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1. Background and preliminaries

The fixed point theory is one of the most powerful and productive tools from the nonlinear analysis
and it can be considered to be the kernel of the nonlinear analysis since 1960. It has been classified into
two major areas: metric fixed point theory and topological fixed point theory. The fixed point theory
finds its roots with the method of successive approximations to prove the existence of solutions of
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differential equations introduced independently by Liouville [1] in 1837 and Picard [2] in 1890. While,
officially, it was launched at the start of the 20th century as an important part of functional analysis.
The best known result from the fixed point theory is Banach Contraction Principle [3] (1922), which
can be considered to be the beginning of this theory. In a metric space, setting it can be briefly stated
as follows: Every contraction on a complete metric space admits a unique fixed point. Furthermore,
it provides a fixed point approximation algorithm as the limit of an iterated sequence. This result has
been extended and generalized last years in various directions. Among these extensions, we cite the
main result of Jleli and Samet [4], where they initiated a new generalized metric, called as JS -metric.
It is given as follows:

Definition 1.1. [4] Let £ : U x U — [0, +00) be a mapping justifying, for each ¢, w € U,

(@) if £(9, @) = 0, then I = w;
(i) £, @) = &(w, D),
(it7) there is Z > 0 so that
lim (9, #) = £, @) < Zlim sup (¥, @).

Then £ is a JS -metric on U and the pair (U, &) is called a JS -metric space.

Definition 1.2. Let (U, ¢) be a JS -metric space and {x,} be a sequence in (U, &).

(@) {x,} 1s said to be £&-convergent to x in O if lim,, . &(x,,, x) = 0.

(iM) {x,} is said to be £&-Cauchy sequence if lim,, ;0o (X, X;,) = 0.

(iii) (U, &) is said to be &-complete if every é-Cauchy sequence in U is &-convergent to some point
x e 0.

After the work of Jleli and Samet [4], there is an immense literature in fixed point theory and its
applications in this setting. For more details, see [5-7].

In paper [8], the notions of mixed-monotone functions and coupled fixed points were initiated and
studied. Under partially ordered metric spaces (POMSs) and abstract spaces, some main results in this
direction have been driven, for broadening, see [9-14].

In 2011, Berinde and Borcut [15], introduced the definition of mixed monotone property and the
definition of tripled fixed point for a mapping T : U° =: U X U X U — U and established tripled fixed
point theorems for contractive type mappings having that property in partially ordered metric spaces.
Later, Borcut [16] and Berinde and Borcut [17] have introduced the notion of a tripled coincidence
point for a pair of nonlinear contractive mappings 7 : U° — U and f : U — U. Subsequently, Aydi
et al. [18] have proved some new tripled fixed point theorems in abstract metric spaces. Further works
dealing in this direction have been appeared, see [19-21].

Combining the notion of triangular a—admissible property and the concept of upper class of type
11, the aim of this paper is to establish some tripled coincidence point results for a pair of generalized
contraction type mappings Z : U° — U and r : U — U in the context of JS-metric spaces equipped
with a partial order. The obtained results are supported by some concrete examples. At the end,
we ensure the existence of a solution for a system of non-homogeneous and homogeneous integral
equations.
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2. Main results

We start this section with the following concepts.
Consider a nonempty set U. Assume that Z : U° — U and r : U — U are two mappings. We say
that r commutes with = if

r2(, w,x) =20, ro,rx), Vi, w,x € O.

According to [4], for a partial order <, define V< = {(}, w) € U? : ¥ < w)}. Then Z has the < —r
monotone property, if for each ¥, @, x € U,

ﬁlaﬁz € Ua (rﬁlvrﬂZ) € VS lmplles (E‘ (ﬁlawa %)75(1927 w, %)) € VS7

w, W, € 0, (roy,rw,) € Vs implies (E (¢, @y, %), 2 (@, %)) € Vg

and
n1,%3 € O, (rxy,rny) € Vo implies (2 (¢, @, %), 2 (D, @, x,)) € V..
After that, we generalize the notion of triangular —admissible property as follows:

Definition 2.1. Assume that Z : U° — U, 7 : U — Uand a : U°xU? — [0, +00] so that the postulates
below hold:

(i) If a((r, rw, ) , (10, 1, 1)) 2 1, then
o(EW @.%) . E(@.2.9),. 2.0, 9),(2(0.7.%).2(7.%.9).2(%.0.7))) > 1.
(ii) If a (9, rw, ) , (10, 1, 1)) 2 1 and
o((rd.rm.%).(E(9.7.%).2(7.%.9) .2 (%.9.7))) = 1.

then
a((rd,rm, ), (E(9.%.7).2(5.%.9).E(%.0.3))) > 1.

Here, we say that Z and r is a generalized triangular a—admissible (o5, for short).
Next, we extend the concept of upper class of type /1 [22] as follows.

Definition 2.2. Let ¢ : [0, +0]> = R U {400} and ¢ : [0, +o0]*> — R U {+00} be two~given mappings.
We say that the pair (g, £) is an upper class of type II (;;, for short) if for all ¢, @, %, ¢, @, % € [0, +oo],
the postulates below hold:

€) 50(,1’ 1, @) < p(, @, %), wher}gver 1 <w,x;
(if) (¥, @) < {(1, @), whenever ¢ < 1;
(iii) » < Yw, whenever p(1, 1, %) < £(9, @).

Example 2.3. Let , ¢ : [0, +00]> — R U {+00} be a function described as follows:

(% + 277, if 9, @,x€[0,+0), = _ 9@ +1z, i, € [0, +c0),
: £(9.%) = :
+00, otherwise, +00, otherwise.

(1) o @, @, %) ={
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(2) gO(ﬁ,w,%):{(ﬁ+Z) , i@, % €0, +o0), )_{(1+Z) , if %, @ € [0, +0),

+00, otherwise, +00, otherwise.

if 9, @, % € [0, +00),

X, if 19, w,n € [0, +OO), 5(5 ~) _
) otherwise.

+00, otherwise,

3) ¢ (3, @,%) ={

—
+
g

ik . =\ .3 =
@) 90w = { Vo o € 10,42 y(3.5) - { (93) . if 8.3 < [0, +o0),
+00, otherwise, +00, otherwise,
for z > 1 and i, j, k € N. Then the pair (p, £) is Q.

Here, the triplet (U, &, <) is a complete POJSM-space and ® consists of all ¢ : [0, +0]? = [0, 1)
satisfying:

(¢1) For any ¥, @ € [0, +00], ¢(}, @) = ¢(w, D).
(¢2) For {#;}, {w;} € [0, +00], lim ¢(F;, @;, ;) = 1 = lim¥; = lim@; = limx; = 0.

Also, we define the mappings Z : U° — U and r : U — U so that the following properties hold:

(@) 2(U°) € r(U);
(b) 2 is < —r monotone;
(c) r commutes with E and is £&—continuous.

Now, our first theorem becomes valid for presentation, which generalizes the results of [7].

