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1. Introduction

Let C be a closed and convex subset of a Banach space X := (X, ‖ · ‖). Suppose that α ∈ [0, 1). We
say that a mapping T : C → C is generalized α-nonexpansive [1], if the following inequality holds

‖T x − Ty‖ ≤ α‖T x − y‖ + α‖x − Ty‖ + (1 − 2α)‖x − y‖,

for all x, y ∈ C with 1
2‖x − T x‖ ≤ ‖x − y‖.

Recently, Rezapour et al. [2] proposed the following result for finding a common fixed point of
three generalized α-nonexpansive mappings. Recall that a point p ∈ C is a fixed point of a mapping
T : C → C if p = T p and the set of all fixed points of T is denoted by Fix(T ). The interested reader is
referred to [3, 4] for some further discussion on the fixed point theory.

Theorem 1.1. Suppose that C is a closed and convex subset of a uniformly convex Banach space X
and T1,T2,T3 : C → C are three generalized α-nonexpansive mappings such that

Fix(T1) ∩ Fix(T2) ∩ Fix(T3) , ∅.
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Suppose that {xn}
∞
n=1 is generated by the following iterative scheme:

x1 ∈ C;
zn := T1((1 − αn)xn + αnT1xn);
yn := T2zn;

xn+1 := T3yn

where αn ∈ (0, 1) for all n ≥ 1. Then the following statements are true:

(a) The sequence {xn}
∞
n=1 is bounded and lim

n→∞
‖xn − T1xn‖ = lim

n→∞
‖xn − T2xn‖ = lim

n→∞
‖xn − T3xn‖ = 0.

(See Theorem 3.2 of [2].)

(b) If X fulfills the Opial’s condition or C is compact, then {xn}
∞
n=1 converges weakly to a common fixed

point of T1, T2, and T3. (See Theorems 3.3 and 3.4 of [2].)

Recall that

• X is uniformly convex [5] if lim
n→∞
‖xn − yn‖ = 0 whenever {xn}

∞
n=1 and {yn}

∞
n=1 are two sequences in

X such that
lim
n→∞
‖xn‖ = lim

n→∞
‖yn‖ = lim

n→∞

1
2
‖xn + yn‖ = 1.

• X fulfills the Opial’s condition [6] if lim inf
n→∞

‖xn‖ < lim inf
n→∞

‖xn − x‖ whenever {xn}
∞
n=1 is a weakly

null sequence in X and x , 0.

2. A counterexample, some discussions and corrections

2.1. A counterexample

Let X := R be equipped with the usual norm | · | and C := [−1, 1]. It follows that X := (R, | · |) is
uniformly convex with the Opial’s criterion and C is compact. Define T1,T2,T3 : C → C by

T1x = T2x := x and T3x := −x,

for all x ∈ C. It follows that all Ti’s are nonexpansive, that is, they are generalized 0-nonexpansive.
Moreover, Fix(T1)∩ Fix(T2)∩ Fix(T3) = {0}. Suppose that {xn}

∞
n=1 is generated by the iterative scheme

given in Theorem 1.1 where x1 := 1. It follows that y1 = z1 = 1 and x2 = −1. Processing the scheme
again gives y2 = z2 = −1 and x3 = 1. It follows that {xn}

∞
n=1 = {1,−1, 1,−1, . . . } and it is not convergent.

2.2. Some discussions

Let us discuss why the conclusion of Theorem 1.1 is not correct. In fact, it is the invalidation
of Theorem 3.2 which is stated as Theorem 1.1(a) in this paper. The proof of Theorem 3.2 given
there is not correct. To apply Lemma 2.5 which is a consequence of the uniform convexity of the
space, we must assume that the sequence of parameters {αn}

∞
n=1 is bounded away from zero and one.

In fact, if we assume that 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

αn < 1, then we can follow the original proof

to conclude that lim
n→∞
‖xn − T1xn‖ = 0. Unfortunately, the authors of [2] claimed that the conclusion

lim
n→∞
‖xn − T2xn‖ = lim

n→∞
‖xn − T3xn‖ = 0 follows similarly. As shown by the counterexample above, this

is also not true.
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2.3. Some corrections

It is clear from the definition that every generalized α-nonexpansive mapping is quasi-nonexpansive.
Recall that T : C → C is quasi-nonexpansive [7], if Fix(T ) , ∅ and ‖T x − p‖ ≤ ‖x − p‖ for all
(x, p) ∈ C × Fix(T ). We propose the following correction of Theorem 1.1. It is inspired by the result
of Kim [8]. Since Kim proved the result in a Hilbert space, we give a sketch proof in a more general
space.

