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1. Introduction

As a generalization of fuzzy set, intuitionistic fuzzy set (IFS) is more flexible in dealing with
uncertainty since it can present both membership degree and non-membership degree. In real-life
application fields, the preference value of an alternative on criteria and the weight of criteria
generally take intuitionistic fuzzy variable rather than fuzzy variable. Intuitionistic fuzzy variables
(IFVs) or intuitionistic fuzzy numbers (IFNs) have been widely applied to multi-criteria
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decision-making [12,13,29,30], portfolio selection [31] and fault diagnosis problems [32].

Intuitionistic fuzzy entropy, a term used to quantify the degree of uncertainty of IFS, plays an
important role in the intuitionistic fuzzy application area. Szmidt [23] firstly defined the entropy of
intuitionistic fuzzy set by extending De Luca’s axiom of fuzzy entropy [4]. Then, Vlachos [25], Chen [3],
Zhang [33], Bhardwaj [2], Garg [6], Joshi [11], Shangguan [24] proposed some entropy formulas for IFS
and applied them to pattern recognition, multi-criteria decision making, supplier selection and image
processing. After that, Hung [10], Xia [28] presented some intuitionistic fuzzy cross-entropy formulas
(or divergence measures) and applied them to decision-making [14,26], edge detection [1],
performance evaluation [19] under intuitionistic fuzzy environment. However, the above-mentioned
intuitionistic fuzzy entropy formulas are only applicable to discrete IFSs and not to continuous IFSs.
In this paper, we introduce a new type of entropy and cross-entropy of continuous intuitionistic fuzzy
variable based on credibility theory. In 2008, Li [15] defined a credibility distribution for fuzzy
variable and introduced a credibility measure for quantifying the occurrence chance of fuzzy event.
Also, Liu [16] studied the credibility expectation of fuzzy variable. Li [17] studied the credibility
mean, variance and skewness for fuzzy variable. Then, Mehlawat [20], Qin [21], Zhang [34] utilized
credibilistic mean, entropy and cross-entropy of fuzzy variables to handle portfolio decision
problems. More recently, many scholars have studied possibility, necessity and credibility measures
of intuitionistic fuzzy number and applied them to multi-product manufacturing system [7],
inventory optimization problem [8,9], group decision-making [27]. However, there are few
literatures on the credibility entropy of intuitionistic fuzzy variable. Although Rahimi [22] proposed
an entropy formula for IFV based on credibility measure, it was very complex in computing because
it employed both possibility and determinacy of IFV. Moreover, IFV defined in [22] does not fulfill
the normalization condition which is generally satisfied by fuzzy variable.

Motivated by the above related studies, we will develop the new credibility measure and the
credibility entropy theory for IFV based on credibility distribution of IFV with normalization
condition. First, we propose the credibility entropy for IFV based on both the Shannon’s entropy
function and the credibility degrees of all the intuitionistic fuzzy values. Then, by employing
credibility measure and credibility distribution of IFVs, we also present some credibilistic
cross-entropy formulas for IFVs, which can represent the divergence measures between two IFVs
and are widely applied to pattern recognition, medical diagnosis and clustering analysis. From
information theoretical view, the proposed credibility entropy of IFV represents the extent of
uncertainty associated with IFV resulted from information deficiency. However, the traditional
intuitionistic fuzzy entropy formulas only represent the uncertainty degree in determining whether an
element belongs to an IFS or not. Hence, the proposed credibility entropy of IFV has more meaning
than the existing intuitionistic fuzzy entropy of IFV.

This paper aims to introduce a new credibility entropy based on credibility distribution of IFV
to measure the information deficiency associated with IFV. The presented credibility entropy and
cross-entropy of IFV are defined directly by the credibility degree of focal elements and only require
that the intuitionistic fuzzy distribution has normalization. The remainder of this paper is organized
as follows. In Section 2, we introduce some basic concepts and notations of intuitionistic fuzzy set
and IFV. In Section 3, the credibility entropy of discrete credibility distribution of IFV is proposed
and some of its properties are discussed in details. In Section 4, we present the credibility entropy
and the credibility cross-entropy for credibility distribution of continuous IFV. Then, the close
relationship between the proposed credibility entropy and credibility cross-entropy of IFVs is also
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investigated. In Section 5, we deduce the credibility entropy formulas for trapezoidal and triangular
IFVs, which are widely used in application fields. In Section 6, we give some numerical examples to
demonstrate the applicability of the proposed credibility entropy and cross-entropy of IFVs.
Especially in example 3 we make some comparison analysis of the proposed credibility
cross-entropy and the existing distance measures of IFVs in pattern recognition application area. The
recognition results illustrate that the proposed credibility cross-entropy is more powerful for
discriminating two intuitionistic fuzzy patterns than the existing distance measures of IFVs.

2. Preliminary

In this section, we give some notations, concepts of intuitionistic fuzzy set and intuitionistic
fuzzy variable.

Definition 1. [23] An intuitionistic fuzzy set (IFS) A over a universe X is defined by a function
A: X —{l), where A(x) (Hz(X),vz(x)) (1) ={(u,v)|0<u+v<TL} and p;(X),v;(X) represent
the membership degree and nonmembership degree of x in IFS A, respectively.

We let IF(X) denote all the intuitionistic fuzzy sets on universe X .

Definition 2. An intuitionistic fuzzy variable E is defined by a function from sample space to

intuitionistic fuzzy set space on universe X — R, that is, E:Q—HF(X) with an intuitionistic
fuzzy restriction <ﬂg<w>(x)"/g(w)(x)>e<|> on each value Xx.

