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Abstract: The structure connectivity x(G; H) and substructure connectivity «°(G; H) are important
indicators to measure interconnection network’s fault tolerance and reliability. The data center network,
denoted by Dy,, have been proposed for data centers as a server-centric interconnection network
structure, which can support millions of servers with high network capacity by only using commodity
switches. In this paper, we obtain k(Dy ,; S ,,) and k*(Dy,,; S ) whenk >2,n>4and 1 <m <n+k-2.
Furthermore, we obtain both «(Dy ,; S 23) and «*(Dy ;S 23) for k > 8 and n > 8.
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1. Introduction

The topological structure of a computer interconnection network can be represented by a graph,
where the vertices represent processors and the edges represent communication links between
processors. The connectivity of a graph is an important parameter reflecting the strength between two
nodes in an interconnection network. The connectivity of a graph G, denoted by «(G), is to delete the
minimum number of vertices such that the remaining part is disconnected. The classical connectivity
has certain limitations to measure the fault tolerance of the network, then Harary [6] proposed the
concept of the conditional connectivity. Later, Fabrega et al. [3] proposed the concept of the g-extra
connectivity. The g-extra connectivity of G, denoted by k,(G), is the minimum cardinality of vertices
in G whose deletion would disconnect G, and each remaining component has more than g vertices. It
has triggered extensive research by scholars, and some results can be found in [2,5,7,13,18,21].
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With the development of large-scale integration technology, a multi-processor system can contain
thousands of processors. When one of the processors fails, the processors around it may all be affected.
Therefore, it is necessary to consider deleting a certain structure in a network to measure the reliability
of the network. Considering the fault status of a certain structure, rather than individual vertices,
Lin et al. [10] have given the concepts of the structure connectivity and substructure connectivity.
Recently, the results on the structure connectivity and substructure connectivity have come out focusing
on networks. For example: hypercube network, folded hypercube network, star network, alternating
group network and so on. Many results of networks can be found in the literature [8—-12,14-16,19,20].

A network may have thousands of substructures, so it is an important topic to study which
substructures are more valuable for the network reliability. A star as a substructure of a network is very
important. Because when the central node fails, all of its neighbors are affected. It is reasonable to
assume that a node in a network has different degrees of influence on its surrounding nodes. Therefore,
we can assign an impactability to each node v, denoted by imp(v). When imp(v) = 0, it means that
v has no effect on its neighbors; imp(v) = 1 means that v affects all its direct neighbors; imp(v) = 2
means that v affects not only all of its direct neighbors, but also its immediate neighbor’s neighbors. In
a network, the structure corresponding to the node v with imp(v) = 1 is an m-leaves star with v as the
center, denoted by S ,,. For v with imp(v) = 2, its corresponding structure is called a 2-step star with
m-leaves, denoted by S ,,,, centered on v. (See Figure 1.)

v
U1 (%) U3 Un—-1 Um L
Uy U2 us Um—1  Um
Sm SQm

Figure 1. A star and a 2-step star with center vertices v.

2. Preliminaries

2.1. Basic notations and definitions

Given a graph G, let V(G), E(G) and (u, v) denote the set of vertices, the set of edges, and the edge
whose end vertices are u and v. The degree of the vertex u in graph G is the number of neighbors of
u, denoted by d(u). The neighbors of a vertex u in G is denoted by Ng(u). For a set U C V(G), the
neighbors in V(G) — U of vertices in U are called the neighbors of U, denoted by Ng;(U). We denote
a complete graph with n vertices by K,,. A graph G is said to be k-regular if every vertex of it has k
neighbors. If G, is a subgraph of G, denoted by G; C G, then V(G;) C V(G) and E(G,) € E(G). If
G = H, then G is isomorphic to H. Let G; < H denote G, to be isomorphic to a connected subgraph
of H. We use G[H] to represent the subgraph induced by H, which consists of the vertex set of H and
the edge set {(u, v)lu,v € V(H), (u,v) € E(G)}. Terminologies not given here can be referred to [1].

Here is the definitions of the structure connectivity and substructure connectivity:
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Definition 2.1. Let H be a connected subgraph of G and F be a set of subgraphs of G such that every
element in F is isomorphic to H. If G — V(F) is disconnected, then F is called an H-structure cut. The
minimum cardinality of H-structure cuts is called H-structure connectivity of G, denoted by k(G; H).

