AIMS Mathematics, 8(4): 9314-9330.
DOI: 10.3934/math.2023468
ATMS Mathematics Received: 06 December 2022
Revised: 23 January 2023

Accepted: 01 February 2023
http://www.aimspress.com/journal/Math Published: 15 February 2023

Research article

New fixed point results in controlled metric type spaces based on new
contractive conditions

Wasfi Shatanawi'->* and Taqi A. M. Shatnawi’

! Department of Mathematics and Sciences, College of Humanities and Sciences, Prince Sultan
University, Riyadh 11586, Saudi Arabia

2 Department of Mathematics, Faculty of Science, The Hashemite University, P.O. Box 330127,
Zarqa 13133, Jordan

* Correspondence: Email: wshatanawi@psu.edu.sa.

Abstract: In the present work, we will establish and prove some fixed point theorems for mappings
that satisfy a set of conditions in controlled metric type spaces introduced by Mlaiki et al. [N. Mlaiki, H.
Aydi, N. Souayah, T. Abdeljawad, Controlled metric type spaces and the related contraction principle.
Mathematics 2018, 6, 194]. Our technique in constructing our new contraction conditions is to insert
the control function 6(u,l) that appears on the right hand side of the triangular inequality of the
definition of the controlled metric spaces in the right hand side of our proposed contraction conditions.
Our results enrich the field of fixed point theory with novel findings that generalize many findings
found in the literature. We provide an example to show the usefulness of our results. Also, we present
an application to our results to show their significance.
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1. Introduction

The fixed point (FP) theory technique is widely used by scientists to prove the existence of solutions
to problems in science involving integral equations or differential equations. So, the appeal of fixed
point theory to a large number of scientists is understandable. After Banach [1] launched and proved
Banach’s contraction theorem, many mathematicians extended this well-known theorem into more
general forms either by enhancing Banach’s contraction into more general forms or by extending metric
space (MS) into new ones, such as cone MS, G-MS, partial MS and so on.

One of the important generalizations of MS is the idea of h-MS introduced by Baktain [2] and
Czerwik [3]. Some authors have obtained many FP theorems in h-MS; for some results see [4-8].
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Abdeljawad et al. [9] used the idea of partial »-MS to enhance some known FP results. Shatanawi et
al. [10] made use of ordered relations to present a new type of Banach’s contraction theorem.

Rasham et al. [11] established a generalization of Banach’s contraction theorem on fuzzy metric
spaces. Also, Gupta at el. [12—14] initiated several fixed point results in the setting of fuzzy metric
spaces. Gamal et al. [15] took the advantage of weakly compatible maps to present new fixed point
findings via various contractions in multiplicative metric spaces and to examine some applications.
Meanwhile, other authors introduced different types of contraction conditions, and to examine some
applications in their obtained results, see for example [16, 17].

In the last few years, Kamran et al. [18] presented a good idea to extend the concept of b-MS in
a clever way based on a control function with domain [1, +00) and named their concept “extended b-
metric spaces (EbMS)”. Recently, Mlaiki et al. [19] extended the idea of h-MS to a new idea, which
they named “controlled metric type space (CMTS)” by inserting a control function 6 in the triangular
inequality of the definition of the metric space in a luminous way. Also, Mlaiki et al. [19] provided an
example showing that the concept of a CMTS is not an EbMS. For more results in extended b-metric
spaces and controlled metric spaces, see [20-23].

From now on, F stands for a non-empty set.

Definition 1.1. [2,3] For b > 1, the function v : F X F — [0, o) is called a b-metric if ¥ v,l,s € F,
we have

(1) v(n,) =0 & [=v,
(2) v(v, D) = v(l,v),

(3) viv,D) < blv(v, s) + v(s,D].
The pair (F,v) is called a b-MS.

The above concept has been generalized by two different ways. The first way was given by Kamran
et al. [18] as follows:

Definition 1.2. [/8] Consider the function 0 : F X F — [1, ), and the functionv : F X F — [0, o)
is called an extended b-metric ifV v, 1, s € F, we have

(1) viv,) =0 & [=v,
(2) v(v, D) = v(l,v),

(3) viv,l) < 6(v, D[v(v, s) + v(s, D].
The pair (F,v) is referred to as an EDMS.

