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1. Introduction and preliminaries

An ongoing aspect of social existence is anonymity. In this area, accurate computations or
hypotheses are not relevant. For human intelligence, this value error is particularly sticky. Many other
mathematical ideas, like fuzzy sets (FS), soft sets, intuitionistic sets etc. have been developed as
practical solutions to this problem. The fuzzy logics were created using a group structure with hazy
knowledge. Due to fuzzy sets’s adaptability in handling unreliability, it is even fantastically terrific for
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humanistic logic that is based on correct truth and limitless information. This idea is certainly a
cornerstone of classical sets since it gives greater room for wrong knowledge to be used, which leads
to better answers for a variety of problems. When faced with extremely constrained options like yes
or no, these firms create favorable models. The ability to examine the benefits and drawbacks of false
ideas is another important quality of this knowledge.

The branch of mathematics connected with fuzzy set theory is known as fuzzy mathematics. In
1965, Zadeh [1] is the first to mention the concept of fuzzy logic. The affiliation of an element to the
set in the theory of fuzzy logic is given as a number from the interval [0,1], unlike the theory of
classical logic, where an element either belongs to the set or not. Zadeh has been studying the theory of FS
to address the issue of indeterminacy because uncertainty is a crucial component of a genuine problem.

In the discipline of mathematical analysis, the fixed point (FP) principles offer excellent
conditions for approximation the solutions of differential and integral equations with both linear and
nonlinear. Analysis, geometry, and topology are remarkably linked in the framework of FP theory,
making it a valuable and essential technique for analyzing non-linear phenomena. The FP paradigm is
intensively used in both applied and pure mathematics. Across many numerous domains,
encompassing biology, engineering, non-linear programming, economics, game theory, theory of
differential equations, etc., FP techniques frequently prove to be advantageous.

Fuzzy logic is one of the many perspectives that may be used to understand theory of FP in fuzzy
metric spaces (FMS). Heilpern [2] introduced the theory of fuzzy mapping (FM) and established a
theorem on FP for FM in metric linear space, which serves as a fuzzy generalization of Banach's
contraction principle [3]. This sparked the interest of numerous authors to investigate various
contractions conditions using FM.

The subject of Hausdorff distance is essential to several areas of computer science and
mathematics, such as fractals, image processing, and optimization theory. Lopez and Romaguern [4]
applied the concept of Hausdorff metric space in fuzzy setting and introduced Hausdorft fuzzy metric
spaces. This allowed researchers to investigate the “fixed point theory” of multivalued mappings in
spaces with fuzzy metrics form.

Every metric, in a very normal and modest way, generates a FMS. The theory of FP is being
evolved as a crucial area of interest in the core of non-linear analysis and FS theory within the
framework of FMS.

In 1975, Kramosil and Michalek [5] developed the idea of FMS, opening the door for further
development of analysis in such environments. George and Veeramani [6] improved fuzzy metric
spaces to become Hausdorft spaces. However, it seems that Kramosil and Michhlek’s analysis of fuzzy
metric spaces offers a route for very smoothing machinery to produce FP theorems, especially for
contractive type maps. Grabiec [7] was the next from among a number (at least four) of formulations
of FMS. In fuzzy mathematics, fixed point theorems are emerging with fervent hope and firm
confidence. Since then, numerous attempts to develop FP theorems in fuzzy mathematics have been
made (see, for instance, [7—16]). Numerous fixed point and common fixed point results in FMS and
Hausdorff metric spaces can be found in literature (see [17-21] and references therein). Literature
shows that a lot of valuable and practical work is done in fuzzy set, rough set, soft set, intuitionistic
set theories in several ways of decision making, decision models, pattern classifications and in other
fields (see [22-29]).

The structure of paper is as follows:
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First of all, some basic concepts are recalled, the motivation behind this action is to facilitate the
readers to have comprehensive knowledge about the fundamental definitions, examples and lemmas
that are necessary to understand our established results. All these essentials are collected from previous
research articles exist in the literature.

In Section 2, existence theorems regarding fuzzy FPs of FMs satisfying Cirié¢ type contractions
are obtained in the framework of complete metric spaces. The result is equipped with an interesting
example and an application. Further, some previous results are given as corollaries of our results.

Section 3 deals with some theoretical results. In this study, we have established fuzzy FPs of set-
valued FM by using a contraction in the setting of complete FMS. The obtained results are furnished
an example and applications. Previous results are given in the form of corollaries of obtained results.
Note: i) CB(L) denotes the family of all closed and bounded subsets of metric space (£2,d);

ii) K (Q) denotes the family of all compact subsets of fuzzy metric space (2, F,*).

Hausdorff Metric Space. ([16]) Let (£2,d) be a MS. Hausdorff metric # on CB(Q) induced by d
is defined as H (A, B) = max { supd(u,B),sup d(4,v)} forall A, B € CB(R), where
UeA

d (u,B) = inf {d (u,m):n € B}.

Lemma 1. ([13]) Let G, K € CB(Q) .If pu € G then, d (u,K) < H (G,K) forall u €G.
Lemma 2. ([13]) Let P, Q € CB(Q)) and 0 < o € R. Then, for i € P, there exists { € Q such that

d(i,0) <H(P,Q)+o.