In this paper we always assume 5 is a normal IFV with membership function yg(x) and
non-membership vg(x), satisfying sup,_, E(x) = (SUP,_x yg(x),infxex Vé;(X)) =(1,0).
Definition 3. For any crisp set Ac R, the possibility and necessity measures for the intuitionistic
fuzzy event (IFE) {& € A} are respectively defined by

(x)+1 vz (x)

Pos{& € A}=sup,_, “ @)

Nec{Z € A}=1—sup, , ‘2020 o

2

Since the possibility measure only provides non-probabilistic information on the occurrence of
the intuitionistic fuzzy event {5 e A} while the necessity measure quantifies the impossibility of its
opposite event, we give the following credibility measure to quantify the chance of occurrence of
intuitionistic fuzzy event (IFE) {& € A}.

Definition 4. For any crisp set Ac R, the credibility measure of IFE {éj~ € A}is defined as

uz (X)+H-vz ()

P B : = (X)+1-vz (X)
Cr{¢ e A}=1[sup, , “—5——+1-sup,,, “———], ©)

which indicates all the non-probabilistic information about intuitionistic fuzzy event {E € A}.

Notably, Cr{EeA}e[O,l], and it is self-dual, i.e., Cr{EeA}+Cr{§eA°}=1, which make
credibility measure useful and convenient in real-life applications.
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Let Supp(f):{XGX/yg(x)zo,vg(x)<1} denote the support of E and its elements are
called focal elements. For each x, € Supp{&}, intuitionistic fuzzy event {& =x} is called a basic
IFE and pos{gzxi}:%[yg(xi)+1—v5(xi)] is called the possibility degree of gat X., where
,ug(xi) = ,u;;, vg(xi) = v!g- denote the true and false possibility distribution of & on x., respectively.
(,ug (Xi)'Vg(Xi» denotes the possibility distribution of & on x, .With formulas (1)—(3) we deduce the
credibility distribution function of & on x; as

Or{E =x}=§[H5 20 1 —supy, 20020 ()

3. Entropy of credibility distribution for discrete intuitionistic fuzzy variable

In this section, we give the definition of credibility entropy of discrete intuitionistic fuzzy
variable. Six basic properties and one theorem about the entropy of credibility distribution for
discrete intuitionistic fuzzy variable are then verified.

Definition 5. Let E be an intuitionistic fuzzy variable (IFV) taking values in discrete universe
X ={X., %;,-}, and Cr{g =X} Iis the credibility distribution of E on x;, then the entropy of its
credibility distribution is defined by H(&)=>"" S(Cr(¢ =x,)).

Especially, when X ={x, X,,---X,}, the credibility entropy of IFV E reduces to

= n = n = (%) +1-vz (%) 7 (X)+1-vz (x)
H(&) =2 S(Cr(& =x)) =D SGIF—5——+1-sup,, “———1), ()
where S(t)=—-tInt—(@-t)In(1-t),vt €[0]], isthe well-known Shannon’s entropy function.

Theorem 1. Let E be an IFV taking values in {x,x,,---,x,} with true and false possibility
distribution {(z:,v:), (a2, vE),--(u,vi)}. If there exists an index k such that Cr(& =x,) =1,
then Cr(fzxi):O,Vi;tk.

+1*V$; (Xk )

Proof. If Cr(&=x) =3[ 1 qyp 950 =1 then we deduce that

7 (X )+H-vz (%) F () +Hvz (6)
LR 1, and sup,, S =0,
Hence, we get yg(xk):L vg(xk)zo, and yg(xi):o,vg(xi):LVi;tk.

(Xi)*'l—"g(xi)

ltyieldsto Cr(& =x) = 1[0 250) L q_gup, SO0 o0 ek

From Theorem 1 one can see that there are not two basic IFEs {5 =X} and {E =X} such
that Cr{g =X =1 and Cr{&~ =x}>0 simultaneously.

Property 1. Let 5,77 be two IFVs taking values in X={x,X,,---,X,} with possibility
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distributions  {(zzz,v2), i vE), - (ut, v}, and {(ug, vip),(ual Vi), ---(uap vy}, respectively. I
{(4;,v;)} is arearrangement of the sequence {(xz,v:)}, then we have H(E)=H(7).

Proof. The property follows immediately from Definition 5 of the entropy of credibility distribution
of IFV. This symmetry property shows that the credibility entropy is invariant with respect to
permutations of a given possibility or credibility distribution.

Property 2. Let 5 be an IFV that takes value in X={x,Xx,,---} with possibility distribution
{Lptz Vi), (2 V2, -+ 3. Then H{c}>0 and the equality holds iff & is a crisp number.
Proof. Since Cr(g=xi)e[0,l] and S(t)>0,Vte[01], we immediately deduce that

H(E)=Y,S(Cr(& =x))=0.

(D) If H(E)=Y" S(Cr(& =x))=0,wehave Cr(=x)=0 orl, vxeX.

It follows from Theorem 1 that there exists only one index k with Cr{g8~ =X=1 such that the
true and false possibility distribution of IFV E IS

1,0y, x =X,

Hz (0= {(0,1>, XX,

That is to say, E is a crisp number.
(2) On the other hand, if E is a crisp number, then IFV 5 has the possibility distribution Hg as

the above form. With Definition 5 one can easily verify that the entropy H (E) =0 in this case.

Property 3. Let 5 be an IFV that takes value in X ={x,X,,---,x,} with possibility distribution
Ltz Vi), i V2, (ua, vE)}. Then H()<nin2 and the equality holds iff the possibility
distribution of IFV & is (12 (%),vz(x)) =(1,0), forall i=12,--n.

Proof. Since the Shannon’s entropy function S(t) reaches its maximum In2 at t=% , we have
H(E) =" S(Cr(€ =x))<ni2.

And the above equality holds iff
Cr(& =x,) :%[wﬂ_max#i w]:%,(w =12,---,n),
which yields to (s (%),vz(x)) =(L0) forany i=12,-,n.

Property 4. Let E be an IFV that takes value in X ={x,X,,---,x,} with possibility distribution
{2 VP, v}, and 77 be an IFV that takes value in X ={X,X,,---,X,,X,,,} With
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possibility distribution {(z/', V"), (1, V), - (", vy, (™ v} . Then H(E)<H(@7) and the
equality holds iff (z"*,v"™") =(01).