Theorem 2.4. Assume that the postulates below are fulfilled:
(17;) For any Qq; of the pair (9, ), there exist a : U° X U — [0, +00] and ¢ € @ fulfilling, for any

(rﬁ, m_?_) e V., (rw,rw) € V< and (rx, rx) € V<, the below inequality is verified:

9 (1 , ((rﬁ, rw, 1), (rﬁ, rw, rﬁ)) € (E (P, @, %), E (5, @, 55)))
< ¢ (¢ (f (rﬁ, r;;) JE(ra, rm) , € (rx, r'it')) N ((m?, r5> , (rw, rw) , (rx, r?i))) ,
where
N ((rz?, r1~9) ,(ro, rw), (rx, r?t))

& (rﬁ, rﬁ) LE(rm, rw) , E(rx, rx),
= max Erh 20, w,n)),¢(rw, E(w,%,1)), € (re, Z (%, 9, @)),

£ (rﬁ, = (rg, ro, r}}')) € (rfﬂ, = (rfﬁ, rx, rﬁ)) € (r%, = (r'}?, rg, rﬁ))
(i) Eand ris oS", and there exist 9y, wo, %y € U,
(rdo, E (9o, @0, %0)) , (rwo, E (@0, %0, 90)) , (rxg, E (%0, Po, @o)) € V<

so that

a ((rdy, rwy, ) , (B (Do, o, %0) , E (@, %0, Do) , E (P, @0, %#0)))

v v

a ((’”@'0, rxo, rﬁO) ’ (E (WO’ %0, 190) s = (%09 ﬁO» zD-0) s = (w()a %0, ﬂO)))

and
a ((rxg, rdy, rwy) , (B (%9, Yo, @o) , E (Do, @0, %0) , Z (%0, Vo, @0))) > 1;
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(i) If lim & (rdy, rdiyy) = 0, lim € (ro;, royy) = 0 and lim € (rx;, rx;) = 0, then

sup {£ (rido, rdy) , € (rao, r@;) , & (o, i)} < oo,

where {1}, {w;} and {x;} are sequences in U;
(A;y) Eis E—continuous.

Then =2 and r have a tripled coincidence point (TCP) in U.

Proof. Assume that 9, @y, %o € U justifying assertion (4;). Because = ('(53) C r(0), we can select
%, @1,% € U so that rdy = E(ﬂo,iﬂ'g,%o), rwo, = E(ZD'(),%(),’B()) and rx, = E(%O,ﬂo,iﬂ'o).
Analogously, rt, = Z @, w,%), ro, = E(w,%,%) and rx, = E(x1,1%,@;). In the same
scenario, {1}, {w;} and {x;} are obtained with

rdiy = (W, @i, %), rwiy = E(wy, %, 9;) and rx = E (2, 05, @) .

For some natural number iy, if r;.1 = rdy, rw;,+1 = rwj, and rx; ., = rx;,, then = and r have a TCP.
So, for some positive integer i, assume that

ri £ rdy, roi # ro; and 1 # rx;.
Based on assumption (4;;), we have
(rig, rthy) € Vo, (rmg, rwy) € V< and (rxg, rx,) € Va.
Because = is < —r monotone,

(E o, wo, #0) , E (D, @1,%1)) € Vg,
(& (@o, %0, 0) , E (w1, %1,01)) € Vg,

(B (20,09, o) , E (31,0, @1)) € Vg,

that is,
(ri,rd,) € Vo, (roy, rw,) € V< and (rxy,rx;) € V.

Repeating the same approach, we get
(rdy, rdi1) € Vo, rmy, rmiyy) € Vo and (rx;, rx;yq) € Vo, Vie N,
From the transitivity of <, one can obtain
(rd, rdim) € Ve, roy, rwiy,) € V< and (rx;, rxy,,) € Vs, Vi,m e N,
Again, applying the postulate (4;;), we have

a((rﬂ()’rw()’r%())’(rﬂl,rwl,r%l))

a ((rdy, rwo, rxg) , (2 (Do, o, %0) , E (@0, %0, Do) , E (%0, To, @0)))
1.

\%
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Since E and r are a7,

a ((rdy, roy, rxy) , (rd, roa, rxy))

(E (190, WO,%O) ) = (WO,%O, 19'0) ) c (%09 1905 TD'())) s )
EW, @1, %), E(@y,%1,01), 20,0, @1) |

By induction, one can deduce that

a ((rdy, ro, rx;), (rdig, roigy, reie)) = 1, Vi e N,
Analogously, we can obtain

a((ra, rn;, rd;), (rwi, i, 1)) = 1, Vi e N,

and
a ((r;, rdi, ro;) , (g, 1l roig)) 2 1, Vi e N

Since E and r are a7,

W%

1,
L,

a’((r%ia rﬁh rwi)a(r%Hma }"191'+m, rwi+m>) > la VI’m € N.

a ((rdi, roi, 1) , (K i, T iy Mim))

v

a ((rw;, o, 193, (F@ism, Mizm, Miim))

Next, we want to prove lim & (ri, ridiy1) = 0, lim & (ro;, ro;;1) = 0 and lim & (rx;, rx2;,1) = 0. For this,
i—00 1—00 1—00
we use the opposite technique, suppose that either lim & (rd, rd41) # 0, or im & (rw;, rwiyy) # 0 or
i—o00 1—00
lim & (rx;, rx;1) # 0. Then there is € > 0 for which we have a subsequence {i,} so that s < i; and
1— 00

max {& (rdy,, rdi,1), & (roi, rwi 1), E (i, 1 1) (i 1 1)} = €.

Consider

o (1, L,E, rdi +1))
Y (1’ 19§ (E“I (ﬁis—l, Wi-1, %is—l) ) = (ﬂis’ wi,, %is)))
1% (1, a ((1913—1 s Wi—1, %is—l) > (ﬂis, wi,, %is)) & (E (ﬁis—l s Wi—1, %is—l) ) S (191'5, wi, %ix)))

¢ ¢ (é‘: (rﬁis—l > rﬂi_&‘) "f (rwl}—l > rwi.v—l) B é‘:(r%is—l > r%is)) ’ (2 1)
N((rdi_1,r0:), (roi 1, rwi 1), (ri 1, 1)) ' .

IA

IA

Again,

0 (1, 1,&(rmi,, roi))
9 (1, 1§ (E(@i-1, %i-1, 0i-1) , B (@i, %4, 4,)
1% (1’ a ((wis—l, %is—la ﬂis—l) ’ (wl‘x, %ip ﬁl})) ) é‘: (E (wis—l’ %l's—la ﬂis—l) ’ c (wisa %ix’ ﬂlé)))

[ ¢ (é: (r/wiy_l’ rwix—l) ’ é‘: (r%is—la r%is) ) 'f (rﬁij—l’ rﬁis)) )
N ((”Uis—l, rwix—l) s (r%ix—l, r%ix) > (rﬁis—la ”ﬁis)) ’

IA

IA

(2.2)
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and

9 (1, 1,&(roei, 12 11))
80 (19 175(5 (%ij—laﬂix—lawis—l) ) B (%ijaﬁiywix)))

IA

¢ ¢ (& (i1, 12) € (11,10 € (i1, 1@i,1)),
N ((”%ix—l, r%ij) s (rﬁis—l, rﬂis) , (rwi,-—l, rwis—l))

IA

The inequalities (2.1)—(2.3) lead to

E(rdi, i) < ¢(EDir, 10y, € (rmir, r@i—1) , € (i1, 12,))
XN ((rﬁis—l ) rﬁily) s (rwi‘y—b rwis—l) s (r%is—l s r%is)) )

E(rm,rmi ) < ¢E (o, rmi1),é (i1, 1%,), € (rdi 1, 19)))
XN ((l”wi_v—l, rwis—l) R (7”%1'3—1 > r%is) R (”ﬂix—l, i’ﬁis)) ,

and

E(rni,rni) < @ (Eni—1,r),E (01,1, € (rmi 1, rw; 1))
XN ((r%is_l ’ r%ls) ’ (rﬁis_l ’ rﬁly) ’ (rwi.r_] ’ rwis_l)) *

Because ¢(i, @, ) € [0, 1) for any ¥, @, % € [0, +o0], we get

N((Fﬂzg—l,Vﬁis),(”wis—l,rwis—l),(”%is—l,”%is))
= N((rwis—l,rwij—l)a(r%is—l,r%is),(rﬁis—l,rﬁi,g))
= N((r#i-1, 1), (0 1, 10y, (roi -1, 1@ 1))

= max {£(rdy 1, rdy),é (roi_1, rm 1), € (rei -1, r2,)}

It follows from (2.4)—(2.7) that max {& (rd;,, rd; +1) , € (rwi,, rw; 1), & (ri, v 41)}

max {f (rﬂi.v’ rﬁi.§+l) > 6 (rwix’ rwix+l) > f (r%is’ r%is+] )}
< @& (rti1,r%) & (rdiy-1,10y,) , § (rwi -1, r@i,-1))
Xmax {f (r%ix—la r%ij) ’é‘: (rﬂix—l, rﬁis) s § (rwi,-—l, rw,'s_l)} .