Definition 2.2. Let H be a connected subgraph of G and F* be a set of subgraphs of G such that
every element in F* is isomorphic to connected subgraph of H. If G — V(F) is disconnected, then F* is
called an H-substructure cut. The minimum cardinality of H-substructure cuts is called H-substructure
connectivity of G, denoted by «*(G; H).

Obviously, «°(G; H) < x(G; H).

2.2. The data center networks

For a positive integer n, we use [n] and (n) to denote the sets {1,2,...,n} and {0,1,2...,n},
respectively. For any positive integers k > 0 and n > 2, we use Dy, to denote a k-dimensional
DCell with n-port switches. We use #;, to denote the number of vertices in Dy, with #y,, = n and
tem = tiein X (o1 + 1), where i € [k]. Let Iy, = (n— 1) and [;,, = (t,-;,) for any i € [k]. Let
Vk,n = {upuy_; . .. uglu; € <ti—1,n> and i € (k)}, and Vlﬁn = {1 ... ulu; € <ti—1,n> andie{l,l+1,...,k}
for any [/ € [k]}. Clearly, |V;,| = t,, and |V,i’n| = tin/ti-1.n- The Dy, 1s defined as follows.

Definition 2.3. The data center network Dy, is a graph with the vertex set V;,, where a vertex u =
Uillg—1 . .. U; . .. Uy 1S adjacent to a vertex v = ViVi_y ... V; ...V if and only if there is an positive integer
[ with

(1) Urlgp—1 ... U = ViVj—1 ...V},

(2) w1 # vy,

(3) up_y =vo + Z;zl(v] X tj—l,n) and vi_y = ug + Zi;zl(u] X tj—l,n) + 1withl > 1.

Lemma 2.4. [4] Let Dy, be the data center network with k > 0 and n > 2.

(1) Dy, is a complete graph with n vertices labeled as 0,1,2,...,n— 1.

(2) For k > 1, Dy, consists of ti_1, + 1 copies of Dy_,, denoted by D;c—l,n’ for each i € (ty_1,).
There is one edge between Df{_l’n and Di_l’n foranyi,j € Iy, and i # j. This implies that the outside
neighbors of vertices in D;‘c—l,n
(3) For any two distinct vertices u,v in D, N Dl 7\nm(u)ﬁ ND

belong to different copies 0fD1i—1,n for j#iandi,j€ Iy,.
i (v) = @ and |Nle,n\(i)(M)| =1.

k=L k=1, k=1,
Lemma 2.5. [4] For any positive integers n > 2 and k > 0, Dy, has the following combinatorial
properties.
(1) Dy, is (n + k — 1)-regular with t,, vertices an
(2) K(Dyp) = A(Dyp) =+ k= 1.
(3) For any integer k > O, there is no cycle of length 3 in Dy, and for any integer n > 3 and k > 0,
there exist cycles of length 3 in Dy,
(4) The number of vertices in Dy, satisfies t;, > (n + %)Zk -

k=Dt
d % edges.

1

3

Lemma 2.6. [17] There exist t;_, , disjoint paths (in which any two paths have no common vertices)
joining Dj_, . and D,_, , fori, j € I, denoted by P(D;_, ., D;_, ,).

Lemma 2.7. [13] For any positive integers n > 2, k > 2, and 0 < g < n — 1, the g-extra connectivity
of Dy is k(D) = (g + 1)(k = 1) + n.
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The graph D, generates Dy, after k iterations. For any vertex u in Dy, an out neighbor is added
every iteration. The graph D, consists of #;_;, + 1 copies of D,_;,. Let u' be the out neighbor of u in
D; ., and (u, u') be denoted by i edge for 1 < i < k. So each vertex in some Dy, has k neighbors and k
edges outside of Dy, in Dy ,. Several data center networks with small parameters k and n, see Figure

2.
(0)
(0)@——o(1) <1>A(z>
d)D
(@)Do2 (d)Do 3
(0,0) (1,0)
(0,0) (0,1)
(“-2L,(1»1>
(1,0) (2,0)
(3.0 '(2. 1)
(1,1) (2,1) v v
(3,2) (2,2)
(b)D12

(©)D2

Figure 2. Several data center networks with small parameters k and n.