Proof. For j=12 ... n, we deduce the following result.

If (u',v')y#(10), then Cr(& =x) =4[~ +1-max,,; unm ] = L[£21T;

Cr(ﬁ - Xi) = %[ﬁ*_;*"' +1- maxkii,ke{lx\ n+1}, £ jﬂ/k] = %[ﬂi +;Vi ] '
We have S(Cr(£ =x))=S(Cr(i7 =x)).

If (V') =(L0), then Cr(£ =x)=1[“ 11-max, ,, oq ]

i1y K1k -
2 %[ﬂ j +1- maxk¢i,ke{1,A n-+1}, %] = Cr(77 = Xi) € [% ’1] .

We have S(Cr(f =%))<S(Cr(n7 =x;)) due to the decreasing property of function S(t) in[4,1].
So, we get H(&)= Zi”:lS(Cr(E =x))< Y. S(Cr(7 =x))=H ().
Also, from the normalization condition of IFV E we know

Cr‘(ﬁ — Xn+1) — %[#nﬂ_'_;_vnﬂ +1_ maX]Si<n # +1—V'] 1 [/_ln+1+1_vn+1 1 1] n+1+1_vn+1 > O

Thus, we get H(&) = Zi":lS(Cr(f =x))< Z::llS(Cr(ﬁ =x.))=H(@7).
Obviously, the above equality holds iff g™ =0, v =1.

The above property indicates that the credibility entropy of IFV only relates to the true and false
possibilities of all the focal elements of IFV.
Property 5. Let E,ﬁ be two IFVs taking values in X={x,X,,---,X,} with possibility
distributions  {(z;, V), (e Ve, (ul v} and g vi), (s vy, (v}, respectively. If
(b viy <(ub vy, forall i=12,-n, then H(E)<H(7).

Proof. Case (1): If (u,v:)=(L0) with <ﬂ§"/i~>3<ﬂ:7"4i7>’ ie., ﬂg ﬂq, g—V Vi=1..

i J pud+i-vl

then we infer that (,u~ v> (1,0) and sup,;—— bl Ssup, —5—
Thus, we have

/JJ 1—VJ

25)

My ] +l—v$
—)

Cr(& _x)=%(” - sup,.; 5+_V§) 1(EL2 4 1-sup;

+1 v]

y v
> 1304 1-sup,,; ~ ) =1 (A5 4 1-sup
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So, it follows from the monotonically decreasing property of function S(t) ininterval [$1] that

H(E)=>" SCr(E =x))<Y S(Cr(7 =x))=H(@).

Case (2): If <'“i5’vl?>¢<1’0>' there must exist an index k such that (yg,v§>=<1,0> and
(s vy =(1,0) due to the normalization condition of IFV and

(yé,v> (yn,v)le ,uig,u v >v vi=1---,n.

Kk k

T +1- z 5 lf
Then, we get sup,., “—— =sup,., ﬂ'+2 + =2 =1.And

/zlﬁ +l-vK ,u +1- v

Cr(€ =x) =1 (42 1 1sup,, A0y s 1 (AT gy = (Y.
Cr( - x) =3 (A 41 sup,, A0y it
From (yi;,vé—)ﬁ(y%,v%), we know ,u§ < g, vi2vy, (Vi=1---,n), which gives rise to

,u+lv

0<Cr(& =x) =22y < 49 _ cr(i7 =x) <4

It follows from the monotonically increasing property of function S(t) ininterval [0,] that

H(E)=>" SCr(E =x))<Y S(Cr(7 =x))=H(@).

Property 6. Let 5,77 be two IFVs taking value in X ={x,, X,,---,x,} with possibility distributions
{(ué,vb,(y;,v;),---(ug,vg>} and {(;1,17,V,17>,(,u,§,v§>,---(,u,;,v,';)} , respectively. Then we have
S S(ECr(E =x)+A-0)Cr(i =x))= H(E)+@A-O)H(7), forany 0<[0].

Proof. Due to the concavity of Shannon’s function S(t) in interval [0,1], we infer that
S(ECr (& =x)+(1—0)Cr(7 =x)) = B(Cr(& =x))+1-0)S(Cr(7 =x)), Vi=1--n.
By summing both sides of the above inequalities we immediately obtain the result of Property 6.
Example 1. Suppose that “the age of Jack is about 30” can be modeled by the following IFV:
& ={(25,(0.30.5)),(27,(0.6,0.3)),(28,(0.7,0.2)),(30,¢1,0)), (31,(0.8,0.1)), (32,(0.75,0.2)),(35,(0.2,0.7))},

where (28,¢(0.7,0.2)) represents E taking value 28 with true possibility 0.7 and false possibility
0.2.

By using the credibility formula (4) we can compute the credibility distribution of IFV & as
follows.

Cr(£ =25)=0.2, Cr(& =27)=0.325 Cr(¢=28)=0.375, Cr(& =30)=0.575,

AIMS Mathematics Volume 8, Issue 4, 9671-9691.
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Cr(& =31)=0.425 Cr(& =32)=0.3875, Cr(¢ =35)=0.125.

Thus, with formula (5) we get credibility entropy of IFV & as H(&) = Z;S(CF(E = x;)) =4.2008.
The corresponding normalized credibility entropy is (&) =1, >"" S(Cr(& = x,))=0.8658, which
is greater than the intuitionisitc fuzzy entropy E(g) =0.8178 introduced in [33].