Lemma 3. ([13]))If P,Q € CB(2) with H (P,Q) < ¢, thenforall u € P thereexists v € @ such
that d (u,v) < &.
Lemma 4. ([13]) For ¢ € Qand P € CB(Q), d(u, P) < d (u,v) forall v € P.
Fuzzy Set. ([1]) In the fuzzy theory, fuzzy set A of universe X is defined by function u4: X = [0, 1]
called the membership function of set 4
where u4(x) =1 if x is totally in 4;
ta(x)=0if x isnot in 4;
0 <pa(x) <1ifxis partly in 4.
This definition of set allows a continuum of possible choices. For any element x of universe
X, membership function u4(x) equals the degree to which x is an element of set 4. This degree, a
value between 0 and 1, represents the degree of membership, also called membership value, of
element x in set 4.
The a-cut of fuzzy set A is defined as:

[A] s = {u €X:A(w) = a};a € (0,1].

Fuzzy Mapping. ([16]) Let ¥, be any set and ¥, be a metric space. A function g:¥; — F(¥,) is
calledaFM.AFM g isaFSon ¥; X ¥, with membership function g(x)(y). The image g(x)(y)
is the grade of membership of y in g(x).

Fuzzy Fixed Point. ([13]) Suppose (¥,d) isaMSand T:¥ - F(¥). Apoint z € ¥ is a fuzzy FP
of T if z € [Tz], forsome a € (0,1].

Common Fuzzy Fixed Point. ([16]) Considera MS (W,d) and T;,T,:¥ — F(W).Apoint z € ¥ is
a fuzzy common FP of T; and T, if z € [le]an N [TZZ]U[T2 for some ar,,ar, € (0,1].

Ciri¢ Type Contraction for Fuzzy Mappings. Let (Q,d) be a complete MS and G:Q — F(Q) be a
fuzzy map. Let [G(u)], and [G(v)], be non-empty closed and bounded subsets of (2, the condition

H([[6W]w [6(M]e) < ad(u,v) + B [dw, [6(W]e) +d(@, [6(W)])] + v[d(w, [6(W)]a) +
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d(, [6 (W],

where a, 5,y = 0and a + 28 + 2y < 1 is Ciri¢ type contraction for FM.

Triangular Norm. ([17]) A map = from [0,1]x[0,1] to [0,1] is called continuous triangular norm
(t-norm) or a conjunction, if following conditions are fulfilled for all ¢,0,¢, T € [0, 1]:

(1) Symmetry: 0 * 0 = o * g;

(2) Monotonicity: o* 0 < ¢ * 7,if 0 < ¢cando < T;

(3) Associativity: (Q * (0 * c)) = ((Q * g) * c);

(4) Boundary condition: 1 x o = p.

The following are three basic t-norms:

(1) ¢*o=min(g, 0);

(2) ¢*0 = go;

3) oxo =max(p+ o —1,0).

Fuzzy Metric Space. ([6]) The triple (£, M,*) is known as FMS if ( is an arbitrary set, * is t-
normand MisaFSon QX QX [0,00) st V&n,{€Q and u,v = 0 we have:

(M1) M(§,1,0) =0;

(M2) M(§,n,u) = 1,Vu > 0iff & = n;

(M3) M(§,n,u) = M(n,§, 1)

MA)ME, S +v) =2 MEn,p) M0, 4, v);

(M5) M(é,1,.):(0,00) - [0,1] is continuous.

Example 1. Let (2,d) be a MS. Define M: 2 x 2 x R* U {0} - [0,1] as

_ min{y, y}+u
M 4w =1 m, vy+u

forall n,A € 2 and p >0 is a fuzzy MS.

Example 2. Let (£,d) be a bounded MS with d (u,v) < k (for all u,v € (), where k is fixed
constant in (0,)) and G: R* — (k,) be an increasing continuous function. Define a function
M:Q? x (0,00) - [0,1] as

Muv,d)=1- dG“&’)’), forall u,v € Q, and 1> 0.

Then (Q,M,*) isaFMS on () where * is a Lukasiewicz t-norm.
Example 3. Let (,d) be a MS. Define u*v = puv (or u*v = min{y,v}) for all u,v € [0,1].
Then, one can define a fuzzy metric F by F(¢,1,0) = ——— forall &,7 € Qando > 0.

o+d($.m)
Example 4. Let Q be a non-empty set, f:Q — R* be a one-one function and g: R* — [0, ) be

an increasing continuous function. For fixed a, > 0, define M: Q2 x (0,00) — [0,1] as

_ min{fw).fW)}*+g(Dp
M,v,A) = (— {f(u),f(v)}“+g(l)) ,forall u,v € Q and 1> 0.

Then (Q,M,x)isa FMS on ( where * is the product t-norm.
Convergent Sequence in Fuzzy Metric Space. ([7]) Let (Q, M,*) be a FMS. A sequence {w,} in
Q is said to be convergent to a point w € Q if lim M (w,, w, ) = 1 forall u > 0.

n—->oo

Cauchy Sequence in Fuzzy Metric Space. ([7]) Let (Q, M,*) be a fuzzy MS. A sequence {w,} ina
FMS (Q, M,*) is said to be Cauchy sequence if for every € € (0,1) and p > 0 there exists ny € N
such that

M(wy, Wy, W) > 1 —¢, for alln,m = ny,.

Complete Fuzzy Metric Space. ([7]) A FMS in which every Cauchy sequence is convergent is
called complete.
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Hausdorff Fuzzy Metric. ([4]) Let (Q, F,*) be a FMS. Hausdorff FM Hr on K(Q) x K(Q) x

(0,00) to [0,1] is defined as:

Hr(A,B,p) = min{inf(sup F(i, ], p)), inf(sup F(i, , p))}, for all A,B € K(Q) and p > 0, where
€A jep JEB " jeA

K (X) is the collection of all non-empty compact subsets of Q.
Lemma 5. ([4]) Let (Q, F,*x) be a complete FMS, such that (K (Q), Hg,*) is a Hausdorff fuzzy MS
on K(Q). Thenforall S,G € K (X), forallu €S and for 1 > 0, there exist v, € G satisfies

F(u,G,t) = F(u, vy, A).