For some examples on EbMS, see [6, 18].
The second way for generalizing the b-MS was given by Mlaiki et al. [19] as follows:

Definition 1.3. [19] Consider the function 8 : F X F — [1, ), and the functionv : F X F — [0, 00)
is called a controlled metric type if ¥V v,l, s € F, we have

(1) viv,D) =0 < [=v,
(2) viv,D) = v(l,v),
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(3) v(iv,D) < 0(v, s)v(v, s) + 6(s, Dv(s, ).
The pair (F,v) is called a CMTS.

Mlaiki et al. [19] introduced the following notable example to show the big difference between the
EbMS and the CMTS.

Example 1.1. Let F = {1,2,3,...}. Define6: F X F — [1,0) by

v, if vis even and l is odd
o, l) =11, if vis odd and | is even
1, otherwise.

Also, definev : F X F — [0, +00) via

v, if viseven and l is odd
v(v,l) =<1, if vis odd and the | is even
1, otherwise.

Then (F,v) is a CMTS which is not an EbMS.

The aim of the present work is to take advantage of the notion of CMTS to present new contractive
conditions and making use of our new contractions to formulate new results related to FP of a mapping
that satisfies a set of conditions.

2. Main results

From now on, CCMTS is a complete controlled metric type space, and CbMS is a complete b-metric
space with constant b.

Theorem 2.1. On CCMTS (F,v), assume there exists r € (0, 1] such that Q : F — F satisfies

v(QL, Qv) < ro(l,v)v(l,v), 2.1

foralll,v € F. Assume

1
lim sup 6(li11, 1,,)0(1;41, l;12) exists and less than —, (2.2)

i—00 r
where I; = Q'l, for Iy € F. Also, suppose that for any v,l € F, we have

lim sup 6(v, Q'l) and lim sup 6(Q'l,v) existand are finite.

i—+00 i—+00

Then, Q has a FP in F.

Proof. Let Iy € Q. Then, we construct a sequence (/) in Q by putting [, = Q'ly. Fort € N,
Condition (2.1) gives

vl L) = v(Oli-y, Q)

AIMS Mathematics Volume 8, Issue 4, 9314-9330.



9317

ro(l—1, L)v(i-1, 1)
rze(lt,l, [0, L—))v(li2, 1i-y)

IANIA

rFO(l-1, 102, 11-1) . .. Oy, [)v(lo, 1y)

= 7| [ o, 1. (2.3)

=1
For t,m € N with m > t, we choose k € N with m = ¢ + k. The triangular inequality of the definition
v produces
V(s L) < O L)V Livr) + O L) V(s k)
<O, L)V L) + 0Lty L) O s L) v L)
+ 015 Livi) 02, Lii)V(Uiias Liak)
< 0 L)v(s L) + 01, L) 0(ns Lo) v, Li2)
+ 015 L) 02, [143)0( 1125 Li3)V(Liv2s Liss)

+ 9(lt+1 ) lt+k)9(lt+2’ lt+k)9(lt+39 lt+k)v(lt+3’ lt+k)
<

< g(lta lt+l)v(lt’ lt+l) + 9(1,«“, lt+k)9(lt+l’ lt+2)v(lt+1’ lt+2)
+ 015 L) O, i) 02, L3 V(i Liis)

+ 9(l,+1 ’ lt+k)0(lt+2, lt+k)9(lt+3, ll‘+k)9(ll‘+3’ lt+4)V(lt+3’ lt+4)
+

+ 9(lz+1 ) lt+k)0(lt+2a lt+k) .. 9(lt+k—23 lt+k)9(lt+k—2, lt+k—1)v(lt+k—2’ lt+k—1)
+ 015 L), Livie) - - O =2, Livi) O k=15 L) V(liii—15 Lrsk)-
In light of the values of 6(/;, l;,x) > 1 and 6(l;+x—1, l;+x) > 1, the above inequalities imply

V(L L) < 0L, Li)0(L, Ly )y, L)
+0(Ls, Lii) 0L s L0 L)V ir s L)
+9(lt’ lt+k)9(lt+1 s lt+k)9(lt+2’ lt+k)9(ll+2’ lt+3)V(lt+2a lt+3)

+0(lta lt+k)0(lt+l’ lt+k)9(lt+2’ lt+k)9(lt+39 lt+k)9(lt+3’ lt+4)V(lt+39 lt+4)
+

+9(lt’ lt+k)9(lt+1 s lt+k)9(lt+2’ lz+k) oo 9(1t+k—2, lt+k)0(lt+k—2’ lt+k—l )V(lt+k—2a lt+k—1)
+9(lta lt+k)0(lt+la lt+k)9(lt+2’ lt+k) cee 9(l,+k_2, lt+k)9(lt+k—l ’ lt+k)9(lt+k—l ’ lt+k)V(lt+k—l ’ lt+k)

t+k—1 j

= > [ 100 b0, Loy, L), (2.4)

j=t i=t
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Taking advantage of inequalities (2.3) and (2.4) yields