4. Entropy and cross-entropy of credibility distribution for continuous IFV

In this section, we give the definitions of credibility entropy and cross-entropy of continuous
IFVs. Some important property theorems about the credibility entropy for continuous IFVs are
verified. Further, we disclose the close relationship between credibility entropy and cross-entropy of
continuous IFVs.

g; is called a continuous IFV if the true possibility function Hz and the false possibility

function v; are all continuous on real number set R. For any xe R, the credibility distribution of

basic intuitionistic fuzzy event {E =X} can be calculated by

= 1z (0+1-v (%) pz (V) (y) #z (0+1-v (X) o7 Hz(0)#vz(x)
Cr{¢ =x}=3[—F——+1-sup,,,————1=;["— +1-LB0] = : (6)

Definition 6. Let E be a continuous intuitionistic fuzzy variable taking values in [a,b]c R. Then,
the entropy of its credibility distribution is defined by

H(&) = s(Cr€ =x)ix

J'(.f(x) (x>)| (m) m)d _J' (1 Uzo ™t <x))| (1 Y™ “X))dx (7)

where S(t)=—-tInt—(@-t)In(1—t) is the well-known Shannon’s entropy function.

Theorem 2. Let 5 be a continuous IFV taking values in [a,b] < R. Then, we have

0<H(&) =] s(Cré =xdx<(b-a)hn2.

+1

. Uz _VEX 5x+1_ X
Proof. Since 0<—=%——® <1 = we easily know 0=S(0)<S(=2,—=2)<SE)=In2 by the

<i,
monotonically increasing of Shannon function in [0,3]. Further, we have

+1—v

0<H(E)= [ S(CrE =xdx = [ (e )dx < [ S3)dx < (b-a) n 2

Especially, when Uz iy =L V5, =0, Vx e (a,b), credibility entropy H(§) reaches its maximum

5()

(b—a)In2; when ug() va()_LvXe[a,b],credlbllltyentropy H(§) reaches its minimum 0.
Theorem 3. Let 5,77 be two continuous IFVs with possibility distributions (.(x),v.(x)) and

(#:(x),v=(X)), respectively. If (u.(x),v.(X)) <{u:(X),v;(X)), VXxeR,then H(E)SH(ﬁ).

AIMS Mathematics Volume 8, Issue 4, 9671-9691.
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Proof. Since (1.(X),v.(X)) <{(u=(x),v=(X));ie., ,ug(x) < ,uﬁ(x),vg(x) >v-(X),VXeR,

Cr(& =x) :%(”l’”;v‘lg +1-sup,,, "5+;_V5) _ (XM_V ® 10,1]:
Cr(7 =x) =3 (A 4 g gup |, 4020y - #5099 (g 1

Thus, we have OSCr(E:x) <Cr(n =x)<31.

Hence, H(&)=[ S(Cr =x)dx< [ S(Cr@ =x)dx=H (7).
Theorem 4. Let E be a continuous IFV taking values in [a,b] with true possibility function Uz

and false possibility function v:, for any real number k and A, then HAE +k) = |/1|H(§)

Proof. Since E IS a continuous IFV taking values in [a,b], then we know ﬂf+k is also a
continuous IFV taking values in [la+k,Ab+k] if A>0. Thus, we have

H(Z +k)= [ 'S(Cr(2& +k =x))dx
=[’s(Cr( =td(at+k) =4[ SCr( =tyt=[H(&).
On the other hand, if 4 <0, we have
H(AZ +k) = jj:kkS(c:r(ME +k) = )dx

=["s(cr(E =td(at+k) =-a[ S(Cr(§ =tdt=|2H ().

Definition 7. Let ./;5 and 7 be two continuous IFVs with credibility distributions on R. The
credibility cross-entropy of 5 from 7 is defined by

= _ [ z Cr(&=x) . P 1-Cr (£=x)
D(&,7) =] {Cr(€ =0 o s+ L-Cr(& =x)In g E0E20 -3,

which is more rational than the definition given in [21]. It shows the discrimination information in

favor of E against 77 or divergence degree between IFVs & and 7 .

Remark 1. If 5 and 77 are continuous IFVs taking values in [a,b], substituting formula
Cr{gzx}:w, Cr{n = x3=2"% into  Definition 7 we get the following
cross-entropy:

>~ ~ D iz (X)+H1-vz Cuz (X)+H=vz (X)) b 3-pz (x)+vz (X)
D(.77) = [ 25 i+ [ (N

Ttz (0 1vz ()5 () +v; (X)]

3-;15 (x)+v5 (x)

4
1 3HE (OHvE(X) 3—;¢ﬁ(x)+v,7(x)] dX . (8)
2! ! 4

2 4

According to Shannon’s inequality (see [18]), one can easily prove that D(E,ﬁ)zo; and

AIMS Mathematics Volume 8, Issue 4, 9671-9691.
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D(E,ﬁ):o if yg(x)=y,7(x),vg(x):vﬁ(x),i.e.,gzﬁ ; However, D(g,ﬁ);«tD(ﬁ,g) , e,
D(E,ﬁ) IS not symmetric. So, it should be modified to a symmetric form of credibility
cross-entropy for IFVs as below.

Definition 8. For two IFVs E .17, the symmetric credibility cross-entropy of IFVs is defined as

D(&,77) = D(&,7)+D(7.£)- ©)
From the above formula, one can easily verify that
(1) D'(,7)20;
@) If &=7, then D'(&,7)=0;
(3) D*(g,ﬁ) = D*(ﬁ,g), which is consistent with our intuition of discrimination between two IFVs.
So, the symmetric Eredibility cross-entropy is more appropriate to show the discrimination
information of IFVs & from 7 .

Below, we give a theorem to discover the relationship between the proposed credibility entropy
and the symmetric credibility cross-entropy form of IFVs.

Theorem 5. For any continuous IFV E taking values in interval [a,b] with true possibility
function Hs and false possibility function vg,then we get

D’(§,&°) ={H(E) +H(E)]+25()b-a),
where S(t)=—-tInt—(@—-t)In(1—t) is the well-known Shannon’s entropy function.