The following lemma (see [9]) is a correction of Lemma 2.5 of [2]. Note that the condition 0 <

lim inf
n→∞

αn ≤ lim sup
n→∞

αn < 1 cannot be discarded from the statement.

Lemma 2.1. Let X := (X, ‖ · ‖) be a uniformly convex Banach space. Suppose that {αn}
∞
n=1 ⊂ [0, 1]

such that 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

αn < 1 and suppose that {xn}
∞
n=1 and {yn}

∞
n=1 are two sequences

in X. If lim sup
n→∞

‖xn‖ ≤ r, lim sup
n→∞

‖yn‖ ≤ r and lim sup
n→∞

‖(1 − αn)xn + αnyn‖ = r where r ≥ 0, then

lim
n→∞
‖xn − yn‖ = 0.

Theorem 2.1. Suppose that C is a closed and convex subset of a uniformly convex Banach space X
and T1,T2,T3 : C → C are three quasi-nonexpansive mappings such that

Fix(T1) ∩ Fix(T2) ∩ Fix(T3) , ∅.

Suppose that {xn}
∞
n=1 is generated by the following iterative scheme:

x1 ∈ C;

xn+1 := (1 − αn)xn + αn

(
1
3

T1xn +
1
3

T2xn +
1
3

T3xn

)
,

where {αn}
∞
n=1 ⊂ [0, 1] such that 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
αn < 1. Then the following statements are

true:

(a) The sequence {xn}
∞
n=1 is bounded and lim

n→∞
‖xn − Tixn‖ = 0 for all i = 1, 2, 3.

(b) Suppose, in addition, that I − Ti is demiclosed at zero for all i = 1, 2, 3. If X fulfills the Opial’s
condition, then {xn}

∞
n=1 converges weakly to a common fixed point of T1, T2, and T3.

Recall that I − T is demiclosed at zero if p ∈ Fix(T ) whenever {xn}
∞
n=1 is a sequence in C which is

weakly convergent to p ∈ C and lim
n→∞
‖xn − T xn‖ = 0. It is easy to see that if T : C → C is generalized

α-nonexpansive and X fulfills the Opial’s condition, then I − T is demiclosed at zero (see [1]).

Proof. (a) Let F := Fix(T1) ∩ Fix(T2) ∩ Fix(T3) , ∅ and p ∈ F. For each n ≥ 1 and i = 1, 2, 3, we
have ‖Tixn − p‖ ≤ ‖xn − p‖ and hence

‖xn+1 − p‖ ≤ (1 − αn)‖xn − p‖ + αn

∥∥∥∥∥1
3

(T1xn − p) +
1
3

(T2xn − p) +
1
3

(T3xn − p)
∥∥∥∥∥

≤ (1 − αn)‖xn − p‖ +
αn

3
‖T1xn − p‖ +

αn

3
‖T2xn − p‖ +

αn

3
‖T3xn − p‖

≤ ‖xn − p‖.
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In particular, the limit lim
n→∞
‖xn − p‖ := r exists and the sequence {xn}

∞
n=1 is bounded. Moreover,

lim sup
n→∞

‖Tixn − p‖ ≤ r for all i = 1, 2, 3. For convenience, let yn := 1
3 (T1xn + T2xn + T3xn). It

follows that lim sup
n→∞

‖yn − p‖ ≤ r. Moreover, we have

lim
n→∞
‖(1 − αn)(xn − p) + αn(yn − p)‖ = lim

n→∞
‖xn+1 − p‖ = r.

It follows from Lemma 2.1 that lim
n→∞
‖xn − yn‖ = lim

n→∞
‖(xn − p) − (yn − p)‖ = 0. Hence lim

n→∞
‖yn − p‖ = r.

This implies that

r = lim
n→∞
‖yn − p‖

= lim
n→∞

∥∥∥∥∥∥2
3

(
1
2

(T1xn − p) +
1
2

(T2xn − p)
)
+

1
3

(T3xn − p)

∥∥∥∥∥∥
≤

2
3

lim inf
n→∞

∥∥∥∥∥1
2

(T1xn − p) +
1
2

(T2xn − p)
∥∥∥∥∥ + 1

3
lim sup

n→∞
‖T2xn − p‖

≤
2
3

lim inf
n→∞

∥∥∥∥∥1
2

(T1xn − p) +
1
2

(T2xn − p)
∥∥∥∥∥ + r

3
.