Using this concept, we can write
max {& (rd,, rdi 1), € (rmi, r@i 1), € (1, 12 41))

S H ¢ (f (r%is—v’ r%iﬁ—l—v) ’ f (rﬂi_q_v’ rﬁix+1—v) ’ f (rwix—\)a rwiﬁl—v))

v=1

xmax {& (rxg, rxy) , & (rdy, rihy) , & (rwy, roy)} .

Select v, so that

80 (1’ @ ((%is—l’ ﬁis—h wi‘g_l) 5 (%iy ﬁis’ wis)) 5 é‘: (E (%is—l, 0i5—19 wis—l) 5 E (%isa ﬂis’ wis)))

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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¢ (& (i, T7i41-0,) s E (i 1 v120,) s E(rTy y,, P 41-y,))
= max {¢ (& (i —y, i 1-) , E(ri oy, 10 112) € (rm —y, 1D 112))])

1<v<iy

Consider

V = llm Sup (¢ (é“ (r%ix_vx’ r%ix‘*'l_vs) > 6 (rﬁix—vx’ rﬁi.v+1_vx) 4 é“ (rwix_vs’ rwix"'l_vx))) *

§—00

If V < 1, then
lim max {& (rd,, rdi 1), € (rmi, r@ia) , € (rai, i)} = 0.
This contradicts the hypothesis. If V = 1, for suitability, we assume that
}l—p; ¢ (f (r%is_V3’ r%l.s‘i'l—vy) ’ g (rﬂis_vx’ rﬁis"'l_vs) ’ f (rwis_vs’ rwis"'l_vx)) = l'

Because ¢ € 5,

lim & (r; .y, 1% 01-0,) = 0, im&Q(rd o, 1 1.,) =0
s§—00 §—00
and lim ¢ (ro; _,,, r@; +1-,,) = O.
§—00

That is, there is an sy € N so that

s é‘: (rﬁi.vo_vso’ rﬂi.¢0+1—v.¢0) <

W m

f(’”%iso—vm, r%i50+1—vso) <

Wmwm

and & (rw,-so_vso, rwisoﬂ_vso) <
Thus, we get

€ < max {f (rﬂis()’ rﬂi50+l) ,-f(”wzgo, rwiSOH) "f(r%im’ r%iXOH)}

Vso

< l—[ ¢ (-f (F%ixo—j’ miso+1—j) , f(rﬂ,;m_j, rﬁ,‘wl_,-) & (”Uixo—j’ rwimﬂ—j))
j=1
% Max é‘: (r%iSO_VSO ) r%ixO+1—sz) ) é: (rﬂiSO—VSO ) rﬁi3v0+l—vyo) s
E\r@iy —vy» Ty 41y,
€
< 5,

a contradiction, hence, we have

1im§(r19i, 1’191‘_,_1) = O, _limf(rwi, I’ZD'H,]) =(0and _lim‘f(r%i,r%m) =0. (28)

I—00

Now, we claim that {r#;}, {rw;} and {rx;} are £—Cauchy sequences. Suppose that {r¥;}, {rw;} and
{rx;} are not £&—Cauchy sequences, so for each s € N with subsequences iy, j; > s such that

max {f (rﬂix, rd . ]) € (rw,-x, ro; J) € (r%ix, iy J)} > ¢’ for some € > 0.

AIMS Mathematics Volume 8, Issue 4, 9795-9819.
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Consider

and

IA

IA

IA

IA

IA

IA

> L (d (@1, @1, %i-1) , E (ﬂiﬁj_v—] > Wig+j—15 %ix+js)))

L& ((ﬁis—l S Wi15%i-1) 5 (ﬁiﬁjx—l > Wig+j—15 %is+js—1)) )
'f (':‘ (0is—l’ Wi-1, %is—l) = (ﬂiﬁjs—l, Wi+j—15 %iﬁ'jx—l))

’ (f (Vﬁis—l, rﬂiﬁjs—l) ,f(rwis—l, rwiﬁjs—l) ’f(r%ix—l’ r%iﬁjy—l)) , ] 2.9)
N((Vﬂix—l, rﬁiﬁj_r—l) > rwis—larwiﬁjx—l) »(r%ix—l’ r%ix+js—1)) ’ ‘
0 (1, 1,& (rw,-x, rwiﬁjx))
© (1, 13 (E (@1, %11, 0i-1) , B (wiﬁjs—l’ Hitjs ﬁis+jj—1)))
[ l,a ((wis—l’ %i—1,Di-1) (wiﬁjs—l’ Kitj—1s ﬁiﬁjs—l)) , ]
¥ & (E (@15 %i-15Diy-1) s BT =15 Higr jy-15 ﬂix+js—1))
[( ¢ (f (rwiﬁjx—l, rwix—l) & (r%ix+js—1’ r%is—l) ,5(7’191'5—1, rﬁiﬁjx—l)) > ) (2.10)
N (rwis—larwiﬁjs—l)a r%is—l,r%iﬁjs—l)a(rﬁix—lvrﬁiﬁjx—l)) .
9 (1. 1€ (i, r21.41,))
Y (1, 1,¢& (E (%is—la Bi—1, wix—l) , B (%is+jsa 0is+js—l) , wiﬁjj—l))
[ l,a ((%is—l, Gi1, Ti-1) (%is+js—1a Birji-15 wiﬁjs—l)) , ]
¥ & (E (ti,-1, D1, @i 1), B Xivtjo—15 Digtjo-15 wix+js—1))
f( ¢ (f (r%ix+js—1’ r%ix—l) > f(rﬂix—l’ rﬁiﬁjx—l) & (rwiﬁj_r—la ”Uix—l)) > ) @.11)
N((r%is—la "%i5+js—1) ) (719,;.—1, rﬁiﬁjs—l) , (”Wis—la rwiﬁjx—l)) ' .

Based on (2.9)—(2.11) and the above properties, one can obtain

and

AIMS Mathematics

f(”ﬁi,, rﬂis+js) < ¢ ('f (r%is+jd—l’ ”%i,—l) ,f(rﬂi,.—l, rﬁiﬁjs—l) af(rwiﬁjx—la rwis—l))

XN ((r%l-x_l, r%,-ﬁjs_l) , (rﬂ,-s_l, rl?[x_,_js_l) , (rw,-s_l, rw,-sﬂ-x_l)) , (212)

f(i’wii, rwi5+js) < ¢ (§ (rwiﬁjs—l, i’wis—l) 7§(r%i3+js—]a r%is—]) ,f(i’ﬂis—l, rﬂiﬁjs—l))

XN ((rwis_l, rwiﬁjs_]) , (r%,»s_l , r%i3+js—l) , (rﬁ,-s_l , rﬂ,-sm_])) , (2.13)

f(”%iﬂ ”%ixﬂg) < ¢(§ (r%i,&jx—l’ r%is—l) af(rﬂix—l’ rﬁi_&jx—l) "f(rwiﬁjx—la ’”Wis—l))

XN ((l"%l'x_l, r%iﬁj,c—]) , (m?is—l’ 7'19,‘_?4_]'3_1) , (rwis_l, rwiﬁjx—l)) , (214)
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respectively. Using (2.8), we get

N ((r%,-x_l , r%l-ﬁjx_]) , (rz?,»s_l , rﬂ,-_vJ,js_]) , (rw,-s_l , rwiSJrj_v_]))
= N ((rw,-s_l , rwiﬁjx_]) , (r%is_l , ’"%iﬁj.v—l) , (rﬂ,-_r_l , rﬂiﬁj_c_]))
= N ((r%,-s_l , r%,-ﬁj_r_]) , (rﬁ,»s_l , rﬂ,-ﬁjs_]) , (rw,-s_l , rwiﬁjs_]))
= max{& (l”%zg—l , ’”%is+js—1) € (rﬂ,-s_l , m?,-ﬁjs_l) & (rw,-s_l , rwiﬁjs_]) . (2.15)
From (2.12)—(2.15), we have
max {g—‘ (rﬂ,-s, ’”ﬁiﬁjs) € (rw,-s, rw,-ﬁjs) 3 (r%l-s, r%l-ﬁjs)}

(11722 ) (1 7001) 7,

X max{§ (r%is—l, r%i5+js—]) ,f(i’ﬂg—l, rﬂiﬁjs—l) ,f(i’wis—l, rwiﬁjs—l) .

