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1. Introduction

The development of Morrey-type spaces has gradually become the mainstream of modern
harmonic analysis [1, 9], since the work of Torchinsky [21]. Some scholars established the A-central
BMO estimates of commutators of some operators on central Morrey spaces in [3, 6, 20], including
some classical operators such as singular integral operators, fractional integral operators and Hardy
operators. With the development of science and technology and the deepening of research content,
people gradually find that the function spaces with variable exponents are also very important in
harmonic analysis. As early as 1931, Orlicz [17] began to express and study the theory of variable
Lebesgue space. Mizuta et al. [15] solved the boundedness of Hardy-Littlewood maximal operators
on non-homogeneous central Morrey spaces with variable exponents. In [22], Wang et al. introduced
the central BMO spaces with variable exponents and estimated the boundedness of commutators of
Hardy operators and their adjoint operators on variable Lebesgue spaces. In particular, Fu et al. [7]
gave the definitions of central Morrey spaces and A-central BMO spaces with variable exponent.
Moreover, the estimates of some integral operators and their commutators are given in [23,24].

In recent years, more and more people studied and developed the theory of Hardy operators. In [6],
Fu gave the A-central BMO estimates for commutators of n-dimensional Hardy operators on central
Morrey spaces. And the boundedness of other Hardy-type operators and their commutators has also
been discussed on different function spaces [2, 8,10, 11,13, 18, 19]. Inspired by the above references,
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in this paper, we aim to study the boundedness of n-dimensional fractional Hardy operators with rough
kernels and their commutators on central Morrey spaces with variable exponents.

Let f be a locally integrable function in R” and 0 < 8 < n. Suppose that S""! denote the unit
sphere in R"(n > 2) equipped with the normalized Lebesgue measure do- = do(x"). The n-dimensional
fractional Hardy operator with rough kernels and its adjoint operator can be defined by

Hopf(x) = f Q(x - nf(ndt, x € R"\{0},
[e1<]x]

|xp"#
X (1.1)
apf(0) = f |t|"—ﬂQ(x —-0f(ndt, x € R"\ {0},
[¢[>1x]
where Q € L*(8"!), 1 < s < o0, is homogenous of degree zero.
The commutators of Ho g and H;, , are defined by
Hpf = bHapf = Hap(bf). (12

Heyof = bH o f = Ho b ),

with locally functions b on R".

Next, let us explain the outline of this article. In Section 2, we first briefly review some standard
notations and lemmas in variable Lebesgue spaces and give the definitions of A-central BMO spaces
and central Morrey spaces with variable exponents. In Section 3, we will establish the boundedness
for n-dimensional fractional Hardy operator with rough kernels and its adjoint operator on central
Morrey spaces with variable exponents. In Section 4, we will demonstrate the boundedness for the
commutators of n-dimensional fractional Hardy operator with rough kernels and its adjoint operator
on central Morrey spaces with variable exponents.

2. Function spaces with variable exponents

In this section, we are going to introduce some basic properties of variable Lebesgue spaces and
definitions related to the variable exponent function spaces. Throughout this article, we denote by |B]|
and yp the Lebesgue measure and characteristic function of a measurable set B C R”", respectively,
where

B={xeR":|x| <R}

Given an open set E C R, and a measurable function p(-): E — [1, o0), LP)(E) denotes the set of
measurable functions f on E such that for some A4 > 0,

If(x)l)”(”) P
[ <

This set becomes a Banach function space when equipped with the Luxemburg-Nakano norm

p(x)
o = inf{/l> 0 f('f(ﬂx)') dx < 1}.
E

These spaces are referred to as variable L? spaces, since they generalized the standard L” spaces.
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The space Ll’;(c')(E ) is defined by

LPOE) :={f : f € LPO(F) for all compact subsets F' C E}.

loc

Define P(E) to be the set of p(-): E — [1, c0) such that
p- =essinf{p(x) : x€ E} > 1, p* =esssup{p(x): x € E} < oo,

and p’(-) denotes the conjugate exponent of p(-) which satisfies

1 1
+ — =1
r¢) pQ)
Let B(E) be the set of p(-) € P(E) such that the Hardy-Littlewood maximal operator M defining

1
Mf = sup

R>0 IBrl B,NE

| fldy

is bounded on L*")(E), where
B, ={yeR":|x—yl <r}.