3. Results of S ,,-structure and substructure connectivity of D, ,

Lemma 3.1. «(Dy,;;S,) <[22+ kforn>4,k>2and1 <m<n+k-2.

m+1

Proof. For any v € V(Di—l,,l) fori € I ,. By the structure of Dy ,, we know that v belongs to some D,,.
Let the Dy, which visinitbe Dé,n. Since v has n— 1 neighbors in Df),n and has k neighbors v!, V2, oWk

outside of the Dy, , d(v) = n + k — 1 in Dy,. By the construction of Dy ,, we know that v/ is the out
neighbor of vin D;, and v/ in a Dy,,, denoted by Dg’n and let v/ be the center vertex of an S, in Dgn for

1 < j < k. Since there is only one edge between different copies in the same dimension, the S, in Dé{n
and the §,, in D{)”n have no common vertices for 1 < i, j < k and i # j. Thus, there are k S,,’s outside
of D, connecting to v. (See Figure3.)

When 1 <m <n-3. Let p > 0, g > 0 be two positive integers such thatn — 1 = (m + 1)p + ¢,
where 0 < g < m. If g = 0, then there are p S,,’s connecting to v in D, and k S,,’s connecting to v
outside of Dy, If 1 < g < m, then it means that after deleting p S,,’s in Dy, there are g vertices left,
except for v. Suppose that w is one of the remaining g vertices and w is the center vertex of an §,,.
Then these g — 1 neighbors of w in Dy, and the k neighbors outside of Dy, can construct an S ,,. Thus,

e

there are (I'm—ll] + k) S,,’s connecting to v. The graph D, , will be disconnected by deleting ([’:’1;:1] + k)

n
S,.’s. Hence, the lemma holds. O

Whenn -2 <m < n+ k-2, we have ﬁ'|+k = 1 + k. Let u be the center vertex of an §,, in
Dy ,,. Then u has n — 2 neighbors in Dj, and k neighbors outside of Dy, which can construct an S,
connecting to v. It is clearly that there are (k+ 1) §,,’s connecting to v. Thus, Dy, will be disconnected
by deleting (k + 1) S,,’s.
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Figure 3. Graph Explanation of Lemma 3.1.

Lemma 3.2, Let F ={T|T =K, orT =S,,n—2<m<n}. Then D,, — F is connected for n > 4 and
|F| < 2.

Proof. To prove this lemma by induction n. Clearly, D4 — F is connected when |F| < 2. Suppose
that D,,_; — F is connected when |F| < 2 for F = {T|T = K,orT = §,,n—3 <m <n-1}. When
=({T|T = K;} and |F| < 2, it is obviously that D,, — F is connected. When F = {T|T = S,,,n -2 <
m < n}, it means that the center vertex of each S,, in D,, has at most one more neighbor deleted than
the center vertex of each S, in D,,_;. Since by the structure of D,,_; and D,,, for any vertex v in

D; -1, d(v) = n, and for any vertex u in D, ,,, d(u) = n + 1. Thus, D,, — F is connected.
O

Lemma33 Let F ={T|IT =K,orT=S8,,1 <m<n-3}. Then D,, — F is connected for n > 4 and
IF| < TE41+ 1.

Proof. To prove this lemma by induction n. Whenn =4, wehavem = 1, F ={T|T =2 K, or T = S},
where S| = K, and [ n+l-| +1= |' 1+ 1 = 3. It is easy to check that D, 4 — F is connected when |F| < 3.
Suppose that D, ,,; — F is connected when |F| < [7=% f] + 1 for 1 < m < n— 4. It suffices to show that
D,, — F is connected when |F| < [2=27+ 1for 1 <m <n-3.

If [” 1+ 1= |'" -1+ 1, then the conclusion obviously holds.

Suppose that |'m+1]+1 ([m+1'|+1) = 1. When F = {T|T = K,}, we have |F| < [m+1]+1 =n—-1+1=
n. Since k(D,,) = n+ 1, by Lemma 2.5, D, , — F is connected. When F = {T|T = S,,1 <m <n-3},
by inductive hypothesis D;,—1 — F is connected for |F| < "1211 +land 1 < m < n—-4. Since
2= 1'| +1- (|'” =]+ 1) = 1, it means that only more one S, is deleted in D, , than in D, , ;. Let the
center vertex of th1s S, be u.