IA

Thus,

max {f (”% rﬁiﬁj.c) & ("wm rwim‘s) & (sz‘_r’ ”%is+js)}

IA

i\
l—[ ¢ (f (r%ix—v’ r%is+js—v) & (m?is—v, rﬂis+js—v) & (V?Uis—v, rwis+jx—v))
v=1

X max {‘f (r%o, r%js) € (rﬁo, rﬁjs) , f(rwo, rsz)} .

Select v, so that

¢ (é‘: (r%ix_vx’ r%is"'js_vs) 4 é: (rﬂis_vs’ rﬂis"’js_vx) ’ é: (rwis_vs’ rwis+jx_vs))
= max {¢ (f (r%ij_v, Fhig ,-S_v) 3 (m?l-s_v, rdi ,-S_v) 3 (rwis_v, rwi . js—v))} :

1<v<iy

Define

V* = limsup (qb (f (r%is_vs, T js—vx) &€ (rﬁix_vx, rd; + js—vx) &€ (rw,‘x_vx, rw; . js—v.y))) .

§—00

If V¥ < 1, then
lim max {f (rﬁis, rﬁ,-ﬁjx) ,€ (rwis, rw,-ﬁjs) € (r%,-J, r%,-ﬁjs)} =0.

§—>00

This is impossible to happen because of our hypothesis.
If V* = 1, for convenience, consider

hm ¢ (f (r%is—v_ya r%is+j3—vs) » f (rﬁis—vs’ rﬁix‘*’js‘"s) ’ f (rwis_vs’ rwis‘"js_vs)) = 1

§—00

Because ¢ € 5,

0, lim & (rdi _y,. r4j,,) = O

§—00

lim & (r%,‘x_vx, 7 j,v—vx)

§—00

and lim & (rwis_vx, rwi . j.r—vx) = 0.

§—00
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That is, there is an sy € N so that

é: (r%iso_vxo 4 r%iso"'jso_vxo) <

and & (rw,‘xo_vso T 4 jSo_"So)

Thus, we get

’

WImw|m

€
, € (7’ ﬂijo—vso’ r ﬁi50+ jSO—vXO) < 3

max {f (” Biyy T ﬁisomo) & (r @, T i;0+j.r0) 3 (” Higy> T %iso+jxo)}

| | ¢ (f (r Hisy—j> T %i.g0+js0—j) & (” 19iso—ja r ﬁisomo—j) & (r Wig,—j» 'O i50+j50—j))
=1

X max { 3 (r%iso g2 Tisy+ sy _"SO) & (rﬁifo Vso? rﬂiSo +so _Vfo) ’ }

e <
Vso
<
El
< =,
3

el Wiy —vsy> TWisy+jsy=vs,

This is a contradiction, therefore, {ri;}, {r@;} and {rx;} are £-Cauchy sequences. The completeness of

(U, &) implies that for some u, u’,u” € U,
lim & (2 (&, @i, %;) , u)
hm é: (E (wia Ai, ﬁl) ) l/l/)

and lim & (2 (x;, 9y, @), u”)

Since r is continuous, we have

Also, the continuity of = leads to

lim & (B (rdy, raog, rx;) , B (u,u’, u’”))
1— 00
lim & (B (rawy, rxg, rd;) ,E (1, u” , u))
1—00

and lim & (E (rx;, rdy, ra;) , E (u”, u, u'))
[—00

lim & (r (B (9, @i, 1)) , ru)
hm f (r (E (wia Xi, ﬂl)) ) ru/) =

and lim & (r (2 (x;, %, @), ru”) =

lim & (rd, u) = 0,
limé (ro;,u’) =0

lim & (rx;,u”) = 0.

o o o

By alteration between = and r, we have that Z (v, u’, u”’) = ru, E (W', u”,u) = ru’ and Z (", u,u’) = ru”,

therefore = and r have a TCP.

O

Corollary 2.5. The results of Theorem 2.4 are still true if we replace the stipulation (A;) with one of
the hypotheses below: (note N ((rﬂ, m;) , (rw, rm) , (rx, r?t)) is defined in the above theorem):

AIMS Mathematics
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(1) There exist ¢ € ® and z > 1, fulfilling, for any (rﬁ, r'ﬁ-‘) € V., (ro,rw) € V< and (rx,rx) € V.,
the following inequality is satisfied:

(5 (E (.. %) .5 (5, =, %)) N Z)a((rﬂ,rw,m),(rﬁ,ra,rz))

< ¢ (f (rﬂ, rg) JE(ro, rw) € (rx, r?f)) N ((rﬂ, m;) ,(ro, rw), (rx, r}?)) +z.

(t2) There exist ¢ € ® and z > 1, fulfilling, for any (rﬁ, r@) e V., rm,rw) € V< and (rx,rx) € Vg,
the following inequality is satisfied:

(oz ((rﬂ, rw, rx), (rE, ra, r’a?)) + Z)E(E(ﬂ’w’%)i@’aﬂ))

< (1 + Z)¢(§(r19,r®,‘f(rw,rﬁ'),f(m,ri))N((rﬂ,r1§),(rw,rﬁ'),(m,r?i)) )

(t3) There exists ¢ € @, justifying, for any (rﬁ, rﬁ) € V., (ro,rw) € V< and (rx,rx) € V., the
following inequality holds:

E(EW .2 .2(9.7.%))
< ¢ (f (m?, rﬁ) JE(ra, rw) € (rx, r%)) N ((rﬁ, 1’5) ,(ro, rw) , (rx, ra?)) )

(t4) There exists ¢ € @, satisfying, for any (rﬂ, rﬁ) € V., rw,rw) € V< and (rx,rx) € Vg, the
inequality below is obtained:

j ~ k

{a/ ((m?, rew, 1), (rg, rw, r??))}] {f (E &t @, %),= ( , T, 37))}
< {(]5 (f (rl‘}, r??) E(ro,rm) , € (rx, r?t))}k {N ((rﬁ, r@) ,(rw, ro) , (rx, r?t'))}k ,

for all positive integers j and k.

Proof. The proof follows immediately from Example 2.3 by applying the following in Theorem 2.4.
(1) Use the value of p and ¢ from Example 2.3(1).
(f2) Use the value of p and ¢ from Example 2.3(2).
(3) Use the value of  and ¢ from Example 2.3(3).
(T4) Use the value of ¢ and ¢ from Example 2.3(4). O

Remark 2.6. e In a b—metric and a b—metric-like space, Corollary 2.5 holds.
e The stipulation (§3) of Corollary 2.5 generalizes Theorem 3.2 of [23].
e The stipulation (§,4) of Corollary 2.5 extends and unifies Theorem 3.1 of [7] when j = k = 1.