In variable L” spaces there are some important lemmas as follows.

Lemma 2.1. [4] Given an open set E C R”. If p(-) € P(E) and satisfies

lp(x) = pOI < lx -yl <1/2, 2.1)

—log(lx — y)’
and

lp(x) = pO)I < vl = [, (2.2)

log(|x| +e)’
then p(-) € B(E), that is the Hardy-Littlewood maximal operator M is bounded on L’"(E).

Lemma 2.2. [14] (Generalized Holder’s inequality) Let p(-) € PR"). If f € LFO(R") and g €
L”O(R™), then f, g are integrable on R” and

|f(0)g)ldx < rpll fllro@nllgl o,
R)l
where
r,=1+1/p”=1/p".

Lemma 2.3. [12] Let p(-) € B(R"). Then there exists a constant 0 < ¢ < 1 and a positive constant C
such that for all balls B in R” and all measurable subsets S C B,

() (R B
D 8llLro @) < Cu

ccB 2.3)
D¢ llro ey S|

and s
s lloo gy < C(ﬂ) ’ (2.4)
Il BllLro gy |B|
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Lemma 2.4. [12] Suppose p(-) € B(R"). Then there exists a constant C > 0 such that for all balls B
in R”,
1
ﬁ“XB'ILP('>(R")|IXB”LP’<-)(Rn) <C. (25)
Lemma 2.5. [5] Let p(-) € P(R") satisfy conditions (2.1) and (2.2) in Lemma 2.1. Then

|Q|% if|Ql<2"and x € Q,
Iollrogn =y
01 if Q] = 1,

for every cube (or ball) Q € R”, where
p(o0) = )}Lrgo p(x).
Lemma 2.6. [5] Let p(-), g(-), s(-) € P(R") be such that

L_r o
s(x)  p(x)  q(x)’

for almost every x € R". Then

S gllso@y < Cllfllro@nllgllao @y,
for f € LPO(R") and g € LIORM).
Lemma 2.7. [16]If f € L*(R") and g € L1O(R"), and
1 1 1
-t — = —,
s q¢)  pC)
then we have
1fgllromn < Cllflles@nllgllzeomnys
where C is a positive constant independent of f and g.

Now we recall that the A-central BMO space with variable exponent and the central Morrey space
with variable exponent in [7] are defined as follows.

Definition 2.1. [7] Let p(:) € P(R") and A < 1/n. The A-central BMO space with variable exponent
CBMOPY(R") is defined by

CBMOP(')’A(R’!) ={fe€ Lp(.)(Rn) M llesmoroagny < oo},

loc

where
(f = fro.r)X B(O,R)”LP(‘>(R")

su )

re0 1BO. Pl aomllon

Definition 2.2. [7] Let p(-) € P(R") and 4 € R. The central Morrey space with variable exponent
BPOAR") is defined by

lflleamoroagny =

BPOARY) = {f € LPORY) 11l grorany < o0},

loc

where
I x Bo.r)l |Lﬁ<->(Rn)

1/ 1l goora gy = sup ’
7 %t 1BO, R 0.0l @
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Remark 2.1. Denote by CMOPO4R") and BPOY(R") the inhomogeneous versions of the A-central
BMO spaces and central Morrey spaces with variable exponents, which are defined, respectively, by
taking the supremum over R > 1 in Definitions 2.1 and 2.2 instead of R > O there.

Remark 2.2. Our results in this paper remain true for the inhomogeneous versions of A-central BMO
spaces and central Morrey spaces with variable exponents.

3. N-dimensional fractional Hardy operators with rough kernels

We begin this section by illustrating and proving Theorem 3.1, which present the boundedness of
n-dimensional fractional Hardy operator with rough kernels and its adjoint operator on central Morrey
spaces with variable exponents. Here and subsequently, for simplicity, we write 2B with the same
center as B and 2F times of its radius,

Cy = 2'B\2""'B,

for k € Z.

Theorem 3.1. Let p(-) € P(R") satisfy conditions (2.1) and (2.2) in Lemma 2.1. Suppose that Q €
L3S 1) with s > p'().
(DIf A =4 + £ and A, + 6 > 0, then

“7_{(2,,8](”2911(-),42(]&") < C”fHB!’('M](Rn)-
Q)If =2 +£ <0and A, +6 > 0, then
n
||7-{5,ﬁf||2;p('>”12(R’1) S C”f”z;p(-),/l] R+

To start the proof of Theorem 3.1, we need the following lemma.

