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1. Introduction

Fixed point theory is one of the most celebrated and conventional theories in mathematics and
has comprehensive applications in different fields. In this theory, the notion of metric space plays
an important role, which was naturally accomplished by M. Frechet [1] in 1906. And the first and
pioneer result in this theory is Banach contraction principle [2] in which the underlying space is the
complete metric space. In this principle, the contractive mapping is necessarily continuous while it is
not applicable in the case of discontinuity. The major drawback of this principle is how we apply this
contractive mapping in case of discontinuity. This problem was overcome in the past by Kannan [3]
where it proved a fixed point result without continuity. In 1972, Chaterjea [4] established a result which
is independent from Banach contraction principle and Kannan fixed point theorem. Later on, Fisher [5]
introduced rational inequality in fixed point theory and obtained a fixed point result in complete metric
spaces. Motivated by the influence of the genuine concept of metric space and the Banach contraction
principle on fixed point theory, various authors have undertaken several extensions of this concept and
achieved this result in the past few years.

On the other hand, the conceptual framework of b-metric space have been done by Bakhtin [6]
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which was formally defined by Czerwik [7] in 1993 who discussed the convergence of measurable
functions as a meaningful generalization of metric space and also established the Banach contraction
principle in b-metric space. Koleva et al. [8] established fixed point results for Chaterjea type inequality
in the background of b-metric spaces. Subsequently, Abbas et al. [9] obtained common fixed results
for Fisher type inequality [5] in the setting of partial ordered b-metric spaces. Hammad et al. [10,11]
introduced the notions of cyclic n?-rational contractions and ﬁ;:‘;-contractions in b-metric-like spaces
and investigated the solutions of integral equations. Ameer et al. [12] defined Ciri¢ type rational graphic
(Y, A)-contraction in partial b-metric spaces endowed with a directed graph and obtained common
fixed points of two self mappings. Furthermore, they presented some applications on electric circuit
equations and fractional differential equations. Recently, Seddik et al. [13] established a common fixed
point result for rational contraction in the setting of b-metric space.

In this research work, we define generalized rational contractive mappings by combining Banach’s
contraction [2], Chaterjea’s contraction [4] and Fisher’s contraction [5] and involve control functions
of two variables and establish some common fixed point results in b-metric spaces. As outcomes of
our results, we derive certain fixed and common fixed point results for rational contractions presuming
control functions of one variable and constants. As an application, we investigate the solution of an
integral equation.

2. Preliminaries

The well-known Banach contraction principle [2] is given in this way.

Theorem 1. [2] Let (¥, ¢) be a complete metric space and let 3 : F — F. If there exists a nonnegative
constant p € [0, 1) such that
s(Jv,8h) < ps (v, 1),

forall v, € F, then 3 has a unique fixed point.
In [3], Kannan proved a result for the mapping, which is not necessarily continuous in this way.

Theorem 2. [3] Let (F, ) be a complete metric space andlet 3 : F — F. If there exists a nonnegative
constant p € [0, %) such that

s (Jv,8n) < p(s (v, Bv) + ¢ (, Bn)),

forallv,h € F, then 3 has a unique fixed point.
In 1972, Chaterjea [4] commuted the terms and established the following result.

Theorem 3. [4] Let (F, ¢) be a complete metric space and let 3 : F — F. If there exists a nonnegative
constant p € [0, %) such that

s (Bv,3n) < p(s (v, In) + ¢ (A, Jv)),

forallv,h € F, then 3 has a unique fixed point.

In [5], Fisher proved the following result in this way.
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Theorem 4. [5] Let (¥, ) be a complete metric space and let 3 : F — F. If there exist nonnegative
constants p,k € [0, 1) such that p + k < 1 and

s (v, Bv)s(h, 3h)
s (Bv, 3h) < pg (1) + s,

forallv,h € F, then 3 has a unique fixed point.

Czerwik [7] gave the notion of h-metric space as follows:

Definition 1. [7] Let ¥ # 0 and s > 1 be a constant. A function ¢ : F X F — [0, 00) is called a
b-metric if the following assertions hold:

b)) g(v,h) >0and g(v, i) =0 v =7,
(b2) ¢(v, h) = ¢(h,v);

(b3) s(v, @) < sls(v, h) + ¢(h, )];
for all v, h,p € F.

The pair (7, ¢) is then said to be a b-metric space.

It is clear from the notion of h-metric that every metric space is b-metric for s = 1, but the converse
is not true.

