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1. Introduction

The transmission eigenvalue problem appears in inverse scattering theory and has attracted wide
attention recently (see, e.g., [1-16] and the references therein). It is non-self-adjoint and irregular
in the Birkhoff (and even the Stone) sense [17]. According to the incident fields and the measuring
positions, the transmission eigenvalue problem can be divided into the interior transmission eigenvalue
problem and the exterior transmission eigenvalue problem. The subject matter of this paper is the latter
problem which plays a central role in many important physical problems, such as the inverse scattering
problems of determining the shape of underground reservoirs or nuclear reactors [18].

The exterior transmission eigenvalue problem for spherically stratified media in R? (see [19,20]) is
to find functions w, v € C%(R3\D) such that

Aw + K*n(r)w = 0 in R*\D, (1.1)
Av + k*v = 0in R*\D, (1.2)
w=vondD, (1.3)
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ow  Ov

E = a—v on 6D, (14)
limr(a—w - ikw) =0, (1.5)
r—00 0}"

0
limr(—v - ikv) =0, (1.6)
r—oco \ Or

where r := |x], x € R?, D := {x : |x| < a}, v is the unit outward normal to D, n € Wi(a,b), n(r) > 0
fora < r < b and n(r) = 1 for r > b. Values of k € C such that there exists a nontrivial solution to
(1.1)—(1.6) are called exterior transmission eigenvalues.

In this paper, not all the exterior transmission eigenvalues but a subset consisting of those
eigenvalues for which the corresponding eigenfunctions are spherically symmetric are considered. Let

w(r) = ao)@,v(r) = boyoir),

then the relations (1.1)—(1.6) become the following ordinary differential equations

v +kn(r)y =0, r € (a, ), (1.7)
vy + ko =0, r € (a, ), (1.8)
apy(a) = boyo(a), (1.9)
apy'(a) = boyy(a), (1.10)
and
y(r) = yo(r) = €*, r > b. (1.11)

It is known that the transmission eigenvalues carry information about the refractive index and are
used in sampling type methods for the reconstruction of the support of an inhomogeneous medium (for
details, see [21,22]). The interesting and important questions are the distribution of the transmission
eigenvalues. For the interior transmission eigenvalue problems, Xu and his collaborators gave the
asymptotics of non-real transmission eigenvalues in [23,24]. For the exterior transmission eigenvalue
problems, Chen [25] described a asymptotic eigenvalue density for each scattered angle. In [15],
we showed that there are infinitely many non-real eigenvalues and gave the asymptotics of exterior
transmission eigenvalues without the description of the subscript numbers. Recently, several intrinsic
local and global geometric patterns of the transmission eigenfunctions have been revealed. The local
geometric property was first discovered and investigated in [26,27], and was further studied in [28-31]
for different geometric and physical setups. The global geometric property was first discovered and
investigated in [32], and was further studied in [33-35] for different geometric and physical setups.

In this paper, we continue to study the asymptotic behavior which is more accurate than that
in [15]. Furthermore, the asymptotic behavior in this paper is described by the subscript numbers. The
asymptotics of eigenvalues with the description of the subscript numbers is more difficult to investigate
(due to the non-self-adjointness), but it has important applications in the inverse spectral problems,
especially in the inverse spectral problem with the mixed spectral data and the stability of the inverse
spectral problem [5, 14,17,36-38].
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The paper is organized as follows. In Section 2, we study the asymptotics of the characteristic
function and give the asymptotic solution of a transcendental equation. Then, we concern the counting
results and the asymptotic behavior of exterior transmission eigenvalues for the case when n(a) # 1,
n(b) # 1 in Section 3 and for the case when n(a) = 1, n(b) # 1 and the case when n(a) # 1,n(b) = 1
in Section 4.

2. Preliminaries

Firstly, we reduce the eigenvalue problem (1.7)—(1.11) to a problem of finding roots of a relative
function, which is referred to as the characteristic function in the following. It appears in [15] and we
give it without proof.

Lemma 2.1. The exterior transmission eigenvalues coincide with the zeros of the function D(k), where
D(k) = ikY(a, k) — Y'(a, k), (2.1)
and Y(r, k) is the unique solution of the initial value problem

(e =0 et o

Y(b, k) =1,Y"(b,k) = ik.

In order to look for the properties of the characteristic function D(k), we now give the behaviours
of Y(r, k) and Y’(r, k). Make use of the modified Liouville transformation

b
£= &) = f Jad, 2.3

2&) = n(NY (1 k), 2.4)
and define the quantity

b
y = &a) = f Vn(r)d (2.5)

which has a physical meaning as the travel time for a wave to move from r = a to r = b in the
corresponding wave scattering problem. The problem (2.2) is transformed in the following form [15]

7+ [ = p@)]z=0, £€(0,y), (2.6)
1 1 ’ b
2(0) = n(b)*, 7(0) = —n(b)™* [Zn((b)) + ik], 2.7

where
1n”(r) 5 nr)?

PO = e " 16
Let z;(§) and z,(¢) be the solutions of (2.6) which satisfy z;(0) = 1, z{(0) = 0 and z,(0) = 0,
7,(0) = 1. Then z(£) can be represented in the form

(2.8)

2(&) = 2(0)z1(&) + 2'(0)z2(8)
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n'(b)
4n(b)

= n(b)iz)(&) — n(b)* [ + ik] 2(0).

