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Stieltjes integro-multipoint boundary conditions. The main tools are known fixed point theorems,
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1. Introduction

Numerous phenomena are mathematically described using fractional order differential and integral
operators. The fundamental advantage of these operators is that they are nonlocal. This makes it
possible to describe the components and procedures used throughout the phenomenon’s history. As
a result, fractional-order models are more precise and useful than their equivalents in integer order.
Because fractional calculus (FC) techniques are frequently used in a number of real-world applications,
numerous scholars established this significant branch of mathematical analysis (see e.g., [1-9]).

Recent studies on fractional differential equations (FDEs) with various boundary conditions (BCs)
have been carried out by several researchers. Nonlocal nonlinear fractional-order boundary value
issues, especially, have received a lot of attention. In the work of Bitsadze and Samarski (see [10]),
when nonlocal conditions were first presented, they were used to describe physical occurrences that
occurred within a specific domain’s bounds. Due to a blood vessel’s shifting form throughout the
vessel, it is difficult to defend the assumption of a circular cross section in computational fluid
dynamics analyses of blood flow problems. To overcome this issue, integral BCs have been
introduced. Additionally, ill-posed parabolic backward problems are resolved using integral BCs. The
mathematical models of bacterial self-regularization also depend heavily on integral BCs. In
mathematical models of bacterial self-regularization, integral BCs are also essential.

In the mathematical modelling of a number of practical issues, coupled systems of FDEs represent
the main tools. Examples include fractional dynamics, chaos, financial economics, ecology, and
bio-engineering, etc (see e.g., [1-9]), also see the recent interesting results in e.g., [11-14]. The study
of fractional differential systems has been a well-liked and significant field of science, supplemented
by many types of BCs. The advancement of this topic has been aided by several researchers who have
published countless outputs. Modern functional analysis techniques greatly aid in obtaining
existence (Exs.) and uniqueness (Unq.) findings for these issues. We recommend the reader study a
number of papers for some recent research on fractional or sequential FDEs with nonlocal integral
BCs (e.g., [15,16]).

In [17], by using fixed point theorems (FPTs), the authors looked into the possibility of solving an
initial value problem (IVP) involving a sequential FDE. In [18], using the method of upper and lower
solutions and the monotone iterative technique, the Exs. and Ung. results for a periodic boundary value
issue of nonlinear sequential FDEs were discovered. Since they contain multipoint and integral BCs as
special examples, Riemann-Stieltjes BCs are highly general (see [19]). The astronomer T. J. Stieltjes
generalization of the Riemann integral, the Riemann-Stieltjes integral, has potential uses in probability
theory (see e.g., [20,21]).

Banach and Schaefer FPTs have been employed in [22] (see also e.g., [23-25]) to study the Exs.
and Ung. of solutions for a coupled system of nonlinear fractional integro-differential equations (Int-
DifEqn.) involving Riemann-Liouville integrals with several continuous functions.

D*U(p) = filp. Ulp). V(o) + Ty [y “ri=i(DgilA U, V(D)2
DPV(p) = flp, Ulp), V(o) + Zity [ b 6D, U (), V(D)dA,
UO0)=a>0,V0)=b>0,p€e0,1],

where D? D? denote the Caputo fractional derivatives (CFD), 0 < «,8 < 1;a;;8; are nonnegative
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real numbers, ¢; and ¢; are some continuous functions. It should be remarked that the authors in [26]
considered the short-memory which can be considered in some work.

The authors in [27] investigated a boundary value problem of coupled systems of nonlinear
Riemann-Liouvillle fractional Int-DifEqn. supplemented with nonlocal Riemann-Liouvillle fractional
Int-Dif. BCs. The results obtained by using some standard FPTs (withp € [0,T], 1 < @, < 2)

DU(p) = A(p, U(p), V(p), (91 U)(p), @1 V)(0)),
DPV(p) = B(p, U(p), V(p), ($2U)(p), (2V)(p)),

with the following coupled Riemann-Liouville Int-Dif. BCs (with0 <n <7,0<0 <T)

Da—lu(o+) — 0’ Da—lu(0+) — VI(I_IU(T]),
DP2u(0%) = 0, D 'u(0") = ulP'u(o),
where the Riemann-Liouville derivatives is denoted by D", and I denotes the Riemann-Liouville
integral of fractional order (.), and f, g : [0,T] x R* — R are given continuous functions,v, u are real
constants, and ¢;, ¥;,i = 1,2 are given operators.
For a nonlinear coupled system of Liouville-Caputo type fractional Int-DifEqn. with non-local

discrete and integral BCs, the Exs. and Ung. of solutions have been studied in [28]. The Exs. results
are obtained by usng Leray-Schauder FPT, while the Unq. results by the concept of Banach FPT.

Dix(ry) = A(ry, x(r1), y(r1))),

CDPy(ry) = B(ry, x(r1), y(r1))),

X(0) = a [f X (r)dr, x(1) =B [ g (r))dr,
YO = e [ Y (r)dra, y(1) = Bi [ g0/ (r))dra,
rel[0,1,1 <qg,p<2,0<&,0<1,

where € D?,¢ D denote the Caputo fractional derivatives (CFDs) of order g, p, A, B : [0, 1]xRXR — R
are given continuous functions, and «a, 8, @1, 8 are real constants.
In [29], the authors discussed the FDEs with integral and ordinary-fractional flux BCs

“DP'x(x) = F(s, x(k), y(K))),

€Dy (k) = G(s, x(k), y(K))),

x(0)+ x(1) =a fo] x(r)dry, x'(0) = bD7 x(1),

y(0) + y(1) = Zfol y(r2)dra, y'(0) = by D' y(1),

s€[0,1],1 < p;,p2<2,0<ge; <1,

where €DP1.€ DP2 € D7 € D¢t denote the CFDs of order pi, p», F,G : [0,1] x R x R — R are given

continuous functions, and a, z, b, by are real constants. The Exs. results have been analyzed in [30] for
coupled system of FDEs (withu € (0,1),1 < a,<2,0<n< 1)

D*U(u) = A, V(w), DPV (1)),
DPV(u) = B(u, U(u), D'U))),
U) =0, U(l) =yU),
V() =0, V(1) =yV(),
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where D' denotes the Riemann-Liouville FDs of order (-), A, B : [0, 1] x R? — R, are given continuous
functions, and vy is a real constant.
Exs. of solutions for nonlinear coupled Caputo fractional Int-DifEqn has been investigated in [16],