Lemma 3.1. [8] For x € 2¥B,t € 2'B, we have
0<|x—1<|xl+ 2B <2-]2B|,
and

212 B
f IQ(x — 1))dr < f f Q) do(x)r ' dr < C|2*B.
B; 0 Sn-1

Proof of Theorem 3.1. Through the definition of Hq 4 and generalized Holder’s inequality to L/ and
L”'®) we have

[Hapf(xp(x)| < - xB(X)

||

f Q(x - ) f(t)dt
[7l=<Ix|

I
<CY = L Q= DfOd] e 9
k=—co 11<|x]
0 3.1)
<c Y B+ j; Q(x - 1) f(t)dt‘ X (%)
k=—c0 kB

0
fon
<C Z 12°BI ™ 1Q(x = Y2t o | X288l Lo ey = X, ().

k=—co
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In view of the condition s > p’(-) and Q € L5(S™™!), set

11
+—,
pe) s q0)

then by Lemmas 2.5, 2.7 and 3.1 we have

1Q(x = Wx2x gl ro@ny < ClI(x = )y 2Nl Lsn 28l a0 @)
< CpR'BI: Dy 2t sl Loy gy
~ C]2*B|* 2" Bl
= C]2*B|7®
~ Cllyagllrogn)-

(3.2)

Taking the L?V(R™) norm on (3.1) both sides and using Minkowski inequality, then by Lemma 2.4,

we write

0
k B2
||7’(9,ﬂfXB||LP<‘>(R") <C Z 12°Bl ™ |y el oo @n 1€2(x — ')XZ"B(')l|Ll’/(‘)(R")“fXZkB”LP(‘)(R”)

k=—0c0

0
k 131
<C > R2*BI7 e lloellfxasllmo el sllros)

k=—0c0

0
k pi+a 1
<C 3 B el fllaron o s rlliallromo sl

k=—c0

0
k pjA
< C”f”g;p(‘),ﬁl(Rn) Z |I/\/2kB||Ll’(‘)(R")|2 Bl 2,

k=—0c0

Finally, by inequality (2.4), we can obtain

28 BI2 ||t pll Lo g
|B|*2 D 8l Lo @)

0
| )| pid
||7‘(Q,ﬂfXB||u<~>(Rn) <Clf ||Bp<->,ﬂl (R7) Z Bl 2||)(B||LP<'>(R”)
k=—0c0

0
k(A2+6 A
< Cllfllgroney D, 2 1Bl

k=—0c0

A
< CllAllgroas oy B2 D Bl Lo oy

where the fact 1, + ¢ > 0 has been used in the last inequality.
Thus we have

”7’19,,8][”317(‘)%2(]1@) < C“f”BP(‘Ml(]R")-

Next we prove the boundedness of adjoint n-dimensional fractional Hardy operator H(, 5

It can also be seen from the definition of H;, , and generalized Holder’s inequality to L") and Lo,
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we have

[Hopf Oxs(x)] < “xB(X)

1
jl:l>|x| |£]—B Q(x — 1) f()dt

0
1
f Q=0 f(0dr - x e, (%)
= [ i1 l1]
0 ) 1
) kZi, ; fcj 2~ D0t xe () (3.3)
0 00 s
< Y Y| [ a-nsodd xaw
k=—co j=k 2/B
0 00 s
<C ), D B = WasOllrognl Fxaslioen - xe, ().
k=—oco j=k

Using (3.2) and taking the L”/(R") norm on (3.3) both sides, we can see that

0 S

1

. ]
”WQ,ﬂfXBllU’(‘)(R”) <C Z Z |2JB|"”fX21'B”LI’(‘>(R")|2jB|”XZ/'B”LP’(‘)(R")W\/C;(”LP(')(R”)
k=—co j=k
0 o)
g o1
<C ) D B lson o 2B sl el sl el
k=—o0 j=k