By using (2.4) and (2.1), we calculate that

| 1 1 /D
Y@, = n@yz) = 200 - 5 (Z " ik) )

1 5 1
Y'(a,k) = —Zn(a)‘ﬁn'(a)z(y) —n(a)*z'(y)

= a0+ o (4 k)20 - A0+ B(Z + k) 40,

4B 4A \ 4
and then
1. C 1 , C+D_ CD
D) = 5 (ik+ 7 )am) - 5 (- + = =ik + == 2m)
D
1 AZ(y) - B (ik . Z)z;(«y),
where 1
1 n(a) |* n'(a) n'(D)
A= b)l*,B=|—| ,C= ,D = .
[n(a)n(b)] [n(b)] @) (b)
From the basic estimates in Chapter 1 of [39], we know that if p € L*[0,v],

Mmool
21(y) = cos(ky) + 0( )

: [Im(k)ly
sin(ky) L0 e ’
k k?

2y =

if p € W,[0, 1,

_ sin(ky) elm@ly
z1(y) = cos(ky) + % 0+ 0( B )

_sin(ky)  cos(ky) elm@ly
@ = T - 20 Q+0( . )

and if p € W3[0, 71,

in(k k 1 [Im(0)ly

() = costhy) + TH P g 4 D) (p(y) - p(0) - in) +0 (e -
sin(ky) cos(ky) sin(ky) 1 elm®ly

o) =—— -5 2+ 5 (p(y) + p(0) - EQZ) + 0( 7

where

Y
Q= fo p(s)ds.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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A straightforward computation yields the following asymptotic expansions for D(k),

D(k lim(k)ty
% = ¢ sinky+c2icosky+0(e ),pELZ[O,y], (2.18)
D(k 1
Q = ¢y sinky + cyicosky + z (dyisinky + d, cos ky)
eItmAly .
+ 0( 2 ),p e W,[0,v1], (2.19)
and
D(k 1
Q = ¢y sinky + cyicosky + z (dyisinky + d, cos ky)
1 ) ) [Imkly )
+ 2 (e; sinky + eyicos ky) + 0( 5 ),p € W;[0,v1, (2.20)
where
1
¢ = ’ _A, (2.21)
1
c = ' B, (2.22)
1 Q0 C+D
_(L_ple_ 22
d (B ) 2 4A (2.23)
1Yo 1/C
d=a-=]8 ———BD), 2.24
2 ( A) 2 4(3 (224)
p(y) + p(0) 1y ©? 1\ 0 (C ) CD
=———|A+—-|+—|A-=|+=|(=-BD|- — 2.25
“ 4 Ta) %\ a) s \B 164" (2:25)
-pO) (1 2 1
ezzw(l—g+3)+%(3—g)+8%(0+0) (2.26)
Note that (2.20) can be rewritten as
D(k) _ _(C] + —iky C] —Cp ik'y) 1(d, +d, iky d —d, —iky
v o\T e AL 2 ¢
i (e1+er ., e —e 4 elmkly
ra( e -t ’)+0( @) ke

To get the asymptotics of the non-real exterior transmission eigenvalues, we introduce the following

transcendental equation:
z—«klnz=w,

where « is a constant in C and Inz = In |z| + i arg z with —m < argz < 7.

Lemma 2.2. The transcendental Eq (2.27) has a unique solution

1 In®
zw) =w+klnw + & ow +0( 1 |;V|)
w lwl

for any sufficiently large |w| .
Proof. The proof can be found in [24].

AIMS Mathematics
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3. The distribution of the exterior transmission eigenvalues

Based on our previous results about the asymptotics of the exterior transmission eigenvalues [15],
we continue to focus on more precise asymptotics with the description of the subscript numbers. When
we count the exterior transmission eigenvalues, we always count the multiple zeros (if there exist) with

their multiplicities. Below, the standard notation

y 3
Ipll = (fo Ip@)F dt)

3.1. The case when n(a) # 1 and n(b) # 1
Define

is used for the norm on L?[0, y].

Cc)—C1 ; c1+cy _;
zky+—e iky )

o =il
gi(k) =1 2 e >
The conditions n(a) # 1 and n(b) # 1 imply that

1+ ¢ = (@ = n(@? | [y + n(b)!|

= [n@n®)] [1 = Vn@][1 + V)]

€1=C = [n(a)‘i + n(a)%] [n(b)‘% - n(b)%]

= [n@n®) |1+ Vn@] [1 = V)]

and
C1—C _ [1+ W”l_ m]
v~ [1= vita|[1+ Vo)

_nlb) -1 [\/n(a)+1 ?
(@) = 1| Vn() + 1

It follows that the function g; (k) has zeros in C. Since % > 0if [n(a) — 1]

if [n(a) — 1] [n(b) — 1] < 0, then the zeros of g (k) are
0_ 0, :0
kj = X; +iy ,JE€Z,

where |
yW=—1In
2y

L —C

b

C1+C
and .

o | 5 if @ = 11[nb) - 11> 0,
YT E S E i [na) - 1] [n(b) - 1] < 0.

y 2
Note that as k — oo,

D( k) ( emly

— = g1(k)+ O ) if p € L*[a, b],

AIMS Mathematics
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0,

0,

n(b) —1]>0and =2 <0

c1t+c

(3.2)

(3.3)

(3.4)
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and

D(k 1o elmt
% = gi1(k) + z (dyisinky + d, cos ky) + 0( 2

Lemma 3.1. Suppose n € sz(a, b) and n(a) # 1, n(b) # 1. Then

' D(k)

- i) < 1 exp(Ipll ) exp (m k).