Example 1. [/4] Let 0 < p < 1 and define ¥ = L,[a, b] by

b
L,[a,b] = {v : f [u(®)|P dt < oo},

and ¢ : F X F — R* is mapping defined by

; :
s(w,n) = (f lu(r) = h(D)I” dt) ,

forallv =vu(t) and h = h(t) € F. Then (¥, ) is a b-metric space with s = 25!
Definition 2. [7] Let (¥, <) be a b-metric space

(i) a sequence {v,} in F is said to converges tov € F, if
lim ¢(v,,v) =0,
]—)OO

(ii) a sequence {v,} is said to be Cauchy sequence, if

lim g(vj’ Un) =0,

Jm—00

(iii) if every Cauchy sequence in F is convergent to a point of ¥, then (¥, <) is said to be complete.

Throughout this article, we consider ¢ as a continuous functional.
Czerwik [7] proved the following result in a b-metric space.
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Theorem 5. [7] Let (F, ) be a complete b-metric space with coefficient s > 1 and let 3 : F — F. If
there exists nonnegative constant p € [0, 1) such that

s (Jv, Bh) < ps(v,h),

forallv,h € F, then 3 has a unique fixed point.

Theorem 6. [15] Let (¥,¢) be a complete b-metric space with coefficient s > 1. If 3 : F —» F
satisfies the inequality

s (Jv, 3h) < pi1s (v, 1) + pas (v, Bv) + pss (B, Bh) + py (s (v, Bh) + (A, Tv)),

where p; > 0 foralli=1,2,3,4 and py +py + p3 +2p4 < 1 for s € [1,2] and 5 < p1 +p2 +p3+2p4 < 1
for s € (2,+00), then 3 has a unique fixed point.

Recently, Seddik et al. [13] established a common fixed point result for rational contraction.

Theorem 7. [13] Let (F,s) be a complete b-metric space with coefficient s > 1 and let 3,,3, :
F — F. If there exist nonnegative constant p,k € [0, 1) such that p + « < 1 and

g(U, S]U)Q'(U, 827L-l) + g(h’ S]U)g(h, SZh)
S’(U,Szh)‘Fg(h,SlU) '

s(Jyv,3,h) < ps (v, h) + k

for all v, € F, with ¢ (v, 3,h) + ¢ (h, 31v) # 0, then 3| and 3, have a unique common fixed point.
For more details in this direction, we refer the readers to (see [14-30]).

3. Main results

We state and prove the following proposition, which is required in the proof of our main result:

Proposition 1. Let (F, ) be a complete b-metric space with coefficient s > 1 and let 31,3, : F — F.
Let vy € ¥ . Define the sequence {v,} by

vy = By, and van = Jyvay
forall1=0,1,2,...
Assume that there exists a control function p : ¥ XF —[0, 1) satisfying
0 (3:31v,h) <p(v,h) and p (v, 3,3,%) < p (v, h)

for all v, € ¥. Then

p (2, ) < p(vo, ) and p (v, v2141) < p (v, V1)
forallv,hie Fand1=0,1,2,...
Proof. Letv,he ¥ and1=0,1,2,... Then we have

pWauh) = p(8281v20,0) < p Va2, 1)
p (3281024, 1) < p (U214, 11)
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< - <p(vy,h).
Similarly, we have
pW,va) = pW,3182051) <p W, v2-1)

p (W, 318053) < p (U, v2-3)

< p(v,vy).

IA

O

Definition 3. Let (F,¢) be a b-metric space with coefficient s > 1. The mappings 3,3, : F > F

are said to be generalized rational contractive mappings if there exist the control functions p, o,k :
F x F—I0, 1) such that

s(Bw,0) < pw,h)sW,h)+oW,nh)[s (v, Ih)+¢(h,Tv)]
g(U’ 8lv)g(h, SZh)

KW, h) s, 3 +¢(h, 3v) +sw,h)’

3.1

forallv,h € F.

Theorem 8. Let (¥, ) be a complete b-metric space with coefficient s > 1 and let 3,3, : F > F
be generalized rational contractive mappings satisfying the following conditions: (a) p (3,3,1v,h) <
o, h) and p (v, 3,3,1) < p (v, h)
0(3,81v,h) <o, h) and o (v, 3,3,h) < o (v, h)
k(3,31v,h) < k(v h) and k (v, 3,3,h) < k (v, h);
(b) p(v,h) + 2s0 (v, h) + sk (v, h) < 1,
then 3 and 3, have a unique common fixed point.