0 00
< Cllfllgroan D D 12BN el

k=—oo j=k

0 00
i pIA
< Cllfllgrorar gry Z Z 127 Bl |y 2¢ 8l Lo -

k=—co j=k

Finally, through inequality (2.4), 4, < 0 and A, + 6 > 0, we can obtain

ZO] i 127 BI2 125 B2 |y 25l Lo e

* )| pid
7‘[ () (R~ SC 3p().A n B 2 () (RN
gl < Ol 3 D g e oot 1B el

=—00 j=k

0 00
j—k)A2 Akn(Ar+6 A
= C”f”gp(-)m(Rn) Z Z 2n(] ) 29 n(r+ )|B| 2||XB||LP<'>(R”)

k=—co j=k
A
< C||f||BP<-M](Rn)|B| 2”XB||LP<')(R”)-

Thus we have

||7_{5,Bf||Bl’(‘)JZ(R") S C”f”BP(‘)J](Rn).

The proof of Theorem 3.1 is completed.
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4. Commutators of n-dimensional fractional Hardy operators with rough kernels

In Section 3 we have proved the boundedness of n-dimensional fractional Hardy operators with
rough kernels on central Morrey spaces with variable exponents. In this section, we mainly prove the
boundedness of their commutators on central Morrey spaces with variable exponents.

Theorem 4.1. Let p(-), pi(-), p2(-) € P(R") satisfy conditions (2.1) and (2.2) in Lemma 2.1 with
1 1 1
= + .
p¢) pi() ()
Suppose that Q € L*(S" 1), s > p'(-). If

b e CBMOPY2(RY), A=A, + A, + é,
n

and 1 + 6 > 0, then
b
||7_{Q"Ef||BP(')J(Rﬂ) < C||b||CBM0P2<‘>~42(Rn)||f||z';p1(->m R")*

Proof. We decompose the integral as

[HG 5.f COxp(x)] < P ﬁ llQ(x—t)(b(x)—b(t))f(t)dt - x5(x)
1
o | o0 - bonsnd xe o
|| j1<Ix]
1 4.1
o [ 000 - bas) 0 o) (D
| x| lt|<|x]

fu Q=000 = b (Ot X,

0
<),
k=—co
0
<),
k=—co
0
3
k=—co
=D+

| x|~
E,
where
%11
D= Z |x|n—,3 ﬁ | |Q(x - 0H(b(x) — bsz)f(t)dt 'XCA,(X) )
k=—o0 1<[x
and 0
1
E = k:z:_m x|"P Lgm Q(x — 1)(b(t) — byp) f(t)dt xe (%) .

Estimate D, firstly. By using generalized Holder’s inequality to L”'©) and L”1*) we have
0

D<)

k=—00

|x|"+

L . Q(x — ) f(H)dt - (b(x) — bag)xc, (%)

0
< D P60~ b | [ Qte= s
k=—c0 kB

0
Bn
<C Z 2Bl 7 1(b(x) = batp)xc, (O] - 1Q0x = W atsON g g 1 X218l 0 -

k=—00
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In view of the condition s > p’(-) > p/(-), we can take

1 1 1

7O s a0

We note that Q € L5(S"™!), and using Lemma 2.4 and (3.2) to the term D, we can produce

0
B-n
D<C Z 12°BI 1(b(x) — bag)xc, (%] - W28l 0 gy 1 X 2Bl 10y

k=—0c0

0
B=n
< C 3" BT — e, (0] eatall o g |l e

k=—0c0

k pid
X |28l 1o @ 12" Bl™

4.2)

0
B
<€ > RBIHB0) ~ bas e (D] 1 llgnon o

k=—c0
Taking the LP©(R") norm on (4.2) both sides. Noting A + ¢ > 0 and

1 1 1
= + N
pe) 2O p0)

by using Lemma 2.6 and inequality (2.4) we can obtain

0
k pjdi+2
1Dl < € Y Mb = baa)iatllrao ol g o |2 B st gll oo e

k=—0c0

0
k pjAa+a;+2
< C||b||CBM0P2<'M2(Rn)”f”z';m(m(Rn) Z 12°B| o 1+””szBl|Ll’2(')(Rn)”/\/2kB”LP|(')(Rn)

k=—00
szl/l |LY2kB| |LI’1(‘)(Rn)llekB”Lpz(A)(Rn)
B I 8l

0
| P
= Cl|b||CBM0P2(MZ(RH)||f||BP1(‘Ml(R") Z |B] |LYB||Lp(-)(Rn)

k=—0c0

0
k(A+6 A
< Clbllcamorsongoll llgmon g Y ) 2 1Bl sl

k=—0c0

A4
< Cl|b||CBM0P2(')’/22(R")”f”f?l’l(‘)vfll (Rn)|B| ”XB”LP(')(R")-

Next, we simply estimate E, because its proof method is similar to D. In view of the condition