Example 2.7. Consider U = [0, +o0]. Define £ (¢}, @) = max{, w}, ¥, @w € U. Describe the mappings
E:0°>0,r:0>Uanda: 0 xV° - [0, +o0] by

Brasx - if O, @, % € [0, +00), 9 = { 29, if ¥ € [0, +o0),

2, w,x) = 3 . )
+o00, otherwise, +o00, otherwise,

and _
6, ift<w<xandd < w@w < 7,

0, otherwise,

o (0, @), (0,5.%)) = {

AIMS Mathematics Volume 8, Issue 4, 9795-9819.
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respectively. Assume that ¢ < ¥, w < @ and x < 7%. Then

P+w+x O+w+xn
max s

((EW.@.0.5(0.7.7)) 3 3

IA

% max {25, 2w, 2’}?}
o (f (rﬁ, r@) E(ro,rm) , E(rx, r%)) N ((rﬁ, r;?T) ,(ro, rw) , (rx, rﬂ?)) )

Hence, Stipulation (f3) of Corollary 2.5 holds for ¢(m, z) = %, where m, z € [0, +00]. In an easy way,
it can be shown that all the hypotheses of Theorem 2.4 are fulfilled, and then there is a TCP for the
mappings = and r.

Notice that, here £ is not a metric on U because, if we take 9 < w <% <x,and ¥ < @ < 9 < %, We
have

a ((rﬂ, rw, rx), (rpﬂv, ro, r)?)) & (E (3, @, %), = (5, @, E))

{ﬂ+w+% 5+5+'}?}
= 6max 3 , 3

P+w+x
o(=57)
= 2042w +2%
> ¢ (f (rﬁ, rf?) JE(ro, rm) € (rx, r?{')) 2%
= ¢ (f (rﬁ, r??) LE(ro, rw) , € (rx, r?{')) N ((rﬁ, rﬁ) ,(ro, rm) , (rx, r?f)) )

Therefore, in the sense of TCPs, Theorem 3.1 in [23] and one of the hypotheses of Theorems 3.1 and
3.2 in [7] fails in studying the existence of a TCP for r and =.

Let @* represent the class of mappings ¢* : [0, +c0] — [0, 1) so that
¢ (9;) — 1 implies ©%; — O for all ¢; € [0, +o0].
The second part of this section is neglected the continuity condition for the mapping = as follows:
Theorem 2.8. Let the following postulates be satisfied:

(h;) For any Qy; of the pair (p, ), there exist a : U° x U® — [0, +oo] and ¢* € ®* fulfilling, for any
(rﬁ, rﬁ) e V., (ro,rw) € V< and (rx, rx) € V<, the below inequality is justified:

o (Lo (0t rm.ro). (0. r5.1%)) . £ (E (@, @.2) . E (0. 7.%)))
< (¢ (Q((r0.19). (w1 T) . (. 1)) Q((r9. 10) . . 1) . (2. 1) ).
where
O((ro. 1), rw. 1) , (rx,1%))

& (rﬁ, rI?) JE(ro, rw) , E(rn,rn) ,
= max & (rﬂ,;E (W w,x),&(ro, E(w,x,9)),& (rx, 2 (x, 3, @)), ;

£ (rg, = (rz?, re, r%)) & (rﬂ—}, = (r%, r, rﬁ)) & (r%, = (rﬁ, r, rﬁ))

AIMS Mathematics Volume 8, Issue 4, 9795-9819.
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(hi) Eandr is a/fT and there exist ¥y, @y, xy € U,
(rdo, E (o, @o, %0)), (rwo, Z (@0, %0, ), (rxg, E (%9, Do, o)) € V<
so that

a ((rﬁ()’ rwo, r%()) s (E (ﬂO? wo, %0) B E (WO, %0, ﬁo) ’ E (ﬁo’ Wy, %0)))

\%
=

a ((}’WO, o, 7"[9'0) s (E (W(), %0, 190) s E (%09 ﬁo’ 'ZD'()) s = (WO, %0, ﬁO))) = 1

and
a ((rxg, riy, rwy) , (2 (29, Yo, @0) , E (Do, @o, %) , E (%0, o, @p))) > 1;

(hii)) Iflim & (rd;, rdiyy) = 0, im & (rw, rwiy) = 0 and im & (rx;, rniy) = 0, then
Sup {f (7"79(), rﬂi) 5 f (”WO, rwi) 7§(r%0’ 7’%,‘)} < 00,

where {1}, {w;} and {x;} are sequences in U;
(hi) If {93}, {@;} and {x;} are sequences in U with (rd;, rdi.) , (rw;, roi.), (rxg, rxig) € Vs,

a ((rdi, roi, rn;) , (Fdis, 1@, 12i41))

\%

1,
1,

a((rn;, rd;, rm;), (ri, 1, rwiy)) > 1, VieN,

a((roi, ra;, 1), (rwicy, M1, 10i1))

\%

1—00

(ra,ru’), (re;,u”) € Vg,

andlim é (rdy,u) = 0, im € (ro;, u’) = 0, im & (rx;, u”) = 0, for each u,u’, u” € O, then (rd;, ru) ,

\Y
=

a ((rd;, rog, ray) , (ru, ru’, ru’”))

\Y%
=

a((ray, rxg, rdy) , (ru’, ru”’, ru))

a((rng, 9y, ro;) , (ru” ru,ru’)) > 1, Vi €N,
(h,) There is R € (0, 1] so that

E(ru, E(u,u',u”)) < Rlimsupé (B (rdy, ro, rx;) ,E(u,u',u”)),

[—00

E(rd,E(W,u”,u)) < Rlimsupé (E (rw;, rx;, rd;), =2, u”,u)) and

i—0o0
& (ru”, E’, u, u'))

IA

R limsup & (B (rx;, ridi, rw;) , E(u”,u,u’)).

1—00

Then = and r have a TCP,

Proof. Based on Theorem 2.4, the sequences {ri};}, {rw;} and {rx;} are obtained. Furthermore, replacing
) (f (rﬁ, rﬁ) LE(rw, rm) , € (rx, r?{')) with ¢* (§ (rﬂ, rg) JE(ro, rm) € (rx, r’ii)) in Theorem 2.4, where

9,9, w, @, x,x € U, we conclude that the three sequences are Cauchy in (U, ). The completness of
this space leads to for some u, u’, u” € U,

limé (10, roi, ), u) = lim & (rdhu) = 0,

1—00
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limé (= (o, rx;, rd;),u) = limé(o;,u)=0
and lim & (B (rx;, rd;, ro;) ,u) = limé (rx;,u) = 0.
Since r is continuous,
lim & (rE (rd;, ro;, rx;) ,ru) = limé (rrd;, ru) =0,
lim é (rZE (row;, rx;, rdy) ,ru) = limé (roy, ru) =0
and lim & (rE (rx;, rddy, ro;) ,ru) = lim & (rx;, ru) = 0.

By postulates (4;) and (4;), we get

o (1,1, E(EGY, ra;,rx),Ew,u’,u”)))

< o, a((rrdy, rrw;, e, (ru, ru’, ru”)) , £ (B (rdy, ro, rx;) , E (u,u’, u’")))
< f ¢* (Q((rrﬁia ru)’(rrwi, ru/)’(rr%i, rl/t”))),
a O ((rrdy, ru) , (rrwy, ru’) , (rrxg, ru’”)) ’
o (L, LEEGm, e, rd) ,EW ,u”,u)))
< ¥ (1’ a ((rrwi’ rrx;, rrﬂi) > (ru’, ru", ru)) "f(E (rwi’ rx;, rﬁi) 5 o (I/t,, uN’ Lt)))
< ¢ ¢* (Q ((rra, ru’), (rrx;, ru”’) , (rrdy, ru)))
- O ((rray, ru’) , (rrae;, ru’”) , (rrd;, ru))
and
o (L, 1L,EE o, rdy, rw) , Eu”, u,u’)))
< p(La((rra, rrdy, rrw) , (ru”, ru, '), € (B (g, rdy, ro) ,E (1, u, 1')))
<o ? (Q ((rraeg, ru’”) , (rrdy, ru) , (rrwy, ru’)))
B O ((rrez,ru”) , (rrdi, ru) , (rrw;, ru’)) )’
where
O ((rrty, ru), (rrw, ru’), (rrx;, ru’”))
= Q((rrw,-,ru'),(rr%,-,ru”),(rrﬂ,-,ru))
= Q((rr%l"ru”)a(rrﬁiaru)a(rrwiaru,))
E(rrdy, ru) & (rray, ru’) & (rrxeg, ru’”’)
B E@rrd, E(rdy, roy, rx;)) , € (rrw;, B (rwy, rxg, ;)
= MY e, E (i, 10, ry) (it E (i u”)) (2.16)
I3 (ru’, = (u’, u, u)) € (ru”, = (u", ul , u))
Accordingly,