where A, B, C, D are defined as in (2.13), and

I 1 C+D| |CD BD
_)+g+| +D| [CDly _|BD)

1
K=—(A+B+—+ .
y( A B] 4B 4A 16A 4

Proof. With the use of the Picard iteration method [39], we know that for & € [0, y],
u@ =) Gk p),
n=0

w@) =) S.Ek p),
n=0

where
CO(é:a k9 p) = CcoS ké:,

Cu(&,k, p) = f %]f_s)p(s)cn_l(s)ds, n=1,2,...,
0

and

sin kf

So(&, k. p) =

Sné k,p) = f%p(s‘)&_l(s)ds, n=12,....
0

Using (3.7) and (3.8) in (2.12) we obtain that

D(k) N

o0 k o0 A
20 e = kp)+ = Lp)+ 2N Cok
k gl( ) B;Cn(y’ ,p)+A;S1’l(’y’ 7p)+ k;cn(% ’p)

—iBiS,;(y,k p)+ mzc .k,

16AkZS"(y’k p) - 4k ZS >k, p)-

Recall the elementary inequalities

4A

n=0

1, . ,
[coskyl = = [e" + ™| < exp (I mky)),

), if p € W,[a,b].

ZSn(%k p)

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)

(3.11)
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1, . .
[sinky| = 3 |e"‘7 - e_‘kyl <exp (| Imkyl),

= fw cos krdt
0

sin ky' < exp (| Imky|)
k |~ k| '

Then the terms on the right-hand side of (3.11) can be majorized as follows,

sin ky ‘
k

Y
Sf exp (| Im kt]) dt < yexp (| Imkyl), (3.12)
0

and
(3.13)

'icw,k,p)

1 0
<= Z f |cos kt]| 1—[
B 0<t < <tyy1 =y j=1

n=1

1 < exp (|Imk|y)y"! .
< _Z p Y)Y f 1—[|p(tj)|dt1---dt
0<1

B B |k| < oSt =Y j:l

sin k(fj+1 - tj)
k

sin k(tn+l - tn)
k

p(t)) p(t,)|de ---dt,

n=1

The value of the integral in the last line does not change under permutation of 7y, ..., t,, and the union
of all the permuted regions of integration is [0, y]". It follows that

f ﬂlp(tj)ldt1-~~dtn —f n|p(f)|dt1
0 [0.1"

< <<t =Y j=1

= UO |p(t)|dt]n < nl!(llpll V)

by the Schwarz inequality. Thus,

3 Gk, )l 1%{;"’”2 (Iplly?)’

|~

n=1

<

exp (|[Im&k|y + ||pl|v2).
Bk p(ImAly +liplly?)

The same reasoning applies to the other terms and yields, for k € C, p € L*[0, y],

3
w0,k p)| < <= exp (Imk|y +Ipllv?),

Aylk|

A
< ——exp(Imkly + lIplly?).

ZC'(y,k PI<h

B
< 7, &P (Imkrt + il ?).

iBZ S (y,k, p)
n=1

AIMS Mathematics Volume 8, Issue 4, 9647-9670.
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3BV exp (IImkly + lIplly?),

C «
— g <
4Bk L Culy ko p)| <

— 4A k|

C+D |C + D| 3
ZS .k, p l exp (Jmkly + lipllv?),

ICD|y ;
1
16Ak Zsm,k P\ < Torm exp ([mkly + [|plly?).

BD , |BD|
" ZO Sy k.p)| < o exp (Imkly + [Ipllv3).

4kl
Therefore,
'D(k) A 1 1 |C| |C+D| |CDly |BD|
— <=+ —+—+—+ =+ + +
vy v Ay By 4B 4A 16A 4
exp ([Im Al y + lIpll ¥?)
X .
k|
This completes the proof. O

The following lemma can be obtained for arbitrary sine-type functions (see Lemma 1 on page 163
in [40]). In order to facilitate the readers, we show the proof.

Lemma 3.2. Suppose n € sz(a, b) and n(a) # 1, n(b) # 1. Let k?, J € Z, be the zeros of g,(k) defined
in (3.2). Forany € > 0, if |k — k?l > ¢ for all integers j, then there exists a number M, > 0, such that

lg1(k)] > M exp|Imky]|. (3.14)
Proof. We only prove the inequality (3.14) in the case when [n(a) — 1] [n(b) — 1] > 0, i.e., Z'+Z > 0,
the proof in the case when [n(a) — 1] [n(b) — 1] < 0 can be completed similarly.
Denote G (k) := |g](k)|2 exp (=2|Imkly) . Let k = x + iy. By a direct calculation, we have
2 (01—6’2)2 oy Cl+6‘224 Ci+¢Cy 5,
lg1(k)]" = ————e |1 +|——] & = 2———e"" cos 2yx|. (3.15)
4 cL—Cp 1 —C
Then ify > 0,
_ (e + )’ ci-a) 4y AC1TC2 o,
G(k) = 1+ e - 2— cos 2yx|, (3.16)
4 c1t+ ¢ C1+
andif y <0,
2 2
- + +
Gk = =) {1 +(C‘ cz) P LR P Zyxl. (3.17)
4 C1 —C Ci —C

By use of the periodicity of the cosine function, we just need to prove that G, (k) has a positive lower
bound when k € D,, where

Da:z{k—x+ly xel 2” ; ] Ik — lyOIZS}. (3.18)

AIMS Mathematics Volume 8, Issue 4, 9647-9670.
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Choose 6, € (0, £) such that

1 +e™% —2cos2y \[s? — 62 > 0. (3.19)

(S (%)
ci+c

Firstly, let us consider the case when 0 <
(a) For y > 0, we get e >? < 1 and then

<1,ie,y’ <0.