CDu(p) = f(p, u(p), v(p),C D v(p), Ev(p)), p € [0,T] := U,
“Du(p) = glp, u(p), u(p), D"'v(p), Fv(p)), p € [0,T] := U,

with nonlocal integral and multi-point BCs

U©) = yi(V), U'(0) =& [" V'(@)d6, U"(0) =0, ,U"(0) =0,
5 _
UT) = Ay [; V(O)dO + uy 3523w,V (6)),
V(0) = ¢a(V), V/(0) = & ;" U'(6)d6, V(0) = 0,--- , V"2(0) = 0,
5 _
V(T) = A [ UO)O + 1 3523 wiU (@),
where €D?,¢ DP.C D¢ .© D" are the Caputo FDs of order n — 1 < a,8 < n, 0 < (1,1, < 1, I£, IS are the
Riemann-Liouville fractional integrals (FI) of order &, ¢ > 0.
In this paper, we investigate the Exs. and Unq. of solutions for the following nonlinear coupled

system of FDEs involving Riemann-Liouville and Caputo derivatives with coupled Riemann-Stieltjes
integro-multipoint boundary conditions

LDV (D + an)x(t) + Bi I H(t, (1), y(1)| = (e, x(6), y(1)), 1 <by, Ty <2, 1 € [a,7],
FED| (D% + an)y(0) + Bo 2 2(t, x(1), Y(0) | = e, x(1), (1)), 1 < b, 2 <2, t € [a, ],

with coupled non-conjugate Riemann-Stieltjes integro-multipoint BCs:

(1.1)

72 N
x(q) = Zmy(&) + f YRAA(K), x'(a) =0, x(p) = 0, x'(p) =0,
- ! (1.2)

-2 N
y(a) = Z mix(&) + f X(K)dA(K), y'(a) = 0, y(p) = 0, y'(p) =0,
i=1 q

where ‘D" denotes the Caputo fractional differential operator of order a with (a = by, b)), RID® denotes
the Riemann-Liouville fractional differential operator of order b with (b = f;,f,), with b; +f; > 3, b, +
fo > 3, I*', I are Riemann-Liouville FI of order s;, s, > 1, a;, B; € R, i = 1,2, H, ¢,y :
[q,p] X R? — R are given continuous functions, A is a function of bounded variation, q < & < & <
<& <p,neR, j=1,2,---n-2. It should be remarked that some fundamental assumptions for
orders of fractional derivatives are postulated in our study and potential relaxation of this limitations
can be considered in some further study. The main contribution of this article can be seen as follows:

(1) A generalization of the results obtained in [16].
(2) A generalization of the results obtained in [29].
(3) A generalization of the results obtained in [30].

Here we emphasize that the present work is motivated by a recent work [31]. Next section recalls
some basic definitions of FC and present an auxiliary lemma. In section 3, we discuss the existence of
solutions for the given problem while the uniqueness results is presented in section 4, section 5 shows
examples that illustrate our results, and section 6 concludes our work.
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2. Preliminary material

Now, we recall some basic definitions of fractional calculus.

Definition 2.1. /8] For 8 > 0, the Riemann-Liouville FI of order § for ¢ € L;[q, p], existing almost
everywhere on [q, p], (With —co < q < p < o) is defined by

(= s

Y1) =
1B

F(s)ds,

where " denotes the Euler gamma function.

Definition 2.2. /8] For,8 € (n—1,n],n € N, and g € AC"[q, p], the Riemann-Liouville and CFDs of
order (3 are respectively defined by
dt ! t— n—-1 ] r _ -1
rpgy = [T gods and DPey = [ L2
drr ), T'(n-p) . T(n=p)

Lemma 2.1. Form —1 < B <m, t € [q, p], the general solution of the FDE <D’x(b) = 0, is

9 (s)ds.

x(b) = 1o +11(b — q) + 12(b — q)* + ... + 1,1 (b — )",

;,€R, i=0,1,...,m— 1. Moreover,

m—1

(I “DPx)(b) = x(b) + ) (b - a’.
i=0

Lemma 2.2. [8] For > 0 and x € C(q, p) N L(q, p), the general solution of (R:DPx)(b) = 0 is
x(b) = ai(b = f "+ b~ af P 4 o (b= af T+ (b~ af

whereo; R, j=1,2,--- ,m, and

x0) +o1(b = af '+ oab = f Pt 0 (b= T+ (b — af T

x(b) + Z oi(b — qf .
j=1

(I° *DPx)(b)

On the other hand, (REDPIBx)(b) = x(b).

See also Lemma A.1 in Appendix. A for more details.
3. Existence results

Denote by X* = {x(¢)[x(t) € C([q, p],R)} as the Banach space (BSp.) of all functions (continuous)
from [q, p] into R equipped with the norm ||x|]| = sup [x(¢)]. Obviously (X, ||.||) is a BSp. and as a

telq,p]
result, the product space (X* x X*,||.||) is a BSp. with the norm ||(r, s)|| = ||r|| + ||s]| for (r, s) € X* X X*.

By Lemma A.1, we define an operator A : X* X X* — X" X X" as
Alx, y)(@) 1= (A1 (x, y)(0), Ax(x, y)(©)), (3.1
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where

Ar(x,)(0) = —af¢x<>d [ e xwvw0)d
RO =70 | Ty TP TGy AR

! (t - K)b1+f1 (p - )bl—l
+ T+ Pk, x(k), y(K))dK+V1(f) C¥1f )

P (p _ K)51+b1—1 P (p _ K)b|+f1—1
—H , , d _ s~
P T Aoy HUexwyEMk = TR

P D2 P — )s1thi—2
O wdk+ [ LT b xw), v

o I'(hi=1 g T +b—1)

x(k)dk

Pk, x(K), y(K))dK]

+ (Vz([)[(l’l

P (p -2 n-2 f & — -]
Bl . mqﬁ(x x(x), Y(K))dK +(V3(t) - ;n, q T = x(k)dk

G
- B ; ni . WH(K’ x(x), y(k))dk

“(k — u)"!