Proof. Let v, be an arbitrary point in ¥ and the sequence {v,} be defined by
U1 = 1wy, and va0 = Bovg

forall:1 =0,1,2,... Now by (3.1), we have

s (81v2, Javn41)
P (U2, v241) § (U2, V2141)
+0 (V2 V2i11) [§ (V21> B2vii1) + 6 (V2ir1, T1v2)]
s (v2, J1v2) § (Vare1, Bovain)

1 + ¢ (o, Jov2i41) + § (U241, J1v2,) + € (V2r, U2i41)
P W2, U241) § (V215 U2141)
+0 (V21 v211) [§ (V2,U, U2i42) + 6 (U2is1, U2i11)]

S (V21 v2u41) § (V2141 V2142)
I + ¢ (vo, v242) + 6 (21, U2141)
P (U2, v241) § (V21 U241)

+0 (U2, V2141) [§ (V21 U2i42)]

S (V41,5 U242)

IA

+Kk (U2, Ugir1)

IA

+& (U2, Uge1)

IA
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S (a1, V2i41) § (V21415 U2i42)

S+ ¢ (Va1 Vais2)
< p (U2, U241) § (U2, Ugit) + 80 (U2, U2i41) S (U2, Unia1)

+50 (Vor, Uni1) S (U241, U2i12)

+5K (U2, V2i41) § (U2, Ungi1) -

+5K (U2, U2i41)

Now by Proposition 1, we have

A

S W1, v2s2) < p (U2, V241) § (Vs U2i1)

+50 (V21 V2141) § (U2, U2i41)

+50 (U2, V2141) § (V21115 V2,142)

+5K (U2, V2,41) § (V21 U2i41)

p (vo, v2,11) § (V2r, U2,41)

+50 (vo, V2141) § (U2, V2141)

+50 (V0, V2141) § (V21115 V2142)

+5K (Vo, U2,41) § (V215 U2s41)

p (vo, v1) § (U2, U2i41)

+50 (Vo, v1) § (V21, V2i41) + 50 (V0, V1) § (V21415 V2142)

+5k (Vo, V1) § (U2, U2y41)

IA

IA

which implies that

p (o, v1) + 50 (vo, v1) + sk (vo, v1)
S (U241, U2is2) < Lt Tt Lt S (U2, U241) - (3.2)
1 - S0 (UO? U])

Similarly, we have

S W2, v243) = (B, T1v)
s (B 1v242, Bovnn)
P (W42, V2041) § (V2142, U2141)
+0 (V21425 V2i41) [§ (V2142 Tovi41) + 6 (Vare1, T1v2140) ]
S (U21+2, 51U21+2) S (U21+1 > 52U21+1)
1 + ¢ (Vas2, Bovo1) + 6 (Va1 T10242) + § (War42, Ui41)

IA

+K (U242, Unis1)

< p(Was2, V241) § (U242, U2i41)

+Q (U2z+2’ U21+1) [g (U21+2’ v21+2) + S (v2t+la U21+3)]

S (Va42, U243) § (V2141 U2i42)
+K (U242, U2i41)
1 + ¢ (War1, V2s3) + 6 (U242, U2is1)

< p (U242, U241) § (V2i42, Unia1)

+50 (U242, U2i41) § (Vai41, Uni2) + S0 (V21425 U2141) § (V21425 U2i43)

S (U242, U243) § (V2141, U2i12)
+5K (U242, U2i41)
§ + ¢ (V242 U2i43)

< (U242, U241) S (V21425 Unie1)
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+50 (U242, U2i+1) § (V2i41, Uni2) + 50 (V21425 U2141) § (V21425 U2143)

+5K (U142, U2141) § (V21415 V2i42)

Now by Proposition 1, we have

S (W42, U243) < p Vo, Vous1) § (V21415 V2142)
+50 (V0, U241) § (V2141, V2i42) + 50 (U0, U2141) S (U2142, U2143)

+5Kk (Vo, V2is1) § (V21415 U2142)

< p (v, v1) § (U2, Ugia1)
+50 (o, V1) § (Vair1, U2is2) + 50 (U0, V1) § (V2r42, U2i43)
+5k (Vo, V1) § (Vo115 U242)
which implies that
p (o, v1) + 50 (v, v1) + sk (vo, 1)
S (V42,U243) < S (V415 V242) -

