x(a] J+1) =
V(MPZ,I,Z) - {aj+2, aj+4, aj+6, ceeesy az+j_3, a;+4, Clll.+6, Cll’.+8, a;_'_lo, ceey a;+i—5}' O

The RLN sets are classified in Table 2 and it is clear that |R,(a;aj.)| is less then the all other RLN
sets of MIP, | .

Table 2. Cardinality of each RLN set.

RLN Set Cardinality

Rx(aja;.) 27—4>z7+1
(ajaj+2) 27—-2>z+1
R.(dd’,)) z+3>z+1

Theorem 4.4. Let MP, , , be a modified prism network, where z = 3 (mod 4). Then

< dim P <
Proof. Case 1. For z = 7, we have the following RLN sets
Ri(ayay) = V(MP7,2) — {as,as,av,a3,a5,a7}
R (aza3) = VIMPy,1 ) — {ay, as, a1, ay, ag, a}},
R (azas) = VIMPy1 ) — {as, a7, az, as, a, 612},
R (asas) = VIMP7,1,) — {as, a1, a3, ag, a}, as},
R (asag) = VIMP7,12) —{a7, a2, a4, @), @), a,},
R (agar) = VIMP71,) — {a1, a3, as,a), a}, a5}
R.(ara;) = VIMPy,1 ) — {az, as, ag, a}), a, ag},
R (aia)) = VIMP7,1,) — {a}, a}, a5, ag},
R(axay) = VIMP7,12) —{a), ai, ag, a4},

9
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R (azay) = VIMPy,1,) — {as, ag, a’, a'},
R (asay) = VIMP7,12) —{ag, a), a, d)},
R (asay) = VIMP7,1,) — {a}, a}, a}, a5},
R (asag) = VIMP71,) — {a, a}, a5, a,},

R(ara’) = VIMPy,1 ) — {a), a}, a}, as, },
R (aia3) = V(IMP7,12) — {az, a}},

R (aza4) = V(IMP71 ) — {as, a}},

R,(azas) = V(IMP7,2) — {as, a}},

R (asae) = V(MP7,2) — {as, ai},

R (asa7) = V(MP7,1,) — {as, ag},

R,(asa)) = VIMP7,2) — {a7, a’},

R (a7a5) = V(MP71,) — {a1,a}},

R (d\ay) = V(MP7,12) —{as, as, a7, ag},
R(ayay) = VIMP7,12) — {as, as, a1, agh,

R.(a@ja)) = VIMP7,2) — {as, a7, az, a’},

R(aya5) = VIMPy,1 ) — {as, ay, a3, a},
R (asap) = V(MPy,5) — {ay, 612,614,612},
R(azay) = VIMP7,12) —{ay, a3, as, a4},

R.(a’a)) = VIMP7,12) — {az, as, as, ay}.

For 1 < j < 7itis clear that |[R.(aja;, 1)l = 8 and |[R.(ajaj, 1)l < |R.(e)|, where R.(e) are the
other RLN sets of MP;;,). Therefore, an upper LRF 1 : V(MP7,,) — [0, 1] is defined as n(y) = %
for each y € V(MP7,,). In order to show that 7(y) is a minimal upper LRF, we define another LRF
n@) : VIMP;;,) — [0, 1] such that |["(y)| < [n(y)| then n(R (e)) < 1 which shows that r’ is not a local

resolving function of P7; »). Therefore, dim;p(MP7 ;) < Z g = In the same context, for1 < j < z

it is clear from the above RLN sets that [R,(a a ,2)| = 12 and IRx(a jaj2)| > |R.(e)|,where R,(e) are the
other RLN sets of MP; ; ,). Therefore, a lower LRF p : V(MP;;,) — [0, 1] is defined as n(y) = 2—11 for

14
each y € V(MP,,) hence dim;z(MP7,,) > 3, & = Z. Since MP5, , is a non-bipartite network so its
1

lower bound must be greater then 1. Consequently,
1 < dim p(MP71,) < 1.

Case 2. For 1 < j < zfrom Lemma 4.3, it is clear that |R.(a;a;.1)| = z+ 1 and |R(a;a;.1)| < [R.(e)],
where R,(e) are the other RLN sets of MP, ;,. Therefore, an upper LRF 1 : V(MP,;,) — [0, 1] is
defined as n(y) = 3n — for each y € V(MP, ;). In order to show that n is a minimal LRF, we define
another LRF " : VAMP,,,) — [0, 1] as |7'(y)| < [n(y)| then n(R,(e)) < 1 which shows that 1" is not

2z
a LRF of MP7,, hence by Lemma X dim;r < }; L = In the same way, for 1 < j < zitis

z+1 z+1

clear from Lemma 4.3 |R(aja;,1)| = 2z — 2 and |R\(a;a;;»)| > |R.(e)|, where R,(e) are the other RLN
of MP, ; ,. Therefore, a maximal lower LRF 7 : V(IMDP’Z 12) — [0, 1] is defined as n(y) = 5 for each

y € V(MP,,) hence by Lemma Y dim; r(MP,;,) > Zl m = Z_Ll Consequently,
J:

le dimpp(MP 1) < Z+1
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Lemma 4.5. Let MP, |, be a modified generalized prism network, where z = 0 (mod 4) . Then
Zz
(a) IR(ajaj.1)| = zand Ule(ajajH) = V(MP,,2).
J:

4
(b) IR(ajaj, )| < |R(y)|, and | U1 R.(ajaj1) NR(y)| > |R(a;aj.1)|, where |R.(y)| are the other possible
J:
RLN sets.

Proof. Let a; inner, a;. be the outer vertices of modified generalized Prism network, for 1 < j <z,
where z + 1 = (1 mod z), we have following possibilities

(a) Rx(ajaj+1) = V(MP,,,) - {(lj+2, Ajids Aji6eeeee a%z_/, az+22/+2 , az+22j+6 R az+2£+10 g eenen Aryii5y Ayri 3y Ayppio} U
{a’ ! ! ! ! ! a a.,._,} and |R(aja;;1)] = z and

’
a1+4,aj+6 ..... ,azgzj,aﬁzzm,az+22f+6,az+2_£+,o, ..... a i3

| U Ri(ajaj )l =2z = [VIMP,12)|.
j=1
(b)Rx(aja ) _V(MPZ 1 2) - {a;q.z, Cl;-+3, a;+j_2’ az+j—3} x(a]a]+2) - V(MPZ 1 2) {Cl]+1, a]+l’ an+2]+2 an+2/+2 }

2
R (Cl V(MPZlg) {aj+2,aj+4,aj+6, ....,a%,aﬁzﬁz,aﬁzz,m,....,azﬂ_e,az+]_3,az+]_1}. O

2

J+2 7+i-5°

j j+l) =

The RLN sets are classified in Table 3 and it is clear that cardinality of R.(a;aj,) is less then all
other RLN sets of MP,  ».