Assume that u is in D"Ln forie b, Let F' = FN Dlln By the structure of Dy ,, we know that D,
is made up of n + 1 copies of Dy ,, where Dy, = K,, and D, ,_, is made up of n copies of Dy ,_;, where
Dy, = K,—1. When D, ,_; goes to D, ,, each copy of Dy,_; adds a vertex to Dy ,, and another copy
of Dy, is added. In this case, u is a new vertex from D, ,_; to D;,. By the structure of D, ,, u has only
one out neighbor u’ € V(D} ), it is clearly that D}, — F* is connected, s0 G[Ujyer,, V(D ,, = F)] is
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connected fori € I,,. Since D‘i o = D, ,, uisin a Dy,, denoted by Dé,n. For any a vertex v in D’i n Fi,
ifvg V(D()’n), then it is clearly that v connects G[Ujyc, , V(D’l’n —-FH]. Ifve V(Dg),n), since D{)’n =~ K,
then we have that v" which is a neighbor of v connects G[U,y, , V(D’Ln —F). So D, — F is connected.
Assume that uisin D), _, fori € I,_;. Let F; = FN D, _,. By the structure of D, ,, u has only one
out neighbor u’ € V(D{ o). If D2, — F s disconnected, then Dﬁ —F;or D{ el F; is disconnected
and G[Ujy,,, V(Dlm - Fl)] is connected fori # j,i # 1, j # L. Wfthout loss of generality, suppose that
D"l’n_1 — F; is disconnected. For any vertex w of each component of D | — F; adds a new neighbor w’,
when D’Ln_ , becomes D' . We have that w’ has an out neighbor w’ Wthh is in G[UHMV(D1 .= FN]
fori# ji#1l,j+#1L (See F1gure 4.) It is clearly that G[U jy, , V(D! — F")]is connected for j € I,
VIS [+ D+ 0n+ 1)
= |'” lxm+1D+m+1
<= 1+”’>x<(m+1)+m+1

1,n

m+1
=n+2m
<n+2n-3)
=3n-6.

D{.n 17F'j

G[Ui#j#lEIz 'nV(D] n Fl)}

i
Dln lfFi

Figure 4. An illustration for “w” is in G[Ujy jzser,, V(Dll’n — F]” in Lemma 3.3.

By Lemma 2.6, there exist #, , disjoint paths (in which any two paths have no common vertices) joining
D"Ln and D{’n for i,j € I,,, then we can get that t;,, > (n — %)2 + % for n > 4, furthermore #,,, >
(n + %)2 + % > 3n — 6 > |V(F)|. This implies that there is at least a path between Dil’n and D{,n in
D,, — F. So D,, — F is connected when |F| < f,’fjll'l + 1.

O

Lemma 3.4. «*(Dy ;S m)>[” [l tkforn>24,k>2and1 <m<n+k-2.

Proof. For an positive integer ¢, let F = {T)|T; = Ky or T; 2 S,,,1 <m<n+k-2,1<j<t}and
|Fl=t. Let FF ={TjT;=K,orT;=S,,T;NDi_ pl<m<n+k-2,1<j< t} and C' be the set of
the center vertex of F in ch_l,n for i € I;,. Divide it into the following two cases:
Casel.n—-2<m<n+k-2.
Note that n —2 < m < n + k — 2, it is clearly that [2=7 = 1. Thus, &*(Dgn, S,) > [2-1+k=1+k

forn > 4 and k > 2. We need to show that Dy, — F is connected when |F| < k. To prove it by induction
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on k. When k = 2, D,,, — F is connected by Lemma 3.2. ForeachS,,(n -2 <m <n+k-2)in
Dy, there might be one more vertex than the S,, (n —2 <m < n+ k - 3) in D, but each vertex in
Dy, has one more neighbor than the S,, in D;_;,, so we don’t have to think about the size of §,, that
we delete here, we think about the number of §,, that we delete. Suppose that D;_;,, — F' is connected
when |F| < k — 1. In the following, we prove that Dy, — F is connected when |F| < k for k > 3.

Case 1.1 |C/| = k.

By the structure of Dy,, each center vertex of S, in D}_, has at most an out neighbor in D’

k=1.n°
thus |F/| < 1 for i # j € I, so the subgraph induced by | J;. el V(D,{_l,n — F) is connected. For any
vertex u € V(Dj_, , — F"), we have that u has an out neighbor «’ in G[Uj jelk,n(Di—l,n — F/)]. By Lemma
2.4(2), we know that u’ ¢ V(F). It means that u connects G[U;, jelk,n(Di—Ln — F/)). Thus, Dy, — F is
connected when |F| < k.