1 = so (vo,v1)

Let A = frlaeeniioor) < . Then from (3.2) and (3.3), we have

S (U, vis1) £ A (U1, v)
for all 1 € N. By induction, we build a sequence {v,} in ¥ so that
¢ W v1) < A6 W, v) < A6 Wi, Uy < o < A6 (v0,01)
VY 1 € N. Now, for m > 1, we have

SW,un) < sle,vy) + 6 Wi, Un)]

56 (U, Uig1) + 56 (Vir1, Up)

56 (U, 1) + 57 [ (Wis1, Uis2) + 6 (W2, U]
= 56 (U, Ui1) + 76 Wir1, Uis2) + 5°6 Ui, Un)

2 -
< .= Sg(vl,UHl) t+s g(vl+17vl+2) + ..+ 5" lg(vm—l’ Um) .

IA

By (3.4), we have

2/11+1 3/ll+2

IA

s o, vy) +s s (vo,v1)
Foot S (vg, )

[s/l’ + 520 4 sm_’/l’"_l] s (vo,v1)

s [1 + (D) + (s + .+ (S/l)m_’_l] ¢ (o, v1)
sA

1 —sA4

s (v, Um) sA's (vo,v1) +

IA

IA

IA

s (vo,v1).

Letting 1 — oo, we have
s(v,v,) — 0.

(3.3)

(3.4)
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Hence the sequence {v,} is Cauchy. Since ¥ is complete, there is v* so that v, —» v* € F as1 — oo,

that is,

Then

limv, = v".

11— 00

lim vy, = v" and lim vy, = U".

1—00 11—

Now, we show that v* is a fixed point of J;. From (3.1), we have

g(U*, S]U*)

IA

IA

IA

s(s (U*, Jova1) + §(52U21+1, Jv)
s(s (U*, 82vzz+1) + S‘(Slv*, 82vzz+1))

s (U, vp2) + p (V' v241) § (U, U2i41)
+o (U, va) [¢ (U7, Bavnigr) + § (Vag1, 3107)]
s(v".31v")s(vas1,32v2141)
L+6(v,Bav211 ) +6 (V21,310 ) +6 (W 211

+k (U, U241)

s (W', vy42) + p (U, 1) ¢ (UY, Unis2)
+o (V' v1) [¢ (U, vai42) + 6 (Va41, T10Y)]

. s(v*.91v")s(Wars1,v2142)
+k (U*, v
@' v1) 1+6(* W22 +6 (Ve 1,T10° ) +6(0* V2141

Letting 1 — oo in the above inequality, we get

s (v, 30

IA A

A

so (W', vy) ¢ (v', J1v")
(o (U, v1) + 250 (", v1) + sk (U, v1) ¢ (VF, T1vY)
§‘(U*, 5111*),

which is a contradiction. Thus, v* = J;v*. Now, we show that v* is a fixed point of J,. From (3.1), we

have

S (U*, SZU*)

IA

IA

IA

5 (¢ (", v241) + 6§ (V2141, BoU7))
s (s (", v241) + 6 (B v, JovY))

s (W, vps1) + p (U2, V") 6 (U2, UY)

s| toa,vY) [¢ (v, Tov*) + ¢ (v", B1v2)]
s(v2.91v2)s(v". 320")
1+¢(v2, 320" ) +6(v*,31v2: )+ (va,0%)

s (W, vs1) + p (v, V") 6 (Uny, UY)

s| too,v") [ (va2r, Tov") + ¢ (", v2141)]
s2.v241)s(v",3v")
1+6(v2, 320 ) +6(0* w2 1)+ W21,0%)

+k (U2, UY)

+K (UO9 U*)

Letting 1 — oo in the above inequality, we get

S (U*’ SZU*)

IA

<

<

which is a contradiction. Thus v*
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Now, we prove that v* is a unique. We assume that there exists another common fixed of v/ of J,
and J,, i.e.,
v =90 =90/

but v* # v/. Now, from (3.1), we have

(o)

g‘(ﬁlv*, ﬁzv/)
plo)s(u)
+0 (v*, v/) [g‘ (v*, 521/) + g‘(v/, Slv*)]
s (v, Sv*)g‘(v/, Szv/)
1 +¢ @, 3,v)+¢@, 31v*)+¢(v,0v))
= p(v*,v/)g(v*, U/) + 20 (v*,h)g(v*, v/)
p(v*,v/)g(v*, U/) + 250 (v*,h)g(v*, U/)
(p (U*, U/) + 250 (v*,h))g‘(v*, v/).