Table 3. Cardinality of each LRN set.

RLN Set Cardinality
Rx(aja;.) 27—4 >z
x(ajaj+2) 2z-2>z2
R.(d'd’,)) z2+3>2

Theorem 4.6. Let MP, , , be a modified prism network , where z = 0 (mod 4). Then

X < dime(MP,, ) < 2.
z—2

Proof. Case 1. For z = 8, we have the following RLN sets;
R.(aiay) = VIMPy 1 5) — {as, as, ag, ag, a, as, ag, ag},
R (axa3) = VIMPy 1) — {a4, as, ar, as, ay, ag, @, a' 1,
R (azas) = V(MPyg 1 2) — {as, a7,as,a3,a5,a7,a8,a2},
R (asas) = V(MPy 1 5) — {as, as, ar, as, ag, ag, a;, 4},
R (asag) = VIMPg 15) — {a7, a1, a2, as,a}, a}, a), a,},
R (asa7) = V(MPs 1 2) — {as, a2, as, as, ag, a,, a3, as},
R (arag) = V(MPs 1 2) — {a1, a3, a4, az, ay, a5, aj, ag},
R (aiag) = VIMPy 15) — {az, a4, as, ag, a}, a,, a, a4},
R.(aa}) = VIMPg 1 1) — {aj, 614,616,07}

Rx(a2a’2) = V(MPS,I,Z) - {a:p 59 Cl7, ag}

R (azay) = V(MPg 1 5) — {as, ag, ag, a'},

AIMS Mathematics Volume 8, Issue 5, 10864—10886.
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R (asay) = VIMPy 1 5) — {ag, a}, a}, a)},
R (asay) = V(IMPy 1) — {a}, a5, a}, al},
R (asag) = VIMPy 1 5) — {ag, a}, a}, a,},
R(ara’)) = V(IMPy 1) — {a}, a}, ay, al},
R, (agag) = V(IMPy 1 5) — {a}, a}, ag, ag},
R (a\a}) = V(MPy 1) — {as, as, as, as},
R (ayas) = VIMPs 1 2) —{as, as, a7, ar},
R.(aja)) = V(MPy ) — {as, a7, as, as},
R (a}a) = V(MPg 1) — {as, as, ar, as},
R (asag) = VIMPg 1) — {a7, a1, as, as},
R (agal) = V(MPy 1 5) — {as, a2, a3, as},
R(a%ag) = VIMPg 15) — {ai1, a3, as, as},
R (aga)) = VIMPyg 1) — {az, a4, as, az},

R(aia3) = V(MPs 1 2) — {az, as, a;, ag},
R (axas) = VIMPy 1) — {a3, a7, a5, al},
R, (azas) = V(IMPg 1 5) — {a4, as, ay, ag},
R (asas) = V(IMPg 1) — {as, a1, a5, a}},
Ry (asa7) = V(MPy 1) — {as, a2, ag, az},
R, (agag) = VIMPy 1) — {as, a7, d}, a4},
R (a7a1) = V(MPg 1) — {as, a1, a5, a1},

R (agar) = V(IMPg 1) — {a1,as, a], 615}-

For 1 < j < 8itis clear that |[R.(aja;, 1)l = 8 and |R.(ajaj, 1)l < |R.(e)|, where R.(e) are the
RLN sets of MPg;,. Then there exits an upper LRF n : V(MPg;,) — [0, 1] and it is defined as
n(y) = l for each y € V(MPyg ) »). In order to show that 77(y) is a minimal LRF, we define another LRF

Q) : V(MPg]z) — [0, 1] such that |n7’(y)| < In(y)| then n(R,(e)) < 1 which shows that " is not a
LRF of MPg  ,. Therefore, dim;r(MPs ;) < Z g = 2. In the same context, for 1 < j < zitis clear

from RLN sets that |[R.(a;a;.,)| = 12 and |Rx(a i)l = |R(e)|,where R,(e) are the other RLN sets of
MPs ;5). Then there exist a lower LRF  : V(IMPg;,) — [0, 1] and it is defined n(y) = 211 for each

16
y € V(MP;,,) hence dimr(MPg ) > ; & = 3. Since MPg, , is a non-bipartite network so its lower
bound must be greater then 1. Consequently,

2 < dimyp(MPs 15) < 2.

Case 2. For1 < j < gz, itis clear from Lemma 4.5 it is that R (a;aj.1)| = z and |R(a;a;.1)| < [R.(e)l,

where R,(e) are the other RLN sets of MIP, ; ,. Then there exits an upper LRF r : V(MP, ;,) — [0, 1]
an it is defined as n(y) = 1 - foreach y € V(MP, ). In order to show that 77 is a minimal LRF, we define
another LRF " : VIMP,, 2) — [0, 1] such that |7’(y)| < |77(y)| then n7(R,(e)) < 1 which shows that 7’ is

not a LRF of MPs ; , hence by Lemma X dim;p(MP, ;) < Z - = 2. In the same way,For 1 < j < z

it is clear from Lemma 4.5 |[R(a;a ;1) = 2z — 4 and IRx(a ja.,+2)| > |R,(e)|,where R,(e) are the other
RLN sets of MP, ; ;). Then there exits a maximal lower LRF n : V(MP, ; 2) — [0, 1] and it is defined as

n(y) = —; foreach y € V(MP_ ) hence by Lemma Y dim;r(MP_;,) > Z 2z 7 = - Consequently,
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= <dim p(MP, ) < 2.

Lemma 4.7. Let MP, ; , be a modified prism network, where 7 = 2 (mod 4). Then
(a) |R (a]a]+1)| =z+2and U R (ajaj+1) - V(MPZ 1 2)

j_
(b) IR (ajaj1)| < IR.(y)l, and | U Ry(ajaj.) N R.(y)| > |R(ajaj.1)| where |R.(y)| are the other possible
j=1
resolving local neighbourhood sets.
Proof. Let a; inner, a} be the outer vertices of modified generalized Prism network, for 1 < j <z,

where z + 1 = (1 mod z), we have following possibilities
(@) Rajaj) = VIMP,12) — {aji2, 044, ajss..... s Azt Qa2 Az2jnt, A0, oo Ariio5y pri3y Azyio1} U

2
{a}+2a a}+4’ a;'+6 """ ’ a/z+j—l ’ alz+2j+2 ’ a,z+2j+6 2 a’z+2j+10 3 seee a;+i_5’ a;+i_3a a;_H'_] } and |Rx(ajaj+l)| = < and
2 2 2 2

| U R(ajaji)l =2z = [V(MP, 1 2).