Yl ) < f ﬁ 0L L)L, Ly ) ﬁ 0(ly1, L,)v(lo, ). 25)
j=t =t y=1
Define
J J
[ |0 oo, e | |00, Lyvio, 1) = A;. (2.6)
i=t y=1
Then,

. A )
Ahm —_— = Ahm 9(lj+1’lt+k)9(lja lj+1)7' < 1.
Jo+oo j Jo+oo

As t — +oo, the ratio test implies that

too J Jj+1 too j j+1
o= | 06 1o, .0r | | 00, vo, 1) = S = 37 | |0 1000 ) | | 061 1w, 1),
j=t i=t y=1 J=1 =t y=1

Inequality (2.5) implies that
lim v(l,1,) =0,

t,m—+00

which means that the sequence (/;) is Cauchy in (F, v). As aresult of the completeness of (F,v), I’ € F
such that

limv(l,,I') = 0. 2.7
—o0
Now, the triangular inequality and (2.1) yield

v(l', Q) < O, Ly )V, List) + 01, QU )v(liir, Q1) (2.8)
<O, L)yl Lr) + 161, QOO Uv(l, 1), .
Permitting + — +oco and keeping in our mind that

limsup&(I’,1,+1) and limsup6(t,,1, Q') exist and are finite,

t—+00 —+00

(2.8) implies v(I’, QI') = 0, and hence QI' =I'. O
In Theorem 2.1, we can remove the conditions
,1_1330 6(v, Q') and ;1_1520 0(Q'l,v) both exist and are finite
from the context if 6 is assumed to be continuous in its variables. So, we have the following theorem:

AIMS Mathematics Volume 8, Issue 4, 9314-9330.
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Theorem 2.2. On CCMTS (F,v), assume there exists r € (0, 1] such that Q : F — F satisfies
v(QL, Qv) < ro(l,v)v(l,v), (2.9)
forall l,v € Q. Suppose that for any m € N,

1
lim sup 6(1;, 1,,)0(l;, l;;1) exists and is less than —,

[—00 r
where I; = Q'ly for ly € F. If 0 is continuous in its variables, then Q has a FP in F.

Proof. Create a sequence ([, = Q'ly) in F in similar way to Theorem 2.1 such that /, —» I’ € F and
lim v(l,,l;41) = lim v(l;,I") = lim v(l,1;) = 0.
t—+00 t—+00 t—+00
Take advantage of the continuity of € in its variables to obtain:
lim 6(l,, Ql') = 6(', QI'),
t—+00
and
lim 6, 1,) = lim 6(,l") =6, I).
t—+00 t—+00

Claim: Q/" = I'. To achieve that, we benefit from the triangular inequality of v and (2.9) to get

v(l', Q) < O, Ly )V, lier) + 01, QU)v(liir, Q1)
<O, L)yl Lar) + 1601y, QOO Uv(l, 1),

Allow t — 400 in (2.10) to obtain
v(l', Ql') o, tlim v(l', L) + rOl, QIO 1) tlim v, 1).
—+00 —+00
= 0.

(2.10)

IA

This means that QI' = I’. Thus, the desired result is obtained. O

The uniqueness of the FP in Theorem 2.1 or 2.2 can be obtained if an appropriate condition is added.

Theorem 2.3. On CCMTS (F,v), assume there exists r € (0, 1] such that Q : F — F satisfies
v(QL, Qv) < ro(l,v)v(l,v),

foralll,v € F. Assume that
1
lim sup 6(l;, 1,,)0(l;, ;1) exists and is less than —,
i—00 r
where l; = Q'l, for Iy € Q. Moreover, assume that for any 1, sy € M,

lim sup 6(I, Q'ly) exists and is finite, or 6 is continuous.

i—+00
IfVl, s € F, we have
) . 1
lim sup 8(Q'v, Q') exists and is less than —,
,

i—+00

then T has only one FP in Q.

AIMS Mathematics Volume 8, Issue 4, 9314-9330.
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Proof. The existence of the FP of Q in F follows from Theorem 2.1 (Theorem 2.2), say, s’ € Q. So,
Os =5
To verify that Q has only one FP, let I € F such that QI' = I’ with s" # I’. Now,
v(l',s") =v(Ql',Qs") < rO(l', "W, s)
ro(Q'l, Q'sW(I, s).