IA

+K (v*, v/)

IA

Asp(v*, v/) + 250 (v*, k) < 1, we have

Thus, v* = v/.

Corollary 1. Let (¥, ) be a complete b-metric space with coefficient s > 1 and let 31,3, : F — F.
If there exist control functions p,o : F X ¥ —[0, 1) such that
(a) p(8281v,h) < p (v, h) and p (v, 3,321) < p (v, h)
0(3,81v,h) <o, h) and o (v, 3,3,h) < o (v, h),
(b) p(v,h) + 2s0 (v, h) < 1,
(c) s (B1v, Jn) <p(,h)s (v, )+ oW, h) [s (v, Bh) + ¢ (R, T V)],

then 31 and 3, have a unique common fixed point.
Proof. Take k (v, h) = 0 in Theorem 8. O

Theorem 9. Let (¥, ) be a complete b-metric space with coefficient s > 1 and let 31,3, : F — F. If
there exist control functions p,k : ¥ X F—[0, 1) such that
(a) p(8281v,h) < p (v, h) and p (v, 3,351) < p (v, h)
k(3,81v,h) < k (v, h) and k (v, 313,1) < k (v, h),
(b) p(v,h) + sk (v, h) < 1,
()6 (310, 350) < p . 1) § (0, ) + k0, 1) e RO
then 3 and 3, have a unique common fixed point.

Proof. Take o (v, h) = 0 in Theorem 8. O

Corollary 2. Let (F,<) be a complete b-metric space with coefcient s > 1 and let 31,3, : F — F. If
there exist control function p : ¥ X F—[0, 1) such that

(a) p(3281v,h) < p (v, h) and p (v, 3, 321) < p (v, h)

(b)p (v, 1) <1,

AIMS Mathematics Volume 8, Issue 4, 9443-9460.
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(C) S (S]U, s;2h) < P (U7 h) S (U’ h) 5
then 3 and 3, have a unique common fixed point.

Proof. Take o (v,h) = k (v, ) = 0 in Theorem 8. O

Corollary 3. Let (¥, ¢) be a complete b-metric space with coefcient s > 1 and let 3 : F — F. If there
exist control function p : ¥ X ¥ —|0, 1) such that

(a) p(Bu,h) < p (v, h)and p (v, k) < p (v, h)

(b)p(v,h) <1,

(c) s (Bv,3n) < p(v,h)s(v,h),
then 3 has a unique fixed point.

Proof. Set 3, = J and J, = I (Identity mapping) and o (v, %) = « (v, %) = 0 in Theorem 8. O

Corollary 4. Let (F,¢) be a complete b-metric space with coefficient s > 1 and let 3 : F — F. If
there exist control functions p, 0,k : F X F—[0, 1) such that

(a) p(Bv,h) < p (v, h) and p (v, Ih) < p (v, h),

o(Jv,h) <o(v,h) and o (v, Ih) < o (v, h)

k(Bv,h) < k(v,h) and k (v, Bh) < k (v, h),

(b) p(v,h) + 2s0 (v, h) + sk (v, h) < 1,

(c)s(Bv,Bh) <pW,h)s(Ww,h) +o,h)[s(v,Ih) +¢(h Tv)] +« @, h)
forall v, € F, then 3 has a unique fixed point.

g(v,ﬁv)g(h,ﬁh)
l+g(v,3h)+g(h,flu)+g(v,h)

Proof. Set 3, = J and J, = I (Identity mapping) in Theorem 8. |
Example 2. Let ¥ =[0,1)and ¢ : F X F — C by
s(w,h) = v -1’

for all v,h € F with s = 2. Then (¥,¢) is a complete b-metric space. Define the self mappings
51, 52 : T - 7: by

v
S]U = g
and v
SzU = Z
Consider
0,0,k . F XF—[0,1)
by
v h
p(u,h) = 17 + 20
and 5
v
o(v,h) = 16 + 71
and 5
v
Jh) = —.
k(v, h) 79

Now, we satisfy the condition (a) as follows.

AIMS Mathematics Volume 8, Issue 4, 9443-9460.
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p(B:0wh) =2+ a2 <L+ l= p@mmmmuﬁmm_% + o S L=
LA .