(b) x(a]aj) = V(MPZ,I,Z) - {a;-+2’ (l;,-+3, a;_,,/ 95 Azt j— 3}
Rx(ajaj+2) = V(MPZ,LZ) — {aj+1,aj+1,an+2j+2 aMM}

2

Rx(a;.a;.ﬂ) = VIMP,15) —{as2,ajs4,Ajsss --es Azrjot s Adped s Azijse s s Azt j65 Aot -3 Azyj1}) m|

The RLN sets are classified in Table 4 and it is clear that |R,(a a )| is less then all other RLN sets
of MPz,l,Z'

Table 4. Cardinality of each LRN set.

RLN Set Cardinality

Rx(aja;) 27—-4>z7+2
R.(ajaj.») 27—4>z+2

R(aj ]+1) 20—4>z7+72

Theorem 4.8. Let MP, ; , be a modified prism network, where z = 2 (mod 4). Then
= <dim pMP, ) < 55 Z+2

Proof. Case 1. For z = 6 , we have the following RLN sets;
R (a1ay) = V(MPg 1) — {as, as, a5, a5,06}
R (aza3) = V(MPs 1 2) — {a4, a1, ay, ag, a}},
R (azay) = V(MPg 1) — {as, az,as,al,az}
Ry (asas) = V(MPg 1) — {as, a3, ag, @), a5},
R, (asag) = V(MPg 1) — {a1, a4, a}, ay, a,},
R.(asa;) = VIMPs 1 2) — {a, as, a), a, as},
{
{
{
{
{

b

R.(ard}) = VIMPs,12) — {a3, aj, as},

9

R.(aya)) = V(MPg, ) — {aj,

a
(15,
a

ag
R (asay) = V(MPs 1 2) — {ag, a}, @,
R, (asag) = V(MPg 15) — {d}, a}, d}},

b

3

4 }
R (azay) = V(MPg 1 5) — {as, ag, a}},

6 }

1 }
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R, (asag) = V(MPg 1 5) —
R, (aia3) = V(MPg 1) —
R (aza4) = V(MPg 1 5) —
R, (azas) = V(MPg 1) —
R, (asas) = V(MPg 1 5) —
R,(asa;) = V(MPg 1) —
R, (agaz) = V(MPg 1) —
R.(d\a}) = V(MPs2) —
R (a)ay) = V(MPg 5) —
R.(dia)) = V(MPs2) —
R (a,as) = V(MPg 1) — {as, a3},

R (asag) = V(MPg15) — {a1, as},

R (ajag) = V(MPg 1) — {az, as}.

For 1 < j < 6itis clear that |[R.(aja;, 1)l = 7 and |[R(ajaj, 1)l < |R((e)|, where R.(e) are the
other RLN sets of MPg;,). Then there exits an upper LRF n : V(MP¢,;,) — [0, 1] is defined as
ny) = % for each y € V(MPg ; »). In order to show that 77(y) is a minimal LRF, we define another LRF
n' () : VMPg,2) — [0, 1] such that ['(y)| < [n(y)| then n(R,(e)) < 1 which shows that 1" is not a

12
LRF of MPg » hence dim; p(MPg;,) < 3, % = % In the same context, for 1
1

’ ’ ’
a,, ay, ayl,

’ ’
ay, as, ay, ag},
as, ag, aj, g},
as, ap, a,,a},

’
as,dr, ds, d }

as, as},
ay, Cll},
as, az}a

S U U S Vi Vg Ul Vi Uy
N
@)}
M
IS}
N
M
Q
N
2
S
N
3

< j < zitis clear that

IR(a;aj2)| = 12 and |R.(a a;:2)| = |R.(e)l, where R,(e) are the other resolving local neighbour sets of
MPs ;1 5). Then there exits a lower LRF n : V(MPg;,) — [0, 1] and it is defined as n(y) = i for each

12
y € V(MPs ) hence dim;r(MPg2) > ¥, 16 = 2. Since MPg » is a non bipartite network so its lower
1

bound must be greater then 1. Consequently,
g < dimLF(MP(,,l,z) < %

Case 2. For 1 < j < zfrom Lemma 4.7 that |R(a;aj.1)| = z and |[R.(aja )| < |R.(e)|, where R, (e)
are the other RLN sets of MP,;,. Then there exits an upper LRF n : V(MP,;,) — [0, 1] and it is
defined as n(y) = z%z for each y € V(MP, ; »). In order to show that 77 is a minimal upper LRF, we define
another LRF " : V(MP,;,) — [0, 1] as [7'(y)| < |n(y)| then n(R,(e)) < 1 which shows that r’ is not a

2
LRF of MPg ; » hence by Lemma X dim; r(MP, ;) < In the same way, for 1 < j < zit

o742 T oz42°
J:
is clear from Lemma 4.7 |R.(ajaj.1)| = 2z —4 and |R(a a.»)| > |R.(e)|, where R,(e) are the other RLN

sets of MP, ; »). Then there exits a lower LRF  : V(MP, ;,) — [0, 1] and it is defined as n(y) = Z_Ll for

S 22
1

2z
each y € V(MP, ;) hence by Lemma Ydim; r(MP,;,) > >, ﬁ = 5. Consequently,
Pz .

: 2z
z—LZ < dlmLF(MPz,l,Z) < z+_22

5. RLN sets LFMD of modified prism network MQ,  »

In this section, we compute RLN sets and LFMD of modified prism network MQ, ; , in the form of
bounds.
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Lemma 5.1. Let MQ;, ; » be a modified prism network, where 7 = 2 (mod 4) . Then
(a) |Rx(a]aj+l)| 3Z+6 and U Rx(aja]+l) - V(MQZ 1 2)

(b) IR\(ajaj; )| < |R:(y)|, and | U R.(ajaj) N Ry(Y)| > |R(a;aj.1)| where |R.(e)| are the other possible
j=1

RLN sets.