Once allowing r — +co in the above inequality, we get the following contradiction:
v(l', s <v(l',s).

Thus I’ = §’, and we deduce that 7" has only one FP. O

The following known result can be obtained immediately from our Theorem 2.3 by simply defining
6 to be the constant function b.

Corollary 2.1. On CbMS (F,v), assume there exists r € (0,1] with b*r < 1 such that Q : F — F
satisfies

v(OL, Ov) < rbv(l,v), (2.11)
foralll,v € F. Then, Q has only one FP in F.
Proof. Define 6 : F X F — [0, +00) via8(s,p) =b V¥ [,v € F. Now, for [, € F, we have

1
lim sup 6(1;, 1,)0(l;, lix1) = b* < —.
r

700 p>1

Moreover, for v € F, we notice

‘ 1
limsup 6(v, Q'ly) = b < —.
r

i—+00
So, all conditions of Theorem 2.3 are met. So, the result also follows. O
Theorem 2.4. On CCMTS (F,v), assume there exist r,a € [0, 1] (both are not 0) and h € [0, 1) such
that Q : F — F satisfies

v(QL, Qv) < ro(l,v)v(l,v) + ad(l, Ql)v(l, Ql) + hv(v, Qv), (2.12)
foralll,v € F. Also, suppose that for any m € N,
. 1-h
lim sup 9(lj+1, lm)g(lj+1 , lj+2) < r+ , (213)

J—+oo a

where l; = Q'ly for Iy € F. Moreover, assume that for any v € F, we have limsup,_,, . 0(v,1;) exists and
is finite, and lim sup,_, , . 6(l;, v) exists, is less than % and is finite. Then, T has a FP in F.

Proof. Construct a sequence (/;) in F' by choosing [, € F and putting [, = Q'l,.
For ¢ € N, condition (2.12) gives

v(li, L) = v(Oli-y, Q)

AIMS Mathematics Volume 8, Issue 4, 9314-9330.
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IA

Inequality (2.14) yields
r+a

1-

V(s o) < ( )ea, IV 1.

The induction leads to

s <[ ] (=Y o1, vt 1.

y=1

rO(l—1, I)v(li-1, 1) + ab(l—1, Qli—1)v(li-1, Oli—1) + hv(l;, QL)
0Ly, L)v(-y, 1) + aB(l—y, L)v(-y, 1) + hv (L, Lyy).

(2.14)

(2.15)

(2.16)

Choose t,m € N in such a way that m > t. Select k € N such that m = 7 + k. Similar to those arguments

given in the proof of Theorem 2.1, at the end of the day, we get to:

t+k—1 j

YINPEDY ]"[e(l,,lﬁk)e(z,,zm)(”") ]—[euy L Lv(lo. ).

(2.17)

j=t i=t
Define
r+a
ﬂe<l,,l,+k)e<l,,l,+1>( 2y ﬂe)(ly Vo) := .
Then,
. I r+a
Tim S = Tim 01, L0, L) (T ) < 1

J
Ratio test implies that

lim v(,[,) =0
t,m—+00

and hence (/;) is Cauchy in (F,v). As a result of the completeness of (F,v), we find I’ € F such that

[, > l'; that is,
limv(l,,l') = limv(l',l,) =0
t—o0 t—o0

Our task is to verify QI' = I'. Now, triangular inequality implies that

V(Ui L) < 0, U, U) + 6 L ) L)

By allowing n — +o00 in the above inequality, we get

lim v(l,,141) =

n—+oo

Also, employ the triangular inequality to get

V(ll+1 > Ql,) = V(Qlt’ Ql,)
< 0, v, 1) + ab(, Ql)v(l, QL) + hv(l', QI')
= 0L, D), 1) + ab(l;, L )v(y, L) + by, Q)
AIMS Mathematics
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< 10, DA, 1) + af(ly, L)y, Lay) + hO L)V L) + hO( s, QU)v(L, Q).

By allowing n — +oco in the above inequalities and taking into account that limsup,_,, 6(/;, ),
limsup,_,, . 6, [;) and limsup, _, ., 6(l;, [;+1) exist and are bounded, we get

lim v(l;41, QI) < h lim 6(l11, Q1) lim v(l11, QF).
t—+00 t—+00 t—+00

Since
h lim 6(1,..,,00') < 1,
t—+00
we get
lim v(l,,;,0l') = 0.
t—+00
On the other hand,

v(l', QU) < O, L)V, 1) + 0Lt QU)v(lysr, OF).
Again, by allowing t — +o0 in above inequality, we get v(I’, Q') = 0. Accordingly, QI' =1!'. O

In our next result, we assume that § is continuous in its variables.