0 7720 240 = 17 7 20
0@ wh) =% +5<Lt+L=owhando@, T, Th) =5+ <L+ L
k(3,3,v, h)—@_ggz (v, h)andK(v J Szh)—@_% k (v, h).

Also condition (b) holds, that is, p (v, i) + 2s0 (v, h) + sk (v, h) < 1.

Consider

v k]
S‘(Slv,szh) = g—z
l+£| _|+l+£ 7_124_‘]‘/1_32
- \17 20 16 21 4 3

(vh) lv-¢

I 1w fu=tf + -y +w-nP

p . h) s, h)+ o, h) s (v, Ih) + ¢ (h, Jv)]
S (U’ 3lv) S (ha S;27/2)

l+¢, 30+, w)+sW,h)

+k (v, h)

Thus, all the assumptions of Theorem 8 are satisfied and O is a unique common fixed point of the

mappings J; and J,.

Corollary 5. Let (¥,¢) be a complete b-metric space with coefficient s > 1 and let 3 : F — F. If

there exist mappings p, k, it : FXF —[0, 1) such that for all v,h € F,
(a) p(3v,h) < p(v,h) and p (v, 3h) < p (v, k)
k(Bv,h) <k (v, h) and k (v, Bh) < k (v, h)
u(Ju,h) < u(v,h) and u (v, 3h) < u (v, h),
(b) p(v,h) + 2sk (v, h) + su(v,h) < 1,
(c)

(8", 3"n) < pW.h)s@,h)+o W, W[5, 3"h) + ¢ (i, V)]
s (v, 3"v) ¢ (h, 3"h)
s (v, 3"n) + ¢ (h, 3™v) + ¢ (v, h)

+x (v, h) I

for all v, € F, then there exists a unique point v* € ¥ such that Jv* = v*.

Proof. From Corollary 4, we have v € ¥ such that 3"v = v. Now, from

s (Jv,v)

s (33", ") = ¢ (3"3v, I")
o (Bv,v) ¢ (Bv,v) + 0 (Jv,v) [¢ (Bv, ") + ¢ (v, 3"Tv)]
+(S.0) s (Jv, 3"Bv) ¢ (v, I™)
1+ ¢ (v, I) + ¢ (v, 3"Tv) + ¢ (Jv,v)
o (Bv,v) s (Bv,v) + 0 (Jv,v) [¢ (Tv,v) + ¢ (v, Jv)]
s (Jv, Jv) s (v,v)
e (Tv.v) 1 +¢(3v,v)+¢ (v, Iv) +¢(Jv,v)
= (0(Jv,v) +20(Jv,v)) s (Jv,v)

which is possible only whenever ¢ (Jv,v) = 0. Thus, Jv = v.

IA

(3.5)

O
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4. Deduced results

Corollary 6. Let (F,<) be a complete b-metric space with coefficient s > 1 and let 3,3, : F — F.
If there exist control functions p, o0,k : F —[0, 1) such that

(a) p(3v) <p ) and p(Jv) < p (V)

0(J1v) <o) and o (I,v) < 0 (V)

k(B1v) < k(v) and k (J,v) < k(v),

(b) p(v) +2s0 (V) + sk(v) < 1,
(c) s(Bv, Jh) < p ) s (W, h) +0 W) [s (v, Toh) + ¢ (h, T1v)] + k (V) 1+§(U¢’g”2%1;f§)(s;i(,’g?j)hzg(u’h)’

then 3, and 3, have a unique common fixed point.

Proof. Define p, 0,k : FxXF —[0, 1) by

pw.h)y=p), oW h) =0 and «@,h) =«k(@)

for all v, € F. Then for all v, i € ¥, we have
(@) p(3:310,71) = p(8281v) < p(J1v) < p ) =p,h) and p (v, I, 3,7) = p (V) = p (v, 1)
0(3281v,1) = 0(8231v) <0(B1v) <0(v) = 0(v,h) and 0 (v, B, B271) = 0 (v) = 0 (v, h)
k(3281v,h) = k(3,01v) <k (J1v) < k() =k (v, h) and k (v, 3, T20h) = k(v) = k (v, h)
(b)) p(v, i)+ 2s0 (v, h) + sk (v, h) = p (V) + 250 (V) + sk (V) < 1,
© ¢ (310, 3:) £ p @) s @) + 0 @) 6 (v Ta) + 5 (1, 510)] + K ) et T

s (T, Bhh) < p(v,h) s (v, h) + 0 (v, 1) [s (v, Tah) + ¢ (7, B1v)] + k (v, h) 1+g(igyz}ag)l+?(§rz(,2i2)?g<u,h>'

By Theorem 8, J; and J, have a unique common fixed point. m|

Remark 1. It is notable that (a) and (b) of Theorem 8 above can be weakened by the condition
(33 10)<p@),0(8:81v) <o) and k(3,3,v) < k() forallv e F.