Gi(k) > (c1 + )’ T L e ’ N (c1 + ) T ’
! - 4 Cc1+ ¢ - 4 cp+C
1
= 7 (e1 +cal —ler = ca)” > 0. (3.20)
(b) For y € (—00,)° — 8], we have €2 < &2’ ¢727% = c2le™® and
(c1 — ) c1t 2| 5\ (e =)’ a0\
Gith) > ———1-|———|e ZT(I—e ) >o. (3.21)
1—¢2

(c) Fory € (° — 6p,y°], i.e., g e < 27 < 22|, the assumption |k — iy°| > & implies that
s VETO > Pt
Hence )
(c1 — ) —4ydo 2 2
G(k) > —1 l+e —2c082y /&> = 6;5) > 0. (3.22)

(d) We now consider the remaining case y € (yo, 0) .If 69 < —°, then (yo, 0) =%y +6) U+

a-al < 2 < 1. Then

80,0). Fory € (3°,y° + 6p) C (yO,O), we get 252
AN )

(1 - cos 2)/ g?—

Gi(k) > 1-

(c1 — &)
2

L —C

(c1 — &)
> —

> (3.23)

c1-¢

For y € [y° + 6y, 0), we obtain that o 2% < ¢ < 1, and then

2
G, (k) > % (1 - 62750)2 > 0. (3.24)

a-al < 027 < 1, and
c1+c

_ 2
Gl(k)>¥(l— o @2 cos 2y A/e? — )
>@(1—c0szy,/sz )>o (3.25)

AIMS Mathematics Volume 8, Issue 4, 9647-9670.
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Then, using the similar steps above, we can estimate the lower bound of G;(k) in the case

c1+c

when “' ‘2‘ > 1. More specifically,

1
Gi(k) > 1 (Iey = 2l = ler + cal)* > 0, y € (—o0,0],

2
+
Gi(k) > % (1 £ e Z 2 cos2y |6t — 53) >0,y € %, +60),

2
G, (k) > @ (l - 6_2760)2 >0, ye [yo + 0, +00),
and for the interval (0, "),

2
G 2 O (1Y 5 0,y € 0, - ool

2
Gi(k) > % (1 — o8 2y A[e? — 53) 50,y € (0 = 60,77,
(c1 + ¢2) b @ 0
Gi(k) > T(l — cos2y ¢ —50) >0,y € (0,9,

= 1, we similarly conclude that

or

ﬁl CZ

Lastly, for

2
— 2
M 1= e—275o) > 0, y € (=00, =],

Gi(k) > 1 4+ e _ 2 cos 2y A[e? 5g)>o,ye(—50,0),

2
Gl(k)2%(1+ 400 _ 2 cos 2y + [ — 5g)>o,ye[o,50),

2
2
1= e™%)" >0,y >[5, +00).

G(k) >

(c1 — 02)2

To sum up, there exists a number M, > 0 such that G(k) > Mg fork € D,, i.e.,
g1k > M, exp (| Imkly), for [k — kU] > &.

This completes the proof.

Remark 3.1. Ife = f—y, we can take 6o = % to make the condition (3.19) true.

K

2

\/1 —cos 2y ,/e* — 63 > % Then M, can be taken as follows:

In this case, |1—e27‘50| > |1—e‘27‘5°| > L \/1+e‘4750—2c032y g2 -6 > %, and

min {lci. leal . [252] |22} i ler = ol # ey + el
M = li;ll, lf Cl—C)=2C|+Cy, (326)
lel if co—ci=c+cs.

4 b

AIMS Mathematics Volume 8, Issue 4, 9647-9670.
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For j € N*, consider the rectangle contour FE.I) = Iilj). U I;lj). U Iglj). U If;., where

T+ im+ X
Iil)' {k:x:J—42|Y|},1§1)~ = {k:lxls 7 :y},
5] JJ
Y Y
i+ g T+ Z
1 ::{k:—x:J ! Zlyl},ls;::{kzlxlsl +f :_y}_

g=all then for all k € l"(l) we have that ‘k ko‘ > 4 , j € Z. By Lemma 3.2 and

c1+c

Fix j > ‘ln

Remark 3.1, we get that, if k € I‘(l), j>+ ‘ln‘cl —21{, then

c1+c

lg1 (k)] > M exp (| Im kyl). (3.27)

Theorem 3.1. Suppose n € sz(a, b), n(a) # 1, n(b) # 1. The values y, K, M, ¢y, c, appear in (2.5),
(3.6), (2.21), (2.22) and (3.26) respectively. Let
} (3.28)

3
Kyexp(llplly?) 1
N > max ,—
Mn 2r

be an integer. Then, if [n(a) — 1][n(b) — 1] > 0, there are exactly 2N + 2 exterior transmission
eigenvalues, counted with multiplicities, inside ' if [n(a) — 1] [n(b) — 1] < 0, there are exactly 2N +1
exterior transmission eigenvalues, counted with multiplicities, inside Fx), and for each j > N, exactly
one simple root in the circular region

1 —C

C1+ ¢

k- K| < —
4y’
where k? are defined as in (3.2). There are no other roots.