Proof. Let ag; inner, a’ middle and b; be the outer vertices of modified generalized Prism network,

for1 < j <z,wherez+ 1 = 1(mod z), we have the following possibilities
(a) Rx(ajaj+1) = V(MQZ,I,Z) - {aj+2, Ajrd, Ajr6ee... N Clz+é‘—1 5 A z+2j+2 y A z+2j+6 , az+2é‘+10 5 enes Aryi-5,074i-3, az+,~_1} U

2 2
{a}+2, a}+4, a;.+6 ..... , a’ﬁ%, a’zﬂéj+2 , a’z%j+6 , a’“zéﬂo gl syl s dl U
{b ,-+2, bjads Djiguns bart, bugjr beapo, beszjuin, oo Dyyios, brsics, brsica} and Ru(@jaun)] = 38 and
| U R (ajaj)| =3z = [VIMQ,,12)I.
(b) x(ajaj) = VIMQ;,2) - {aj+29 Ai3, Az j-3, Azt j-2, bj+2, bj+3, bz+j73, bz+j72}’
R(aajn) = VIMQ. 1) — {aj1,a: 2125 Cl]+1,Cl'+z,+z’b]+1,bz+22j+2}, R(da,) = VIMQ,12) — {azj-1},
Ry(bjbji1) = VIMQ,12) —{aj.2}, Re(@'D)) = V(MQz 12)- O

The RLN sets classified in Table 5 and it is clear that |[R(a;a .| is less then all other RLN sets of
MQZ,I,Z-

Table 5. Cardinality of each LRN set.

RLN Set Cardinality
R.(a;d}) 3z-4> %0
R.(a;a;i2) 3z-4> %0
R (a’b-) 3z> 3“6
R(aj ") 3z—1>%
R.(bjbj.1) 3z-1> %

Theorem 5.2. Let MQ,  » be a modified prism network, where z = 2 (mod 4). Then

1< dim (P ) < =
Proof. Case 1. For z = 6, we have the following RLN sets
R (a1az) = VIMQg,1.2) — {as, as, aj, ag, b3, bs},
R (aza3) = VIMQg,12) — a4, a1, a},ay, by, by},
R (aza4) = VIMQs,12) — {as, as, as, a, bs, by},
R (asas) = VIMQg,1.2) — {as, a1, ag, a5, be, b3},
R, (asag) = V(IMQg,12) — a1, az, a}, a;, by, bs},
R (asa1) = VIMQs,12) — a2, a3, a)), a, by, bs},
R.(aia}) = VIMQg,12) — {a}, a, as, b, by, bs},
R(axay) = VIMQg,1.2) — {a}, ag, ag, ba, bs, bs},
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R (aza)) = V(MQs,12) — {a

5 dg, ay, bs, be, b1},

R (asay) = V(IMQg,12) — aé,al’azab&bl, by},
R (asay) = VIMQs,12) — {a}, a), a, by, by, b3},
R (asag) = VIMQg,12) — {a), a, a}, by, b3, by},
R (a1a3) = VIMQs,12) — a2, as, @), as, by, bs},
R (axay) = VIMQs,12) — {as, as, a5, ag, bz, bs},
R (azas) = VIMQs,12) — {as, a1, a, a}, by, b},
R (asas) = VIMQs,12) — {as, az, a, a)y, bs, by},
R.(asa;) = VIMQs,1,2) — {as, as, ag, a;, b, b3},
R (asaz) = VIMQg,1.2) — {ai1, as, ag, aj, by, ba},
Rx(a ) = V(MQs,12) —
R (a}a}) = V(MQs,12) —

as, ds),
ay, dsy,

R.(d}ay) = V(MQg,12) — {as, as},
R (a,as) = V(IMQs,12) — {as,

Q

1

}
}
1,
Rx(a ) = V(MQs,12) — {ay, az},
R, (ag Cl') = V(MQs,12) — {a2, as},
R (b1b2) = V(MQs,12) — {as, as},
R(byb3) = V(MQs,12) — {as, a1}
R,(b3by) = V(MQg,12) — {as, az}
R, (bsbs) = V(MQsg,12) — {ae, a1}
R (bsbs) = V(MQs,12) — {ai, az},
R (b1bs) = V(IMQs,12) — {az, a1},
R,(a\by) = V(MQg, 2),
R(a}by) = V(MQg,12),
R(a}b3) = V(MQs,12),
R (a;bs) = V(MQg,12),
R (asbs) = V(MQsg,1,2),
R, (agbs) = V(MQg,12),
R (agbs) = V(MPg 1 2).
For 1 < j < 6itis clear that [Ry(ajaj.i)| = 12 and |R.(aja;.1)| < |R.(e)|, where R,(e) are the

b

Q

2

’

Q

b

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

other RLN sets of MQg ;. Then there exits an upper LRF n : V(MPg;,) — [0, 1] and is defined as

n(y) = % for each y € V(MQg ). In order to show that n(y) is a minimal LRF, we define another

LRF n(y)" : V(MPg ;) — [0, 1] such that |["(y)| < |n(y)| then n(R,(e)) < 1 which shows that n’ is not
18

LRF. Therefore, dim; r(MQg12) < 3, 11—2 = % For 1 < j < 6itis clear from the above RLN sets
1

that |[R,(b;bj.1)| = 18 and [R(b;bj.1)| > |R.(e)|, where R,(e) are other RLN sets of MQs;,). Then

there exits a lower LRF 7 : V(MQg12) — [0, 1] and it is defined as n(y) = 11—8 foreachy € V(MQg1.2)
18

hence dim;p(MQg12) > 3, ﬁ = 1. Since MQg ;> 1s a non-bipartite network so its lower bound must be
1

greater then 1. Consequently,
1 < dimp(MQg,12) < 3.

Case2.Forl < j < z from Lemma 5.1 it is clear from the above resolving local neighbourhood sets

that |R.(a aj.1)| = 3Z — and |R,(aja;;1)| < [R.(e)], where R,(e) are the other RLN sets of MQ; 1 ;). Then
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there exits an upper LRF 7 : VIMQ,,,) — [0, 1] and it is defined as n(y) = 3n2+6 foreachy € VIMQ_»).