Then, Hp(S,G,A) < F(u, vy, 4).

Lemma 6. ([14]) Let (£, F,*) be a complete FMS, if there exist ¢ € (0,1) such that F(§,n,01) =
F(&nA) forall &,n,€Q and A € (0,00), then n = ¢.

Lemma 7. ([14]) Let (Q,F,*) beaFMS. Then, foreach i € Q,B € K(Q) andfor 7 > 0 there exists
Jo € B such that

F(i,jo,7) =F(i,B,1).

Where K (X) is the collection of all non-empty compact subsets of €.
Lemma 8. ([14]) Let B be any non-empty subset of a FMS (Q, F,*), for w € Q
and T > 0 then,

F(w,B,t) = sup{F(w,u, ) : 4 € B}.
2. Fuzzy fixed points of fuzzy mappings in metric spaces
2.1. Fuzzy fixed points for Cirié type contraction

In this section, we apply the Hasudorff metric for fuzzy sets to find the fuzzy fixed points of fuzzy
mapping that meet a rational inequality. These results are free from the conditions of approximate
quantity for G(x) and linearity for ().

Theorem 2.1. Let (£,d) be a complete MS and G: Q — F(Q) be a FM. Suppose for all a,b € Q
there exists a € (0,1] and [G(a)], and [G(D)],) be non-empty closed and bounded subsets of
such that

H ([G(a)]a, [G(D)]a)
< pd (a,b) + Bld(a, [G(a)]y) + d(b, [G(b)])]
+yld(a, [G(b)]e) + d(b, [G(a)]w)], 2.1
forp,f,y >0andp + 2 + 2y < 1. Then G has a FP in Q i.e there exists u € 0 such that u €
[G(W]a-
Proof. Since p+ 28 +2y < 1, so (@) < 1. Consider A = (%)
Let ap € Q and [G(ag)], # 0 be aclosed and bounded subset of ().

Let a; € [G(ag)],-Since G(a,) #+ @ aclosed and bounded subset of Q, using Lemma 2, there exists
a, € [G(a;)], such that

d (a1,az) < H [G(ap)]a [Ga)]e) + A

Now [G(ay)], # @ are also closed and bounded subset of (). By using Lemma 2, there exist a3 €
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[G(a,)], such that
d (ay a3) < H ([G(a]e [G(az)]a) + 2%
Similarly, for a, € [G(an_1)]4 We canchoose apiq € [G(an_1)], such that
d (an, an+1) < H ([G(an-1]a [G(an)]e ) + A
Now,
d (ay,a;) < H ([G(ag)]a [G(ai)]e) + 4,
using (2.1) we get

d (a1; aZ) < pd(aOI al) + B[d(aO' [G(ao)]a) + d(alﬂ [G(al)]a)]
+yld(ao, [G(a]e) + d(ay, [G(ap)]a)] + 4,

d (aqy,a,) < pd (ay, a,) + fd(agy, a,) + Bd (ai,a;) +vd (ag, a,) +yd(ay,ay) + 4,
d (aq,a,) < pd (ag,a1) + fd(ay,a,) + Bd (ay,a,) +yd (ay, az) + A
Using triangular inequality we get
d (aq,a,) < pd (ag,a,) + fd(ag, a;) + Bd (ay,a,) +yd (ag,a;) +yvd (aq,a,) + 4,
1-pF-v)d(aya) <(p+p+7y)d(apa) + 2,

d (ay,a5) < (2i§-‘__;)d (a @) + (5 _; _y).
Thus,
d (a1, a,) < Ad (ag,ay) + (1_2_y)- 2.2)
Now,

d (az,a3) < H([G(ay)]a [G(az)]y) + 2%,
using (2.1) we get

d(ay,a3) < pd(ay,ay) + Bld(ay, [G(a)]y) + d(ay, [G(az)]l)]
+yld(ay, [G(ax)]e) + d(az, [G(a)])] + 22,

d(ay as) < pd(ay,a,) + Bld(ay,a,) + d(ay, as)] + yld(aq, as) + d(ay, ay)] + 42,
again using triangular inequality we get
d(ay, as) < pd(ay,a,) + Bld(ay,a,) +d(ay, as)] +yd(aq,a, ) +yd(as, az ) + A2,
(1-p—pyd(azas) < (p+p+y)da,a;) + 1%

/12
d (az,a3) < (?J—rg:>d(a1’“2)+<1—ﬁ—y>'

/12
d(a,,a3) < Ad (a,a,) + (1 - y).

Using (2.2) we get

AIMS Mathematics Volume 8, Issue 5, 10095-10112.
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d (ayaz) < A [/’ld (ag,ay) + ( )] (1 ,3 y)
d (ay,a3) < 2%d (ay,a,) + < ) ( >,
d (az,a5) < 2%d (ap,ay) + (5 ﬁ_y). (2.3)

Now,
d (as,a4) < H ([G(az)]e [G(az)]a) + 23,
applying (2.1) we get

d (a3, a4) < pd(ay, az) + Bld(ay [G(az)]e) + d(as, [G(as)]e)]
+yld(ay [G(as)],) + d(as, [G(a)] )] + A3,

d (a3, a4) < pd(ay, as) + Bld(az, az) + d(as, as)] + y[d(az, as) + d(as, az)] + 4°.
Since d(as,az) = 0, this implies that
d (a3, a4) < pd(az, as) + Bld(az, az) + d(as, as)] + yd(az, as) + 2.
Again using triangular inequality we get
d (a3, a4) < pd(ay, a;) + Bld(az, az) + d(as, as)] + yd(az as) + yd(as, a,) + 4%,
(1-p—-y)d(az as) < (p+ B +y)d(azas) + 23,