Proof. Fix N be an integer that satisfies (3.28), and let L > N be an integer. Consider the contours F(Ll)
and the contours
k= k)| =—,j>N.
7
By Lemma 3.2 and Remark 3.1, the estimate |g(k)| > M exp (| Im ky|) holds on all of them. Therefore,
by the estimate for D(k) in Lemma 3.1,
‘D(k)

- 100] < - exp (ol exp (Im i)

1 Kexp(llplly?)
m M

m g1 (k)|
< lg1(k)|

also holds on them since |ky| > N+ 7 on them. Hence, by Rouché’s theorem, D(k) has as many roots,
counted with multiplicities, as kg(k) in each of the bounded regions. Since g (k) has only the simple
roots

g1 ()

Iy i laze) it faa) - 11 [ab) - 11 > 0,
k() — ); c1+c
U s S ln'” 62‘, if [n(a) — 1] [n(b) — 1] < O,

Y c1tep

and L > N can be chosen arbltrarlly large, the theorem follows. O

AIMS Mathematics Volume 8, Issue 4, 9647-9670.
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Since [g1(k)]" = —g1(—k*), where k* denotes the conjugate of k, then the distribution of the zeros of

g1(k) is symmetrical with respect to the imaginary axes. Denote the zeros of D(k) by {k j}j>0 U {—k j}j>0

if [n(a) = 11 [n(b) = 11 > 0; by {k;}  U{-ki} _if [n(@) - 1] [n(b) - 1] < 0. Moreover, it follows from
Lemma 3.2 that - -

*

kj=k)+€, €= 0(1), j— oo. (3.29)
Let us estimate €;, j > 0. Substituting (3.29) into (2.18), by a direct calculation, we have

0= =2 D) (et i),
¢ — ¢y kjetky !

C— 0

where a; = O (1) . Since 72k = 922 ,=2i€jY e have that i sin 2ejy + aj =0, and hence €; = O (1) .
J c1+c J
If p € W,[0, 7], then we can obtain the more accurate expression of ;. Indeed, substituting (3.29)

into (2.19), we obtain
=2i D(kj)
¢ — ¢ ket

(14 O0F | L (Drd  dmdy ) i
Cy — Cq kj Cy — Cq Cr — (Cq k;

0=

J
and then

e—2iej~y -1= I (dl + d2 + dl B d2 e—Zieﬂ/) + &

- .9
k?.+ej cp—¢C Ccptoe J

where 8; = 0(%) :
By use of the expansions

ol

1 - 1
Ej——(d1+d2+dl d2)+0(_)

2jr\ca—c1 i+ J?
Then, under the conditions n(a) # 1,n(b) # 1, the exterior transmission eigenvalues can be numbered
and estimated as follows.

. 1 1
e =1 = 2iejy + O(TZ) s = l
j kj +e€ jm

we get that

Theorem 3.2. Assume n € sz(a, b), n(a) # 1,n(b) # 1. Denote the exterior transmission eigenvalues
by {kj}jzo U {—kj.}jzo if [n(a) — 1] [n(b) — 1] > 0; by {k,-}jzo U {—k;}jZl if [n(@) — 1] [n(b) — 1] < 0. Then

the sequence {k j}j>0 has the following asymptotics:

1) .
kj:k‘;+0(}),]_> o0,
where k?, Jj € Z, is the sequence defined as in (3.2). If we further assume p € W21 [0,v], then the
sequence {k j}j>0 has the following asymptotics:
1 (di+dy, dy—-d 1
kj:kQ'F—‘ ! 2-|- ! 2+07,j—>00,
I 2jr\ca—c1 i+ J

where the numbers cy, cy,dy, d appear in (2.21)—(2.24).
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3.2. The case when n(a) = 1,n(b) # 1 orn(a) # 1,n(b) = 1

In this subsection, we first study the distribution of zeros of the function g,(k) defined in (3.30)
below. And then, we get a counting lemma and the asymptotics of the exterior transmission
eigenvalues. Note that ¢; + ¢; = 0,¢cy — ¢, #0if n(a) = 1,n(b) # 1,and ¢; + ¢, # 0,¢; — ¢ = 0if
n(a) # 1,n(b) = 1. In both cases, the function g;(k) has no zeros at all.

If n(a) = 1,n(b) # 1, then

di—-d, 1 n'(a) [LFM]Z-

ci—c, 8nb) -1
Define
g(k) =i

2 k

S 7 A A A
Rl ( ! : 2 ity 82 . le—’ky). (3.30)

Then as k — oo, if p € W, [0, 7],

e/tmkly
D(k) = kg (k) + 0( r ), (3.31)
and if p € W,[0, 7],
B i(ex—e 4, e +te _y elmkly
D) = kga() + 7 (52 + D2 0( . (3.32)

Since the function g,(k) has only one zero k = —%i if dy = d,, we further assume that d; —d, # 0,
ie.,n'(a) # 0.

Lemma 3.3. Ifn(a) = 1,n(b) # 1 and n’(a) # 0, then all zeros of g,(k), excepting one imaginary one,
are simple algebraically.