Case 1.2 |C'|=k - 1.

Let w be the center vertex of §S,, in D,’(_l’n fori#1€ Ii,.

Suppose that w has no out neighbor in D), 1..- If w has an out neighbor in Di—l,n and a center vertex
of §,, in Df{_l,n also has an out neighbor in Di_l’n, then |F/| = 2 fori # | # j € I;,. By the induction
hypothesis, Di—l,n is connected for j € [ ,. By Lemma 2.4(2) and Lemma 2.5(4), we can get that each

copy has #_,, out edges and #;_;,, > (n + %)ZH - % > 2 for n > 4, k > 3. Thus, the subgraph induced

by Uizjer, V(D;_,, — F’) is connected. For any vertex u € V(D;_, , — F'), we have that u has an out
neighbor " in G[U;, jEIk,n(Di— n " F/)]. By Lemma 2.4(2), we know that u’ ¢ V(F). It implies that u

connects G[U,. jEIk,,l(D;{_ —— 7)]. Thus, Dy, — F is connected.
Suppose that w has an out neighbor in D} , . So w has no out neighbor in Di_l ,» it follows that
J

|F/| < 1fori # | # j € I,. By induction hypothesis, Dj_, may be disconnected but D;_,  is

connected for i # j € I ,. So the subgraph induced by U, e, V(Di—l,n — F/) is connected. For any

vertex u € V(D};_ = F 1), we have that u has an out neighbor 1’ in G[Uj. jEIk.n(Di—l,n — F/)). By Lemma
2.4(2), we know that ¥’ ¢ V(F). It means that u connects G[U;. jEIk,n(Di—l,n — F))]. Thus, Dy, — F is
connected.

Case 1.3 |C/| < k- 2.

Suppose that all center vertices of S ,,’s which are outside of D};_l’n have an out neighbor in D/,_ Ln®
Hence, |F'| = k, then D}(_],n — F'" may be disconnected. Since each vertex has only an out neighbor, we

know that DI{_]," — F/is connected for i # j € I,. So the subgraph induced by | J;, jelin V(Di_m — F 7)is
J

connected. For any vertex u € V(D};_lyn—F "), we have that u has an out neighbor #’ in GlVisjer,, (Dk—l,n_
F/)]. By Lemma 2.4(2), we know that #’ ¢ V(F). It means that u connects G[U; jelk’n(Di_Ln — FH).
Thus, Dy, — F is connected.

Suppose that at least one center vertex of S, which is outside of D/, _ 1., has no out neighbor in Di_ L
By induction hypothesis, D, is connected for i € I ,,. When |F| < k, we have |V(F)| < kx(n+k—-2).
By the structure of Dy,, it has #;_; + 1 copies of D;_;,. By Lemma 2.5(4), we get that #;_;, + 1 >
(n+ %)2](71 +land o, + 1> (n+ %)ZH +1>k=*(n+k-2) whenn >4,k > 3. It means that there
is at least a copy DZ—I,n which is not deleted the vertices, so |[F"| = 0. By Lemma 2.6, there exist #;_,
disjoint paths joining DZ_M and Df{_l’n for i, h € I;,. Thus, Dy, — F is connected.

Case2. 1 <m<n-3.

We prove it by induction on k. When k = 2, D,, — F is connected by Lemma 3.3. Suppose that
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Dy, — F is connected for |F | < [”‘1 1+ k — 2. Divide it into the three subcases to prove that Dy, — F
is connected when |F| < [” 7 1+k—1fork>3.
Case 2.1 |C/| = I'” '|+k— 1 forie€ I,.

By the structure of Dy ,, each center vertex of S, in D2_1 has at most an out neighbor in Dk 1no SO
|F/| < 1fori # j € I,, furthermore, the subgraph induced by G[U;, JEIkn(D — F/)] is connected.
For any vertex u € V(Dk n— F"), we have that u has an out neighbor u’ in G[U#JGIM(D,( n— Fh].
By Lemma 2.4(2), we know that «’ ¢ V(F). It means that u connects G[U,, Jelkn(Dk i~ F /)]. Thus,
Dy, — F is connected when |F| < [ 1] +k—1fork > 3.

Case 2.2 |C| = [mH] +k—2foric€ I,.

Let w be the center vertex of S,, in Dk—l,n fori # h e Iy,.