In particular, lim inf
n→∞

∥∥∥ 1
2 (T1xn − p) + 1

2 (T2xn − p)
∥∥∥ ≥ r. It is clear that

lim sup
n→∞

∥∥∥∥∥1
2

(T1xn − p) +
1
2

(T2xn − p)
∥∥∥∥∥ ≤ r.

This implies that lim
n→∞

∥∥∥ 1
2 (T1xn − p) + 1

2 (T2xn − p)
∥∥∥ = r. It follows from Lemma 2.1 again that

lim
n→∞
‖T1xn − T2xn‖ = lim

n→∞
‖(T1xn − p) − (T2xn − p)‖ = 0.

Similarly, we can show that lim
n→∞
‖T2xn−T3xn‖ = 0. Since lim

n→∞
‖xn−yn‖ = 0, we have lim

n→∞
‖xn−Tixn‖ = 0

for all i = 1, 2, 3. This completes the proof of (a).
(b) Suppose, in addition, that I − Ti is demiclosed at zero for all i = 1, 2, 3 and X fulfills the

Opial’s criterion. Since every uniformly convex Banach space is reflexive and the sequence {xn}
∞
n=1

is bounded, we assume that there are two weakly convergent subsequences {xnk}
∞
k=1 and {xmk}

∞
k=1 of

{xn}
∞
n=1 with the weak limits z1 and z2, respectively. Since each I − Ti is demiclosed at zero, we have

z1, z2 ∈ F. To conclude that the whole sequence is weakly convergent, we suppose that z1 , z2 to reach
a contradiction. Since z1 , z2, we have

lim
n→∞
‖xn − z1‖ = lim

k→∞
‖xnk − z1‖ < lim

k→∞
‖xnk − z2‖ = lim

n→∞
‖xn − z2‖.

Similarly, we also have

lim
n→∞
‖xn − z2‖ = lim

k→∞
‖xmk − z2‖ < lim

k→∞
‖xmk − z1‖ = lim

n→∞
‖xn − z1‖.

This completes the proof of (b). �
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The following result is established in the presence of a weaker assumption than the uniform
convexity. Recall that a Banach space X := (X, ‖ · ‖) is strictly convex [5], if x = y whenever x, y ∈ x are
such that ‖x‖ = ‖y‖ = 1

2‖x + y‖ = 1. Note that every uniformly convex Banach space is strictly convex
but the converse is not true.

Lemma 2.2. Let X := (X, ‖ · ‖) be a strictly convex Banach space. Suppose that 0 < α < 1 and suppose
that x, y ∈ X. If ‖x‖ ≤ r, ‖y‖ ≤ r and ‖(1 − α)x + αy‖ = r where r ≥ 0, then x = y.

Theorem 2.2. Suppose that C is a compact and convex subset of a strictly convex Banach space X and
T1,T2,T3 : C → C are three quasi-nonexpansive mappings such that

Fix(T1) ∩ Fix(T2) ∩ Fix(T3) , ∅.

Suppose that {xn}
∞
n=1 is generated by the following iterative scheme:

x1 ∈ C;

xn+1 := (1 − αn)xn + αn

(
1
3

T1xn +
1
3

T2xn +
1
3

T3xn

)
where {αn}

∞
n=1 ⊂ [0, 1] such that 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
αn < 1. Suppose, in addition, that I − Ti is

strongly closed at zero for all i = 1, 2, 3. Then {xn}
∞
n=1 converges strongly to a common fixed point of

T1, T2, and T3.

Recall that I − T is strongly closed at zero if p ∈ Fix(T ) whenever {xn}
∞
n=1 is a sequence in C which

is strongly convergent to p ∈ C and lim
n→∞
‖xn − T xn‖ = 0.

Proof. Let p ∈ F := Fix(T1) ∩ Fix(T2) ∩ Fix(T3) , ∅. We follow the first part of the proof of
Theorem 2.1(a) and obtain that lim

n→∞
‖xn − p‖ := r exists and lim sup

n→∞
‖Tixn − p‖ ≤ r for all i = 1, 2, 3

where r ≥ 0. Since all the sequences {xn}
∞
n=1, {T1xn}

∞
n=1, {T2xn}

∞
n=1, and {T3xn}

∞
n=1 are in the compact set

C, we may assume that there exists a strictly increasing sequence {nk}
∞
k=1 of positive integers such that

lim
k→∞
|αnk − α| = 0 and

lim
k→∞
‖xnk − z0‖ = lim

k→∞
‖T1xnk − z1‖ = lim

k→∞
‖T2xnk − z2‖ = lim

k→∞
‖T3xnk − z3‖ = 0

for some α ∈ (0, 1) and z0, z1, z2, z3 ∈ C. For convenience, let yn := 1
3 (T1xn + T2xn + T3xn) and