I'(hy)

(&=
“(k — )yt
o T(s1+Dy)
K)bz

+ Vil f (pm)) Y()di

P (p _ K)92+b2—1 Y] (p _ K)b2+f2—1
A Mk, x(), yWdk— |
P TR Ay UexWyGMKk = TR T

p _ -2 _ sp+hr—2
® =" a0, v

q r(bZ - 1) q F(SZ + bZ - 1)

P(x, x(k), y(K))dk + fp ( —a x(u)du
q q

)bﬁ-fl—

- B H(u, x(u), y(u))du + f i B, (1), y(u))du)dA(K)]

I'(hy +11)

Wk, X(K),y(K))dK]

+ V()|

P _ hr+in -2 i L hr—1
- %b_)w x(0). Y0))dk] + V(o) aZZn, f %WW
q q

i=

(& — k)T
- E L
B ) mi C Tmh) (k, x(k), y(&))dk

72 .
o (é‘:l - K)bZHZ_I P K (K _ u)f)z—l
+ ; i q wl//(/g x(k), y(k))dk + f ( - f ) y(u)du (3.2)

K (K _ u)52+bz

I'(s, + o)

)I)2+Tz

W(u, x(u), y(u))du + f (e~ U(u, x(u), y(u))du)dA(K)”

- A . T(h, + 1)
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(t —x)»! (= k)
A (x,y)(t) = —as f ) y(K)dk — B> : mu(K, x(k), y(K))dk
t (¢ b2+l » il
" %W, x(k), Y () + Wi ()] e f (pr (g?) x(k)dk
) q
L PR A ki "
R R v e A
p (D _ K)bl—Z P (p _ K)51+I)1—2
+ Wz(ﬂ[m . T -1 x(k)dk + B q mH(K’ (), y(K))dk
P (p— K)f)|+h— d W -2 (f, )I)I )
T ), T g, - e 0 K| + Wi alzn, T Wk

i=

-2

Si (é';l _ K)51+[)1—1
- B ; n; . WH(K, x(k), y(x))dk

-2

(g — (k — )"~
+ — i . W(ﬁ(K’ x(K)a y(K))dK + f - f r(b]) X(u)du

~ B KMH(M x(u), (u))du+f $¢(u (1) (u))du)dA(K)]
'Jo T+ Y T, +1,) > Xu),y
P ho—
+ W4(t)[azf (p F(bz) y(k)dk
q
( )52+f)2 p (p _ K)I)2+f2_1
+ B f F( 5 + Dy U(k, x(k), y(«))dk — q mlﬂ(m X(K),y(K))dK]
P (D _ K)b2—2 P (p _ K)sz+b2—2
+ Ws(t)[az T -1 y(K)dk + B> : mu(/(, x(K), y(K))dx
P (D _ K)f)2+f2 -2 -2 2 (f, _ K)bz—l
= | Ty o e X W] + Wito] - QZZ,,, ff G o
— )52tha—
_ ,822771 (é‘:ll-\( 2K) 5 u(K, X(K),y(K))dK
T2 )
& - K)bz+fz—1 " " (k- u)bz—l
+ ;m : wlﬁ(& x(x), y(k))dk + f] (— @ T y(u)du 3.3)
iy (k — u)52+b2 ! (k )b2+f2—1
TP | TR gy X f wwu,x(u>,y<u>)du)dA<K>],
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and V;(t)(i=1,---,6)and W), j=1,..,

6 are given by (A.4) and (A.5) respectively. From now on,

we impose that H, ¢, 2, : [q, p]XR? — R are continuous functions satisfying the following condition:
(H,) For all t € [q, p], X,y € R, A real constants w;, &;, n;,, m; >0 (= 1,2), @y, &, ng,my > 0:

|H(t, X, y)| £ @y + @1[X] + @2lyl,

(2, X, y)| < &9 + &1]X| + &2y,
|u(t’ X, Y)l < no + nllxl + n2|Y|’
(2, X, y)| < mo + my|x| + mylyl.

For simplicity, we use the following notations:

%:'“1'{%:2)?)“leé?b:j)?)+(T/2(p;(g?? ji' r(bl_j):l) f T Q)bl)d )
R S
72 {FE§1_+qf)1bljll) " ~1rgl_+qf)f ljll) ~2(pr;b?):l) S" r((fh;‘?lbfll)

R e O S E s [ i)
e R T R e ey
¥ fq p ré§2_+quzj21 )dA(K))}’
75 = {(T/“rgz_jf)j +f1) ~5(przbj)i f;) 1:1| r(bﬁf);:l)
fq | %M”)}’ (3.4)

Go = la 1|{@1§bl q)bl) @z%+ng F(b_ D" f p%dmm)},

o - w"{(w‘rgl;qb)?jln @2(?@?):: Z' e +1)15T11)

AIMS Mathematics Volume 8, Issue 5, 10067-10094.
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Po(k= g
" fq oo AW}
—  (p— Wt — (p—q)nthi-! -2 q)b1+f1
6 = Wirg om0 " Y F lzl' r(bl+f1+1)
P (K_q)b1+f1
" f o e e 0 )

~ P-0” ~ -2 o~ G- = & (-
G5 = lollre 5 Werg et ™ T +Wﬁ(;"”"r(bz+1>
> (k=)
) r(b2+1)dA(K))},
_ (p—)=™  — (p-  — (pogE — F (-
6 = Bl o e T Y Tmrm 6(,2' U YE—

P (k- q)nh
fq r(52+b2+1)dA(K))}’

1'2

G {rg — ) W, q)" " .- q)=e! i (& mam
r+fa+ 1) [Ma+f+ 1) ['(h2 +12) ,:1 F(bz T(h, +f, + 1)
fq p %m(@)}, (3.5)
where V; = sup [Vi@)l, i=1,...6 and W, = sup WD), j=1,...6,

00 = (F1 + Go@o + (F2 + G2)go + (Fa + Gadno + (F5 + Gs)my, (3.6)
01 = (Fo + Go) + (F1 + GDw1 + (F2 + Go)er + (Fa + Gollny + (Fs + Gs)my, (3.7)
0, = (F1 +Gwe + (F2+ Go)er + (F3 + G3) + (Fa + Gona + (Fs + Gs)ma, (3.8)
0 = max{0;, 0,}. (3.9)

Now we introduce our Exs. results. In the first method we use Leray-Schauder alternative to show
the Exs. of solution for the systems (1.1) and (1.2).

Lemma 3.1. (Leray-Schauder alternative [32] ): Let a completely continuous operator S : J — 7.
Assume that &S) ={y € J : y = AS(y), 0 < A < 1}. Then:

(1) the set &) is unbounded, or
(2) S has at lest one FP.

Theorem 3.1. If continuous functions H,$, 0, : [q,p] X R? — R satisfying (H,). Then the
systems (1.1) and (1.2) has at least one solution on [q, p] if O < 1, where O is given by (3.9).