$> PO, by 1 1 1

= + N
pe) () p2()

we can get
1 1 1 1 1

= + > —+ :
pie) O p() s pa()

So we can take
1 1 1

1
7O s o a0

AIMS Mathematics
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Using generalized Holder’s inequality, Lemmas 2.4, 2.6 and 2.7 we have

0
E= kZm i
< ZO: kB

k=—0c0

1
pay? L | IQ(X — D(b(t) = byg) f(D)dt - xc,(x)

L 9= D00 = bas) (O X,

0
B=n
<C > RBITIQM = )b = bagel o X lmog - Xe )
k=—c0

0
B-—n
<C Z 12“BI ™ 1Q0x — W asllesen 1(BC) = bax)xaesll Lo m Dy 21l ooy any

k=—00

X ”fXZ"B”LPl(')(R") “Xc (%)

Bon 1
<C Z |2kB| " |2kB|‘||(b(') - bsz)szB||Lﬂz<~>(Rn)|I/\/sz||qu<~>(Rn)||f)(2kB||Lm(-)(Rn) X (%)

0
kp 2t k pdi+d2 4k oyt
< C > 2*BIT Bllcapornorn gl fllgnon g 2B 2124 Bl
k=—
X |2l o100 @y | 248l o200 ey D 228l La20 ery * X, (%)

0
kp 2t k g1+
<C Z [2°B| ™ ||b||CBM01’2(‘)~42(R”)”f”BPl(')»M(R")lz B| " 2”szB”Lp;<~>(Rn)”szB”Ll’l(‘)(R") 'XCk(x)
k=—

0
k p2+ai+4
< Cllfllgrnon g lBllcaporongn Y | B2 e, (x).

k=—o00
Taking the L”©(R") norm on E both sides and using inequality (2.4),
A=+ + E,
n
and A + 6 > 0, we can obtain

0
k A +Aa+5
1EN o) < Clblleamornon gl llgnongn > 12XB 2yl

k=—o00
128 BI* |y 2% ll oo ey
[BI* Iy llLro e

0
A
< Cllblicsorongnll fllgnon g Y| 1Bl sl er)
k=—o00

0
k(A+6 A
< Cliblleporo-ngnll lgnomn g D 2 1Bl

k=—00
A
< Cl|b||CBM0P2('MZ(R”)”f”BPI('Ml(R”)lBl ”XB”LP(‘)(R”)~

In summary, taking the L”©(R") norm on (4.1) both sides and using Minkowski’s inequality, we
thus have established the following inequality if we combine the above estimates for D and E,

b
||7'{QﬂfXB||LP<‘>(R") < ”DllLl’(‘)(R") + ”E”Ll’(‘)(R”)

A
< ClIbllcaaoro @l fll goioa g | BI I Bl oo @en)-

AIMS Mathematics Volume 8, Issue 5, 10379-10394.
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Thus we have
b
||7_{Q,ﬂf||B”(‘)*A(R”) < C||b||CBM0p2(‘)¢12(Rn)||f||55ﬁ1(‘),11(Rn).
The proof of Theorem 4.1 is completed.

Theorem 4.2. Let p(-), pi(-), p2(-) € P(R") satisfy conditions (2.1) and (2.2) in Lemma 2.1 with

1 1 1
= + .
pC) pi) pa()

Suppose that Q € L*(S" 1), s > p'(-). If

be CBMOPOYR"), 1=+ + P <0, 1+6>0, and 0< A, < 1/n,
n

then
b,
||7_{Q,ﬁf||B!’<'M(R”) < C||b||CBM0P2<‘>~42(R")||f||$p1(->,41(Rn)-

Proof. We decompose the integral as follows

1
I‘Hfi;f (x| = L . |t|"—ﬁQ(x — D)(B(x) = b)) f(D)dt - x5(x)
0
1
< k:Z_oo ‘f|,‘|>|x| MT—,BQ'(X - t)(b(x) - b(t))f(l‘)dl‘ 'XCA,(X)