/13
d (a3, a4) < ('ii':%) d(azn (13) + <m>

227 A3
A%d (ag,ay) + <m>l + <m>;

23 A3
d (as,a,) < 23d (ao'a1)+<1—ﬁ—y>+<1—ﬁ—y)'

Using (2.3) we get

d (a31 a4) < A

d( ) <A3d ( )+ 3
asz,a,) < ag, a4 Ey—

So,

d (an ans1) < A"d (a9, 01) + (5=). (24)

Let m,neN with m >n
d (anJ am) < d(an: an+1) + d(an+1' an+2) T+t d(am—li am):

applying (2.4) we get
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A +1 /17’1.+1
d (an; am) < A'd (ao, al) + (]:‘ﬁ) + Antlyg (ao' al) + <(Tl ) ) n

1-B-v

B (m—1)Am1

m—1 et
+ 1 d(ao,a1)+< 1-f—y )

m—1 5
d (an, am) < 2'd (@, a)(L+ A+ A2+ 23+ 2% + 25 + - ”’"“)*Z1—ﬁ Y
_ ym-n m—1
<
d(anlam) A d(ao,a1)< >+ 1 ﬁ )/

i=n
When m,n — oo then right hand side becomes zero. So,
d (a,, a,) = 0.

Thus, {a,} is a Cauchy sequence in complete MS. Therefore, there exist u € Q0 such that a, — pu.
Now,

d(u, [6(W]a) < [d(w, az) + d(an, [G(W])],
d(u, [6(W]a) < [d(p, an) + H([G(an-1)]e [G(1)])],

using (2.1) we get

d(u, [G(W]a) < d(p, ay) + pd(ay-1,1) + Bld(an—1,[G(an-1)]e) + d(p, [G(W]a)]
+yld(an-1, [6(W]) + dw, [G(an-1)]a)],

d(u, [6(W)]e) < d(u,a,) + pd(an_q, 1) + Bld(an-_1,an) + d(u, [G(W)])]
+yld(an-1, [6(W]e) + d(w, an)]l.

As n approaches to oo then,

d(w, [G(W]e) < d(uww) +p dQu, ) + Bld(w 1) + d(u, [6(W]H] + v[d(w [6G(W]e) + d(u, w].

Since d(u, ) = 0. So, (1 —B —y)d(w [6(W]s) 0.
As p+ 20+ 2y < 1, thisimpliesthat p+f +y <1 — f — A, therefore, 1— f — A1 # 0.
So only possibility is

d(u, [6(W)]e) = 0.

This implies that u € [G(u)],. Thus, u isa FPof G.
Example 2.2. Let Q = [0, 2] be a usual MS which is complete and J: Q — F(Q) be a FM such that
J(w) € F(Q2), where w € Q and J(w): Q — [0,1] is a function defined as

1

IA

t

IA

Jw(t) =

oWl R NP

2
.
2

_N= O

I/\/\
I/\/\

Taking a = % we define
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s = fewo = 5},

1
2

wls = |0.2] and vl = l0.3].

Now,
H(WIg UVl = max (7 [Iv]g) et (5 0wz,
2 2
H(UW]L [IV]%)
dlw,v) = |lw—=1v]|.

Oifvellv
d(UU]1,U)={ f [] ]1 .
Otherwise non zero

ifwel[lw
d([]w 1L,W { 4 U ]% .
Otherwise non zero

0ifvelJw
d ([]W 1L, V] = { f U ]% .
2 Otherwise non zero

0ifwellv
d([]v { ! U ]% )
Otherwise non zero

Take p = 11—0,,8 =-andy —, we get

HWIy Do) < 754G+ [ (Uelv) +a (Dwly w)]

2 2

+Z [d ([]W]%, v) +d ([]v]l, W>]

o= et o0 oty o) 2w ) ()

So, for all w,v € Q the conditions of Theorem 2.1, are satisfied. Hence / has FP in (.
Corollary 2.3. Let (Q,d) be a complete MS and G: Q — F(Q) be an FM. Suppose for all a,b € Q
there exists a € (0,1] and [G(a)]y, [G(D)]q)) € CB(L) such that

H ([G(@)]a [G(D)]o) < pd (a,b) + Bld(a,[G(a)]a) + d(b,[G(D)]a)]

forp,f >0andp + 28 < 1.Then G hasaFPin Q.
Corollary 2.4. Let (Q,d) be a complete MS and G: Q — F(Q) be an FM. Suppose for all a,b € Q
there exists a € (0,1] and [G(a)],, [G(b)]o)E CB(Q) such that

H ([G(@)]a [G(D)]a) < pd (a,b) +y[d(a,[G(b)]e) +d(b,[G(a)]a)]

forp,y > 0and p 4+ 2y < 1.Then G has an FP in Q.
Corollary 2.5. Let (Q,d) be a complete MS and G: Q — F(Q) be an FM. Suppose for all a,b € Q
there exists a € (0,1] and [G(a)]y, [G(D)]q)) € CB(L) such that

AIMS Mathematics Volume 8, Issue 5, 10095-10112.
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H ([6(&)]a [G(D)]e) < pd (a,b)

for0 < p < 1.Then G has an FPin Q.
Corollary 2.6. Let (Q,d) be a complete MS and G: Q — F(Q) be an FM. Suppose for all a,b € Q
there exists a € (0,1] and [G(a)],, [G(D)]s)) € CB(Q) such that

H ([6(@)]q [G(D)]a) < Bld(a,[G(a)]e) + d(b, [G(b)])]

for 0 < 2 < 1.Then G hasan FPin Q.
Corollary 2.7. Let (Q,d) be a complete MS and G: Q — F(Q) be an FM. Suppose for all a,b € Q
there exist a € (0,1] and [G(a)]s, [G(D)]x)E CB()) such that
H ([6(&)]a [G(D)]) < vld(a, [G(D)]a) + d(b,[G(a)]a)]
for0 < 2y < 1.Then G hasan FPin Q.