AIMS Mathematics Volume 8, Issue 5, 10067-10094.
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Proof. We start by proving that the operator A : X* X X* — X* X X* is completely continuous. Since
the functions H, ¢, Il and ¢, are continuous, then the operator (A is continuous.
X X* be bounded. Then 1 constants ¢ > 0@ = 1,..,4):

|H (2, x(1), y(O)| < &1, |, x(0), ()| < &, [U(E, x(2), y())| < &3, (2, x(2), y(@)| < L4, Y(x,y) € P. Then,
for any (x,y) € P, we have

Let < X*

A Cx, (@)

AIMS Mathematics

IA

IA

(t )1)1 f ( K)51+b|—1
|C¥1|f N |x(x)|dk + |B1] TG v b)) {idk

! (t - K)b1+h (p— )b1—1
o TMi+T) I'(hr)
P (p _ K)51+[)1—1 P (D _ K)b1+f1—1 ]

—0d —0d
Bl | Fe v S | TR, a9

Lodk + IW1(I)| |1 f |x()ldk
q

)51+I)1—2

hi—
rwmwmj'nb) mmw+w¢[frjajﬂaw

K)f)1+f1

’ — 2 = — A\
%@‘ZK]“%U)WI%IZIU,I f (glr(b)) X()|dk
) i=1

T2
(= wr! (- !
vmghmq F“+m)aw+§th STy

P K (K _ u)bl (K u)5|+b1
£(|al| : WW(”)W”"‘WH : mﬁdu

(k= w)Pri P (p— k)]
: W(zdu)dA(K)] + 1Vl R O
P (p _ K)sz+bz—1 p (p _ K)[)2+f2_1

- d —Cid
%'q Do+ by) 7 \ Hm+b)gk]
)52+I)2—2

)bz
I(Vs(t)l |a| f T |y(1<)|d1<+|,32| f mé}dk
P (p — k)2 (& — !
. madkhl%(t)l[lazlzmzl f Th,) ————y(©)ldk

)52+1)2 )bz+tz 1

-2
(& - (& -
; d ; ud
%é;m wagék Zm I@ﬁh)gk

q q

P ( _ )bz (K u)52+f)2
f(; (|CY2| . T ————|y(w)ldu + |ﬁ2|f m§3du
K (K _ u)bz+f2

- A
. nmwaﬁwﬁ(%
Folx(O] + Frly + Fals + Faly(®)] + Fals + Fsl
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which implies that,
AN < Follxll + F1y + Folo + Fallyll + Fals + Fsa.

Similarly, we can get

AL < Gollxll + G111 + Golo + GalVIl + Gals + G5l

Hence, the operator A is uniformly bounded, since ||[A(x, y)|| < (Fo + Go)llx|| + (F1 + GG + (F +
GO + (F3 + @)Y+ (Fa + GG + (Fs + Gs)da.

Next, we show that A is equicontinuous. For t,,1, € [q, p] with #; < t,, we obtain

1 AN T S _ \bi—1
e y)(ts) — A )0 < |a1|[ W20~ 207 ] a
q (1)
" (1= 0" "l = 07— (1 = 0]
+ T x(k)dk|| + |B1] : e, H(k, x(k), y(«))dk
5] (t2 _ K)51+b1—1
+ \ WH(K,X(K),y(K))dK]
| [(lz _ K)f)1+f1—l _ (ll _ K)b1+h—l]
+ j; T, 1)) @k, x(k), y(k))dk
12 _ i1 P _ i1
+ ) 0tk 300 300 + Vit = Vi) f P Wl
+ 1Bl pMU‘I(K x(k), y(K)|dK + pmm@ x(K) (K))|dK]
"), Ty O Ty gy O
By by (p_ )I)I J )51+I)1—2 H p
+ ' 2(t) — 2(11)'[|051|fq T(h; )|X(K)| K+|,31|f m| (k, x(k), y(k)ldk

’ (p_K)bl+f1_2 (‘fz )bl
* ) D 1)|¢<K,x<x>,y<f<>>|dx]+\(v3<r2)—(v3(m\[|al|;|m| f Sy e

& (& — K)o
+ |/31|Z|n,| f oo o KXW W)k
-2

br+f1— bi—1
> f (r(bl) 1k, X006 + f ol | (Kr(b)) x(@ldu

i=1
(k — )51+f>1 (k — )bl+f1
+ 1Bl f T 7o H X, yw)idu+ f Wkﬁ(u,x(u),y(u))ldu)dA(K)]

q

bhr— p _ sr+hr—1
(P ) |y 0ldk + 6] %mm 200, Y(K))ldi
q

+ [ Vi) = Vi)l f
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P (p _ K)b2+f2*1 P (D _ K)bz*Z

o | iyt x0.e] + [st) = Vo[l [ o
P sp+hr—2 P Do+fr—2
| e Mk (00 6 + %w XK, YR
o Vet - Vetw|flea 5 f GO
2 T
— )52tha—
+ LBzIZIm TR G, 160, 36l
T2
(= s P e
o Dl | Sy el f (o | iy bl

K (K—M)SZH)Z 1 ( )b2+Tz
+ Bl . mm(u , X(u), y(u))ldu+f wltﬁ(w,x(u),y(u))ldu)dA(K)]
< (i = = (- @+ 20 - 1))
|ﬂ1|”§1 s+ _ \s1+h _ +\51th
+ —r<sl+bl+1>('(t2 D" = (1 = )T+ 2t — 1))
g 1+f1 1+f1 1+f1
+ r(bﬁ—;lﬂ)(m—q)“ "= (= @)+ 23t - 1))
P (p _ K)I)]—l P (p _ K)sl+b1—1
+ ‘(Vl(fz)—(vl(h)‘[mﬂ‘[q N |)C(K)|d/<"‘|ﬁ1|fq WQCM
P (p— )i P -h?
) g e+ v - Vaelflen | Tl
K)S1+b| P (p_K)b|+h—2
* Wl'f F(51+b1—1)§1dk+ ORI
v st - sl S f GO ota
3(1 3(1 1 2 ; N
(fz - K)S'H’1 (& =]
+ LfmZm, q éldK+Z|m Ty
P (K—I/t)bl (K u)s|+l)1 1
+ \fq(|m| T |x(u)|du + |5 : m@du
K (K _ u)b1+f1—1
. w|§3du)d/\(/<)]
ha— sp+hr—1
e Vi)~ Vil [ bWk + B [
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P (p xR Pp w7
+ q WQCIK]+‘(V5(f2)—(V5(l1)H|a’2| : mb’(/()klk
P (p_K)52+I)2—2 P (p_K)I)2+f2—2
S R e LS B v T
72 ho—1
b [Vt - VtwJlaal S nd f Wl
P
— p)52tha—1 _ \b2+a—
+ w2|2|m| f S éde+ZImI f (f’m):)
— 1\b2—
. fq (e | (Kr(;‘)) Y oldu
K(K u)sz+[)21 (k )b2+f2
+ |ﬂ2| \ m fwé;du)d/\(K)]

Similarly, we can find that ||[A>(x, y) — Aa(x,y)|| — 0 independent of x and y as t, — t;. Therefore,
the operator A(x, y) is equicontinuous. As a consequence of our steps together with the Arzela-Ascoli
theorem, the operator A is completely continuous. Next, we prove that the set & = {(x,y) € X* X
X*|(x,y) = 0 A(x,y),0 < o < 1} is bounded. Take (x,y) € &, then (x,y) = cA(x,y) and V ¢ € [q, p],
we have

x(t) = oA (x, y)(0), y(1) = o A(x, y)(D).

