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Abstract: Let b and b, be distinct positive integers larger than 1, and let A,(n) and A, (n) be the
number of palindromes in bases b and b, that are less than or equal to n, respectively. In this article, we
finish the comparative study of the functions A,(n) and A, (n). As a result, we present the full picture
of the asymptotic behavior of their difference.
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1. Introduction

Let b > 2 and n > 1 be integers. We call n a palindrome in base b (or b-adic palindrome) if the
b-adic expansion of n = (aray_; - - - ap), with a; # 0 has the symmetric property a;_; = a; for 0 <i < k.
As usual, if we write a number without specifying the base, then it is always in base 10, and if we write
n = (apai—; - - - ap)p, then it means that n = Zf:o ab',a; #0,and 0 < a; < bforalli =0,1,...,k.
Throughout this article, we let A,(n) be the number of b-adic palindromes not exceeding n.

Previously, we [1] obtained an extremal order of A,(n) and proved that if b > b; > 2 are integers,
then

lim sup (A,(n) — Ay, (n)) = +co0 and 1inm_)g1f (Ap(n) — Ap,(n)) < 0.

n—oo

b

L. a1
In addition, if —&
log by

is irrational, then
liminf (Ay(n) — Ap, (n)) = —co. (1.1

Therefore, it is interesting to determine the value of the left-hand side of (1.1) when b is a rational
power of by. In this article, we show in Theorem 3.1 that if log b/ log b, is an integer, then the left-hand
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side of (1.1) is —1, and we obtain in Theorem 3.2 that if log b/ log b, is rational but not integral, then
the left-hand side of (1.1) is —co. We also propose some possible research problems at the end of
this article. We remark that the study on the ratio A,(n)/A,,(n) may be interesting too, but we were
previously interested in the sign changes of A,(n) — A, (n), and so we focus only on the difference
not the ratio. Nevertheless, since A,(n) — A, (n) has an infinite number of sign changes, if the limit of
Ap(n)/Ap,(n) as n — oo exists, then it must be one.

Perhaps, one of the popular problems in palindromes is to determine whether or not there are
infinitely many palindromic primes. Although this problem is still open, Banks, Hart and Sakata [2]
showed that almost all palindromes in any fixed base b > 2 are composite. Banks and Shparlinski [3]
also obtained results on prime divisors of palindromes, and there are many other interesting articles on
palindromes too. We refer the reader to Banks [4], Cilleruelo, Luca and Baxter [5], and Rajasekaran,
Shallit and Smith [6] for additive properties of palindromes, BasSi¢ [7, 8], Di Scala and Sombra [9],
Goins [10], Luca and Togbé [11] for the study of palindromes in different bases, Cilleruelo, Luca
and Tesoro [12] for palindromes in linear recurrence sequences, Harminc and Sotdk [13] for b-adic
palindromes in arithmetic progressions, and Pongsriiam [14] for the longest arithmetic progressions of
palindromes.

2. Preliminaries and lemmas

In this section, we provide some results which are needed in the proof of the main theorems. Recall
that for a real number x, | x] is the largest integer less than or equal to x, [x] is the smallest integer
greater than or equal to x, and {x} is the fractional part of x given by {x} = x — | x]. It is also convenient
to define Cp(n) as follows.

Definition 2.1. Let b > 2 and n = (aqiai_, - a\ap), be positive integers. We define C,(n) =
(ckcr_1 -+ - €1Co)p to be the b-adic palindrome satisfying c; = a; for k — |k/2] < i < k. In other words,
Cy(n) is the b-adic palindrome having k + 1 digits whose first half digits are the same as those of n in

its b-adic expansion, that is, C,(n) = (araj_; - - k] Q1AL

In the following lemma, if P is a mathematical statement, then the Iverson notation [P] is defined
by [P] = 1 if P holds, and [P] = 0 otherwise. Then the formula for A,(n) is as follows.

Lemma 2.1. [15] Letb > 2, n > 1, and n = (aray_, - - - aay)p be integers. Then the number of b-adic
palindromes less than or equal to n is given by

Ay =61+ X" g bl s [n > ¢y - 2.

0<i<| 4]

Lemma 2.2. Let a,r,s > 2 be integers and (r,s) = 1. If a+ is an integer, then there exists an integer
¢ > 2 such that a = c’.

Proof. Suppose a5 = m is an integer. Then a” = m*, and so a and m have the same set of prime divisors.
Leta = []X, piand m = ML, p}". Then a;r = m;s for all i. Since s | a;r and (s,7) = 1, s | a; for all i.
Letc = ]_[f;l pf"/ *. Then c is an integer, ¢ > 2, and a = ¢*. So the proof is complete. O
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3. Main results

Theorem 3.1. Let b > by > 2 and € > 2 be integers. Suppose that b = b'. Then, the following
statements hold.