y := 1
3 (z1 + z2 + z3). It follows that lim sup

n→∞
‖yn − p‖ ≤ r. In particular, we have ‖z0 − p‖ = r =

‖(1 − α)(z0 − p) + α(y − p)‖ and ‖y − p‖ ≤ r. It follows from Lemma 2.2 that z0 − p = y − p and hence
z0 = y. This implies that ‖y − p‖ = r and hence

r = ‖y − p‖ =

∥∥∥∥∥∥2
3

(
1
2

(z1 − p) +
1
2

(z2 − p)
)
+

1
3

(z3 − p)

∥∥∥∥∥∥
≤

2
3

∥∥∥∥∥1
2

(z1 − p) +
1
2

(z2 − p)
∥∥∥∥∥ + 1

3
‖z3 − p‖ ≤

2
3

∥∥∥∥∥1
2

(z1 − p) +
1
2

(z2 − p)
∥∥∥∥∥ + r

3
.

Now, we have
∥∥∥ 1

2 (z1 − p) + 1
2 (z2 − p)

∥∥∥ ≥ r. It is easy to see that
∥∥∥1

2 (z1 − p) + 1
2 (z2 − p)

∥∥∥ ≤ r. This
implies that

∥∥∥ 1
2 (z1 − p) + 1

2 (z2 − p)
∥∥∥ = r. We apply Lemma 2.2 again and obtain that z1 − p = z2 − p
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and hence z1 = z2. Similarly, we can prove that z2 = z3. This implies that z0 = y = 1
3 (z1 + z2 + z3) = z1

and hence z0 = z1 = z2 = z3. In particular,

lim
k→∞
‖xnk − z0‖ = lim

k→∞
‖T1xnk − z0‖ = lim

k→∞
‖T2xnk − z0‖ = lim

k→∞
‖T3xnk − z0‖ = 0.

This implies that limk→∞ ‖xnk − Tixnk‖ = 0 for all i = 1, 2, 3. Since each I − Ti is strongly closed at
zero, we have z0 ∈ F. Note that lim

k→∞
‖xnk − z0‖ = 0 and lim

n→∞
‖xn − z0‖ exists. We can conclude that

lim
n→∞
‖xn − z0‖ = 0. Hence {xn}

∞
n=1 converges strongly to a common fixed point of T1, T2, and T3. �

Proposition 2.1. Suppose that C is a subset of a Banach space X := (X, ‖ · ‖). If T : C → C is a
generalized α-nonexpansive mapping where 0 ≤ α < 1, then I − T is strongly closed at zero.

Proof. Suppose that {xn}
∞
n=1 is a sequence in C which is strongly convergent to p ∈ C and lim

n→∞
‖xn −

T xn‖ = 0. It follows from [1] that

‖xn − T p‖ ≤
3 + α
1 − α

‖xn − T xn‖ + ‖xn − p‖.

Taking n→ ∞ gives lim
n→∞
‖xn − T p‖ = 0 and hence p = T p. �

We now summarize our result for generalized α-nonexpansive mappings.

Theorem 2.3. Suppose that C is a closed and convex subset of a Banach space X and T1,T2,T3 : C →
C are three generalized α-nonexpansive mappings such that 0 ≤ α < 1 and

Fix(T1) ∩ Fix(T2) ∩ Fix(T3) , ∅.

Suppose that {xn}
∞
n=1 is generated by the following iterative scheme:

x1 ∈ C;

xn+1 := (1 − αn)xn + αn

(
1
3

T1xn +
1
3

T2xn +
1
3

T3xn

)
where {αn}

∞
n=1 ⊂ [0, 1] such that 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
αn < 1. Then the following statements are

true:

(a) If X is uniformly convex and fulfills the Opial’s condition, then {xn}
∞
n=1 converges weakly to a

common fixed point of T1, T2, and T3.

(b) If X is strictly convex and C is compact, then {xn}
∞
n=1 converges strongly to a common fixed point of

T1, T2, and T3.

Remark 2.1. Compare our Theorem 2.3(b) and Theorem 3.4 of [2], we find that our assumption is
more general and our conclusion is better than theirs.

3. Conclusions

After a careful reading the paper of Rezapour et al. [2], we find a gap in their result. We show
by a counterexample that their results are not correct. We also discuss a reason why their conclusion
does not hold. Moreover, we propose a correction and reestablish the corresponding result with a more
general assumption.
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