In consequence, we have

A

x(®) < Folxl + Fi(wo + @1|x] + w2lyl) + Faleo + &1lx] + &20y])
Falyl + Fa(ng + nilx| + nalyl) + Fs(mo + my|x| + mylyl),

+

which yields

lxll < Follxll + Fi(@o + @illxl| + @2llyll) + F2(e0 + &1llxl] + 2yl
+  Flyll + Falng + nyllxl] + nallyll) + Fs(mo + my||xl] + ma|[yl]). (3.10)

In a similar manner, we can find that

IVl < Gollxll + Gi(@o + @ilIxl| + @allyll) + Ga(eo + &1llx]l + Iyl
+ Gslll + Ga(no + nillxll + nallyll) + Gs(mo + myl|x|| + mallyl]). (3.11)

From (3.10) and (3.11) together with notations (3.6)—(3.9) lead to

A

Xl + Il < [(F1 + G)wo + (F2 + Ga)eo + (Fa + Gano + (Fs5 + Gs)mol
[(Fo + Go) + (F1 + GDl@ + (F2 + Gr)er + (Fa + Gany

(Fs + Gs)m x|l + [(F1 + Go@r + (F2 + Go)er + (F3 + G3)
(Fa+ Gony + (Fs5 + Gs)malllyll-

+ + +
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Which implies,
lx, Il < Op + max{O; + O}f|(x, y)l
< Op + Oll(x, YII,
consequently,
0
< .
eyl < =

This prove that the set & is bounded. Thus, by Lemma 3.1, the operator A has at least one FP. Therefore,
the systems (1.1) and (1.2) has at least one solution on [q, p].

Next results are based on Krasnoselskii FPTs. We assume continuous functions H, ¢, 2,y : [q, p] X
R? — R satisfying the condition:
(Hy) Forallt € [q,pland x,y; € R(j=1,2),AL;, i =1,...,4:

|H(t,x1,¥1) — H(t, X2, y2)| < Li(IX1 — X2 + |y1 — 2D,
lp(t, X1, ¥1) — @(t, X2, ¥2)| < Lo(|X1 — Xo| + |y1 — ¥2l),
Uz, x1,¥1) — (2, X2, y2)| < Ls3(|X) — Xo| + |y1 — ¥2l),

(2, %1, y1) = Y(t, %o, y2)| < La(|x1 = Xo| + |y1 — ¥2l);
For simplicity, we introduce the following notations:

N=A +A,, (3.12)
N =A +A,, (3.13)
A =Fo+ LiF + LyF, (3.14)
Ay = F3 + LT + LyFs, (3.15)
A3 =Qy+ LiQ; + L,Q,, (3.16)
A = Go+ LG + L,G», (3.17)
Ay = Gy + 3Gy + LiGs, (3.18)
As = Qs + L;Q4 + LiQs, (3.19)
where
Q - %—m%, Q=7 —wll%, QF%‘%’

(3.20)
and 7, G; (i = 0,...,5) are given by (3.4) and (3.5).
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Lemma 3.2. (Krasnoselskii) Let B # () be a closed, bounded, convex subset of a BSp. K. Let operators
Ml, MzB - K:

(a) Myzi + Myzo € Bwhere 7,20 € B;
(b) M, is compact and continuous,
(c¢) M, is a contraction mapping.

Thendz € B: z= Miz+ Myz
4. Uniqueness of solution
Here we prove the Unqg. result of solution for the systems (1.1) and (1.2) by applying Banach’s

FPTs.
For simplicity we use the following notations:

B =B +B,y, By =31F1+3:7F2 Br=33Fs+ 34F5, 4.1)
B=B, +B,, B =31G1+ 326 Br= 3364+ 3Gs, 4.2)
81 = sup |H(t’ 0’ O)| < 00, 32 = sup |¢(t9 O» 0’ )| < 0o, 83 = sup |u(t’ 09 09 )l < 00,
t€lq,p] 1€ q,p] t€[q,p]
34 = sup [Y(£,0,0,)] < oo. 4.3)
t€lq,p]

Theorem 4.1. Let the condition (H,) holds. Then (1.1) and (1.2) has a unique solution on [q, p] if
N+N <1, (4.4)
where N and N are given by (3.12) and (3.13) respectively.

B+ B _ —
Proof. Setting © > ————, where 3, 9,B and B are given by (3.12), (3.13), (4.1) and (4.2)

- N-=-N
respectively. We show that AS s C S, where S = {(x,y) € X* X X* : ||(x, y)|| £ &}, and the operator
A is given by (3.1).
By assumption () together with (4.3), for (x,y) € S, e € [q, p], we have

|H(e, x(e), y(e))| < |H(e, x(e), y(e)) — H(e,0,0) + [H(e, 0,0)] < Ly (x| + [[yI}) + 31 < L1S + 31,
(e, x(e), y(e))| < |p(e, x(e), y(e)) = ¢(e, 0,0)] + |¢(e, 0,0)] < Lo([lxll + Iy + 32 < Lo + 3o

(e, x(e), y(e))| < [U(e, x(e), y(e)) — Ue, 0,0) + (e, 0,0) < Ly(llxll + lIyll) + 35 < L3S + 33,

(e, x(e), y(e))| < [y (e, x(e), y(e)) — (e, 0,0)] + [y(e, 0, 0) < La(llxll + [Iyl) + 34 < La© + 34
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By using (3.12) and (4.1), we obtain

IXlFo + (L1S + 301 + (LG + 32)F>2
IVIF3 + (L@ + 33)F4 + (La©S + 3)Fs

(Fo + i + LoFz + 15 + LaFa + L)
(317"1 + 322 + 33F4 + 34?5)

(A +A)S + (B +B,)

NS + B,

A (x, y)(e)l

IA

+ IN +

hence,
A < NS+ B. (4.5)
In the same way, by using (3.13) and (4.2), we obtain

(go + LG+ LGy + G3 + L3Ga + L4Q5)<5

(311G1 + 3262 + 133G + 34Gs)
= (A + M)+ (B +By)
NG + B,

(Ax(x, y)(e)]

IA

+

which lead to
A (x, p)| < NS+ B. (4.6)
Consequently, from (4.5) and (4.6) we get

(NS + B) + NS + B)
N+NS+(B+B) <G.