Corollary 7. Let (F,s) be a complete b-metric space with coefficient s > 1 and let 31,3, : F — F.
If there exist control functions p, o0,k : F —[0, 1) such that

(a) p(8,81v) <p(v)

0(3,81v) <o)

K(stlv) < K(U),

(b) p(v) +2s0 () + sk(v) < 1,

() (810, 3:0) < p ) 5 (0, 1)+ 0 W) [5 (0, 32h) + 6 (1, T10)] + k() et PG
then 3 and 3, have a unique common fixed point.

Proof. Define p, 0,k : FXF —[0, 1) by

pw,h)=p@, owh) =p@ and k@, h) =«()

for all v, i € F. Then for all v, i € F, we have
@ p(8281v,7) = p (3, 81w)<p@)=p@,h)and p (v, 8,3:0) = p(v) = p (v, 1)
0(3281v,h) =0(J,31v) <o) =0 (v,h) and o (v, 31 T,h) = 0 (v) = 0 (v, h)
k(3:01v,h) = k(8,01v) < k() =k (v,h) and k (v, 3 Ts0) = k(v) = k (v, h)
(b) p(v,h) + 2s0 (v, h) + sk (v, h) = p (V) + 250 (V) + sk (v) < 1,
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(©) 5 (310, 5ah) < p W) § (W, 1) + 0 (W) [6 (v, Tahh) + ¢ (1, 510)] + & () —eu)s(3:1)

1+¢(v,927)+5(7,3 1v)+s(w.7)
§ (310, 5:1) < p @ h) & () + 0 (. 1) [5 (v, Tah) + 6 (h, F10)] + K (v, ) oI 220)

1+g(v,52h)+g(h,5 1)+s@w)’
By Theorem 8, J, and J, have a unique common fixed point.

O
Corollary 8. Let (¥, ) be a complete b-metric space with coefficient s > 1 and let 31,3, : F — F.
If there exist nonnegative real numbers p, 0 and k with p + 2sp + sk < 1 such that

(81w, 30) < ps(v,h)+els (v, Bah) + ¢ (R, T1v)]
« s (v, 31v) ¢ (R, 320)
1 + S‘(Ua S27;1) + g(h7 i;]‘U) + g(l},h) ’
forall v,h € F, then 3| and 3, have a unique common fixed point.

Proof. Take p(-) = p, 0() = o and k (-) = « in Corollary 7.

O
Corollary 9. Let (F, <) be a complete b-metric space with coefficient s > 1 and let 3 : F — F. If

there exist nonnegative real numbers p, 0 and k with p + 2sp + sk < 1 such that

s (v, 3n) < ps,h) +ols (v, ) + ¢ (i, Tv)]
s (v, Bv) ¢ (h, 3h)
Kl +s,3n) +¢(h,Jv) +s (v, h)’
forall v, € F, then 3 has a unique fixed point.

Proof. Take 3, = J, = J in above Corollary.

O
Corollary 10. Let (¥, ) be a complete b-metric space with coefficient s > 1 and let 31,3, : F — F.
If there exist nonnegative real numbers p and o with p + 2so < 1 such that

g(slv’ SZh) < pg (U9 h) + % [g (Ua SZh) + g(h7 Sl‘U)] y
forall v,h € F, then 3| and 3, have a unique common fixed point.
Proof. Take « = 0 in Corollary 8.

O
Corollary 11. Let (F, ) be a complete b-metric space with coefficient s > 1 and let 3,3, : F — F.
If there exist nonnegative real numbers p and k with p + sk < 1 such that

§(U, 3lv)g(ha Slh)
v, 350) < ) + ,
§ (T, 3oh) < s (0T + K T o) e D)
forall v,h € F, then 3| and 3, have a unique common fixed point.

Proof. Take o = 0 in Corollary 8.