Proof. Assume k; be some zero of g, with multiplicities at least two. Then we have from g,(ky) = 0

and g’ (ko) = O that
1 d +d
ko = i(— _ait 2)
2’)/ Cl —C

which implies that the function g,(k) has only one multiple zero. The proof is complete. m|
Now, let z = —2iky in (3.30). Then the equation f%czkeikygz(k) = ( is equivalent to

d] —dz (1 _ d] +dze_z)

et =2
yC]—CQ d]—dg

which implies

dy —d d +d
z-Inz=wj, w; = —2jmi —In[2y=—=| - In|1 - =—=2¢77|, jeZ
Ci —C dl—dz

By Lemma 2.2, we have

Inw; In? |wj| )
Z=wj+Ilnw;+ +0 , ] — o0, (3.33)
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It follows that Re z = In j + O(1), which implies

ln(l_d1+d2 _Z):{ O(%), ifdi+dy #0,

3.34
dl—dz 0, ifd1+d2:0. ( )

Since g,(—k*) = —[g2(k)]", then the distribution of the zeros of g,(k) is symmetrical with respect
to the imaginary axes. Let us consider the zeros of g,(k) with Re k > 0, namely, assume j > 0. Going

back to (3.33), we have
1 di—d 1
1+ — ,ln(2y ! 2)+O(,—)]}
2 jmi - J?
1
J

Inw; =1n {—2j7ri

. . di—d
= InQjm) - = - L2y 22N 4 0] - (3.35)
2 2jnm cL— ¢ 2
and 1 iIn (2] 1 In j
nw; i n(_m)+__+0(n71). (3.36)
w; 2jn 4j Jj
Therefore, substituting (3.34)—(3.36) into (3.33), we have
] dy —d. iIn (2 1
t= —2ri+In@jm) - 5 o2y ) @M (L) (3.37)
2 c1— ¢ 2jm J
Hence dy+d di+d In(2j 1
nf1-92d o) _ditdy ), W@ (1)
d—d* ci—c jm 2jn J
and then

di—db\ di+dyi In j
Wj:—Zjﬂi—ln(2yl 2)+ L 22+0(ﬂ).

)
I —C Cp —C o J

Hence we can obtain the expression of z which is more accurate than (3.37),

Inw; In’ |wj|
z=w;+Inw; + +0
Wi

dy—d 1 ] di—d
:ln(2j71)—ln(2y ! 2)+—_—L_1n(2y ! 2)

c1—C 1 —C
i ilnQ2jn)  dy+dsvyi In® j
72+ln(.]7T)+ 1+ 22_'_0 n.].
2 2jn c1—Cy jm J?

Denote the zeros of g,(k) by {u;}. Let u; = o; + it;. Since z = —2iky, we have that if % >0,

o= n + & _ In@jm) _ ditdy 1 + L ln(Zyd‘ dz) + 0(1H J)’

—2jmi —

Y 4y 4jmy c1—c2 2jm 4/"7 c1—c2

(3.38)
= 3 [In@jm — n (2y42) + ] + 0 ):
and if 9= <0,
in P n(2jx nJ
O'j:]7+i_7_%_%ﬁ+4myln( 27(51 z12)4_0(1j_2]), (3.39)
7, = 55 [In@2jm) —In (=27 2=2) + | +0(h3_2])'
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Let k = x + iy. Then

2e " kgy(k di+d, dy—d d, —
2ekegx(k) —y+—— 2L o 2yx —i|x - L 2™ sin Zyx). (3.40)
C1 —C Cl1 —C C1 —C Ci —C

For sufficiently large j € N*, consider the rectangle contour F(z) = 1(2) U 1(2) U 1(2) U 1(2) where

(G+Dr (j+Dr
IEZJ) ={k:x= J > |yl 152; = {k:|x|gj—:y},
(+ D (j+Dn
Igz) = {k:—x:_] . > i, Ifj)' = {k:lxlsz:_y}'

and travel round F(Z)

dl’“? > O, i.e.
0

by the counterclockwise, and using

n’'(a)
> n(b)-1

Letting k start from the point ( prbr _rDn; )

(3.40), one can easily obtain that, for large enough j, if - > (0, then the variations

2e 7 kgo (k)

_ 2 Mkgy (k) _ :
AI(Z). arg o=y = -0, Alfi arg e, T 4(_] + 1)71' —06,,
2e M kgr (k) _ ' 2e%kgy (k) _
A e e —0s, A QAag = o = 04,

where 61,65, 05,0, € (0,7), and 04 = 0, + 6, + 65; if % <0,1.e., n?b()“_)l < 0, then the variations

Y
Ay arg 2 kel - g, Ao arg 2kl = 4(j + 1) + 6,

2

2 * kgy(k 2 kY gy (k

A arg 2220 — g Ao arg 22220 — g
13,1. c1—c I4,j c1—Ca

where 0s, 6q, 07,05 € (0, 1), and 05 + 6 + 67 + 03 = 2. Thus, Ar<2> arg M =4+ Drif ’(’b()“_)l > 0;

Ao arg 2 kel = (4j+6)mif 2 < (. By the argument principal of entlre functions, the number of

c1—c2 n(b)—1
zeros of the function kg, (k) inside F( ) equals 2/ +2 if 7 - (“) - (“)

the zeros of kg, (k) can be numbered as follows.

< 0. Therefore,

> 0; equa1521+31f

n(b)

the asymptotic formula (3.38). If nr(’;()“_)l < 0, then the zeros of kg,(k), denoted by {,u j}j>0 U {—/,tj}j>1 with

Reu; > 0, satisfy the asymptotic formula (3.39).