(1) Ap(n) — Ap,(n) > =1 foralln € N.
(i1) Ap(n) — Ap,(n) = —1 for infinitely many n € N.
(iii) liminf (Ap(n) — A, (n)) = —1.

Proof. We first prove (i). Let n > 1 and write

n = (- - 'Clo)b1 = (crCro1 - CO)p -

Since b" < ¢,b" < n < b"™*!, we see that r = | 222 | Similarly, we have k = bg" ,andsor = |k/f]. B
logb y

the uniqueness of the b-adic and b;-adic representations, we can write ¢, cl, cz, ..., ¢, 1In terms of b;
and the a; as follows:
Considering » modulo b, we obtain

Co =ap+ albl + azb% + -+ ag_lb{_l (mod b),
and both sides of the congruence are nonnegative integers less than b, and so they are equal. Similarly,
after reducing n modulo b%,b%, ..., b, respectively, we obtain ¢y, ¢», ... c,. Thus

-1

cj= Zang,ib"l forevery j=0,1,2,...,r,
i=0

where a,, = 0if m > k. By Lemma 2.1, we have

Anmy =61 S a b T s -2, (3.1)
0<i<| % |

Ay = bI5T+ Y e bl > ¢ym) - 2

0<j<| 1]

A4
il
=p 1 Y (Z a(,_j)gﬂ-bl]lal(bfJ Dy n>Cym)] - 2. (3.2)
0<j< 7|
It is useful to recall that if k € Z and x € R, then |k + x|] = kK + |x], and if kK € N and x € R, then
{%J = [%J We also let s = k mod ¢ be the least nonnegative residue of kK modulo ¢, that is, kK = s
(mod ¢) and 0 < s < £. Then, from (3.1) and (3.2), we obtain

k k_;
b? + Z a b + = Cpm)] -2, if k is even;
Ap () =4 o 5% ) - (3.3)
12 + Z a_ib [n > Cp(n)] =2, if kisodd,
0<l<k1
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-1
k=s 1 . .
b? + Zak s—tj+ib, Tl [n>Cy(n)] - if [%J is even;
0<j<ks =0
A=y R (3.4)
b+ ) Z Upestjoib +[n>Cym] -2, if|£]is odd.
0< Sk -t

Next, we will reduce the double sum in (3.4) into a sum. We see that if [%J is even, then —lj+i

runs through the integers from “Estor-1 exactly once as j runs through 0, 1,2, ..., %52 and i runs

2 ’ 2{
through O to £ — 1. Similarly, if [’ZfJ is odd, then —£j + i ranges over the integers from —%= —_= Ltol—1

exactly once as j ranges over 0, 1,2,..., =2

double sum in (3.4) reduces to

and i ranges over O to £ — 1. So if [ J is even, the first

k=s , :
z : S 4i
ak—s+ib1 .

-Brcice-1
We replace the index i by i — 3 and recall that s < £ — 1, ax.,; = 0if i > 5%, and € — 1 + 15* > 152,
So the first double sum in (3.4) further reduces to
0<i<hgs
Similarly, if VZ‘,J is odd, then the second double sum in (3.4) reduces to
k==l i .
Z ak—s+ib1 T = Z a#ﬂ'bll'
—b==lgicr-1 O<ihes=t
From (3.4) and the above calculation, we obtain
b+ D aw b+ [n2 Gl -2, if | £] is even;
<i<kts
Ap(m) =4 s L . o (3.5)
by + Y @b+ 0= Cm] -2, if|4]is odd.
O<ighes=t

2

Next, we divide the proof into four cases according to the parity of k£ and [%J

Case 1. Assume that k£ and [%J are even. Then, s is even and
. s -3 s k_;
D aw Bi=bi Y ac, b =bi ) aubi
0<i<kgs ' %
By (3.3), (3.5) and the above inequality, we obtain that A,(n) — Ay, (n) is at least

k=s s k_; k=s k k s s
b =by+ (b= 1) Y @by =12 b7~y +aib; (b < 1) = 1= 0] (@] +b —ac—1)- 1.

ik
OSISQ
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Since the function x — ax + x~! is increasing on [1, c0), the number in the above parenthesis is
nonnegative, and so A,(n) — Ay, (n) > —1.
Case 2. Assume that k is odd and L%J is even. Then s is odd. Similar to Case 1, we obtain

i =l = ol St
E Aics by 2 b, E Ais by * 2 b, E a-ib,* .

i kts s+1 k+s e k=1
OSIST T< <52 = OSlST

By (3.3), (3.5) and the above inequality, we see that A,(n) — A;,(n) is at least

s+l

k=s
2

b = byt b (b —1)—1_192 (akb2 b7 —ab,

r\)\-—
@‘
—_tol—

s 1 s _s 1 _1
Since x — a;x + x~! is increasing on [1, c0) and b; >b; > 1,wehave a;b; +b,* > a;b; +b,*, and

1

Ay() = Ay, ) > b (i +by" = aiby = b}) = 1= b (@ = Db =) =12 1.