2.2. Application

As an application of the fuzzy fixed point result of the previous section we obtain fixed points of
multivalued mappings (see, [30]).
Theorem. Let (,d) be a complete MS and A: Q —» CB(Q) be a multi-valued mapping. Suppose
forall a,b € Q A(a) and A(b) be non-empty closed and bounded subsets of €2 such that

H (A(a), A(b)) < pd (a,b) + Bld(a, A(a)) + d(b, A(b))] + y[d(a, A(b)) + d(b, A(a))]

forp,f,y >0andp + 2 + 2y < 1.Then G has a FPin Q i.e., there exists u € (0 such that u €

A(u).

Proof. Consider an arbitrary mapping S: Q0 — (0, 1] and a fuzzy mapping G: Q) — F(Q) defined by
Sx t € Ax

JOIORS TPy
Then for x € (),

[Gx], = {t:G(x)(t) = a} = Ax.

Therefore, Theorem 2.1 can be applied to obtain u € Q such that u € [Gu*],=Au".
Corollary. ([30]) Let (©,d) be a complete MS and A: Q — CB(Q) be a multi-valued mapping.
Suppose forall a,b € Q A(a) and A(b) be non-empty closed and bounded subsets of € such that

H (A(a),A(b)) < pd (a,b)

forp > 0and p < 1.Then G hasan FPin Q i.e., there exists u €  such that u € A(u).
Proof. By setting f = 0and y = 0 in above theorem, we can find the required result.

3. Fuzzy fixed points of fuzzy mappings in fuzzy metric spaces

This section deals with the existence theorems for fixed point of fuzzy mappings satisfying
Nadler’s type contractions in complete fuzzy metric space. An example and applications are
incorporated to demonstrate the obtained results.

Theorem 3.1. Let (,F,*) be a complete FMS and S:Q:— F(Q) be an FM satisfying these
conditions:

a) lim F(i,j,A) =1, (3.1)
b) He([Silay, [Silacp, kA) = n(i, j, A), (3.2)
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where,

(FU, [Siagy DL+ F( [Siaw, ]
[1+F(,j,A)]

u(i,j,A) = min{ JFQ ), /1)}

forall i,j € Q,a € (0,1] and k € (0,1) such that [Si],) and [Sj]q(; are compact subsets of Q.
Then, S has an FP.

Proof. Let iy, be any point in Q. We construct a sequence {i,,} of pointsin Q as follows:
For i; € Q, consider that i; € [Sip]q(,), Oy using Lemma 5, we can choose i, € [Si;]4;,) such that

F(iy,i2,2) = He([Sio)acy) [Sitlac,) ), forall 2 > 0.
By induction we can write i4q € [Sin]a,), forall n € N, satisfying
F(in, in+1,4) = He([Sin-1la(i,_,) [Sinla(i,) ), forall 2 > 0.

Now,

F(iy i3, 2) = Hp([Siz)aciyy [Sizlaciyy 4)-
By using inequality (3.2) we get

Flizis2) 2 1 (i1, i2,%) (3.3)

where,

Ii( /’l) - F (iz» [Siz]a(iz)'%) [1 +F (ip [Sil]a(il)'%)]’F< A) '

[1+[F (il' iz'%)]

u( 2)=min F(iz,i3,%>[1+F<i1,i2,%)]’F< i)

t
[1+[F (%022 )]
=minff (1o ). (i)
=mn ly, 13, » , lq,1y, » .
.. A )
If F (11, 12,;) =>F (12, 13,;) then, by (3.3), we have
. oA

F(lZI 13, A) 2 F <L2l 1'3; E) .
So, by the Lemma 6 nothing left to prove. Now, if we have

Fein i A F ( , l)

(lZ' l3' K') = l, 12, K )

then, again by Lemma 5, we have F(i,, i3, A1) = F(iy, iz,%)

. . . A
F(iz,i3,4) = Hp([Siola(iy) [Sll]a(il)’E)

.. .. A
F(lZ'lS'A) = H(lO' l1, F)' (34)
where,
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(i) = min F (in [Sislagy ) [1 + F (o [Sio]aao)%)]’F( ol
re? [1+[F (i0, 1,75 )]

oy (P (o]
M(lo, l1,K—2) = min . (io,il,L)] F (10,11,;> )
k2
minfF (11 2), (12}
K K
If,
(i t175) 2 Fi ta ),
K K
then, again by Lemma 6, nothing left to prove. If,
F (il, iz,iz> =>F (io, il,iz>,
K K
then, by (3.4) we have
F(i,, i3t) = F (io, il,iz>.
K
Consequently,
F(iny tnsrsA) 2 F (lo, il,%). (3.5)
Now, for m > n, thatis m =n + p we have
. oA A .
F(ininspA) 2 F (ln, ln+1,5) * ..x F (xn+p_1,xn+p,5) , (p — times)

by using (3.5), we get

. A . A
F(ln, ln+p,l) 2 F(lo, ll,pv) keeok F(”O' Ll'W).
Now, taking lim and using (3.1) we have,
n—-oo

lim F(iy, intp A) = 1.