Lemma 3.4. If ”'(“_)1 > 0, then the zeros of kg,(k), denoted by {,u j}jzo U {—,uj}jzo with Re u; > 0, satisfy

Next, we study the asymptotics of exterior transmission eigenvalues under the assumption p €
W21 [0,y] or p € W22 [0,vy]. In the latter case, we obtain the more accurate estimate for the asymptotics
of exterior transmission eigenvalues. For arbitrary small & > 0 and large j, consider the rectangle
contour A; := Ay U A7, where

Af,j = {k:x:(Tjis,|y—Tj| Ss}, Afj =fk:y=1,x¢&|x—0, < &}.
Lemma 3.5. Ifn(a) = 1,n(b) # 1 and n’(a) # 0, then for sufficiently large j > 0, and small & > 0, the
function g,(k) satisfies
kga(b) > Coe"™ 7 k e TV U A,

where C, > 0 does not depend on j.
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Proof. Denote G,(k) := |kg,(k)|* e 2™k Recall k = x + iy. By a direct calculation, we have

2 ) ,
kg2 (k)|* = Me_zw (x2 + yz) + Meﬂw + (di —d) e

4 4 4
+ (c1 — C2)2(d1 + dz)ye_zyy + (c1 = C2)2(d1 + dz)xe_zyy sin 2yx
di —d; — ) (dy —d
- 3 2 cos 2yx — (@ 02)2( 1= db) (ycos2yx + xsin2yx).

It follows that if Imk > 0,

2 2 2
— d +d d —d
Gy(k) = —(Cl 402) et (x2 +y2) + —( ! Z 2) e 4 —( ! 1 ) (3.41)

+ (c1 =) (dr + dz)y€_4yy + (c1 —c)(di + dz)x
2 2
(c1 =) (d - dz)e
2

e sin 2yx

di - d;

- Te_zw cos2yx — 2 (y cos 2yx + xsin 2yx),

and if Imk < O,

(c1 — ) (2 +7) + (1 =) (di+dy)  (c1 =) (dr + )

Gy(k) = 1 > y 5 xsin 2yx
dy +dy)*  (d) - d,) —¢)(d —d
Jard) @-d) G ¢) 2)ezw(ycos 2yx + xsin 2yx)
4 4 2
d? — d?
— L 2P cos2yx.
2
Let us first consider the case k € A;. From (3.38) and (3.39), we have Imy; > 0, a-je‘ZTW - % as
Jj — oo. It follows that when k € Afj,
xe " = (0' i+ t) e (Te) h-d e, j — oo, (3.42)
Cl —C
and 4 —d
sin2yx = sin2y (o7; + ) = £ cos 2yt + o(1), when + —= >0, (3.43)
1 —C
here t € [—¢, €] . Substituting (3.42) and (3.43) to (3.41), we have that
d, — d,)* - _
G,(k) = % (1 + ™% _ 2% cos 2yt) +o0(1), ke Afj, Jj — oo. (3.44)

Denote g;(f) := 1 + ¥ — 2e¥27¢ cos 2ty. It is easy to see that ¢,(f) has minimum value at ¢ = 0. Thus,
we have

ol), ke Az, j - oo, (3.45)

_ 2
Gy (k) > M (1 - eﬂvs)

Similar to (3.44), we can obtain that for k € Af;j,

(di = dy)’

Go(k) = )

(1 +e M =27 cos 2’)/8) +o(1), j— oo, (3.46)

AIMS Mathematics Volume 8, Issue 4, 9647-9670.



9664

where ¢ € [—¢, €] . Denote g»(t) := 1 + ™" — 2¢7" cos 2ye. Easily, ¢5(#) > 0 for cos2ye > ™" and
¢5(t) < 0 for e™®" > cos 2ye. Thus, it follows that

di —d»)* ., . .
Ga(k) 2 == sin” 2ye +o(1), k€ A7, j = oo. (3.47)

Together with (3.45) and (3.47), we have proved that there exists 1; > 0 that is dependent only on &,
such that G,(k) > n, for k € A;.

Now, let up pay attention to the case k € FS.Z). Because g,(k) satisfies g(—k*) = — [g2(k)]", we only
need to consider k € 1"5.2) N{k:Rek > 0}.

Forke{k:Ost%ﬂ,y: %n},wehave

(di = dy)’

Gy (k) = 7

+o(1). (3.48)

j+l

J+l 1 j+l : _ _ .
—},1.6.,x = o+ —nm—o;andy = 7;+twith 1 €

For k € {k:x=77r,51nj<ys >
[% Inj-r1, % — Tj] , similar to (3.46), and using (3.38) and (3.39), we have

(d - )’

Gy(k) = )

(1+ ™) +o(1), j—> co. (3.49)
Forke{k:x: %JT,OSyS %lnj},weget

(c1 =)’ (j+ 1)’

G,(k) = g e [1 + O(1)] = o0, j— oo. (3.50)
Forke{k:x: %ﬂ,—% §y<0}U{k:O§x§ %ﬂ,y: —%ﬂ},wehave
N2 2.2
Gz = U DTy o, o ool 3.51)

4y?

Together with (3.48)—(3.51), we obtain that there exists 17, > 0 that is independent on j, such that
Gy(k) > n, for k € Fi.z). Taking C. = min{n;, n,}, we complete the proof. O

Using Lemma 3.5 and (3.31), we get that [kg2(k)| > [D(k) — kgx(k)| for k € TP U A, for large |
By the Rouche’s theorem, we conclude that the number of zeros of the function D(k) coincides with
the number of kg,(k) inside FE.Z) or A;. It follows from Lemma 3.3 that all sufficiently large zeros
of D(k) are simple. By Lemma 3.4, the zeros of the function D(k) can be numbered as follows:

n'(a) _ 1 . n'(a)
when 7= > 0 denote the zeros of D(k) by {k-l}jz() U { k /}jzo’ when _7= < 0 denote the zeros

of D(k) by {kj} OU{—k;} . Moreover,

= j21

ki =pu;+e€j,€ =o0(l),j— oo. (3.52)
Furthermore, we estimate €;. Substituting (3.52) into (3.31), we get