ANl <
<

Therefore, ASs C Sc. Now, for any (x1,y1),(x2,y2) € X* X X*, ¢ € [q,p] and by using
conditions (), (3.12) and (3.13), we get

IA (X1, y1) — A, y)Il = sup [Ai(x1, y1)(e) — Ai(x2, y2)(e)]

t€[a,p]

IA

e(e_K)I)l—l
su @ ——|x1(k) = x2(k)|dk
ee[q%{l 1l . Ton |21 (k) — x2()

e (e _ K)sl+b1—1
11l : W‘H(K, x1(k), y1(x)) — H(k, x2(’<)ay2(’<))‘d’(
e (e — K)bl+f1—1
o TMi+11)

Pp— w0t
1V (e)l |ay | oD ————|x1(k) — x2(K)ldK

+

66, %100 1K) = Bk, 12K, v

+
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+

+

AIMS Mathematics

(p K)51+f)1
1 f | H, 3100, 71(6)) = H (K, (K, ya(6)|d

['(s1 + 1)
b+
. %V(K, x1(K), y1(K)) — ¢(k, x2(k), yz(/())'dk]
P A2
|(V2(€)|[|a1| (llj(blkz 5 11 (k) = X2(K)|d
s1+h1—
w”f (s f)b |H (K, 2x1(5), 1)) = H (K, (), )’2(K))'dl<
I)1+'fl
m'¢(/< x1(K), y1(K)) — ¢(k, x2(K), y2(,<))'d,<

AT
I(Va(e)I[ImIZIm f GO )~ a0l

L'(H1)
Iﬁll Z |le (é‘:l _ )

s1+b1—
€0 W00 00) = H 32003360
o TGi+b)

Z' | f GO 51060, 10 - 6, (K0, 326D
G YTTFE S B A o

(K )bu
f |1|f T ————|x1 (1) — x2(u)|du

l K (K _ u)s]+l)|—l H H 'd
161 . m (u, x1(w), y1(w)) — H(u, x2(u), y2(u))|du

K (K _ u)b1+f1—1

o Ty 20,3100 = 6 020,y |de)dA )|

N
Vaceoat [P0 - e
Bl [ e 310031 (0) — Mk, 0,0, 32060
2 ; F(52+b2) s Al » V1 5 A2 » Y2

P (p — K)I)z+fz—1
o Ty +12)

(K, 3100, 1K) = 0, %2(K), y2(00) k|

P — )22
|(V5(e)|[|az| . (llj(bzkz D |y1(/<) —yz(K)|dK
sp+hr—2
LBZlf ['(s, +)b2 - 1)|u(,<, x1(K), y1 () = W« Xz(K),yz(K))’dK
(» K)b2+fz

m'lﬁ(& x1(k), y1(K)) = Yk, x2(k), yz(K))‘dK]

ho—

-2
Veelzl > f (f’r(b)) 10 = ya(Kldk
i=1
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— p)52+h2—
. L8|Z|m B (03100 — U 5200, 326 |

q F( +b2)
- )Im
+ Z| V) e R 2 [ 20, 3160) = o 1200, ()|
O )"21
+ f a2l |y D)~ y2ld
52+h2
- e 0,310 10, )
K (o — 1p)02+72—1
+ %\w(u,xl(m,yl(u»—w<u,xz(u),yz(m)]du)dA(K)]}

IA

{%nxl — xoll+ L (Il = xall + 1 = yall) + LaFa(Ilxs = xall + llys = yall)

+ Fallyr = yall + LaFa(llxi — xall + Iy = yoll) + LaFs(llxr = xall + llyy —yzn)}

< (T-o + LiF + LF +Fs + LyFa + L47:5)(||x1 — 1/l + Iy —y2||)
= (A1 + Aa)(Ibrr = xall + Ilys = yall)
= Rl = ol + llyr = yall).

Similarly

A (x1, y1) = Ao(x2, )|

sup [Ax(xq, y1)(e) — Az(x2, y2)(e)|

e€la.p]
(&1 + 8a)(11x1 =l + 11y1 = o)

Rl = xall + llyr = yall).

IA

Consequently, we obtain

IACe1, y1) = A, y))| < R+ R)(lx1 = x| + Iy = yall),

which implies that A is a contraction operator by the assumption (4.4). Hence, by Banach’s FPT, the
operator (A has a unique FP, which is the unique solution of systems (1.1) and (1.2) on [q, p].

5. Examples

This section presents examples that illustrate our results.

Example 5.1. Assume the coupled system of FDEs given by

1 4
RL n19/11] /¢ 39/21 8/3 _
DD —4 >x<r>+—4071 H(t, x(0), Y(1))] = 62, x(1), y(0)), .

EDPITCDRE 4 >x<t>+ 116/511@ X(1), ()| = e, x(0), y(0), 1 € [-2,~1],
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with the BCs
3 -1
K(=2)=0, x(-1) =0, ¥'(-1) =0, x(-2) = Z niy(&) + f Y(K)dA(x),
i1 - (5.2)
Y(=2)=0,yD =0, y(-1)=0, y(-2) = Z nix(&;) + fz x(K)dA (k).
i=1 -
whereq=-2, p=-L fi=F. =3 h=8.h=% =5 =2 =m0 B =5, =

NIUG 00

3 _ 1 I . PR S _0
mrP=m S =T =5 GE=7T m=-3, m=7,1m=

1 sin x(¢) ¥(?)
nG) | 933 (2 +649)’
L, 0kl
66 T #+22)2 " 800(1 + X))
2y(1) N sin(2mx(t)) N (1)
23(1 + y()) 9007 Vi* + 2400

H(t, x(1), y(1))

¢, x(1), y(1))

U(t, x(1), y(1))

and
1 sin x()| tan~! y(£)| y(t)
(e, x(0), y(1)) = T 57n + 27 5 6360

Using the given data, we have that F, =~ 0.016050, #; =~ 0.002735, ¥, =~ 1.04237, 73
0.0294380, ¥4 ~ 0.000408, F5 ~ 1.26577, Gy ~ 0.017124, G, ~ 0.002247, G, ~ 0.918958, G3
0.245213, G, ~ 0.006572, G5 ~ 16.2678.

Clearly,

1

1

1 1 1 1 1 1
H(t, x(1), y(t L —+ —= —1Vll, LX),y £ —+ — IVl
|H (2, x(1), y())] e o33 Ml + 25l 160 (1), YDl < =+ S5llxll + 2osibl

2 1 1 1 1 1
UG %@,y = 52+ =gl + gl W, (0, YO < 557+ 77 il + eI

23 450 313 114 108
- o o o 1 o _ _ 2 o 1 _
with @y = 5, @1 = 533, @2 = gG50 €0 = 56> €1 = 535 £2 = 550 0 = 33> M = 350 M2 = 39> Mo =
s53. M1 = 117, and my = 5= Using (3.7) and (3.8), we find that Oy = 0.190707, O, =~ 0.439600 and

O = max{0, 0,} ~ 0.439600 < 1. Therefore, by Theorem 3.1, the problems (5.1) and (5.2) have at
least one solution on [-2, —1].