n—-oo

Hence, {i,} is a Cauchy sequence in ). So, by completeness there exists z € ( such that i, - z.
Now, we claim that z is an FP of S.
Consider,

F(Zr [Sz]a(z)t/l) = F(Z' ln+1s (1 - k)/l) * F(in+1' [SZ]O.'(Z)'KA)'
F(z, [Sz]a(z)fl) = F(z,in41, (1 —Kk)A) * HF([Sin]a(in)' [Sz]a(z): KA):

F(z, [Sz]a(z),l) >F(z,ip41, (1 —k)A) *u(iy, z A), (3.6)
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where
. _ . (F(Z» [Sz]a(z), A)[l + F(in: [Sin]a(in)ll] .
M(ln; Z; /1) - mln{ [1 + F(in,Z, A)] ,F(ln, ZI /1)}'
. . ((F(z [SZ)a@), D1+ F(inine,A) T
u(iy, z,A) = mm{ 0+ Finz D] JF (i, 2, /1)}.

Taking lim in above inequality, we get

n—00
Wz z,A) = min{F(z, [Sz]a(z), 1),1}.
If,
F(z [Sz]qzA) = 1,
then, we get z is the fuzzy fixed point for S. If
F(z,[Sz]az), M) < 1,
then, by using (3.6) we have,
F(z,[Sz]a@z) M) 2 F(2,in41, (1 = K)A) * F(2, [SZ]a(2), )

Now, taking n“_)":o, we get Z € [Sz]y(,). Hence z isa fuzzy FP of S.
Example. Let (,d) be abounded MS with d (i,j) < A and Q = [1,3] (forall i,j € Q, where A
is fixed constant in (0,)) and G: R* — (4,00) be an increasing continuous function defined
asG(A)=21+2.

Define a function F: Q2 X (0,00) — [0,1] as

F(jA)=1- ‘16((‘){)) forall i,j € Q and A > 0.

Then (€, F,*) is a complete fuzzy metric space, where * is a Lukasiewicz t-norm.
Define a fuzzy map S:Q — F(Q) as

IA
~
IA

S@@) =

O WlRrNIR
NNIW
AN A

w N Nvw

N A

1
Now for a = P

[Si]1 = {t:Si(t) 2 %} = [1;]

1
2

Sj]: = {t: Sj(D) = %} - [1;]

1
2
It is to be noted that

dGi,j)

G 1

/{im F(i,j,A)=1-—
and
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Hp ([Si]l, [Sjla, k/l) min{ 1nf ( sup F(i,j, k/l)) 1nf (sup F(i,j, kA)}=0
2 2 ie 11 jelsjla Jl1 “ielsily
2 z 2
forall [Si]y,[Sj]: € K (Q), k = % and 1> 0.
2 2
We also find

FUISIILD+F (ST 1,D)]
PR _ . 2 > .. _
,U(l,],l) - mln{ [1+F(i,j,l)] IF(I'L]'A)} - 0

Thus, all the conditions of Theorem 3.1 are satisfied. So S has a fuzzy fixed point in fuzzy metric space.
Corollary 3.2. Let (Q,F,*) beaFMS and S:Q:— F(Q) be an FM satisfying these conditions:

(@ im F(i,j,0) =1,

(b) He([Stlaq), [Silac kD) = F(,),2)

forall i,j € Q,a € (0,1] and k € (0,1) such that [Si],) and [Sj],(; are compact subsets of Q.

Then, S has an FP.
Definition 3.3. Let us define,

I'={w:[0,1] = [0,1]}

is a collection of all continuous function such that w(1) =1,w(0) =0, w(v) >v forall 0<
v <L
Theorem 3.4. Let (), F,x) beacomplete FMS and S: ) — F(€1) be an FM satisfying these conditions:

a) [ F(p,q,A) =1,

b) HF([Sp]a(p): [SQ]a(q)' K/l) = w{H(P, q /1)},

where,

(F(q: [SQ]a(q),/D [1 + F(pr [Sp]a(p),l)]
[1+F(p,q,4)]

for all p,g€ Q,a€(0,1], k€ (0,1)andw €T such that [Splsp) and [Sq]qq) are compact
subsets of ). Then, S has an FP.

Proof. Using Definition 3.3, we get w(v) >vforall 0 <v < 1L

Thus,

ulp,q,2) = min{ F(p, CI’A)}

He([SPlawy [SAlacg) k1) = o{u(p, q, D} = u(p, q,2).

Now, using Theorem 3.1, we get the desired result.
Corollary 3.5. Let (Q,F,*) be a complete FMS and S:Q — F(Q) be an FM satisfying these
conditions:

a) Alm F(p,q, ) =1,

b) HF([Sp]a(p); [SCI]a(q), K/l) = (‘)F(p, q'/l)

for all p,q € Q,a € (0,1], k € (0,1)andw €T such that [Splsp) and [Sq]q) are compact
subsets of (). Then, S has an FP.
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Applications:
Let us define a function 9: [0,0) — [0,0) as

A
19(,1)=f0p(/1)d/1 VA>0,

be a non-decreasing and continuous function. Moreover for each § > 0,p(6) > 0. Also p(1) =
0 ifand only if A = 0.
Theorem 3.6. Let ({1, F,*) be acomplete FMS and S: Q — F(Q) be an FM satisfying these conditions:

a) '™ F(p,q,A) =1,
b) J‘OHF([SP]a(P)'[Sq]d(q)’K)‘) p(D)dA = fo“(p’q‘l)p(l)d/l,

where,

(F(q,[Sq)a@ D1 + F (P, [Spla), D]
[1+F(p,q,4)]

for all p,q € Q,p(1) € [0,),a € (0,1]and k € (0,1) such that [Sp]lyp) and [Sqlu) are
compact subsets of (). Then S has an FP.