In order to show that 17 is a minimal LRF, we define another LRF " : V(MQ_,,) — [0, 1] such that
7’ (v)| < |n(y)| then n(R,(e)) < 1 which shows that 7’ is not a LRF of MQg ; ,. Therefore by Lemma X

3z
: 2 2z
dlmLF(MQZ’Lz) < /Z:l 3216 = z-i—_ZZ

Forl < j < zit is clear from Lemma 5.1 IRx(a;.b;.)l =3z and |[R.(bjbj.1)| > |R(e)|, where R,(e)
are the other RLN sets of MQ), ; ». Then there exits a maximal lower LRF p : V(MP,;,) — [0, 1] and it

3z

is defined as n(y) = 3% for each y € V(IMQ_ ). Hence by Lemma Y dim; r(MQ_,) > >, 3iz = 1. Since
j=1

MQ; ;> is a non-bipartite network so its lower of LFMD bound must be greater then 1. Consequently,

1 <dimprMQ,;,) < Z?,._Zz

Lemma 5.3. Let MQ, ,» be a modified prism network, where z = 0 (mod 4) . Then
3z

(a) IR\(aja;)| = £ and Ule(ajajH) = V(MQ;,12)-
=

3z

(D) IR (ajaj)l < IR.()|, and | | R(ajaj, ) NR.(Y)| > IR(a;a;.1)l, where |R(y)| are the other possible
j=1

RLN sets.

Proof. Let ag; inner, a’ middle and b; be the outer vertices of modified generalized Prism network,
for1 < j <z,wherez+1 = 1(mod z), we have following possibilities
(a) Rx(ajajﬂ) = V(MQZ,I,Z) - {aj+2, Ajr4, Ajr6e.... . aué—l 5 A z+2j42 y A z42j+6 y A z42j+10 5 ... Aryj5,Az4i35 Aryi—] } U

{a}+2’ a}+4, a;'+6 ----- ’ a;% ’ a/z+22j+2 ’ a/z+22j+6 > a,uzéno 5 seees a;+i_5’ Cl;+l._3, a;+i_1 }{bj+2, bj+4a bj+6 ----- P b%*l P b2+22/'+2 5 bz+22.i+6 s

3z

3

bz2jr10, b yios, boyios, boyioi} and [Ri(ajaji)l = 5 and | J Ri(a;aj.1)l = 3z = [VIMQ, 12).

|
(b) R,(a ja}) = VIMQ_,12) - {a 425 A3, Aryj-3, 7152, b 425 b j+35 b, j=3» b, j—z},
Ri(ajaj) = VIMQ:12) = {41, ay,a}wa;éﬁz sbjrsbeje), R(da), ) = VIMQ:12) — {1},
Ry(bjbjs1) = VIMQ;,12) —{ajs2}, Ru(ajb)) = VIMQ,1 ). O

The RLN sets are classified in Table 6 and it is clear that |[R,(a;a ;.| is less then all other RLN sets
of MQZ’LQ.

Table 6. Cardinality of each LRN set.

RLN Set Cardinality
Rx(aja}) 3z—-4> %
R.(ajaj:) 3z-4> %
R.(db;) 3z> %

Rx(a;.a;“) 3z—-1> %
R(bbjs1) 3z-1> %

Theorem 5.4. Let MQ, ;, be a modified prism network , where 7 = 0 (mod 4). Then
1 < dimLF(MQZ,Lz) < 2.
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Proof. Case 1. For z = 8 , we have the following RLN sets;

R.(ajay) = VIMQyg,12) —
R.(aza3) = V(IMQg 1 2) —
R (azas) = V(IMQyg 1) —

R, (asas) = VIMQyg 1 2) —

R, (asag) = V(MQyg 1 2) —

R, (agaz) = V(MQyg 1) —

R, (azag) = V(MQyg 1) —

R (ajag) = V(MQyg 1 2) —

R.(aa}) = VIMQyg 1 2) —

Rx(aZa,z) = V(MQg1) —

R (aza}) = V(MQyg,12) —

R, (asa)) = VIMQg 1) —

R (asay) = V(MQyg,12) —

R (asag) = V(MQys,12) —

R (a7a’) = V(IMQyg 1 2) —
R (agag) = V(MQyg,12) —
R (aja;) = V(MQyg 1) —
x(a2a3) = V(MQS 1 2) -

R(d}ay) = VIMQyg 1 2) —

Rx(a 615) - V(MQS 1 2) -

R (azag) = V(IMQyg 1) —

R (aga’) = V(IMQyg 12) —

R (d}ag) = V(MQyg,12) —

R, (aga}) = VIMQyg 1 2) —

R (aaz) = V(IMQyg 1) —

R (azas) = VIMQyg 1 2) —

R, (azas) = V(IMQyg 1 2) —

R (asas) = VIMQyg 1 2) —

R, (asaz) = V(MQyg 1) —

R, (asag) = V(MQyg 1) —
R.(aza;) = VIMQyg,12) —
R,(agaz) = V(IMQg 1 2) —

R,(b1by) = V(MQyg 1) —

R,(byb3) = V(IMQyg,12) —

R,(b3by) = V(MQyg 1 2) —

Ry (bsbs) = V(MQyg,12) —

R, (bsbe) = V(MQyg,12) —

R, (bgb7) = V(IMQyg,12) —

R,(bbg) = V(MQyg 1 2) —

R,(bgby) = V(MQyg 1) —

R.(a\by) = V(MQg ),

R.(a)by) = V(MQg 1 »),

AIMS Mathematics

NSRS N VS NS VS0 G N VS UL N VS G N VS U VU0 NGB NSV N G VSNV U N VG V0 G Vo Ny

a3,a57a65a89a3’a57a6, a87 b37b5,b7a bS s
ay 616,111,612,(14,(16,(17,(11,1?4,[?6,1?8, 155

7’ ’ ’ 7’
as,az, ag, as, as, a;, dg, ay, bs, by, by, ba},

7’ ’ ’
ar a17aZaa59a77a19a’29a4ab77b1’b3a 4

b

ag aZaa33a69a,85a,23a;9a;5b8$b29b45 5/
7’ ’ ’ 7’
alaa3’a4aa7aa1’a37a4aa6’b17b3ab5’ 6Js

’

}
}
}
as, as, ap, as, ag, dg, ay, s, b, bg, by, b3},
}
}
}
}

a, ay, as, as, ay, 4y, as, as, by, by, be, b},

2
aj, ay, ag, a;, bs, by, bg, b7},
a:p asa 617, aS’ b4a bS’ b79b8 >
’
5 aG,GS,Cll,bs,b(,,bg,
'
a6’a7’a1aaz,b6,b77bla 2Js
’
7
’
8
’
1°
’
2°