Case 3. Assume that k is even and [’—‘J isodd. Then £ =k — s = s (mod 2). So Q is an integer and

£ > 0. So 52 > 1. Considering the first sum in (3.3) and changing the index from i to &=L — i, we
see that
k_j i+l £s ; i+l
Z ak_[bf = Z Clk—£+(+ bl = b12 Z Clk—;+t’+l-bll + Z Clk—;+€+l-bl 2
0<i<k -Grgichet 0<i<hrs=t -5i<i<0
s s s
= b Z Gepe b+ Y an by <bE Y an b+ (b * _ 1).

k+ t=s i kts=t
0<ighi=t 0<i<5 0<i<™5

By (3.3), (3.5) and the above inequality, we obtain

-s+¢’ k l=s i s
M) = A ) 2 by = b+ (1=07 ) Y aupe bl - (b7 - 1) 1. (3.6)
O<i<hes=t
k+s—C rf {—s
The sum on the right-hand side of (3.6) is less than or equal to b, >~ — 1 and 1 — b*> is negative.

Therefore, A,(n) — Ap, (n) is at least

kestl k fs ksl (s } -
b b (1= ) (b T =) (167 ) 1= (b7 5 — b= 1) - 1,

Since the function x - by +b}‘x is increasing on [1, co) and % > 1, the number in the above parenthesis
is nonnegative, and so A,(n) — Ay, (n) > —1.

Case 4. Assume that k and [%J are odd. Changing the index from i to % - [_;‘1 — 1, the second sum
in (3.3) is
Z ak—ibl%l_l = Z a%ﬂblﬁl% = b: a Z a%ﬂ‘ba T Z a%ﬂ'bl;f%
o<i<it —bgl gkt 0<i<hrs=t -Es=laico
(51 . (—s—1
<ht Y ae i+ (b -1).
e

AIMS Mathematics Volume 8, Issue 4, 9924-9932.



9929

By (3.3), (3.5) and the above inequality, we obtain that A,(n) — Ay, (n) is at least

k=s+{ k+1 {=s—1 . {=s—1
b bt 1=k ) Y akzM+ibg—(b]2 —1)—1

O<i<hig=t
kestl K+l f=s—1 kts=( [=s-1
2by =k (1= (T 1) (125, ) -1

k+l l=s—1 _t=s-l
b (b7 +b T —2)-1.

1 1

Since x + x~! > 2 for all x > 0, we see that A,(n) — A,, (n) > —1.
In any case, we obtain A,(n) — Ap, (n) > —1, as desired. This proves (i).
Next, we prove (ii). For each k € N, letn = ny = b**"' + 1. Then n = b{~'6**~' + 1. By Lemma 2.1,
we obtain - -
Ay = T T pl o et

Apn) = BT T 4 bl 0 = g T 2 = Al

Therefore A,(n) — Ap, (n) = —1. Since n = ny and k is arbitrary, this shows that there are infinitely many
n € N such that A,(n) — Ay, (n) = —1. This proves (ii). Then (iii) follows immediately from (i) and (ii).
So the proof is complete. O

Since we have already got the answers to the cases when log b/ log b is irrational and when it is
integral, it remains to consider the case when log b/ log b, is a rational number and is not an integer.

Theorem 3.2. Let b > by > 2 be integers and b = bf wherer,s e N, r > s> 1, and (r,s) = 1. Then

lim inf (Ab(l’l) - Ab] (I’l)) = —0Q.

Proof. To prove this theorem, it is enough to find a sequence (n;)>; of positive integers such that
ng — oo and Ay, (ng) — Ap(ng) — +oo as k — +oo. We divide the calculation into three cases
according to parity of r and s, and adjust the exponents so that A, (n) is large and A,(n) 1s small.

Case 1. Assume that s is even. Let k be a positive integer and n = n, = b*®**D + 1. Since
(r,s) = 1, sis even, and b] = b°, we see that r is odd and n = bI(Zk”) + 1. By Lemma 2.1, we obtain
Ap(n) = 2b%*2 — 1 and

r(2k+1) r(2k+1) r+1

o r+ izl 1 s 1 R
Abl(n):bE 2 -|+bg 2 J_lszIH-z +b];+2 —lzblzbSk+2+b12bSk+2_1_

1 _1
Since x + x~! > 2 for all x > 1, we see that b12 +b, * — 2 1is a positive constant. Therefore,
1 _1
A ) = Ayln) = b (b + ;7 = 2] = oo ask - +oo.