M-

]
Jj=k

1
f a5 Ux = D)(b(x) = b)) f(D)dt - x ¢, (x)
c, "

>~
1l
|

(%)

4.3)

Mo
M

1
f —Q(x — D)(b(x) — bag) f(D)d1 - Y, (%)
c, "+

>~
1l
|

0 j:k

(o)

M-

1
f — Q(x = D)(b(1) = byg) f(D)dE - x, (%)
c, I+

k=—oo j=k
= F+G,
where
0 0
1
F= k:Z_Oo ; *];j |t|n—ﬁQ(x - t)(b(X) - bZkB)f(t)dt ')(Ck(x) s
and

1
f a5 $x = (1) = byp) f (D)t - x¢,(X)
c; Il

AIMS Mathematics Volume 8, Issue 5, 10379-10394.
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For F, we follow a procedure similar to the estimate of Theorem 3.1.

F < i i |2’B|

Q(x—t)f (Ddt| - [(b(x) = byrp)x e, ()|

k=—co j=k
0 00 .
< ckZ Zk 127BI 120x = WOl o g I X218l 010y - 1(B() = Dk, ()]
=—00 ]:
0 00 5
<C Z D 2B sl o g X280 - (GO = by, ()
k=—co j=k
0 5] 5
i pI5+A4
< C k:Z_OO ; |2]B|n+ lllf“Bm(»),/ll(Rn) |2]B| |IXZ-fBl|Lpl(')(R")|IXZ-iBlle'l(-)(R,,)l(b(-x) — bZkB)XCk(-x)|
0

IA

C > D BI M fllgoion ol (bx) = bag)c, ()l
k=—oo j=k

Taking the LP©(R") norm on (4.4) both sides. Noting

1 1 1
= + ,
p¢) pi()  p2()

ﬂ:ﬂl+ﬂz+é<0,
n
and
A+6>0,
by using Lemma 2.6 and inequality (2.4), we can obtain

(o9

0
1Pl < C Y > 7B llgnom @nllb = bas)xe o

k=—co j=k

8

IA

0
C > > B fllgnon nll(b = by ) sll oo s sllnoeny

k=—co j=k

I/\

A+
Z Z 127 B Fll g1, Bl pasorscos e

k=—oco j=k

X b2l oo ey | 268l o1 ey

0 00 ;
_c Z Z 127BI* 128 BI* [ 248l 126 ey D 24 Bl 210 ey

k=—oc0 j=k |2kB|/l |B|ﬂ “)(B“LP(')(RM)

A
X ||f||z';m<->’ﬂ] (Rn)||b||CBM0P2(~Mz(Rn)|B| ”XB”LI’(')(R")
0

j—k)A~ynk(A+6 P
=C Y 2R fll oy o Bl cpgorains o | Bl sl o ey
k=—oc0 j=k

A
< CllAllgrioa @nlbllcsmoron gn| Bl I sl o @e)-

4.4)

AIMS Mathematics Volume 8, Issue 5, 10379-10394.
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For G, we decompose the integral appearing as follows

0
< 2B Qx = )(b(t) — byp) f(D)dt - xc, (%)
“ ,
< Z Z 3 27B]5 Q(x — D)(b(1) — big) f(Ddt -y, (X)
k=—co j=k J
0 00
+ Z Z 127BI% Q(x = D)(bais — bag) f()dt - xc, (%)
k=—oco j=k 1¥Cj
=G|+ Gy,
where o
Gi=y Y i 2B Qx — (b(1) — byip) f(D)dt - xc, (%)
k=—oc0 j=k J
and o
6=y ) f 2B Qx = )(bai — bup) f(DE - e, (3)|.
C;

k=—c0 j=k J
We estimate G| and G, respectively. Before estimate G,, the following boundedness for |b,iz — o
can be shown

j-1

(byip = baisl < Z by = ol

j-1
1 pid
< C Z ||b||CBMOP2() lz(R)l)|2m+ Bl 2 |2m+lB| ”X2’"+1B”Uz()(R")”XZ’”“B||Lp2(>(Rn

j-1

1 pt
< C 3 Wbllcpmorsomnn 2™ B2

m=k

< C(j = BlIbllcpyror s |2 BI™.