}
1
}
a,,ag, as,ay, by, by, by, b3},
}
}
}

a

2

a ,all,a;,a:‘,bg,bl,b:;, 45
7’ ’ ’
612,614,615,[91,192,174, 555
a,, aj, as, ag, by, b3, bs, bg},
as, as, ds, as, },

ay, dg, a7, Ay},

a

as, as, ag, a},
ag, ag, ap, as},
az, ay, az, g},
as, as, as, as},
ai, as, ds, e},
ay, 4y, as, az},
ay, ag, ay, ag, by, b},
as,as, a, a,, bs, by},
as, ag, ay, ag, by, bg},
as,ai, as, ay, bs, by},
as, az, dg, ay, be, by},
as,as, a, a,, by, bs},
as,ay, ag, ay, bg, by},
ai, as,a;, as, by, bs},
as, as, ag, ag},
as, as, az, a },
as, as, ag, s},
ag, as, ai, as},
az,a, as, as},
ag, as, as, ds},
ai, as, s, s},
ay, ay, as, az},
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R (a}b3) = V(MQy,1,2),
R (a@,Dy) = V(MQy 1.2),
R (asbs) = V(MQy,12),
R, (a’6bs) = V(MQy,1,2),
R (a}b7) = V(MQy,1,2),
R, (agbg) = V(MQyg; ).

For 1 < j < 8itis clear that [Ry(a;aj.i)| = 12 and |R.(a;a;.1)| < |R.(e)|, where R,(e) are the
other RLN sets of MQg;,). Then there exits an upper LRF 1 : V(MQs ;) — [0, 1] and it is defined
as n(y) = é for each y € V(MQg ). In order to show that n(y) is a minimal LRF, we define another
resolving function n(y)’ : V(MQsg12) — [0, 1] such that |[7'(y)| < [n(y)| then n(R,(e)) < 1 which shows

24
that " is not a LRF of MQyg ;, hence by Lemma Xdim;r(MQg;,) < . é = 2. In the same context,
1

for1 < j < zitis clear from the above RLN sets that |[R.(a;a;.»)| = 12 and |Rx(a;.a;. D= R (e)l,
where R, (e) are the other RLN sets of MQg ;. Then there exits a lower LRF 1 : V(MQg ;,) — [0, 1]

24
such that n(y) = ﬁ for each y € V(MQg ;) hence dim; r(MQg12) > 2. i = 1. Since MQyg, is non
1
bipartite network so its lower bound of LFMD must be greater then 1. Consequently,
1< dimLF(MQg,Lz) <2.

Case 2. For 1 < j < zitis clear that |[Ry(ajaj.1)| = z and |[R(ajaji1)| < R (e)l, where R,(e) are
the other RLN sets of MQ,;,. Then there exits an upper LRF n : VIMQ,,,) — [0, 1] is defined as
n(y) = % for each y € V(MQ_ ). In order to show that 7 is a minimal LRF, we define another LRF
n : VIMQ,,2) — [0, 1] such that [7’(y)| < [7(y)| then n(R,(e)) < 1 which shows that 7’ is not a LRF

3z
of MQyg ; » hence by Lemma X dim;p(MP_;,) < Z 33 = 2. In the same way, for 1 < j < zitis clear

from Lemma 5.3 that |Rx(a b;)| = 3z and |Rx(a b )| > |R,(e)|,where R,(e) are the other resolving local
neighbour sets of MQ;, ;). Then there exits a max1mal lower LRF np : V(IMQ,,,) — [0, 1] and it is

defined as n(y) = 3—Z for each y € V(MQ_,) hence by Lemma Ydim; r(MQ,,) > '21 %= 1. Since
J:

MQ; ;> is a non-bipartite network so its lower bound of LFMD must be greater then 1. Consequently,

1< dl'mLF(MQZ’LZ) <2.

Lemma 5.5. Let MQZ 12 be a modified prism network, where z = 1 (mod 4) . Then
(a) |R (a]a]+1)| and U R (a]a]+1) - V(MQ112)

(b) IR\(ajaj )| < |R(y)|, and | U Ry(ajaj1) N R(y)| > |R(a;aj..)| where |R.(y)| are the other possible
=1
RLN sets.

Proof. Let a; inner, a; middle and b; are be the outer vertices of modified prism network,
forl < j <z, wherez+ 1 = (1 mod z), we have following possibilities
(a) R.(aja;;) = VIMP_ ;) = {Ajs2, Ajsas Ajugeenes Arrios, Qrsi3, Aryio1} U

a ,a a YUULDji2,bj44,D sy oy Dovios, brvi3, byi } U {CILZZHZ YUld i}
2

’ ’
{aj+2’aj+4’ JH+62 Z+i=5° T z+i-3? z+tl
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3z
and |R,(a;a;i1)l =z —1and | Ule(ajajH)l =3z = |[V(MP, 1)l
J:

(b) R.(a;a’) = VIMP.12) = {500,500, 3, 824j-4,0j12, D43, Dy jo3, Do joal,
Rx(ajaj+2) = V(MPZ,I,Z) - {aj+l’ a;+17 bj+19 aaz%, a,+2j+l > b7+2/+1 LR (D 'bj+1) = x(a] ]+1)

VIMP,12) = {42, Qjsar Ajsgs ooy Qzpj3, Az joi } U {aﬂ%} U {d’ B b w2l }. x(a}bj) = V(MP, 1 ,). a

The RLN sets are classified in Table 7 and it is clear |[R(a;aj.1)| is less then all other RLN sets of
MQZ,],Z-

Table 7. Cardinality of each LRN set.

RLN Set Cardinality
Rx(aja;.) 3z—-8> ?
R.(ajaj2) 3z-6> %2
(a] j+1) 5x—25>¥
R.(dbj) 3z> &2
R.(bjaj.) 5z—-25> ?

