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1. Introduction and main results

We will first introduce some definitions and some basic results on completely monotonic sequences.
Recall that [8] a sequence {u.,}>, is called to be completely monotonic if

(—1)*A*u, >0, n, ke N, 1)
where
Aonun = Hn (2)
and
AR = AP — A, (3)

Here, in (1) and throughout the paper, N, := {0} UN and N is the set of all positive integers. Such a
sequence is called totally monotonic in [21].
In [9] the authors showed that for a completely monotonic sequence {u,}<,, we always have
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(=1)*A*u, >0, n, ke Ny,

unless i, = ¢, a constant forall n € N.

Hausdorff [8] proved the following fundamental result, in terms of Stieltjes integrals, for
completely monotonic sequences (Hausdorff Theorem): a sequence {.,.}:°, is completely monotonic
if and only if there exists a non-decreasing and bounded function «(t) on the interval [0,1] such that

1
L =f t"da(t), n € Np. 4
0

Also recall that [19] a sequence {u,}>, is called minimal completely monotonic if it is
completely monotonic and if it will not be completely monotonic when 4, is replaced by a number
which is less than ;.

In [5] the author proved that for each completely monotonic sequence {u,}2, there exists one
and only one number 4 such that the sequence

{#{ﬁa.u'lsﬁL29pJ3~ T }

is minimal completely monotonic.
One of the results of [6] is that: suppose that the sequence {13, is completely monotonic and
that the series
Oo . .
> (1A
=0

7=

converges. Let pq be such that
OO . .
o= Y (=1 A,
§=0

Then the sequence {u,}3<, is completely monotonic.
In [15] the following result, among others, was established. Suppose that the sequence {;.,,}>=,
is completely monotonic and that the series

Oo . .
Y (1A 5)
=0
converges. Let
:xj . .
py = > (—1)7 A . (6)
=0

Then the sequence
{4685 1415 p12, i3, - -+ }

is minimal completely monotonic.
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We also note that in [15] the authors gave a counterexample showing that complete monotonicity
of the sequence {.,,}2°, cannot guarantee the convergence of the series

> (1) Ay (7)
=0

J=

A function f is said [1] to be completely monotonic on an interval I, if f is continuous on I, has
derivatives of all orderson 7¢ (the interior of I ) and for all n € N

(=1)"fM(z) >0, zel (8)

In [10] the authors showed that if the function f is completely monotonic on the interval [a, o),
the sequence {Axz;}7e, is completely monotonic and z; > @, then the sequence {f(x;)}se,, IS
completely monotonic.

The following result was obtained in [5]. Suppose that the sequence {u,}=, IS completely
monotonic. Then for any = € (0,1), there exists a continuous interpolating function f(z) on the
interval [0, c0) suchthat s, 5 and f|. .., areboth completely monotonicand f(n) = yun, n € No.

For the operation of pointwise convergence, the author [20] showed that suppose that for » € i, the
function f,, is completely monotonic on the interval I, where 7 = (a,b) Or (a, ). If the limit function

f(z) = lim f,(x)

T—00

exists on the interval I, then f is completely monotonic on I.
Here we would like to point out that in the result above the interval | cannot be [a, ) or [a,b]. For

example, let
1
fﬂ(.'L'): I_n nelN

and 71, = [1,b) OF I; = [1,b].
It is easy to verify that

n ke — D (—1)k
FiF (@) = ( (:;k 1)!1)' (::;ni)k ’

k € Np.
Hence f,(z) is completely monotonic on the interval 7;. The limit function

. 1, =z=1;
flo) = Jim falo) = {0, vel —{1}.

Clearly the function f is not completely monotonic on the interval /; because f is not
continuous on f7.

There is rich literature on completely monotonic functions and completely monotonic sequences,
and their applications. For more recent works, see, for example, [2-7,11-18].

In this article, we shall further investigate completely monotonic and minimal completely

monotonic sequences. By using the Hausdorff Theorem, some necessary conditions for sequences to
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be completely monotonic are presented and proved. Also some properties of minimal completely
monotonic sequences are established. The main results of the article are as follows.