Suppose that w has no out neighbor in Di ,- If w has an out neighbor in Di_ 1., and a center vertex

of S, in Dk I also has an out neighbor in Dk Lo then |F/| = 2 fori # h # j € I,. By induction
hypothesis, Di_l’n is connected for j € [;,,. By Lemma 2.4(2) and Lemma 2.5(4), we can get that each
copy has #_;,, out edges and ;,_;,, > (n + %)ZH — 1 >2forn > 4, k > 3. It means that the graph
induced by U,z jey,,, V(D;_, , — F”) is connected. For any vertex u € V(D;_, , — F'), we have that u has
an out neighbor «’ in G[U#Jelkn(Dk n ™~ F/)]. By Lemma 2.4(2), we know that u’ ¢ V(F). It implies
that the vertex u connects G[Ujy ey, (Dk_l’n — F)]. Thus, Dy, — F is connected.
Suppose that w has an out neighbor in D;'{_ So w has no out neighbor in Dk 1o 1t follows that
|F/| < 1fori # h # j € I;,. By induction hypothesis, D}(_l’n may be disconnected, but Di_l’n is
connected for i # j € Ii,. So the subgraph induced by U, e, V(Dj — F/) is connected. For any
vertex u € V(Dk n” F"), we have that u has an out neighbor ' in G[U l;t]EIkn(Dk n= F/)]. By Lemma

2.4(2), we know that ¥’ ¢ V(F). It means that u connects G[U i¢j€1k,n(D in — F))]. Thus, Dy, — F is
connected.

Case 2.3 |C/| < [" 1+ k—3forie€ I,

Suppose that the center vertices of S,,’s which are outside of Di—l have an out neighbor in D!
Hence, |F/| = [2=
only an out neighbor, we have that Dj — F/ is connected for i # j € I;,. So the subgraph induced
by Uigjer, V(Di_1 - Fl)is connected For any vertex u € V(Dk i~ F %), we have that u has an out
neighbor u’ in G[U#jelu(Dk—Ln — F/)]. By Lemma 2.4(2), we know that ' ¢ V(F). It means that u
n F/)]. Thus, Dy, — F is connected.

Next, we consider that |F?| < [ﬁ] + k — 2. By induction hypothesis, Df{_m is connected for i € I ,,.
Hence,

k—1,n°
L1 + k — 1, furthermore, D, _,  — F' may be disconnected. Since each vertex has

m+1

connects G[U; JEIkn(D

\V(F)| = (me] +tk—1)=*(m+1)

=21 g+ 1)+ (k= 1)+ (m + 1)

2= 1)+ (k= 1)% (m + 1)

<2n-D)+k-1D*x(n-2)

<2mn-D)+k-D=*xn-1)

(=1 (k+1).
By the structure of Dy, and Lemma 2.5(4), we can get that #;_;,, + 1 > (n + %)ZH + 1. It is easy to
check that f;_;, + 1 > (n + %)zk_l +3>(m—1)*(k+1)>|V(F) forn >4 and k > 3. It implies that at
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least one copy D;_, . is not deleted a vertex for s € I; ,. By Lemma 2.6, there exist #;_, disjoint paths
joining D} |, ‘and D) _, fori,s € I, so Dy, — F is connected.
O

By Lemma 3.1 and Lemma 3.4, we obtain the following result.

Theorem 3.5. Letn > 4, k>2and 1 <m < n+k—2. Then k(Dyu; S ) = K (Dip; S ) = [2=51 + k.

+

4. Results of S 3-structure and substructure connectivity of D,

For any vertex u in Dy ,, it has (n — 1 + k) neighbors: (n — 1) neighbors in a copy of Dy ,, denoted
by Dy, and k neighbors outside of D}, denoted by u', u?,...,u*. In Dy, the vertex u' is called an out
neighbor of u; in D, ,, the vertex u? is called an out neighbor of u, moreover, u and u' are in the same
copy D}, fori € I,,. So in Dy, the vertex u* is called an out neighbor of u and u, u', 4, ..., u*"" are in
the same copy D;'(_]’n for j € It,. In the same dimensional copy, each vertex has only one out neighbor,
so there is no edge (u',u’). Thus, u' and u/ have no other common neighbors except for vertex u for
uou e ', u?, ... ub).

In this part, we prove the results of S ,3 structure and substructure connectivity of Dy,.