Proof. Since EC is the complement of IFV 5 we have ,ugc(x):vg(x),vgc(x):yg(x) and

/‘ c (X)+l Vi e (X) Hzc (X')+1_V;c (X,) vz (X)+l—,u§~ (X)

Cr(f":x) H——F——+1-sup,,, ———] ="
Then it follows from formulas (6)—(8) that

z Ty (P T _ Cr(£=x) z _ 1-Cr (£=x)
D(£.¢%) =] Cr(& =X gz +(L-Cr(E = X)) )X

Cuz (X)+1-vE (x)) 3-uz (X)+vE (X)
(x) s A Al 3-p1z (X)+vz (x) e
4 4
In 1[#5<x> EG) Y (x)u (x) dx + j ( 4 )In . 3—;zg<x)+vg<x>I3—vg<x)wg<x>] dx

32 7 Pl ' 7

b Mz (X)+1*V5,7
- '[ -

_ J-b ﬂg(x)+l—v5(x) In(4>< (;4 (x)+l Vi (x)) J-b 3;4 (x)+v (x) )l (4 3;4 (x)+v (x))dX

4

b y;(x)+l—vE(x) (pg(x)+l—vE(x)) (x)+1-vz (Xx)
=L 2 n( )dx+L—I (4)dx

b 3- 4 (X)+v: (x 3z (X)+v= (X b 3-u: (X)+vs (x
+ [ IR i+ [ (ST In(4)dx.
a a

Similarly, we conclude that

Tc 2\ _ b zc Cr(&°=x) P 1-Cr (&°=x)
D(E*,€) = |, Cr(e" = G+ A=Cr(e” =) o Gl ox
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Sp~¢ (X)Wgc (x)
S
JIn :
. 3*;15:0()()‘#\/50()() 37#5(”“/5()()
al 7 + 1

P #pe (0 () wgc (><)+1—v5c (x) b 34z C(><)+V C(x)
- I 4 latze (v (x)+yg(x)+1—v5(x)] I

é(x) +uz (x) 3vE (X)tug (X)

P V,g(X)*l*//g(X)I eas 000 ; q
- 1 3—v5(x)+y§:(x) ‘ 37;15()()“/5()()] X

VE () H-uz (X) ; (><)1 (X) dX
4 2[ 4 - 4

b vy (X)+-uz (x) vy () +-pz (X) by (x)+1-uz (X)
= [ In () dx [ S In dx

J-Jroo 3vz (x)+,u (X))I (3v (x)+u (X) J'er 3vg (X)“l (X))|n(£) dx
3 .

Thus, with formula (9) we have
D'(£,£%)=D(,£°)+D(E°,€)
=—H(&)+ J:J 220972209 1y 4gix +Ib (2 ) In(2)dx

FEHED [ @) dys [0 (4) dx

b vz (X)+1 Hz (x)

= [HE)+ HEN+I[ T In ddx + +f In 4dx]

[ O (4 + [0 (4) dx]

=[H@)+HEN+2[ (-3 - Hax
=[H(&)+H(E)]+25(R)(b-a).

It is noticed that H(EC);tH(E), which is not consistent with the axiomatic property of
traditional intuitionistic fuzzy entropy in [23]. So, the proposed credibility entropy H(E) of IFV

& in this paper is different from the existing entropy E(E) of IFV E stated in [25,28,33].

5. Credibility entropy of trapezoidal and triangular intuitionistic fuzzy variable

In this part, we give the definitions of trapezoidal intuitionistic fuzzy variable (TIFV) and
triangular intuitionistic fuzzy variable (TrIFV). Then, we deduce the corresponding credibility
entropy formulas for TIFV and TrIFV which are frequently used in real-life applications.

Definiton 9. [30] A trapezoidal intuitionistic fuzzy variable (TIFV) is determined by a multi-tuple
§=(a{,a1,a2, a,,8,,a,) of crisp numbers with —o<a <a <a,<a,;<a, <a; <+wo, whose true

possibility function and false possibility function are respectively defined as
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(x-a,)/(a,—a),if a <x<a,; (a,-x)/(a, —a),if a <x<a,;
Lif a,<x<a,; 0,if a,<x<a;

ﬂg(x) = Vg(x) =
(a,—x)/(a,—a,),if a;<x<a,; (x—ay)/(a; —a,),if a,<x<ay;
0, otherwise. 1, otherwise.

Theorem 6. Let E:(a{,al,a?,as,a4,a;) be a TIFV taking values in [a;,a;]. Then, the entropy

H (E) of its credibility distribution is

P 4a,—a;—-3a; \ 2 4a,—a; -3 a—a \2 a—a a—a \2 4a,-a;—-3a; \ 2
H(S) =2(a, —a) [,y )™ I Sy~ Garan)” N(Gagap) +2 Gany)” —2 Cagan ) 121

2(a,-2a;)(a,—-2) [( a,—a) )2 n a,—-a) _(4a2—al—3ai)2 In 4a,-a,—-3a; __( 3—a )2 (4a2 a— 331) ]+(a3 a2)|n 2
2 ) 4 )

(2ap—ay—ay) (a,—ay 4(a-a) 4(a-a) 4(a-a1) (a;—ay 4(a;—a)
2(ay—a3)((ay—a3) 3a,+a,—4a3\2 3a,+a,—4a 1/ a—a; \2 1 s3a3+a,—4az\2
+ aj+a,—2ag [(4(34 as)) I (4(34 33)) ( 4(a;—a,) ) In( 4(a;-a,) ) 2 (4(34’1*33)) + 2 ( 4(a;-a,) ) ]

3a,+a,—4 3a,+a,~4 - - L= 3a)+a,—4
4 2(a) — ) [ty | Srate _ ((da g2y aity (a2 g @acteyy gy (1)

4(ay—az) 4(ay—az) (ay—a3)
Proof. According to credibility entropy formula (7), we get the credibility entropy of TIFV 5 by
H(E) = ES(Cr(E — X)dx+ j S(Cr(€ = x)dx+ j:s(cr(;,g — x)dx+ j:‘S(Cr(E — x)dx+ jjS(Cr(E — x)dx.
So, the credibility entropy of TIFV E comprises the following five integrals:

L) ES(Cr(E = x))dx

a 0+1-vz (9)+1-v; ()
_jls(;< P 41 -sup,,, T Dy dx

= j;ls (—livi(X) )dX

a,—ay

:_J‘:(l(l 20))In(2 @~ 22))dx - I(l 1 d-25)) (-3 A-2=0))dx

a-a

4a,-a,-33 \ 2 4a,-a, -3y a-a; \2 a—ay 4a,—a;—3a;\2
=22, -a) [ IS — ) M) + 3 Gaen)” —2 Gy )" +3)-

) j S(Cr(£ = x))dx

a, Mz +H1-Vs

:J' S (Hawt Yem ) iy
Gl
a,

- -L1 (_ a,—a
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— 2(a,—ay)(a,—a1) [( a—ay )2 | a-a (4a2—al—3al')2 4a,—a,;—3a; _i( a—a; ) 1 (4a2 —ay— Sal)z]
(28,2 -ay) 4(a,-27) 4(a,-27) 4(a—27) 4(a—27) 4(a—27) 4(a—27)

(3) J,’s(Cr(¢ =x))dx

a - otV (D ()
:L\SS(%(—”“)2 9 +1-sup,.,, ) dX
2

- j:3@<1+g° +1-120)dx
=(a;—a,)In2.

4) j:S(Cr(E = X))dx

a rl 1_ r
= L“S(”g(xf“4 Vg(x))dx
3

:'J-a (1(a4X+1_Xa3)|n(1(a4x+1_xa3)d J- (1 (a4x+1_xa3)|n(1 1(a4x+1_xa3)dx

4 a,-a, 4 a,-a, 4> a,-a,

— 2(a,—a3)((ay— a3)[( ay—a, )2 |n( ay—a, )_(3a;+a4—4a3)2 In(3ag+a4—4a3) l( ) + 1(3a4+a4—4a3)2]
4 4 . 4(a4 a3) y )

a,+a,—2ag (ay—a3) (ay—ag) 4(ay-a3) 4(a3-a3) 4(ay—a3)
a' e
(5) [ 'S(Cr(¢ =x))dx
ay
2

1vg #z (Y)H-Vz (y)
_j S(l( — 41— sup,.., —————)dx

= [Ms(“m)dx

[ NG A- o [F- 10 8 - - 22

aj—ag

’ 3a;+a,—4a 3a;+a,—4ag 3a;+a,—4a,
= 2(a4 _ag)[( i(a?—aa)a )2 In il‘(""z’ta_as)":1 (4(34 33)) In(4(34 33)) 3 (4(34 as)) _l( i(aj as)a ) +%]
Thus, by summing the above five parts we immediately obtain the credibility entropy H (E ).

Remark 2. If a/=a,,a, =a,, then TIFV E:(a{,al,az,ag,a4,ag) reduces to ordinary trapezoidal
fuzzy variable 5 =(a,,a,,a;,8,), and the credibility entropy formula (10) of TIFV 5 reduces to
H(E)= +(a,-a)+(a,-a,)(In2-1),

which is consistent with that of fuzzy variable obtained in [15]. However, the deduced entropy value
of trapezoidal fuzzy variable in [22] is not in agreement with this entropy result.

Definition 10. [13,32] A triangular intuitionistic fuzzy variable (TrIFV) can be determined by a
quintuple f:(a{,ai,az,as,ag) with —wo<a <a <a,<a,<a; <+, whose true possibility and

false possibility function are defined as
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(x-a)/(a,—a),if a <x<a,; (a,-x)/(a, —a),if a <x<a,;
Lif x=a,; 0,if x=a,;

,Ug(x) = Vg(x) =
(a,—x)/(a;—a,),if a,<x<a,; (x—a,)/(a;—a,),if a,<x<ay;
0, otherwise. 1, otherwise.

Theorem 7. Let 5 =(a/,a,a,,a;,8;) beaTrIFV taking values in [a;,a;], the credibility entropy of

its credibility distribution is

= 4a,—a;—3a; |2 4a,—a,—3a ay—a 2 a—ay a—a 4a,—a,—3a;
H(¢) =28, —a)[G5) I Sy — () NG ) +3 )" —3 Gl ) +3
2(a2—a1)(a2—a1')1—( a—ay )2 a—ay _(4a2—a1—3ai)2 4a,—a;—3a; __( ay—ay )2 (4a2 a— 3a1)
(2a,-a,-a) L\4(a,-a)) 4(ay—ay) 4(ay—ay) 4(ay—a) 4(ay—ay) 4(ay—ay)

2(az—a,)((az—a,) a;—a, 2 az—a, 3ag+ag—4a, \ 2 3az+az—4a 3ag+az—4a.
+ e P Gy (i) — Gl ) NGl ™) — 3 Garay)” +3 Gy )]

+2(25 - a,) (i)’ I S — ) i) + 3 Garsy)* — 3 Gy +31. (1)
Proof. With Definition 6, we can calculate the credibility entropy of TrIFV g: as
H(C) = ES(Cr(E = x)dx+ j S(Cr(C =x)dx+ j:S(Cr(E = X)dx+ EjS(Cr(E = x)dx.
So, the credibility entropy of TrIFV E contains the following four integrals.
(1) L‘?s(c:r(g~ = x))dx

=[S (—52)dx

=-[[Ga- )¢ a-

_ La;(l_

4a,-a,-3a)\2 .. 4a,-a,-3a —al \2 -3 3 \2 1 (48-3-3
=2(a, — )G ) Ny — Gaan) NGa=n) + 3 Gaay) " — (iiajialfl) +31.