Case 2. Assume that s and r are odd. Since b; = b is an integer, we obtain by Lemma 2.2 an integer
by > 2 such that by = b3, and so b = b). Since (2s,r) = 1, there exists a negative integer x such that
2sx = 1 (mod r). Since the proof of Case 1 is finished, we will define a new sequence (7;)>; using
the same notation. Let k be a positive integer and let n = n; = bfx(l_s)”rk“ + 1. For convenience, let
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C=x(1-s)+rk. Sot €N, ¢ >5, andn = bi"*' + 1. By Lemma 2.1 and the fact that b, = b5, we
obtain
Ap,(n) = B + b5 — 1= b5 + b3 - 1. (3.7)

s(2¢+1)-1
r

Next, let y = . By the definition of £ and x, we have

sR€+1)=2sx(1 —s)+2srk+s=1 (mod r).

Therefore y is a positive integer. Since s(2¢ + 1) — 1 is even and r is odd, we see that y is even. To
calculate A,(n), we write

n=b" 1= 1= v 1= by P L

So b, is the leading digit in the b-adic representation of n. Since y is even and b = b}, we obtain by
Lemma 2.1 that N .
Apy(m) =b; (1 +by) -2 = b;“T(l + b,) - 2. (3.8)

From (3.7) and (3.8), we obtain

Ap(n) = Ap(n) = by B+ 1, where B=b: +b," —b,? —b;.

NI
D roj—

s 1
Since the function x — x + x~! is strictly increasing on (1, c0) and b; > b; > 1, we see that Bis a

positive constant. Therefore, A, (n)—A,(n) = b;[+%B+l — 4ooas{ — +oo. Since € = x(1—s)+rk > k,
we see that Ay, (n) — Ay(n) — 400 as k — +o0. So the proof of Case 2 is complete.

Case 3. Assume that s is odd and r is even. This case is similar to Case 2 and we only need
to modify some calculations. Again, we have by = bj and b = b}, for some integer b, > 2. Since
(2r,2s) =2 and 2 | 1 — s, there exists a positive integer k such that

2sk=1-s (mod 2r). 3.9

In fact, there are infinitely many positive integers k satisfying (3.9), so we can choose & to be arbitrarily
large. Let n = ny = b3**' + 1. By Lemma 2.1 and the fact that b, = b5, we obtain

Ay (n) = B\ + b =1 = b5+ b - 1. (3.10)

Next, let y = 2#*D-1 By (3.9), we have s(2k + 1) = 25k + s = 1 (mod 2r). Therefore 2 divides
s2k + 1) —1, and thus y = 2 (%) is an even positive integer. To calculate A,(n), we write

n=b¥" 4 1= 1= L=y B+ 1L
By Lemma 2.1, we obtain
Ap(n) :b?(l +b2)—2:b§s+%(l + by) — 2. (3.11)
From (3.10), (3.11) and a similar reason as in Case 2, we obtain

S
ks+5

An ) = Ay = by (b] 4 57 = b = b))+ 1 oo ask o oo,

[S1EY

This completes the proof. O
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4. Conclusions

Let us record all related results that we obtained as follows.
Summary of the results:
Let b > b; > 2 be integers. Then, the following statements hold.

G) If lg’::l is not an integer, then,

lim sup (A,(n) — Ay, (n)) = 400 and liminf (A,(n) — Ap,(n)) = —co.

n—oo

(i) If

logh . .
Togh; 1S an integer, then,

limsup (A,(n) — Ap,(n)) = +co and liminf (Ay(n) — Ap, (n)) = —1.
(ii1) Ap(n) — Ap, (n) has an infinite number of sign changes as n — oo.
(iv) If s; and s, are the sums of the reciprocal of palindromes in bases b and b, respectively, then s,
and s;, are finite and s, > sp,.

The statements (i)—(iii) come directly from [1, Theorems 11 and 12], and Theorems 3.1 and 3.2 of
this article. The finiteness of s, and s, in (iv) is given by Shallit and Klauser [16] and the inequality
sp > Sp, 1s obtained from [17, Theorem 3].

Now that for all cases we have obtained results for the comparison between the number of
palindromes in two bases, it is natural to extend this to more than two bases. So let k > 2 and
by > by > --- > b, > 2 be integers. Let ¢y, ¢, ..., ¢ be any permutation of by, bs, . .., by.

Question 4.1. Does the inequality A, (n) < A.,(n) < --- < A, (n) hold for infinitely many n € N? We
conjecture that if log b;/ log b; is irrational for every distinct i, j = 1,2, ..., k, then the inequality holds
for infinitely many n € N. What are the answers when one of the following situations occur?

(1) lé(;il_’jl is integral forevery i = 1,2,...,k—1;

(i) L()’Si’"‘ is rational but not integral for each distinct i, j;
J

(iii) The set { llggz"_ ‘ 1<i<j< k} contains both an irrational number and a rational number.
J
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