O
Corollary 12. Let (F, ) be a complete b-metric space with coefficient s > 1 and let 3,3, : F — F.
If there exists nonnegative real number p € [0, 1) such that
s (81v, 320) < pg (v, 1)
forall v,h € F, then 3| and 3, have a unique common fixed point.
AIMS Mathematics
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Proof. Take o = k = 0 in Corollary 8. |

Corollary 13. [7] Let (F, ) be a complete b-metric space with coefficient s > 1 and let 3 : F — F.
If there exists nonnegative real number p € [0, 1) such that

s (Jv, Bh) < ps (v, h)
forall v,h € F, then 3 has a unique fixed point.

Proof. Take 3, = ¥, = ¥ in above Corollary. O

Corollary 14. Let (F, ) be a complete b-metric space with coefficient s > 1 and let 31,3, : F — F.
If there exists nonnegative real number o with 2so < 1 such that

s(Jv, 8,h) <o[s (v, I2h) + (B, T1v)] ,
forall v,h € F, then 3| and 3, have a unique common fixed point.

Proof. Take p = « = 0 in Corollary 8. O

Corollary 15. [8] Let (F, <) be a complete b-metric space with coefficient s > 1 and let 3 : F — F.
If there exists nonnegative real number o with 2so < 1 such that

s(Jv,8n) <pols (v, Bnh) + ¢ (1, V)],
forall v, € F, then 3 has a unique fixed point.

Proof. Take 3| = 3, = ¥ in above Corollary. m|

Remark 2. If we take s = 1, then b-metric space reduced to metric space and Banach contraction

principle [2] and Chaterjea fixed point theorem [4] are direct consequences of Corollaries 13 and 15
respectively.

5. Application

In the present section, we discuss the existence of solution for the Fredholm integral equation

1
u(t) = f K(t, s,u(s))ds 5.1
0

where K : [0, 1]1X[0, 1]XxR — R* is continuous function. Let ¥ = C[0, 1] be the set of real continuous
functions defined on [0, 1] and

d(v(), (1)) = max (v @ —r@®OID"

for all v, € ¥, where m > 1. It is evident that (¥, d) is a complete b-metric space with a parameter
s =2m1

AIMS Mathematics Volume 8, Issue 4, 9443-9460.
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Theorem 10. Consider Eq (5.1) and suppose that

(i) K : [0,1] X [0, 1] X R — R™ is continuous function,

(ii) there exists a continuous function A : [0, 1] X [0, 1] — R* such that fol A(t,s)ds <1,

(iii) there exists a control function p : FXF —[0, 1) such that p (3v,h) < p (v, h) and p (v, Jh) <
p (v, h),

(iv) for all (¢, s) € [0,1)* and v,h € F,
IK (2,5, 0(s)) = K(t, 5. ()| < p (v, 1) A(2, 5) |o(s) = (s).
Then the integral Eq (5.1) has a unique solution v € F .
Proof. Define the mapping J : ¥ — ¥ by
1
Ju(r) = f K(t, s, v(s))ds.
0

Now forv,fie ¥ and ¢t € [0, 1], we have
(|5v() - 5r()])"

1 1
f K(t, s,u(s))ds — f K(t, s, h(s))ds

0 0

1 m
f |K(t, s, vu(s)) — K(¢, s, hi(s))| ds)
0

d(Ju(r), Bh(1))

)m

1
f (K(t, s,v(s)) — K(t, s, h(s))) ds
0

IA

m

IA

1
fo p (W, ) A(t, 5) (u(s) — A(s)")7 ds)

1 m
= f p (W, )m A(1, 5) d(u(), h(t))nlds)
0

m

1

p (v, h)d(u(t), h(t)) (f A(t, s) ds)
0

p (v, 1) d(v(1), (1))

IA

Thus,
s (Jv,3n) < p(v,h)d(v,h).

Hence, all the assumptions of Corollary 3 are satisfied and J has a unique fixed point in #. Which is
a solution of the integral equation in (5.1). O

6. Conclusions
In this article, we have obtained common fixed point results for rational contractions involving
control functions of two variables in the the background of b-metric space. As outcomes of our main

results, we have derived certain fixed points and common fixed points of self mappings for rational

AIMS Mathematics Volume 8, Issue 4, 9443-9460.
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contractions presuming control functions of one variable and constants. As an application, we have
investigated the solution of integral equation.

For future study, the obtained results in this article can be extended to multivalued mappings and
fuzzy set valued mappings. As applications of these results for multivalued mappings in the setting of
b-metric space, some differential and integral inclusions can be investigated. Moreover, these results
can be proved in the background of graphical extended b-metric space.
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