Proof. Let us take p(A) = 1 and using Theorem 3.1, we get the desired result.

Theorem 3.7. Let ({,F,x) be a complete FMS and S:Q — F({) be an FM satisfying these
conditions:

up, q,1) = min{ ,F(p, q./l)}

a) lim F(p,q,4) = 1,
b) fOHF([Sp]a(p)’ [Sa)a(q)x D) p(NdA = w { fo“(p’q"l) p(/l)d/l},

where,

(F(q' [SQ]a(q),A)[l + F(pr [Sp]a(p)r/l)]
[1+F(p,q,4)]

for all p,q € Q,p(4) € [0,0),w €T, € (0,1] and k € (0,1) such that [Sx]gx) and [SY]a(y)
are compact subsets of (. Then S has an FP.

Proof. Using Definition 3.3, we get w(v) > v forall 0 <v < 1.

Taking p(1) = 1 and using Theorem 3.4, we get the desired result.

ulp,q,2) = min{ JF(p, CI’A)}

4. Conclusions

In order to demonstrate the existence and uniqueness of solutions to distinct mathematical models,
fixed point theorems are crucial tools. Results that identify fixed points of self and nonself nonlinear
operators in a metric space are widely published in the last 40 years. Among various developments of
fuzzy sets theory, a progressive development has been made to find the fuzzy analogues of fixed point
results of the classical fixed point theorems. In this research, we employ two generalized contractive
conditions, i.e., Ciri¢ type contraction and Nadler's type contraction incorporating rational
expressions in the setting of metric and fuzzy metric spaces respectively to study fuzzy fixed point
theorems for fuzzy set valued mappings. Completion is compulsory for both spaces in order to ensure
the existence of fuzzy fixed points. Examples and applications that emphasis and support our obtained

AIMS Mathematics Volume 8, Issue 5, 10095-10112.
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results are integrated. From the pertinent literature, there are additional previous conclusions that are
provided as corollaries. Since Fuzzy mappings are generalized form of multi-valued mappings, so in this
way many fixed point results exist in the relevant literature have been generalized by our obtained results.

5. Possible future developments

We conclude this paper by indicating, in the form of open questions, some directions for further
investigation and work.
(1) Can the condition of p + 28 + 2y < 1 in Theorem 2.1 be relaxed?
(2) If the answer to 1 is yes, then what hypotheses is needed to guarantee the existence of fixed point of G?

(3) Whether the condition Hp([Si]q (), [S j]a(j),k/’l) < u(i,j,A), in Theorem 3.1 can be applied to

ensure the existence of fixed point.
(4) Can the concept offered in this article be extended to more than one mappings?

Acknowledgments

The research of Santos-Garcia was funded by the project ProCode-UCM (PID2019-108528RB-C22)
from the Spanish Ministerio de Ciencia e Innovacion.

Contflict of interest
The authors declare the there is no conflict of interest regarding the publications.
References

1. L. A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353. https://doi.org/10.1016/S0019-
9958(65)90241-X

2. S. Heilpern, Fuzzy mappings and fixed point theorem, J. Math. Anal. Appl., 83 (1981), 566—569.
https://doi.org/10.1016/0022-247X(81)90141-4

3. S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
integrals, Fund. Math., 3 (1922), 133—181. https://doi.org/10.4064/fm-3-1-133-181

4. J.Rodriguez-Lopez, S. Romaguera, The Hausdorff fuzzy metric on compact sets, Fuzzy Set. Syst.,
147 (2004), 273-283. https://doi.org/10.1016/j.fss.2003.09.007

5. L. Kramosil, J. Michalek, Fuzzy metrics and statistical metric spaces, Kybernetika, 11 (1975),
336-344.

6. A. George, P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Set. Syst., 64 (1994),
395-399. https://doi.org/10.1016/0165-0114(94)90162-7

7. M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Set. Syst., 27 (1988), 385-389.
https://doi.org/10.1016/0165-0114(88)90064-4

8. R. Badard, Fixed point theorems for fuzzy numbers, Fuzzy Set. Syst., 13 (1984), 291-302.
https://doi.org/10.1016/0165-0114(84)90063-0

9. G. Wang, C. Wu, C. Wu, Fuzzy a-almost convex mappings and fuzzy fixed point theorems for
fuzzy mappings, Ital. J. Pure Appl. Math., 17 (2005), 137-150.

AIMS Mathematics Volume 8, Issue 5, 10095-10112.


https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/0022-247X(81)90141-4
https://doi.org/10.4064/fm-3-1-133-181
https://doi.org/10.1016/j.fss.2003.09.007
https://doi.org/10.1016/0165-0114(94)90162-7
https://doi.org/10.1016/0165-0114(88)90064-4
https://doi.org/10.1016/0165-0114(84)90063-0

10111

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

217.

28.

B.S. Lee, S. J. Cho, Common fixed point theorems for sequences of fuzzy mappings, Int. J. Math.
Math. Sci., 17 (1994), 423—-427. https://doi.org/10.1155/S0161171294000608

D. Butnariu, Fixed points for fuzzy mappings, Fuzzy Set. Syst., 7 (1982), 191-207.
https://doi.org/10.1016/0165-0114(82)90049-5

J. Y. Park, J. U. Jeong, Fixed point theorems for fuzzy mappings, Fuzzy Set. Syst., 87 (1997), 111—
116. https://doi.org/10.1016/S0165-0114(96)00013-9

A. Azam, Fuzzy fixed points of fuzzy mappings via a rational inequality, Hacet. J. Math. Stat., 40
(2011), 421-431.

A. Azam, S. Kanwal, Common fixed point results for multivalued mappings in Hausdorff
intuitionistic fuzzy metric spaces, Commun. Math. Appl., 9 (2018), 63-75.