EE(rm,rn,rd;) ,EW ,u”,u))

< ¢"(Q((rrw,ru’), (rraeg, ru”’) , (rrdy, ru))) Q ((rrew;, ru’) , (reseg, ru””) , (rrdy, ru)),,  (2.17)
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EE(rn;, rd, ro;) ,E(W’,u,u’))

< ¢ (Q(rrnsyrtt’) , (rrdy, ru) , (rrw;, ru’))) Q ((rrx;, rut”’) , (rrdy, ru) , (rrw;, ru’))

and
EEI, ro,rx;) B (u,u’,u”))

Assume that ru # Z(u,u’,u”)orru’ # =W, u”, u)orru #+ =", u,u’), that is,

W = max {.f (ru, E(u,u’,u")),E(ru' , 2 (', u”", u)), & (ru”, Ew”’,u, u/))} > 0.

Applying hypothesis (h,), there is R € (0, 1] so that
E(ru, E(u,u’,u”)) < Rlimsupé (E(rdy, ramg, re;) ,E(u,u',u”)) < RW,

i—

E(rd,EW ,u”,u)) < Rlimsupé (E (rw;, rx;, rd;), 2, u”,u)) < RW
and
£ (ru”, =(u”,u, u’)) < Rlimsupé (E (rx;, rdi, rm;) ,E W, u,u’)) < RW.
Hence

w max {f (ru, E(u,u’,u")),E(ru , 2 (', u”", u)), & (ru", EW’, u, u'))}

f(E (rﬂiﬂ rwi, r%i) s = (l’t’ I/l/, MN)) s

< Rlimsupmax{ &(E (ra;, rx;,rd), 2w, u’,u)),
e EErx, rd,rm;) , 2 W, u,u’))
< RW
Because 1 < %, we have
W < iW
- R
EE(rdy, ro, ) ,E(w,u’,u’”)),
< limsupmaxs & (& (roj, ra;,rdy) , ZEW',u”,u)),
= EE(rn;, rdy, ro), EW”,u,u’))
< W

this implies that
EErdy, ro, i), E(u,u’,u”)),
W =limsupmax{ & (Z (rwy, rx;, rd), 2 W', u”,u)),
imeo EE (g, rd,rm;), 2 W, u,u’))

: iy i i E ’ /’ ! s
EEY ,ro;,rx; ), 2, u’',u’))

Then there exists a subsequence max{ & (E (rw;,r#;,rd;),E W', u”, u)), ¢ so that
g (E (r%isa rﬁl}’ rwix) s E (MN9 u, I/l,))

E(rd,, roi, ), 2w, u',u”)),

= 19 '—'( ’ //)

}1_)11010 maxq &(E(rm;, g, rd;), 2@ u’ u)), ¢ =W
EE (e, rd, ro) , B, u,u’))

< ¢ (Q((rrdy,ru), (rrw;, ru’), (rreg, ru”))) Q ((rrdy, ru) , (rrw;, ru’) , (rrx;, ru’’)) .

(2.18)

(2.19)
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Passing i — oo in (2.16), we obtain that
lim Q ((rrd;, ru) , (rrawy, ru’) , (rrxe;, ru’’)) = W. (2.20)
Using (2.17)—(2.19), one can write

max EE Y, ra ;) BEu,u' u”)),EE (rm;,re; , rd) ,EW ,u”’,u)),
EE(run;, rdy, rw;), B W’ u,u’))
O ((rrdy,, ru), (rrw;, ru’), (rrz; , ru’"))
< ¢ (Q((rrt,, ru), (rrw, ru'), (rra;,, ru’))) .

Putting s — oo on both sides, we get
lim ¢* (Q ((rrt;,, ru), (rro;,,ru’), (rrxe; , ru'”))) = 1.

Thus, lim_e Q ((rrd;,, ru), (rrwo;,ru’), (rrxe; ,ru””)) = 0. This contradicts (2.20). Hence ru =
Eu,u,w)and r/ = ZE W, u”’,u) and ru’ = E W, u,u’) . Therefore, the element(u, u’, u’’") is a TCP of
rand E. ]

Corollary 2.9. The statements of Theorem 2.8 are still valid if we replace the stipulation (h;) with one
of the assumptions below: (note Q ((rﬁ, r@) ,(ro, ro) , (rx, r?t)) is defined in Theorem 2.8):

(1) There exist ¢* € @ and z > 1, fulfilling, for any (rﬂ, rd) e Vo, (ro, rw) € V< and (rx, rx) € Vg,
the following inequality is obtained:

a((rﬁ,rw,rﬂ),(r@,rﬁ,r%))

(t(EW.@.0).2(0.7.%)) +2)
< ¢ (Q (.f (rﬂ, rﬁ) LE(rm, rm) , € (rx, r?t))) 0 ((rﬂ, r@) ,(ro, rm) , (rx, ﬁt)) +z.

(2) There exist ¢* € O and z > 1, fulfilling, for any (rﬂ, rg) e V., (rw,rw) € V< and (rx,rx) € Vo,
the following inequality is verified:

(a ((rﬂ, rw, rx), (rﬁ, rw, rﬁ)) + z)g(E(ﬂ’w’%)’E(g’a@)

< (1 + Z)qﬁ*(Q(f(rﬂ,r{’@—),f(rw,rﬁ),f(r%,rg)))Q((rﬂ,r@),(rw,rz‘v),(r%,r%)) )
(3) There is ¢* € O, fulfilling, for any (rﬂ, rﬁ) e V., (ro, rw) € V< and (rx, rx) € V< so that
E(E2W. %), E(0..%))
< ¢ (Q (f (rﬂ, rﬁ) LE(rm, rw) , € (rx, r?{'))) 0 ((rﬂ, rﬁ) ,(ro, rm) , (rx, rﬁ?)) )

(4) There is ¢* € @, satisfying, for any (rl‘}, r??) e V., rw,rw) € Vo and (rx, rx) € Vg, the inequality
below is obtained:

{a ((rﬁ, rew, 1), (ri;, re, r'}?))}j {f (E &, @, %), =2 (5, @, '}?))}k
< {Q (¢ (f (rﬁ, r‘zg) JE(ro, rw) , € (rx, r?f)))}k {Q ((rﬂ, rﬁ) ,(rw, r@), (rx, r%))}

for all positive integers j and k.

k
’
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Proof. The proof follows immediately from Example 2.3 by applying the following in Theorem 2.8:
(1) Use the value of ¢ and ¢ from Example 2.3(1).
(2) Use the value of ¢ and ¢ from Example 2.3(2).
(3) Use the value of ¢ and ¢ from Example 2.3(3).
(4) Use the value of ¢ and ¢ from Example 2.3(4). |

Example 2.10. Consider U = [0, +o0]. Define & (¢, @) = |9 + |@]|, for all ¢, w € U. Define E : U° —
U,r:U0—-UVanda: U*xU°? - [0, +] by