) j S(Cr(£ = x))dx

a, > -V
:LZ S(":(x) 20y dx
1

=] GEE DG E -G R - 2 N (- 22

_ 2(a,—a)(a,—a&) [( a—ay )ZI a—ay _(4a2—a1—3a{)2 4a,—a;—3a; _i( a—ay )2 (4a2 —a;— 3a1) ]
(2a,-ay—ay) 4(ax—ay) 4(ay—ay) 4(ay—ay) 4(ay—ay) 4(ay—ay) 4(ay—ay)

(3) I:S(Cr(f = x))dx
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2 0 Ve L)
:J:S(%(”;() S0 11-sup,,, Hz +2 SUANN
2

a HE (o vz
:J‘:S( 200" )iy
2

:-j (3 (2 +1-272) In(d (222 +1-272))dx - j(l L(EE 4122 In(1- 3 (2 +1- 272 )dx

4 " az-a,

_ 2(ag—ay)(az—ay) az—a 2 az—a 3az+ag—4a, \2 3a+az—4a az—a 2 3a3+az—4a, \2
= s ey NGa=n) ~Gara ) NCa) —2Gare) T2 G ) ]

@ ['s(cr(& =xx

= [Ms(-5)x

= j (2A-272))In(2 A- 2722))dx j(1 1-222))In(1- 2 A~ 2722))dx

3ag+ag—4a, \2 3ag+ag—4a, az—a 2 az—a 3ag+ag—4a, \2
=285 -a,) (e ) N s — Gra)” NGataray) + 3 (aran)” —3 Gy )" +31-

Thus, by summing the above four parts of integrals we complete the proof.

Remark 3. If a =a,a;=a,, then TrIFV E:(ai’,ai,az,ag,ag) reduces to ordinary triangular
fuzzy variable Ez(ai,az,ag),and the credibility entropy formula (11) of TrIFV g: degenerates to

H(G)=["s(Cr(€ =x)dx+ ["S(Cr¢ =xdx =3[(a;-a)],

which is in agreement with the credibility entropy value of triangular fuzzy variable stated in [15].
Therefore, from the above Remark 3 and formula (11) one can see that the presented entropy of
credibility distribution of IFV is a generalization of that of fuzzy variable [15,16]. The credibility
entropy of fuzzy variable in [15] is just the special case of that of IFV. So, the credibility entropy of
IFV proposed in this paper is more powerful for dealing with uncertainty.

6. Comparison analysis for credibility entropy of intuitionistic fuzzy variable

In fact, intuitionistic fuzzy variables are also regarded as linguistic values and widely used to
model humanistic systems such as artificial intelligence, pattern recognition, medical diagnosis and
decision support system. The applications of entropy measure, cross-entropy measure and similarity
measure of IFVs can be refereed to literatures [1,2,5,6,10,11,14,26,28]. In this section, two
comparative examples are given to illustrate the applicability of the proposed credibility entropy and
cross-entropy of IFVs.

Example 2. Let TIFV E =(0.5,0.6,0.7,0.8,0.9,1.0) represent a linguistic value “big” in uncertain
humanistic system. According to the multiplication operator of IFVs given in [30], we can calculate
the power nof TIFV A as &"=(0.5",0.6",0.7",0.8",0.9"1"); vn>0.

By taking different values of n=1,2,3,4, we can compute
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£Y2 = (0.7071,0.7746,0.8367,0.8944,0.9487,1.0), which denotes “more or less big”;

~

£%=(0.25,0.36,0.49,0.64,0.81,1.0), which denotes  “very big”;

53 =(0.125,0.216,0.343,0.512,0.729,1.0), which denotes  “quite very big”;

5 4 = (0.0625,0.1296,0.2401,0.4096,0.65611.0),  which denotes “very very big”.
By employing the proposed credibility entropy formula (10), we obtain
H(EY2)=0.1356< H (&) =0.2321< H(£?) =0.3482< H(£?) =0.4034 < H(E*) =0.4266,

which is consistent with our intuition. The smaller is n, the smaller is the credibility entropy of IFV.

£V — (0.9659,0.9748,0.9823,0.9889,0.9947,1.0); H(£"%) =0.0157;
£V — (0.9931,0.9949,0.9964,0.9978,0.9989,1.0); H (&) =0.0032.
And
lim &" = (0.5,0.67,0.7",0.8",0.9"1") = (LLLLLY), H(lim &™) =0.

When n becomes zero, the IFV 5" reduces to a crisp real number 1 with true possibility 1 and

false possibility 0, its credibility entropy arrives at the minimum value 0, which is in accordance with
the previous credibility entropy result of Property 2. It also complies with the information theoretical
view that the uncertainty degree reaches minimum when the intuitionistic fuzzy variable always
takes a unique value. And the credibility entropy of IFV becomes greater when the IFV takes more
values with possibility 1.

On the other hand, by using the following ordinary intuitionistic fuzzy entropy formula of IFV

A,

E( Z\) — _j‘j:[ﬂ;(x)gl*‘/;(x) In ﬂ;(X)Jer*V;(X) + (1_ #;(X)JF;*V;(X)) In(l— ﬂ,:(x)+21*V;(X))]dX ’

we can also get
E(£Y%)=0.1058< E(&) =0.18< E(£?) =0.27 < E(£°) =0.31825< E(&*) =0.347.

Clearly, the ascending rank obtained by the proposed credibility entropy of intuitionistic fuzzy
variable is also consistent with that of intuitionistic fuzzy entropy stated in [33]. However, the
proposed credibility entropy formula in [22] can only deal with the kind of TIFV

¢ =(a,b,c,d;p,w), it cannot handle the credibility entropy of this kind of trapezoidal intuitionistic
fuzzy variable E =(a’,a,b,c,d,d")=(0.5,0.6,0.7,0.8,0.9,1.0) with normalization condition.

Example 3. Let us consider a pattern recognition problem. Assume there are three given patterns
which correspond to three classifications, respectively. The three known patterns are represented by
the following triangular intuitionistic fuzzy variables which are adapted from example in [5].

P =(0,2,4,5,6) = ((2,4,5),(0,4,6));
P, = (01,4,5,6) = (1L4,5), (0,4,6)) :
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P, =(013,4,6) = ((1,3,4), (0,3,6)).