0= __Zeikij(k ) = ik;e**r — Meﬁkﬂ + M
L —C ! ! L —C L —C

+aj,
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: _ . . It di+dy 2i d] dz
where {aj} € l,. Noting g>(u;) = 0, i.e., ju;e”"” — o e+ = 0. Then

N d —d
(1 - ezzfﬂ) L = +a;=0.
€L —C
Using the asymptotics of u;, we get €77 = O (%) Then
2iejy _ C1—C. 2iuy 2iejy _ (l)
eV — 1 = ———ig;e™e” +a; = 0| -], (3.53)
dy—d, "’ ! J

and then ¢; = 0(%)
Itpe W22[0, v], then we can substitute (3.52) into (3.32) and obtain that

-2 di+d, ;. d, — d,
0= D(kj)e™” = ik;e** " — ————=*h7 4 ——
1 —C i —C 1 —C
_ iz, atel B
kj Cl —C Cl —C kj’

where 8; = O(3). The fact gx(u;) = 0 implies that

1 —C L —C

. d —d . dy —d.
0= (iejez”‘f7 B 2) ety ¢ L2

i € — €1 5 i e t+e Bj
_ ( eZzy_,yeZIEjy + +

Ui+€\ci—c ci—c) Hite
1.e.,
2i€; €1~ C 2i, 2ie
e J)’_l_mleje HiY o=1€7Y
__ i (62_61621‘#;7621'6./7+el+€2) Bi _
M)+ € d — d, di—d, M)+ €
Since
Mjte jm 2jn J
then
di—dyyj+e j dy - d2]7r 2jm J
hence,
1 e + 1 i In(2) 1
e = 181 ez_._in(.Jﬂ)JrOT.
27rd1 d> 2 j? J2

Let us summarize what we have proved.

AIMS Mathematics Volume 8, Issue 4, 9647-9670.



9666

Theorem 3.3. Assume n(a) = 1, n(b) # 1, n’(a) # 0, and p € Wzl[O v]. Denote the exterior
transmission eigenvalues by {kj}j>0 U { }1>0 if n'g;()”_)l > 0; by {kj}j>0 U { }/>1 if n'(’;()‘i)l < 0. Then

the sequence {k j}j>0 has the following asymptotics:
1) .
kj:llj"'O(})»J_’ 00,
If we further assume p € W3[0, y), then the sequence {kj}j>0 has the following asymptotics:

1l e +e l—iln(zﬂr)]+0(_l2),j—>oo.
J

2 d, — dy

Ki=pim 2t 2

Here, the asymptotics of {,u j} is given in (3.38) and (3.39), the numbers d,, d,, e, e; and the function p
appear in (2.23)—(2.26) and (2.8).

When n(a) # 1, n(b) = 1, n’(b) # 0, the asymptotics of exterior transmission eigenvalues can be
studied similarly. Let

y} = 0';- + iT;-, (3.54)
where
1| 9 _3n, ydi-d _ 1 ditdy In@jm | ¢ n'(®)
0_/ _ Zy[[ 2]7T 2 + jr c|+c2 2]711 (27c1+cz) + 2jn ]]’ lf n(a) 1 > O
JT) A9 ydi=d _ 1 di+dy In(2jm) n'(b)
2 2~]7T 2 jr ci+er 2]71 11’1( 2 c1+cz) 2jm ? lf n(a)-1 < 0
and

,={ pin@im-infzrig) e 3. i > o

j gpmym (%ﬂ$)+] if 28 < 0.

We provide the following theorem without proving it.

Theorem 3.4. Assume n(a) # 1,n(b) =1,n'(b) # Oand p € WI[O v]. Denote the exterior transmission
eigenvalues by {k }]>0 {— }j>2 if 2B 5 0; by {k‘,-}j {— }J>1 if 29 < (. Then the sequence {kj}j>0

n(a)—-1 n(a)—-1

has the following asymptotics:
1
k; :ﬂ}+0(—.),j—> 0.
J

If we further assume p € WZ[0,y], then the sequence {k j}j>0 has the following asymptotics:

l_ Lln(_zjﬂ)] +0(,l),j—> 00,
n 2 7

1 e —e
27Td1+d2

kj= ;-

where {,u;} is given in (3.54), the numbers d,,d,, e, e, and the function p appear in (2.23)—(2.26)
and (2.8).

Remark 3.2. When n(a) = 1 and n(b) = 1, the asymptotics of the exterior transmission eigenvalues
can be studied similarly according to whether n’(a) and n’(b) are zeros.
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Example 3.1 Ifn(r) = k,a = Lb = 3, thenn@) = 2* # 1,nb) = (2)' # Ly = [ va@ds = 4,
pé) = 100 _ S108_ () gpg

4 n(r)? 16 n(r)3
8 4 4k 7 1 4k
D(k) = (—glk + g) CoS ? - (Ek —2i+ k) sin ?

By use of Theorem 3.2, we have

1176 3i. 25 1
4:—2— L S P Y () I RS 3.55
@7=D= 195 * g5 (ﬁ)]_“x’ (3-59)

and they are near the line 7 = % In % ~ —0.166757i for k large enough. Figure 1 shows the numerical
distribution of the zeros of D(k), which are the eigenvalues in (3.55).

5‘0 1(;0 1(;0 260 25‘0 360
-0.16671
-0.16672
-0.16673

-0.16674

-0.16675 '-

M.

o0

m

Figure 1. Example 3.1.
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