Example 5.2. Consider the system (5.1) with the coupled BCs (5.2) and

H(a, x(a), y(a)) e 2 cos2a + %( sinx(a) + y(@)), a € [-2,-1],

1
¢(a, x(a), y(a)) = 30a° + %(% +cosy(a)), a€[-2,-1],
W(a, x(a), y(a) = Mﬁ(x(a) +tan”! y(@)), ae[-2,-1],
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w(a, x(a),y(@) = 2seca+ l800(sin2 x(a) + %) ae[-2,-1].
Clearly,
|H(a, x1,y1) — H(a, x2,y2)| < %(”xl = xoll + llyr = yalD,
lp(a, x1,y1) — ¢la, x2, o)l < %(llxl — x|l + [ly1 = y2lD,
[U(a, x1, y1) — U((@, X2, y2)| < %(H)ﬁ = xoll + llyr = yalD,
[y (a, x1,y1) — ¥(a, x2, )| < L(||361 — x|l + [ly1 = yalD.

900

Using the given data in Example (5.1), we find that %% + ® =~ 0.331246 < 1. Thus, in view of
Theorem 4.1 the problem (5.1) has a unique solution on [-2, —1].

6. Conclusions

We managed to employ Leray-Schauder alternative, Banach, and the Krasnoselskii fixed point
theory to study the Existence and Uniqueness of solutions for a nonlinear coupled system of fractional
differential equations involving Riemann-Liouville and Caputo derivatives with coupled
Riemann-Stieltjes integro-multipoint boundary conditions. The system under study is a generalized
version of many recent studied system. We used some examples to illustrate the results. Potential
future work could be to investigate our results based on other fractional derivates such as, e.g.,
Abu-Shady-Kaabar fractional derivative, Katugampola derivative, and conformable derivative.
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A. Appendix A

Lemma A.1. Let H,®,U,¥Y € C(q, p) N L(q, p), the solution of the linear system of FDEs:

FLDI (DY + ay)x(2) + oI H'(0)] = ©(1), 1 < b1y <2, 1€ (a. ).
(A.1)

RLsz[(cDbz + az)y(t) +,8215211*(t)] =¥, 1<h,f2<2, t€ (a, p),

with the BCs (1.2) is equivalent to the system:

(t K)In (t - K)51+b1 (t )b1+n
x(1) - . (b)) X(K)dK ﬁ]f T(s + b)) —H" (K)dK'l'f W@(K)dk

bh—1 _ s1+bh1—1 _ bhr+f1—1
+ Vi)|e f (p =4 x(K)dk + B pwH*(K)dK— pwdb(@dk]

') o T(s1+Dbp) o L +T1)
Plp—w Ppow P (p -2
+ (Vz(l)[a’] q T - 1) x(k)dxk + 3 . m[‘[ (K)dk — . m@(K)dK]
=2 — \bi— =2 i (e \s1+hi—1
+ (V3(l) - Z ni f & F(b)) x(K)dk — B Z ni %H*(KWK
= i=1 a

-2

S (& — K)b1+T1—l
i —-——®(x)d
T 21’7 S TCEA N

P K (K _ u)bl—l K (K _ u)51+b1—1 .
- du — -— H d
¥ fq( G| Ty WA | TRy 0k

K (k — u)l)1+f1—1 P (p — K)f)z—l
) Wqn(u)du)dA(K)] + Va(®)| a2 fq Ty, (0d

P (p _ K)Sz+bz—l . p (p _ K)bz+fz—l P (p _ K)bz—2
+ B et W (k)dk — T ‘I’(K)dK]+(V5(I)[a’2 CTGoD Y(K)dk
)52+I)2 -2 P (p_K)bZ'Ffz—z
th f Mot by W= | Ry Y]
-2 =2 i
(& — ! L& -yttt
Vv , dx — 2 arwd
+ Vs alen f W ﬁz;n gy W
-2

§i (& \hatia-1
P

i—1 q r(bZ + f2)

P K (K _ u)I)2—1 K (K _ u)92+b2—1 .
= du — L Wud
fq ( O‘qu ton WP T O

+
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y(1)

where

+

K (K _ u)b2+f2*1

q m‘l’(u)du)dA(K)], (A.2)
W[ ] (pr(b)?_ X(K)dx + By qp%m@m— qp%cboodk]
Wa0)| e q (l’f (;1 O ode B f e 1+);+T 5 H (9~ qp%m(md@
Wi - ljin, f (flr_(b);“ X(K)dK—,Blzm q i%m(@dx
Zm q %@(KW
fq p(—a/l qK(K - (g??_lx(u)du— B qK%H(u)du
QK%Q(u)du)dA(K)]+“W4(t) @ f %y(@dk
B qp%u*(@dk— qp%w(mw] + Wi qp (I‘f(gzkzbzl_;y(mdk
B qp%u*(K)dk— qp%\y(@dq
Welo)| 0422'71 f S y(x)dx—ﬁzgm qi(i(;:—f;_lu*(x)dx
Zm q i%\m)w
[ e [ = [ S
q %‘I’(u)du)cm(x)], (A.3)

Vit)y = Byt + Q(Ow; + €, i=1,...,6, (A.4)
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W) = Ba)r; + QDA +6; j=1,...6, (A.5)
t — q)betfe-1 t— )2, — 1
B,(1) = (t—q) (f[)’ Q) = (-9 (fe ), (=12, (A.6)
L'(He + o) I(He+Te—1)
(A4AZ — Az + AsAqp (—A2A7 + AgA7 + A + (—ArA7 + As )y
P1 = p » P2 = p , (A7)
AsAqus + Agp Ay Ao Ay '
p3 - o 1) p4 - o D) p5 - o 1) p6 - o s
o = —(A3A% — A3)us — A3A7u s = (A1A7 — AsA7 — ADps + (A1A7 — As)
1 - s 2 — )
o o A8
—(A3A7p3 + Aspy) _ Az Az A (A-8)
w3 = , Wy = , W5 = , Weg = ——,
o o o o
. ViAis + Vi o= —(v2A7p3 + vopiy)
| = —, 6= ,
o o
—(v3A7uz +vap) v —Valla —Vals (A.9)
63 - ) 64 - T 65 - ) 66 - )
o o o o
-Byv, B> B,v3 (A2B; — B4)vs + A7Byv,
T = > T2 = , T3 = > T4 = >
a, o o o (A.10)
o (=A3By + A7Bs + By)v3 — (A7B, — Be)v, . A7B4v3 + Byvy
5 - o ’ 6 — o B
B -B -B —(A2B; — B3)vs — A7B3v
A = 3V1,/12: 3V2’/13: 3V3’/14: ( 703 3)V3 7 31’
a o o o (A.11)
2 (A3B; — A7Bs — By)vs + (A7B; — Bs)v, L —A7B3vs — Byv,
5 - o ] 6 — o ’
- — A7vsy +
5 = HM3V1 5, = ,U3V2’ 5y = ,U3V3’ 54 = H1A7V3 + U1V ’
o o a o
5. = —[A7v3 — V) 5 = —H3A7V3 — 3V (A.12)
5 = » U6 — ’
o o
M1 = B3Bg— B4Bs, u» = BiBs — B,Bs, uz = BBy — B, B3, (A.13)
Vi = A3Ag — A4As, vi = A1Ag — ArAs, v3 = A1Ay — AyA3, (A.14)

AIMS Mathematics Volume 8, Issue 5, 10067-10094.