Provided that we obtain an unknown pattern Q=(0,13,5,6) =((13,5),(0,3,6)) , where (1,3,5)
denotes the true fuzzy possibility function, (0,3,6) denotes the false fuzzy possibility function. In

order to determine the proper classification the unknown pattern 6 belongs to, we can utilize the
proposed credibility cross-entropy formulas (8) and (9) to calculate the divergence measure between
the unknown pattern Q and each given pattern P, as below.

D'(Q.R)=D(Q.R)+D(R,Q) =0.097,
D’(Q.P,)=D(Q,R,) +D(F,,Q) = 0.0575;
D'(Q.B)=D(Q,P,)+D(P,Q) =0.015.

Hence, D*(Q,E):EQ D*(é,ﬁ), i.e., the discrimination information between pattern (5 and

pattern I53 is the smallest. So, the unknown pattern (5 should be assigned to classification F~>3

which also coincides with our intuition.
For comparison, we employ Jaccard similarity, Dice similarity and Cosine similarity measure of

IFNs introduced in [30] to compute the distance measures between unknown pattern 6 and each
given pattern |5I (1=12,3) by the following formulas.

DJaccard(é’ ﬁ) =1- SJaccard(é’ ﬁ)’ DDice(é’ ﬁ) =1- SDice(é’ ﬁ)’ DCosine(é’ ﬁ) =1- SCosine(é’ ﬁ) :
The calculated distance measures and credibility cross-entropy results between the unknown

pattern Q and the given pattern P (1=2,2,3) are displayed in the following Table 1.

Table 1. The ranking and recognition result based on cross-entropy and distance between

Q and P.
Q P P, P, Ranking Recognition
result
Cross-entropy 0.097 0.0575 0.015 D'(Q,R)<D'(Q,P)<D(Q,R) P,
Jaccard distance  0.0333  0.0227 0.0132 D,(Q,R)<D,(Q,P)<D,(QP) P,
Dice distance ~ 0.0169 0.0115 0.0066 D, (Q,P,)<D,(Q,P,)<D,(Q.B) P,

Cosine distance  0.0124  0.0083 0.0049 D (Q,P)<D.(Q,P,)<D.(Q,R)

w

From Table 1 one can see that no matter which distance is used, we can obtain
D(Q P) m|n D(Q,P,) which shows that the distance between pattern Q and pattern P is the

least. Thus, the unknown pattern Q should also be classified to P3.

By comparing the results in Table 1, one can see that the same ranking order and pattern
recognition classification are obtained whether we use the proposed credibility cross-entropy or the
distance measures. So, the proposed credibility cross-entropy is very efficient in dealing with the
uncertain pattern recognition problem because the credibility cross-entropy not only can determine
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the discrimination information between two patterns, but also reflect the divergence degree or
distance measure of two patterns.

To illustrate the advantage of the proposed credibility cross-entropy, we also display the
following example. Suppose there is the fourth triangular intuitionistic fuzzy pattern F~>4 as

P, = (0,1.6849,3,4.5084,5.4622) = ((1.6849,3,4.5084), (0,3,5.4622)) .

If we employ the above Jaccard, Dice and Cosine distance measures of IFVs, we can compute

DJaccard(éi E):t) = DJaccard(é, 53) = 00132,
DDice(é’ I?);) = DDice(é’ IS:;) =0.0066,
DCOSine(é’ 54) = DCosine(é’ I5‘3) = 00049

Obviously, it is difficult to assign (5 to pattern I53 or |54 by means of the above-mentioned
distance measures. However, using our proposed cross-entropy formulas (8) and (9) we can get

D"(Q,P,) = D(Q,P,)+D(P,,Q) =0.0135+0.01947 = 0.03297 > D"(Q, P,) = 0.015.

So, compared with |54 |53 is closer to 6 , Which is consistent with people’s intuition. Then, we can

identify the unknown pattern 6 as category 53 Therefore, the advantage of our presented

credibility cross-entropy is that it is more powerful and flexible to discriminate two IFVs than the
previous distance measures D, .4 Dpicer P, stated in [30].

The disadvantage of the presented credibility cross-entropy is that the calculation is a litter more
complicated. But our proposed credibility cross-entropy adds the meaning of intuitionistic fuzzy
information entropy and can be used to measure the uncertain discrimination information between
two intuitionistic fuzzy patterns. Thus, it can better reflect the difference between two IFVs than the
traditional intuitionistic fuzzy distance formulas.

Dice? = cosine

7. Conclusions

In this manuscript, a new kind of entropy based on credibility distribution of IFV is introduced
and some important properties of the credibility entropy of IFV are investigated. The proposed
credibility entropy is different from the existing entropy measures of intuitionisitc fuzzy set [23,33],
which can better measure the information deficiency of IFV in the framework of credibility degree
rather than intuitionistic fuzzy uncertainty. The presented credibility entropy of intuitionistic fuzzy
variable can be employed to determine the rational weight of intuitionistic fuzzy attribute in the
multi-attribute decision-making problem. Also, by extending the fuzzy cross-entropy formula [21]
we present an enhanced version of credibility cross-entropy of IFVs, which is different from the
existing cross-entropy of intuitionisitc fuzzy sets [25,10,28] and can better measure the divergence
degree between two IFVs. To illustrate that our proposed credibility cross-entropy is well suited in
pattern recognition problem, we borrow the intuitionisitc fuzzy patterns from [5]. The numerical
example given in section 6 indicates that our proposed credibility cross-entropy is good in
intuitionistic fuzzy pattern recognition problem. In some special intuitionistic fuzzy environment,
one can see that the recognition methods based on the previous distance measures cannot identify the
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unknown pattern, but we can get the accurate identification result by using the proposed credibility
cross-entropy. Thus, the presented credibility cross-entropy has more advantages in the application
field of pattern recognition than the existing distance measures. In the future, we may extend the
presented credibility entropy and cross-entropy to other domains such as intuitionistic fuzzy
clustering, intuitionistic fuzzy group decision and intuitionistic fuzzy portfolio selection problems.
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