Theorem 1. Suppose that the sequence {.,}:=, is completely monotonic. Then, for any % € Ny and
any m € N, the series

o0

D (1A

j=k
converges and
(1) AR = > (1) A i1, (9)
j=k

Theorem 2. Suppose that the sequence {..}2, is completely monotonic. Then, for any m € N, the
series
OO . .
Z(_l)jAjnu‘Tn+]
=0

J

converges and

oo

Hm = Z(*l)jAj#m-H‘ (10)
=0

Theorem 3. Suppose that the sequence {1, is minimal completely monotonic. Then, for any
m € Ny , the series
i . .
Z(*l)JAJHmH
j=0
converges and

o0

fm = 3 (=1) A iy 1. (11)
j=0
Theorem 4. Suppose that the sequence {;.,,}:=, is minimal completely monotonic. Then, for any
k,m € Ny , the series

(~1)Ahnia

L[]

j=k
converges and
OO . .
(—1)kAk,um = Z(—l)JAJ!irrL+l- (12)
i=k
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2. Lemmas

Lemma 1. If the sequence {u,}>, is completely monotonic, then for all i,n € Ny

1
(—1) Ay, = /ﬂ (1 — t)it"da(t), (13)

where «(#) IS a non-decreasing and bounded function on the interval [0, 1].

Proof of Lemma 1. Let n € No. When i = (0, by (2) and the Haudorff Theorem, we see that (13) is true.
Now suppose that (13) is true for i € Ny. By (3) and (4) we have

(71)i+1Ai+lﬂ'-n = (*1)i+l (Aiﬂ*-n+1 - Ainu'n)
1 1
= f (1 — )t da(t) — / (1 — )" da(t)
0 0
1
= / (1 —t)" " da(t),
JO
which means that (13) is also true for i+ 1. By induction we see that (13) is true for all i.n € Ny. The

proof of Lemma 1 is completed.

Lemma 2 ([15]). Suppose that the sequence {.,}>2, is minimal completely monotonic. Then the
series

o

Z(—l)jAjM

7=0

is convergent and

o

o = Z(*l)jﬁj!tl-

=0

3. Proof of the results
We now prove the main results of the paper.

Proof of Theorem 1. For k € Ny and m € N, by Lemma 1, we have

n

(_l)kAk.UJm - Z(_l)jAj#m—l-l
=k

= — )t da(t Z [ £ £ da(t)
0
1 mn

/ (1 — ) ™ daft [ Z (1— )7 - " da(t)

(J. n+1
[ (1 —t)* 1™ da(t [ A da(t)

_[ H1— " da), 0> k. (14)
40
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Since the function ¢(1 — #)»+1 attains its maximum on the interval [0,1] at 1/(n + 2), we have

1 1 1o\t
0< / t(1— )"t da(t) < 1-— f " dat).
0 n+42 n—+2 0

By the Hausdorff Theorem we obtain

1 1 1 n+1
0 </ t(1— )" lda(t) < (1 — ) fom—1-
0

n+ 2 n-+ 2
Since
1 n+1

(1_rz.+2) —1/e asn— oo,

we have
. 1 1 Tt+1

R (1 B n+2) pn—1 = 0.

Consequently,

n—oo

1
lim / t(1 — )" da(t) = 0.
0

Then from (14) we obtain

lim ((—1)""&“:;‘5,,,_ — Z(—l)jAdiﬂmH) =0. (15)
— 00 j=k'
That is,
n . .
lim > (1) A i1 = (—1)F A g (16)
T oo J:k
Therefore the series
Z(_l)jﬁjﬂmﬂ
=k
converges and
(1) ARy = (—1) A 1. (17)
j=k

The proof of Theorem 1 is completed.

Proof of Theorem 2. Let k be zero. Then from Theorem 1 we can acquire the conclusion.

The proof of Theorem 2 is hence completed.
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Proof of Theorem 3. If m =0, then from Lemma 2 we can obtain the conclusion. If m € N, in view
that a minimal completely monotonic sequence is also completely monotonic, then from Theorem 2
we can obtain the conclusion.

The proof of Theorem 3 is thus completed.

Proof of Theorem 4. Let m be a fixed non-negative integer. Then from Theorem 3 we see that

o0

fm = 3 (= 1) A pig 41, (18)
j=0

which means that (12) is valid for & = 0.
Suppose that (12) is valid for & = r. Then

(71)T+1Ar+1fim = (71)T+1(Arjum+1 - Ar#m)

(— l)jAjM"ff'¢+1 = (=1)"A" 41

M

J

(_l)jAjJum-i-l,- (19)
1

M

+

j=r

which means that (12) is also valid for k = r + 1. Therefore by induction, (12) is valid for all % & Np.
The proof of Theorem 4 is thus completed.

4. Conclusions

In this article, we presented some necessary conditions for a sequence to be a completely
monotonic sequence. We also established some necessary conditions for a sequence to be minimal
completely monotonic. The Hausdorff Theorem plays the key role when we prove our results.
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