S. Kanwal, A. Azam, Common fixed points of intuitionistic fuzzy maps for Meir-Keeler type
contractions, Adv. Fuzzy Syst., 2018 (2018), 1989423. https://doi.org/10.1155/2018/1989423

S. Kanwal, A. Azam, Bounded lattice fuzzy coincidence theorems with applications, J. Intell.
Fuzzy Syst., 36 (2019), 1-15. https://doi.org/10.3233/JIFS-17063

S. Kanwal, A. Azam, F. A. Shami, On coincidence theorem in intuitionistic fuzzy b-metric spaces
with application, J. Funct. Space., 2022 (2022), 5616824. https://doi.org/10.1155/2022/5616824.
S. Kumar, A. Rani, Common fixed point theorem for weakly compatible mappings in fuzzy
metric spaces using implicit relation, J. Adv. Stud. Topol., 3 (2012), 86-95.
https://doi.org/10.20454/jast.2012.301

S. Sharma, Common fixed point theorems in fuzzy metric spaces, Fuzzy Set. Syst., 127 (2002),
345-352. https://doi.org/10.1016/S0165-0114(01)00112-9

M. Arshad, A. Shoaib, Fixed points of multivalued mappings in fuzzy metric spaces, In
Proceedings of the World Congress on Engineering, 1 (2012), 4-6.

S. Kanwal, M. S. Shagari, H. Aydi, A. Mukheimer, T. Abdeljawad, Common fixed-point results
of fuzzy mappings and applications on stochastic Volterra integral equations, J. Inequal. Appl.,
110 (2022). https://doi.org/10.1186/s13660-022-02849-2

F. Xiao, EFMCDM: Evidential fuzzy multicriteria decision making based on belief entropy, /[EEE
T Fuzzy Syst., 28 (2020), 1477-1491. https://doi.org/10.1109/TFUZZ.2019.2936368

F. Xiao, A distance measure for intuitionistic fuzzy sets and its application to pattern
classification problems, [EEE T. Syst. Man Cy.-S., 51 (2019), 3980-3992.
https://doi.org/10.1109/TSMC.2019.2958635

Z. Wang, F. Xiao, W. Ding, Interval-valued intuitionistic fuzzy jenson-shannon divergence and its
application in multi-attribute decision making, Appl. Intell., 52 (2022), 16168—16184.
https://doi.org/10.1007/s10489-022-03347-0

Z. Wang, F. Xiao, Z. Cao, Uncertainty measurements for Pythagorean fuzzy set and their
applications in  multiple-criteria  decision making, Soft Comput., 26 (2022).
https://doi.org/10.1007/s00500-022-07361-9

D. Liang, W. Pedrycz, D. Liu, P. Hu, Three-way decisions based on decision-theoretic rough sets
under linguistic assessment with the aid of group decision making, Appl. Soft Comput., 29 (2015),
256-269. https://doi.org/10.1016/j.as0c.2015.01.008

J. Liu, B. Huang, H. Li, X. Bu, X. Zhou, Optimization-based three-way decisions with interval-valued
intuitionistic fuzzy information, /EEE T. Cybern., 2022. https://doi.org/10.1109/TCYB.2022.3151899
D. Liang, D. Liu, Systematic studies on three-way decisions with interval-valued decision-
theoretic rough sets, Inform. Sci., 276 (2014), 186-203. https://doi.org/10.1016/.ins.2014.02.054

AIMS Mathematics Volume 8, Issue 5, 10095-10112.


https://doi.org/10.1155/S0161171294000608
https://doi.org/10.1016/0165-0114(82)90049-5
https://doi.org/10.1016/S0165-0114(96)00013-9
https://doi.org/10.1155/2018/1989423
https://doi.org/10.3233/JIFS-17063
https://doi.org/10.1155/2022/5616824
https://doi.org/10.20454/jast.2012.301
https://doi.org/10.1016/S0165-0114(01)00112-9
https://doi.org/10.1186/s13660-022-02849-2
https://doi.org/10.1109/TFUZZ.2019.2936368
https://doi.org/10.1109/TSMC.2019.2958635
https://doi.org/10.1007/s10489-022-03347-0
https://doi.org/10.1007/s00500-022-07361-9
https://www.sciencedirect.com/journal/applied-soft-computing/vol/29/suppl/C
https://doi.org/10.1016/j.asoc.2015.01.008
https://doi.org/10.1109/TCYB.2022.3151899
https://www.sciencedirect.com/journal/information-sciences/vol/276/suppl/C
https://doi.org/10.1016/j.ins.2014.02.054

10112

29. Q.Zhang, C. Yang, G. Wang, A sequential three-way decision model with intuitionistic fuzzy numbers,
IEEE T. Syst. Man Cy.-S., 51 (2021), 2640-2652. https://doi.org/10.1109/TSMC.2019.2908518

30. S. B. Nadler, Multi-valued contraction mappings, Pac. J. Math., 30 (1969), 475-488.
https://doi.org/10.2140/pjm.1969.30.475

© 2023 the Author(s), licensee AIMS Press. This is an open access

AIMS ATMS Press  article distributed under the terms of the Creative Commons
1= Attribution License (http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 5, 10095-10112.


https://doi.org/10.1109/TSMC.2019.2908518
https://doi.org/10.2140/pjm.1969.30.475