Theorem 5.6. Let MP, , , be a modified prism network , where z = 1 (mod 4). Then
1 < dimppMP,12) < 2

Proof. Case 1. For z = 5, we have the following RLN sets
R.(aiay) = {ay, as, Cl'l, 0'2, by, by},

R(arxa3) = {az, a3, a;, aj, by, b3},
R (azas) = {as, as, a;, a}, bs, by},
R (asas) = {ay, as, aj, as, bs, bs},
R.(asa) = {a1,as,a, as, bs, by},
R(a1a3) = {a1,as,a;,d;, by, b3},
R.(aia4) = {a1, a4, a}, a}, ba, by},
R(aza4) = {ay, a4, a}, ay, b, bs},
R (axas) = {ay, as, a}, ai, by, by},

R (azas) = {as, as, a, a, bs, by},

R (aia)) = V(IMPs 1) — {a}, a, b3, bs},
R (axa)) = V(MPs ;) — {a}, a, bs, bs},
R (aza}) = V(MPs 1) — {as, a}, bs, by},
R (asa)) = V(IMPs 1) — {a), a}, by, ba},
R (asay) = V(MPs 1 5) — {a}, a}, ba, b3},
R (a\a}) = V(MPs 1) — {as, a4, as, a}, ba},
R (a)a}) = V(MPs 1) — {a4, as, ay, a, bs},
R (dsay) = V(MPs 1 2) —{as, a1, az, a), by},
R (aya3) = V(MPs 1 1) — {ay, 02,03,02,[95},
R (asa)) = VIMPs 1) — {az, a3, as, a}, by},
R (b1by) = V(MPs 1) — {as, a4, as, a}, bs},
R (byb3) = V(MPs 1 2) — {ay, as, a1, ag, bs},
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R,(b3by) = V(MPs 1 5) — {as, a1, az, a, by},
R (bsbs) = V(MPs 1 5) — {a1, az, a3, a), ba},
R (bsby) = V(MPs 1) — {az, a3, as, a}, b3},
Rx(allbl) = V(MPs, ),
R,(a)b,) = V(MPs  »),
R.(a}b3) = V(MPs ),
R (ayby) = V(MPs ; ),
R,(asbs) = V(MPs 1 5).

For1 < j < 5Sitisclear that |[R.(aja;,1)| = 8 and |R.(a;a;.1)| < |R.(e)|, where R,(e) are the other
RLN sets of MQs;,. Then there exists an upper LRF n : V(MQs,,) — [0, 1] and it is defined as
ny) = l for each y € V(MQs ;». In order to show that n(y) is a minimal resolving local function, we
define another resolving function 7' (y) : V(MQs;2) — [0, 1] such that In ) < |n(y)| then n(R.(e)) < 1

which shows that 7" is not a LRF of MPs ;, hence dim;r(MQs,,) < Z ¢ = 3. In the same context,

for1 < j < zitis clear that |R,(a ja;.)l = 8 and |Rx(a;.b Dl = IR.(e)l, where Rx(e) are the other RLN
sets of MQs ;,. Then there exits a maximal lower LRF 1 : V(MQs;,) — [0, 1] and it is defined as

15
n(y) = % for each y € V(MQs ;») hence dim;r(MQs ;) > 21] 1]—5 = 1. Since MQs ; ») is a non bipartite
network so its lower bound must be greater then 1. Consequently,

1 < dim p(MQs, ) < 3.

Case 2. For 1 < j < zfrom Lemma 5.5 itis clear that |[R.(a;a;.1)| = z+ 1 and |[R.(aja.1)| < [R.(e)l,
where R, (e) are the other RLN sets of MQ), ;). Then there exists an upper LRF 7 : VQIMQ, ;,) — [0, 1]
and it is defined as n(y) = - : for each y € V(MQ, ;). In order to show that  is a minimal LRF, we
define another LRF 7/ V(MIPZ 12) — [0, 1] such that [7’(y)| < |[7(y)| then n(Rx(e)) < 1 which shows

that " is not a LRF of MQs;, . Therefore, by Lemma X dim;r(MQ, ;) < Z 32—_3 = In the same
=1

- 1
context, for I < j < zitis clear from Lemma 5.5 that |Rx(afl.b )l =3zand |Rx(a;.b )l = |R.(e)|, where

R.(e) are the other RLN sets of MQ,;,. Then there exists an upper LRF p : V(MP,;,) — [0, 1] and

3z
it is defined as 7(y) = 3iz for each y € V(MQ) hence by Lemma Y dim; r(MQ,;,) > >, == = 1. Since
j=1

1
3z
MQ; ;> 1s a non-bipartite network so its lower bound of LFMD must be greater then 1. Consequently,

1 <dimpp(MQ,,15) < %

Lemma 5.7. Let MQ);, | » be a modified prism network, where z = 3(mod 4) . Then
(a) IRA(aja;)| = %2 and U Ri(aja;) = VIMQ,,1,).

(b) IR\(ajajs )| < |R(y)|, and | U R.(ajaj) N R(y)| > |R(ajaj.1)| where |R.(y)| are the other possible
j=1

resolving local neighbourhood sets.

Proof. Let a; inner, a; middle and b; be the outer vertices of modified generalized prism network,
for1 < j <z,wherez+ 1 = (1 mod z), we have following possibilities
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(a) Rx(ajajH) =

’ ’ ’
V(MPZ’LQ) - {aj+2,a,-+4,aj+6,.. s pyj_ 1} U {aj+2,aj+4,aj+6,....,am_l} U {bj+2,bj+4,bj+6,....,bz+,'_1} and

IR.(ajaj)| = 352 and | U R.(ajaj)l = 3z = [VIMP_10)l.

(b) Rx(aja;) = V(MPz,l,Z) - {a;+29 a;+3, a;+j—3’ az+j—25 bj+2’ bj+3’ bz+j—3a bz+j—2}a
R.(a;ajs2) = V(MP_ ) - {aji, a0, b))y
R (aJ ]+1) = V(MPZ,I,Z) - {aj+2a Ajr4,Ajre, ""az+j—1’a/z+2j+l’bLzsz }’
2
Rx(b]bj_H) = V(MPZ,LQ) - {Clj+2, Ajrds Ajr6s ooy Azyi—1, A +z,+1 P b: +2/+1 } x(a}bj) = V(MPZ,I,Z)- o

The RLN sets are classified in Table 8 and it is clear that |[R.(a;aj.1)| is less then all other RLN sets
MQZ,I,Z-

Table 8. Cardinality of each LRN set.