Lemma 4.1. Let S o3 be a 2-step star with T vertices. For any vertex v in Dy, it has k neighbors outside
of a Dy, denoted by WL, VL Let T = (W02, ... V). Then |[V(S23)| N T < 2.

Proof. Assume that v € V(D;_Ln) for i € I;,. Let w be the center vertex of the S,; in Di_l,n for
i #1 € Ii,. (The case of w in Df{_l’n is similar to the case of w in D,’c_ 1,n.) Let wX be the out neighbor of
w, furthermore, w' and w? be neighbors of w in D}_ e I wk is in Dj_, . then the §53 has two vertices
in D};_Ln. Since each vertex has only one out neighbor, it is clearly that v* is not an out neighbor of
w! or w?. Since there is no edge (v/,v/) for vi,v/ € {v!,v? ..., v*"1}, we have |[V(S23)| N |T| < 1. If
wh is in Di_l’n fori # [ # j € I, then the S,3 has two vertices in Di_l’n. In this case, V* can be a
neighbor of w* and the out neighbor of w! or w? can be v’ for vi € {v',v?,...,v*!}. (See Figure 5.)
So we have |V(S,3)| N |T| < 2. Next, we show that |V(S,3)| N |T| > 3 does not hold. It is clearly that

viovi v e V(DL YU V(D,_, ). The vertices of the S,3 has at most 3 out neighbors and there is
only one edge between any two copies, so at most two out neighbors of an S ,3 are in D;.(—l,n and D;_ Ln-
Thus, [V(S2:)|INI|T| < 2.

O

Lemmad4.2. Letn > 8 and k > 3. Then k(Dy,, S 23) < [%] + %for even k and k(Dy 5 S 23) < ["%2] + ’%1
for odd k.

Proof. For any vertex v in D! let v be in Dy, where D, = K,, then v has k neighbors outside of

k—1,n°
Dj ., denoted by v',v?,...,v* and n — 1 neighbors in D, .
When k is even. By Lemma 4.1, an S 3 contains at most two vertices of v!, 12, ... V%, so there are '5

$23’s connecting to v outside of Dy . Let p > 0, g > 0 be two positive integers such thatn—1 = 7p+gq,
where g < 6. If g = 0, then there are p S»3’s connecting to v in Dy, , and g S,3’s connecting to v outside
of Dy,. If 1 < g < 6, then there are p S»3’s connecting to v and g neighbors of v are left in Dy, and ’5‘
S»3’s connecting to v outside of Dé’n. Here we only illustrate the case when g = 1, denoted by u, other
cases are similar. In Dy,, the vertex u has at least three neighbors outside of Dj, o denoted by x, y, w,
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because k > 3. Let x’, y’, w’ be the neighbors of x, y, w, respectively. Then u, x,y, w, X', y’, w’ constitute
an S,3. Hence, there are (p + 1) §»3’s connecting to v in D{),n when 1 < g < 6. The graph Dy, will be
disconnected by deleting [“1] + & S53’s.

When k is odd. By Lemma 4.1, there are % S,3’s connecting to the vertex v outside of D6,n and V¥
are left in D,ﬁ_l,n. We construct an S »3 which contains v* and v/, where V' is the neighbor of v in D(’)’n.

(See Figure 6.) Then there are [%2] §53’s connecting to v in D), and 5 + 1 §53’s connecting to the
vertex v outside of D(’),n. The graph Dy, will be disconnected by deleting (|'"7;2'| + %) S3’s. O

D} 1,

Figure 5. An illustration for “w* is in Di_l . in Lemma 4.1.

])A/fl.u

]
Dy

Figure 6. An illustration for the case which is “k is odd” in Lemma 4.2.

Lemma 4.3. Let n > 8 and k > 8. Then k*(Dy,;S23) = [%] + %for even k, and k*(Dy ;S 23) >
[%] + %for odd k.
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Proof. We show that k*(Dy,, S23) > [%1] + & when k is even. Let F = {T|T < Sy} and F' = {T}|T; <
S03, T,ﬂD;;_]’n} for i € Iy ,. In the following, we prove that Dy ,—F is connected when |F| < [#] + % -1.
To the contrary, suppose that Dy, — F is disconnected and G is a smallest component of Dy, — F'.

V=5 +45-D«7< (0 + 21«7 =Tk +n—2 <4k +n—4 = k3(Dyp).