D-oito A9 i 9, @, % € [0, +00), 49, if & € [0, +o0),
: r(9) =
400, otherwise,

2w, x) = 8 ’ )
( ) { +00, otherwise,

and —
~ _ I, f9<w<xand ¥ <@ <%,
a((ﬁ, @, %), (ﬁ’ @, %)) - { 0, otherwise,

respectively. Suppose that ¢ < 9, @ < @ and x < %. When z > 1, we have

(a ((rﬂ, rw, 1), (rﬁ, ro, r?[)) + Z)g(E(ﬁ’wm’E(5’1%5))Xl

)

|5—z%|+|z%—32|+|§—5|

|9—w|+|w—x|+|x—9| '+

(1 +z)(

(1+ Z)%(|19|+|w|+|z|+|5|+|z%|+|%|)

IAIA

(1+ Z)gmax{|4ﬁ|+|4§|,|4w|+|45|,|4x|+|4ﬁ|}

IA

#* (Q(g(na,rﬁ) ,g(rm,ﬁ),g(m,ri))) Q((rﬁ,rﬁ),(rw,ra),(mﬁ))

(1+2)
1+ Z)qb*(Q(f(rﬂ,rﬁ),f(rw,r?v),f(r%,r?)))Q((rﬂ,rﬁ),(rw,rﬁ),(r%,rﬁ)) )

So, the condition (2) of Corollary 2.9 is fulfilled for ¢*(m) = %, where m € [0, +o0]. In an easy way, it
can be shown that all assumptions of Theorem 2.8 are satisfied, therefore = and r have a TCP.

3. Solve a system of integral equations

This section serves as the basis and core of our paper in which the existence of a solution to a system
of integral equations is discussed. This system takes the following form:

1 1 1
9(b) = Ab) + [ Ty (b,c) Di(c, Hc)de [ Ty (b, ¢) Dac, m(c)de [ T3 (b, ) D3(c, x(c))dc,
0 0 0

1 1 1
@(b) = A) + [ 31 (b,¢)Di(c, w(c)dc [ I (b, ) Dalc, x(c))de [ T3 (b, c)Ds(c, H(c)de,  (3.1)
0 0 0

1 1 1
#(b) = Ab) + [ 31 (b, ) O1(c, x(c))de [ Ty (b, c) Da(c,Hc)dc [ I3 (b, ¢) Os(c, m(c))de,
0 0 0

where b € [0, 1]. Consider U = C[0, 1] equipped with &(#, @) = sup, ;D) — @(b)|, for each
?, @w € U. Clearly, (U, ¢, <) is a complete POJSM-space. Based on the theoretical results presented in
the upper section of the paper, we are able to present theorems related to the existence of a solution to
system (3.1) as follows:
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Theorem 3.1. Consider the integral equations (3.1) via the following postulates:

(V;) The functions A : [0,1] > R, I, :[0,1] X [0,1] - R and O, : [0, 1] X R — R* are continuous,
where s = 1,2, 3;

(V) For 91,1, € U, if 91 < O, then O1(b, (b)) < O1(b, #,(b)), O2(b, (b)) < O1(b, %,(b)) and
O3(b, ¥1(b)) < O3(b, ¥1(b));

1 1
(Vi) There exist A, B and C in R* so that 3ABC < 1, fﬁs (b,c)dc < A, fﬁs (b,c)O4(c,¥c)de < C
0 0

and _ . _
D,(b, 9(b) — D,(b, ﬂ(b)| <B '0(19) - ﬁ(b)' ,

where 9,9 € U, b e [0,1]and s = 1,2,3;

(©;) There exist Oy, wy,n9 € O such that 99 < E Sy, wo, %), wy < Z(wg,x9,Po) and %y <
E (%O, 190, WO) 5

@) If {0l A}, %} € U so that lim [; — 94,41 = 0, lim |@; — @4| = 0 and lim |x; — %;,1| = O, then

1—00 I—00

sup {0 — tl, |@wo — @il , [0 — i 11 > 1} < 00,
where Oy, @y, #g € 0.

Then Problem (3.1) possesses a solution.

Proof. Define the mappings Z: U? — Uand r : U — U by

2, w, %) (b)

1 1 1
= Ab)+ fﬁl (b, c)O,(c,Hc))dc f I, (b, ¢) Oy(c, w(c))de f J5(b, c) O3(c, x(c))de
0 0 0

and rd = 9 for ¢, w,»« € O. Clearly = is é—continuous = (03) C r(0) and r is é—continuous and
commutes with E. After that, we claim that = is < —r monotone. Suppose that 9, ¢, w,x € U,
¥ < 9,. Based on postulate (¥;;), we get

= (ﬁl’w’ %) (b)

1 1 1
= Ab)+ fﬁl (b,c)O1(c, % (c))dc f T, (b, ¢) Os(c, w(c))dc f I3 (b, ¢) O3(c, #(c))dc
0 0 0

IA

1 1 1
A(b) + fﬁl (b, c)O;(c, % (c))dc f T, (b, c) Os(c, w(c))de f I3 (b, c) O3(c, #(c))dc
0 0 0

= 5(02’ w, %) (b)’
E(w,xn,%)(b)

1 1 1
= AOb)+ fﬁl (b,c) O (c, w(c))dc f T, (b, ¢) Os(c, #(c))dc f I3 (b, ¢) O3(c, ¥(c))dc,
0 0 0
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IA

1 1 1
Ab) + fﬁl (b,c)O,(c, w(c))dc f T, (b, ¢) Oy(c, #(c))dc f I3 (b, ¢) O3(c, %(c))dc,
0 0 0

= E(w,x,1%) (D).

Similarly, one can show that = (x, %, @) (b) < E(x,1,, @) (b). Hence, E has the < —r monotone
property.

Now, for (3, @, x), (5, 5,}?) € U, describe a : U° x U? — [0, +o0] by a((ﬁ, @, %), (5, *5,}?)) =1.
Obviously, Z and r is ong. Also, assumptions (A;) and (4;;) of Theorem 2.4 follow immediately
from postulates (¥;,) and (9,), respectively. In order to be able to validate Theorem 2.4, it remains
to fulfill condition (4;), which can be replaced by condition (f3) of Corollary 2.5. Therefore, let
9, @, %0, 7,7V If9 <9, @ <@ and x < %, then using postulate (©;;), we have

'E &, @,%) (b) - (9,3, 7) (b)'

1 1 |
fﬁl (b, c)O4(c,¥c))dc f T, (b, c) Os(c, w(c))de f I3 (b, c) O3(c, #(c))dc
0 0 0

1 1 1
- f J,(b,0)O(c, 5(0))dc f T, (b, ¢) Oy(c, @w(c))dc f I3 (b, ¢) O3(c, %(c))dc
0 0 0

IA

1 1 1
fﬂl (b, c)O(c, Hc))dc f T, (b, ¢) Os(c, w(c))de f I3 (b, c) [O3(c, #(c)) — D3(c, %(c))] dc
0 0 0

1 1 1
+ fﬁl (b, c)O(c,¥c))dc f T, (b, ¢) [D2(c, w(c)) — Oz(c, @w(c))] de f I3 (b, ¢) O3(c, #(c))dc
0 0 0

1 1 1
+ f 31 (b,0) [Di(c, B(c)) = Di(c, B(c))| de f 3, (b, €) e, w(e))de f I3 (b, ¢) D3(c, #(c))de
0 0 0

< ABC sup |x(b) - %(b)| + ABC sup |w(b) - @(b)| + ABC sup ‘ﬂ(b) —5([9)‘
bel0,1] bel0,1] bel0,1]
< 3ABC max{ sup |x(b) = %(b)|, sup |@(b) — FB), sup 'ﬁ(b)—ﬁ(b)'}.
bel0,1] bel0,1] bel0,1]

Consider ¢ = 3ABC < 1, then ¢ € ®. Hence the condition (3) of Corollary 2.5 is fulfilled. Therefore,
a tripled fixed point of E exists. Thus, there is a solution to the problem (3.1). O