By generalized Holder’s inequality to p,(-) and p’(-) and applying Lemma 2.4, we can found

0 o)
P
Gy= ). D1 BT QG = 0f(dt] - 1byip = byl - e, ()
k=—oco j=k Cj
0 00
<C Z Z(] k)|2’B| Q(x— Nf()dt| - ||b||CBM0p2(>42(Rn)|2’B| X, (X)
k=—00 j=
0 00
<C Z Z(] k)|2]B|7+/l2 1Q2(x = )x2ip(: )||Lp1<)(Rn | x 218l oo @ml1bll e gproraeian @y - X, (X)
k=—co j=k
0
<C Z Z(] k)lsz| Rt lll/\/lelle()(Rn ”fXZ/B”LPI()(Rﬂ)”b”CBMovz()lz(Rn X, (%)
k=—co j=k

AIMS Mathematics Volume 8, Issue 5, 10379-10394.



10392

0 00
. B
< Cllfllgrnons g lBllcaporon Y| Y (G = RIIBI - e (x).
k=—oco j=k
Following the steps taken to estimate F' and using inequality (2.4), 4 < O and 1 + 6 > 0, we can

obtain
0 o

. i A+
20lLrO®Rny = BP1OA(R2 CBMOP20-42 (R") - TR zlLYCk”LP(')(R")
G|l Clifll HI12ll (J = k)I2’B|
k=—co j=k

[e9)

0
. i D+ +A
< C”f”‘BPl('),/ll(R”)”b||CBM0P2(')’AZ(R") Z Z(] — k)[2/ Bl *| Dy 2x Bl oo ey

k=—o0 j=k
27BI* 128 BI* Dy 2l oo ey
2Bt |IBI* |y slleo @

0 00
. 2
= Cllfllgnoss i Plcmorsonen D DG = Bl gll ey

k=—c0 j=k
0 00

. j—k)Aynk(A+6 A
= Cllfllgnon gnllblicamonomng D, D (= 02" 02 By gl o,

k=—co j=k
A
< C||f||z‘;m(->«11 (R")”b||CBM0P2(‘)-42(R")|B| ”XB”LP(')(R")-

Next, similar to the proof method of E in Theorem 4.1, we have
0 00

i 2 —
G <C ). > B = BC) = buse o X o - e, (0

k=—00 ]:k
0 )

 plE+A1+2
<C Z Z |2-]B|n+ 1+ zllfllgm(.),,ll (R”)”b”CBMOPZ(‘MZ(R") ')(Ck(x)-

k=—c0 j=k

So we can take the LP(R") norm on G, both sides. We write
0 00

i pi2+2+2
1G1llogn < C > T RTBIT 2 fllganon o IBllcaporoagn|edlos)

k=—oc0 j=k
0 00 i
127B* |28 BI* [ 2t g1l 20 @y
< CliAllgnoa @nlbllepporao gy Z Z 2¢B|* |B*
k=—oco j=k

0 )

j—k)A~ynk(A+6 A
= Clfllgoom glBllcamoromng D D 2" 2 1By pll o)
k=—co j=k

IBIM |y gl oo g
Il 8l o ) ED

< C”f”z’;m(-)vﬂu(Rn)||b||CBM01’2<'>~12(R")|B|/{”XB”LP(‘)(R")-
Finally, taking the L?©(R") norm on (4.3) both sides and using Minkowski’s inequality, we have
established the following inequality if we combine the above estimates for F and G,
b,
||7{Q’ﬂfXB||LP(‘)(R”) < NFllpro@ny + G ro@ny

< C||b||CBM0P2<')’42(R")”f”z?l’l(‘)v/‘l(R")'Bl/l“XB”LP(')(R”)-
Thus we have
G Fllgroaceny < Clbllcgaorom gl fllgom -
The proof of Theorem 4.2 is completed.
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5. Conclusions

In this article, we first establish the boundedness for n-dimensional fractional Hardy operator with
rough kernels Hq 4 and its adjoint operator H, 5 On central Morrey spaces with variable exponents.

Furthermore, we prove that their commutators H, 2 and 7—(3; are bounded on central Morrey spaces
with variable exponents.
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