RLN Set Cardinality
R.(a;d}) 3z-4> %3
R.(ajaj.») 3z—4> %
R(d'b)) 3z> &2
x(a] ") 3z—-1> %
R.(bjbj.1) 3z—-1> %

Theorem 5.8. Let MQ, |, be a generalized modified prism network, where z = 3 (mod 4). Then
1 < dimpMQ;12) < 25

Proof. Case 1. For z = 7, we have the following RLN sets
R (a1a2) = VIMQy,12) — {as, as, a7, a5, ai, ), bs, bs, by},

R (aza3) = VIMQy,12) — {as, as, ay, ay, ag, ay, b, bs, by},

R (azay) = VIMQy,12) — {as, a7, az, as, a}, aj, bs, by, by},

R (asas) = VIMQy,12) — {as, a1, as, ag, a|, a}, bg, by, b3},
R, (asag) = VIMQ7,12) — a7, az, as, &, @), a}, by, by, by},
R.(asa7) = VIMQ7,12) — {ai, as, as, a, ay, as, by, b3, bs},

R (a7a)) = VIMQ1,12) — a2, a4, as, a, a, ag, ba, by, be},

R (aia) = VIMQy,12) — {d}, a}, as, ag, bz, by, bs, bg},
R(ayay) = VIMQy,12) —{ay, as, ag, a’, b, bs, b, b7},

R (azay) = VIMQy,12) —{as, ag, a}, a), bs, be, by, b1},

R (asa)) = VIMQ7,12) — {0'6,617,611,612,[95,197,[?1,[92},

R (asay) = VIMQy,12) — {d}, a), @), abs, b1, by, b3},

R (asag) = VIMQy,12) — {a}, a), ay, a}, by, by, b3, by},

R (a7a7) = V(MQ7,12) - {a’2 613,02,61'5,b1,b3,b4,b5},
R (aiaz) = VIMQ7,12) —{

R (axas) = VIMQ7,12) — {a3 03,53},
R (azas) = VIMQ7,12) — {as, @, bs},
R (asas) = VIMQ7,12) — {as, as, bs},
R (asa7) = VIMQy,12) — {as, ag, be},
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R (asar) = VIMQy,12) — {ar, a3, b},

R(a7a;) = VIMQ7,12) —{ai,a, b1},

R (b1by) = VIMQ7,12) — {as, as, az, bs},
R,(byb3) = VIMQ7,12) — {as, as, ay, be},
R,(b3by) = VIMQy,12) — {as, az, az, by},
R, (bsbs) = VIMQy,1 2) — {as, a1, a3, by},
R, (bsbs) = VIMQ7,12) — {a7, az, a4, ba},
R, (bgb7) = VIMQ7,12) —{a1, as, as, bs},
R,(b7by) = VIMQy,12) — {az, a4, as, bs},

R (a\a}) = VIMQy,12) — {as, as, az, as, bs},
R (ayay) = VIMQy,12) — {as, as, ay, ag, b},
R(d}ay) = VIMQ7,12) — {as, a7, a2, a’, by},
R (ayay) = VIMQy,12) — {ag, a1,a3,a}, b1},

R (asap) = VIMQ7,12) — {ar, az, a4, a, ba},
R (aga’)) = VIMQy,12) —{a1, a3, as, a;, b3},
R.(a}a)) = VIMQy,12) — {az, a4, ag, a, ba},

R.(a\by) = VIMQy, ),
R(a}by) = VIMQ7,12),
R (a3h3) = V(MQy,12),
R.(a,bs) = VIMQy, ),
R, (asbs) = VIMQ7,12),
R (aghe) = VIMQy 1),
R.(a’b7) = V(IMQ7,12).

Forl < j <7 IRx(aja;.H)I = 13 and |R(a;aj.1)| < IR.(e)|, where R,(e) are the other RLN sets
of MQ7,;,). Then there exists an upper LRF n : V(MQ;,,) — [0,1] and it is defined as n(y) =
% for each y € V(MQ7,;,). In order to show that n(y) is a minimal LRF, we define another LRF
n(y) : VAMQy,12) — [0, 1] such that [7°(y)| < |n(y)| then n(R,(e)) < 1 which shows that 1" is not

IR«(ajaj, 1)l =21 and [R(a;aj,1)| > [R(e)|, where R,(e) are the other RLN sets of MQy ). Then there
exists a maximal LLRF n : VIMQ;,,,) — [0, 1] and it is defined as n(y) = % foreachy € V(MQ7.)
hence dim;r = Zfl 2]—1 = 1. Since MQ7 ») is non-bipartite network so its lower bound must be greater
then 1. Consequently,

21
a LRF of MQy;, hence dim;r < ), % = % In the same context,for 1 < j < 7 it is clear that
1

1 <dimpp(MQ7,12) < %

Case2. For1 < j < zfromLemma 5.7 itis clear that |R,(a ja;)l 3Z — and [R.(a i | < |R.(e)|, where
R.(e) are the other RLN sets of MQ;, ; »). Then there exits an upper LRF 7 : V(MQ;, ;) — [0, 1] and it
is defined as n(y) = for each y € V(MQ, ). In order to show that 7 is a minimal LRF of MQ_, »),

3n +6
we define another LRF " : V(IMQ,;,) — [0, 1] such that |7’(y)| < [n(y)| then n(R,(e)) < 1 which
3z
shows that 1" is not a LRF of MQ, ; ») hence by Lemma X dim;r < 3} 31%3 = = 1 In the same context
j=1

for1 < j < zitis clear from Lemma 5.7 that IRx(a}b.,-)I = 3z and |[R,(bjbj.1)| > |R(e)|,where R,(e)
are the other RLN sets of MQ,;,. Then there exists a maximal lower LRF 1 : V(IMQ,,,) — [0, 1]
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3z
and it is defined as n(y) = 3iz for each y € V(MQ, ). Therefore, by Lemma Y dimr ), 3iz = 1. Since
=1

MQ; ;> 1s a non-bipartite network so its lower bound of LFMD must be greater then 1. Consequently,

1 <dim (MQ,) < 2.

6. Conclusions

In this paper, we have computed the local fractional metric dimension of generalized modified
prism networks (MP,; ,, MQ;, ;) in the form of lower and upper bounds. The lower bounds of all the
modified prism networks MQ.  , is strictly greater than 1 in all cases. Moreover, all of these modified
prism networks remain bounded when z — oo as shown in Table 9.

Table 9. Limiting values of LFMDs of modified prism networks.

z e LFMDs Limiting LFMDs as £ — 00 Comment
1(mod4) < <dimp(MP,;0) < 25 1 < dim p(MP,5) <2 Bounded
3(mod4) < <dimp(MP,15) < 2% 1 <dimpp(MP,;5) <2 Bounded
0(mod4) = < dimp(MP;5) <2 1 < dimpp(MP,;,) <2 Bounded
2(mod4) L <dimp(MP,15) < 25 1 <dimpp(MP,;,) <2 Bounded
2(mod4) 1 < dim r(MQ;2) < 25 1 < dim p(MQ.,,) <2 Bounded
0(mod4) 1 <dimpMQ,;2) <2 1 <dimpMQ, ;) <2 Bounded
1(mod4) 1 < dimpMQ;12) < 2 1 < dimprMQ.1,) <2 Bounded
3(mod4) 1 < dimprMQ,;,) < 2 1 < dimp(MQ,;,) <2 Bounded
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