It should be noted that in the above theorem, JS-metric £ is a usual metric, therefore, the results
seem easy to obtain, for this reason, we define J§ -metric ¢ : U? - [0, 0] by
&0, @) = sup ([9D)| + |@(®))).
bel0,1]
Clearly, under this distance, JS-metric £ is not a metric. As a result, (U, &, <) is complete partially
ordered. Moreover, we can guarantee the existence of the solution to system (3.1) only if it is
homogeneous.
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Theorem 3.2. From the integral equations (3.1), let Z : U° — U be described as

E@, @, %) (D)
1

1
f J1(b,c)O(c,¥c))dc f T, (b, ¢) Oy(c, w(c))dc f J5(b, c) O3(c, x(c))dc,
0 0

where b € [0, 1]. Assume also,

(%1) the functions 3 : [0,1]1%x[0,1] - R and Oy : [0, 1] xR — R* are continuous, where s = 1,2, 3;
(%) for 91,92 € U, if ¥ < 1, then O1(b,91(D)) < O1(b,92(b)), Da2(b, 91(b)) < D1(b,F2(b)) and
O3(b, 31(b)) < O3(b, 2(b));

1 1
(#%3) there exist A, B and C in R* so that 3ABC < 1, [ 3,(b,c)dc < A, [ 3,(b,c)D(c,¥(c))dc < C
0 0

and

[2(b, 9(b)| +

< E(|ﬂ(b)| ; '5(19)'),

where 9,9 € U, b € [0,1] and s = 1,2,3;
(%y) there exist ¥y, wo, %o € U so that ¥y < E (Y, @y, %g) , Wo < E (g, %o, Ug) and %y < Z (%, Ty, @0) .

Then Problem (3.1) has a solution provided that the integral equations are homogeneous.

Proof. Assume that a((ﬁ, w, %), (5, 5,}?)) = 1 for any (¥, @, x), (5, 5,}?) € U3. Repeating the same
arguments used in Theorem 3.1, under this JS -metric € and considering r is the identity mapping, we
have the é—continuities of r and Z and all assumption except condition (A;) of Theorem 2.4 are valid.

So, our task is to prove the condition (4;) of Theorem 2.4. Again, this condition can be replaced by
assumption (f3) of Corollary 2.5. Let ¢, @, , 19 w,%x € U.If9 <, w < @ and x < x, then by (&3),
we get

2@, @,%) B+ [2(9,

3.7%) (b)'

1 1
1(b,c)O(c, ¥(c))dc f T, (b, c) Os(c, w(c))de f I3 (b, ¢) O3(c, #(c))dc
0 0

1 1 1
+ fﬁl (b,c) O (c, 5(c))dc f T (b, ¢) Os(c, @ (c))dc f I3 (b, ¢) O3(c, %(c))dc
0 0 0

IA

1 1
1(b,c)O1(c,9(c))dc f I, (b, ¢) Os(c, w(c))de f J3(b, ) [D3(c, %(c)) + D3(c, %(c))] de
0 0

1 1
+ fﬁl (b, c)O,(c,¥c))dc f T, (b, ¢) [D2(c, w(c)) + Oz(c, @w(c))] de f I3 (b, ¢) O3(c, #(c))dc
0 0

1
+ f I, (b, c) [D1(c. 9(0)) + D1 (c, (c))| de f 5 (b, ¢) Dalc, w(c))de f 3 (b, ¢) Ds(c, x(c))de
0
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IA

ABC sup (1x(b)| + [7(b)|) + ABC sup (1w(b)] +|F(B)) + ABC sup (lﬁ(b)| ; ‘5(19)‘)
bel0,1] bel0,1] bel0,1]

3ABC max{ sup (l(b)l + [7(b)|). sup (@)l + D)), sup (lﬂ(b)l + |5(b)')}.

bel0,1] bel0,1] be[0,1]

IA

Analogously, if we take ¢ = 3ABC < 1, then ¢ € ®. Hence, the assumption (73) of Corollary 2.5 is
satisfied. Hence, Z possesses a tripled fixed point, which is a unique solution for the problem (3.1)
under the condition of homogeneity for these equations. O

The following example supports Theorem 3.2:

Example 3.3. Consider the problem below:

1 1 1
2 2 3
ﬂ(b) — f Je 1 [#(c)l dCfCE_bz c l@(o)l dcfc3e—b2 Cc (o)l de
0 0 0

1+0* * 1+63 " 1+]9(0)| *1+c* 2+ (o)l “1+c7 " 3+[x(c)l

1 1 1
w(b) = [ % L 29l ge [ ce < O g [ < WOLge (3.2)
0 0 0

T+ T+ (o) “Trct 2o Tl 3+

i i 1
_ 2 1 (o)l ) ((5)] 3 - 3 o)
n(b) = f 1+b4'1+c3'1+|%(c)|dcfce '1+c4'2+|19(c)|dcfc e T w4

0 0 0

where b € [0, 1]. By comparing this system with system (3.1) in the homogeneous case, we can write

2 1 9
Jiho)= G O1(60) = Tim ol

Jy(bo) = e, Do, () = T 7m0

-b 4 9
Ty(boc)= e, Da(c.0(0)) = 1oy 5L

for b,c € [0, 1]. It is easy to see that J; and O, are continuous, and O(c,¥) > 0 for s = 1,2,3.
Furthermore, O(b, 3(b)) < 4 (b, w(b)) whenever ¥ < w for all s = 1,2,3. Moreover, for non-
positive-valued v, @, ¢, the assumption (#%,) of Theorem 3.2 holds.

Now, consider

IDl(b,ﬁ(b))|+‘al(b’g(b))': 1 [ LGN ‘ﬂ(b)‘

1 —
T30 | T+ 190)] anmdsiﬁmmrqmmh,

1 —
< 5 (@) + @),

[D2(b, w(b))| + [02(b, w(D))| = <5

b ( @@l @) )
1+0*\2+[@(®) 2 +|z0)|

and

2O
3+ D) 3+ D)

— b* 1 —
Dxamwn+pxammﬂ:1+w( ]SEWMM+Mwm,

S0, assume that B = % Also, one can write

1

1
fﬁ (b, ¢)D1(c, H(c)de < f ¢ 1 ot Ln2) < L)
VR OAIGTONE = ) T T+ T T3 Y S 3Y
0 0
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C _b2 1 1
[ = — < —
T c4dc e 1 In(2) < 2 In(2),

A
[}S)
|
Nl
o

1
f T, (b, c) Os(c,¥c))dc
0

IA

f e ¢ de = e—b*’.lln(z) < 11n(2).
1+ 7 =7

1
f Iy (b, ¢) Os(c,c))dc
0

1
Putting C = %ln(2), we have f I, (b,c)O4(c,c))dc < C for s = 1,2, 3. Moreover,
0

1
c? 1 1
= = < =
fg‘(b’c)dc f1+b4dc 31+ 3
0

1 1
fﬁz (b’ C) dC = fcze_hzdc = —e_h2 S §9
0 0

1 1
2 _b3 1 _b% 1
J3(b,0)dec = c’e"dc = =e <3
0 0

1
select A = 1, then we have f J,(b,c)dc < A. Consequently, 3ABC = {In(2) < 1. Therefore, all

0
hypotheses of Theorem 3.2 are fulfilled. This implies that Problem (3.2) owns a solution in C[0, 1].
4. Conclusions and future works

The existence of a tripled coincidence point of a generalized contraction type mapping, which
is considered in JS-metric spaces endowed with a partial order, was investigated in this article.
Furthermore, the theoretical results have been supported by illustrative examples. Ultimately, as an
application, the existence of a solution for a system of non-homogeneous and homogeneous integral
equations is provided. Moreover, a numerical example of the system is derived. Along with the works
presented in [4,24,25] as future works, we launch the following two inquiries: What would the results
look like if the JS-metric space was replaced by a Modular space? What if we used the variational
principle?
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