By Lemma 2.7, we have |V(Gy)| < 3, thus discussion as follows:

Case 1. |V(Gy)| = 1.

Set V(Gy) = {v}. Thus N(v) € V(F). To make the number of subgraphs of S ,3’s minimum which
contain the vertices in N(v), we should construct as many S,3’s as possible and each §,; needs to
contain as many vertices in N(v) as possible. Since v has n — 1 neighbors in a D, which is denoted by
Df),n and has k neighbors v, V2, ..., vF outside of the D(’)’n, each §,3 contains at most seven vertices in
Dé’n or each 3 contains at most two vertices of v',v?,...,* by Lemma 4.1. Then |F| > [”7;1] + '5‘ >
[%47+ % — 1 > |F], a contradiction.

Case 2. |V(Gy)| = 2.

Set V(Go) = {u,w}. Thus N(fu,w}) € V(F). Let u be in a Dy, denoted by Dy . If wis in Dy,
then w and u have (n — 2) common neighbors in Dy,. The vertex w has k neighbors outside of D,
and v also has k neighbors outside of D{): ,- Furthermore, each §»,3 contains at most seven vertices in
Dy, or each §,3 contains at most two vertices of the neighbors outside of the Dfj,, by Lemma 4.1. So
|F| > [”;—2] + 22—" = [%] +k > [”7;1] + % —1>|F|forn > 8 and k > 8, a contradiction. If w is neighbor
of u outside of Dy , then w and u have no common neighbors. The vertex u has n — 1 neighbors in D,
and k — 1 neighbors outside of Dg)” , except for w. Furthermore, each §,3 contains at most seven vertices
in D, or each §,3 contains at most two vertices of the neighbors outside of the D, , by Lemma 4.1.
(The same situation for w.) So |F| > 2« [%4]+ 2« 5L = 24221+ (k- 1) > [T+ £ - 1 > |F| for
n > 8 and k > 8, a contradiction.

Case 3. |V(Gy)| = 3.

Set V(Gy) = {x,y,z}. Thus N({x, y, z}) € V(F). To make the number of subgraphs of §,3’s minimum
which contain the vertices in N({x, y, z}), we should construct as many §,3’s as possible and each § »;
needs to contain as many vertices in N({x,y,z}) as possible. When x,y and z are in a same Dy,
denoted by Dy’ , they have (n —3) common neighbors in D}, and each of x, y, z has k neighbors outside
of Df),, ' . Bach §'»; contains at most seven vertices in Df),, ' or an S »3 contains at most two vertices of their
neighbors outside of D&; by Lemma 4.1. Then |F| > [”7;3] + 3« % > |'”7;1'| + % —1>|F|forn > 8 and
k > 8, a contradiction. When x, y and z are in two different D, ,, without loss of generality, assume that
x and y are in D’ and z is in another Dy ,. Then x and y have (n — 2) common neighbors, each of x,y
has k neighbors outside of D(’)f ' And z has (n — 1) neighbors in a Dy, and (k — 1) neighbors outside of
a Dy, except for x or y. Then |F| > [%2]+ [+ 2«5 + &L > =11+ £ — 1 > |F| forn > 8 and
k > 8, a contradiction. When x,y and z are in three different D, ,, each of x,y, z has (n — 1) neighbors
in a Dy, and (k — 1) neighbors outside of a Dy,,. Then [F| > 3 «[%1]+ 3« 51 > (2114 2 -1 > |F|
for n > 8 and k > 8, a contradiction.

The proof of k*(Dy,, S23) > [%*] + %! when k is odd is similar to the case when k is even.

By Lemma 4.2 and Lemma 4.3, we have the following result.

Theorem 4.4. Let n > 8, k > 8. Then k(Dy,;S2) = K*(Dip; S23) = [”7;1] + § for even k, and

K(Dp; S23) = K (Dip; S23) = [%21 + &L for odd k.
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5. Conclusions

Structure connectivity and substructure connectivity are important parameters for measuring

network fault tolerance. In this paper, we obtain that k(Dy ;S ) = k(D p; S i) = [;‘1;:11 + k forn > 4,

k>2and1 <m <n+k—-2. And whenn > 8, k > 8, we prove that «(Dy,; S23) = K’ (Din; S23) =

[%1 + & for even k, and k(Dyn; S 23) = K*(Din; S23) = [%52] + &1 for odd k.
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