10092

4o~ @oMTG) - oM - D)
! T, +,) = T(h +7;, — 1)
4 = QoG (- TTTE - D)
3 = 4 —

Loy +fi -0 7 (b +11 -2)

T2
& - "I f (k — "I (Ry)
A= S, A
N R O (A.15)

-2 )

(é:i - q)b1+f1—21"(f1 - 1) (K q)bl‘Hl—ZI“(T] _ 1)
Ao = i dA(K),
6 1:21 n F(bl + f] - 1) a F(bl + Tl _ 1) (K)

-2 P
A = Y omi+ f dA(K),
i=1 q

P CE i § (S IR R e LGSl )
: T +5) T +1, - 1)
o _ -G (0= - 1)
} [y +7,—1) * T(h + 12— 2) o
(& - ) R W (Y f " (k — @) IT(F) :
B = dA(k),
: Z ['(hy +12) ¥ 0 (b2 + 12) (&)
(& — Q"2 - 1) f (k — 22T, — 1)
By = ; dA(x),
6 Z]" T+ ) fhan-n %
and it is assumed that
o= (AL +viA; — vz + (VA7 + vy # 0, (A.17)

Proof. Solving the FDE (A.1) in a standard manner and using Lemmas 2.1 and 2.2, we get

B (t K)bu—l 4 (t _ K)S|+b1 ( )b1+f1
x(1) - f ) x(k)dk — By : —F(sl o) H*(k)dk + f —F(fh 0 D(k)dk
(t — )" "I ) (t— "I - 1)
T T Thanon  CorelTo (19
, B (t )[)1 4 (t - K)51+b1—2 . 4 (t - K)b1+f1—2
X = —-a CTh =D x(k)dk — B4 : —F(51 . 1)H (k)dk + : —r(bl . 1)d)(K)a'K
(t — )" 20() (t— )" T - 1)
T T - T Thi+n-2 (A19)

B (l‘ K)bz ! (l‘— K)Sz+bz . ( )bz+fz
Y0 “2f T YWIKP | T,y R +f Ty 410
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(t = )™ 'T(F,) (t =)™ I - 1)

+ by F(bz " TZ) + b, F(bZ n f2 ~ 1) + b3 + b4(l - C[), (AZO)
, B 4 (t _ K)[)Z—Z ! (l _ K)52+I)2—2 . 1 (t _ K)b2+f2—2
y (t) = - . my(K)dK —,82 . mu (K)dK + . mT(K)dK

(t — " 2I(f) (t— "I - 1)
b] + b2
Chy+f2—-1 M +1—2)
ci,bi e Ryi=1,---,4 are some unknown arbitrary constants.

Using the BCs (1.2) in Eqgs (A.18)—(A.21), together with notations (A.15) and (A.16) , we obtain
¢y =0, by =0, and a system of equations in ¢;, b;(i = 1,2, 3) given by

+ by. (A.21)

Aici +Aeo+c3 = K,

B, b, +sz2+b3 E,

A3C1 + A4C2 = Kz,

B3by + Byb, = Ej,

¢3 — Bsby — Bby — A7b3 = Ej,
by — Asci — Agcy —A7cs = K,

(A.22)

where A; i =1,...,7), B; (j =1, ...,6) are given by (A.15) and (A.16) and K;, E;, i = 1,2, 3, are defined
by

(p—x)"! P (p— )l  (p — )i
K, = d —  H'(x)dk — ———P(x)dk,
! ‘f Ty WA | TR ey WA | TR, ) PO
_ Plp—r) P powt P (p k)2
R A YR T R o) N vropnrepnn sl B T T

-2 -2 i
) & - 0! G-
[ E— :njﬁ k= | S

-2

i (& — )il hi—
+m %@(@dﬂ f . f (Kr(b?) x(u)du

i=1 q

K (K _ u)sl+l)1 1 f (k )b1+71
- K mrwd —cp du)dA ),
Bi ) Tremagy It | SRy ®wdu)dA®
(p— )bz f ( )52+I)2 1 i f (p— )b2+f2
! ]ﬁ T Ty WEEE | Tr iy W | T, ) ok
B P (D _ K)bz—z P (p _ K)52+I)2—2 i P (D _ K)b2+fz—2
Br = o | oW | r Tt W | T e
-2 -2 i
(fl )1)2 1 Si (éjz _ K)52+b2—1 i
Ey = — , dk — 2R wrwod
3 az n f () ————y(k)dk ,32;77 . T+ (K)dk
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-2
+
1

i=

- b

(& — o)t P < (k — u)n!
m . ka)d’( + f; (_ @3 q Wy(u)du

K (K _ u)‘32+b2—1
q F(SZ + bZ)

K (K _ u)f)2+f2—1

W (u)d
Wdu+ | G, 1)

‘P(u)du)dA(K),

Solving the system (A.22) for ¢;, b;(i = 1,2,3), we find that

where p;, w;, €, T, 4;and 6; (i = 1, ..., 6) are given by (A.7)—(A.12) respectively.

C1
(6]
C3
by
b
by

P1K1 + 02Ky + p3K3 + psEy + psEr + peEs,

W K1 + wr Ky + w3K3 + waEy + wsEy + weEs,
Kl + 6K, + Kz + E| + 6sEy + €E3,
T1K1 + 70K + 13K5 + 14, + 75E> + T6E3,
LK1+ LKy + 3K5 + A4E + AsEy + peEs,
01K1 + 0,K, + 03K3 + 04E + 05E, + 06 E3,

(A.23)

(A.24)
(A.25)
(A.26)
(A.27)
(A.28)
(A.29)

Inserting the values of ¢y, ¢z, ¢3, ¢4, b1, by, b3 and by in (A.18) and (A.20), we get (A.2) and (A.3).
The converse follows by direct computation. This completes the proof.
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