Theorem 2.5. On CCMTS (F,v), assume there exist r,a € [0, 1] (both are not 0) and h € [0, 1) such
that Q : F — F satisfies

v(QL, Qv) < ré(l,v)v(l,v) + ab(l, QDv(l, Q1) + hv(v, Qv), (2.19)

foralll,v € F. Also, suppose that for any m € N,

. 1-nh
limsup 0(1j,1, 1,)0( 11, Lj12) < L (2.20)

Jj—o+oo r a

where I; = Q'ly for Iy € F. Also, suppose for v € Q, we have (v, Qv) < L. If 0 is continuous in its

h
variables, then Q has a FP in F.

Proof. Begin with [y € F to construct a sequence (/,) as in the proof of Theorem 2.4 such that there
exists I’ € F' with
lim v(l;,I") = lim v(I',1,) = lim v(l;,[,;;) = 0.
t—+00 t—+00

t—+00

Now, we show that Q' = I’. Benefiting from the triangular inequality, we get

V(l’, Ql,) < ‘9(1,, lz+1)V(l,7 L) + 0(L11, Ql’)V(lHl s Ql’)
O, L)V, Liv1) + 01, QUV(QL, Q)
Ol L) Lr1) + 101, Q1O UL, 1) + @byt QU0 L1 )V (s Livt) + hO(liyy, QU)W Q).

IA

Permitting + — +o0 in above the inequalities yields

v(l', Q") < ho(l', QI')v(l', OQI').
Since hO(I’, QI) < 1, we deduce v(I’, Q') = 0, and hence I’ = QI'. O

The uniqueness of FP can be achieved in Theorem 2.4 or 2.5 if a suitable condition is added.

AIMS Mathematics Volume 8, Issue 4, 9314-9330.
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Theorem 2.6. On CCMTS (F,v), assume there exist r € (0,1], a € [0,1] and h € [0, 1) such that
Q : F — F satisfies

v(OL, Ov) < rO(L,v)v(l,v) + a0(l, QDv(l, Ol) + hv(v, Ov), (2.21)

foralll,v € F. To the addition of all conditions in Theorem 2.4 or 2.5, suppose Q satisfies

1
limsup 8(Q'l, Q'v) < —,
r

t—+00

foralll,v € F. Then, Q has only one FP in F.

Proof. Theorem 2.4 [Theorem 2.5] ensures that there exists I’ € F with Q' = I’. To verify that Q
achieves only one fixed point, we suppose there exists v/ € F with [’ # V' such that Ov' =V'. Now,

v(l',v') = v(Ql', QV)
< O’ V' V) +abl', Uy, 1) + hv(y',V)
= ro(l',v')v({l',V")
= rlimsup&(Q'l', OV )v(I',V).
t—+00
Since
limsup 8(Q'l', QW) < %,

t—+00

we get a contradiction. Thus, v(I’,v") = 0, and hence I’ = v'. Thus, T has only one FP in Q. O

Corollary 2.2. On CCMTS (F,v), assume there exist a € (0,1] and h € [0, 1) such that Q : F — F
satisfies

v(QL, Qv) < ab(l, Q)v(l, Q1) + hv(v, Qv),
foralll,v € F. Also, suppose that for any m € N,

. 1-nh
Lim 01,1, L,)0(L i1, 1j12) < )
Jj—+o0 a

where I; = Q'ly for ly € F. Moreover, assume that for any v € F, we have limsup, ., 0(v,1;) exists,
and is finite and lim sup,_,,  6(l;,v) exists, is less than % and is finite. Then, T has a FP in F.

Proof. The result follows from Theorem 2.4 by takinga = 0. O

The following known result can be obtained immediately from our Theorem 2.6 by simply defining
6 to be the constant function b.

Corollary 2.3. On CbMS (F,v), assume there exist r,a € [0, 1] (both are not zero) and h € [0, 1) with
b*r +b*a+h < 1 such that Q : F — F satisfies

v(QlL, Qv) < rbv(s,v) + abv(l, Ql) + hv(v, Qv), (2.22)

foralll,v € F. Then, Q has only one FP in F.

AIMS Mathematics Volume 8, Issue 4, 9314-9330.
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Proof. Define 0 : F X F — [0, +00) by 6(l,v) = b. For m € N and [, € F, we have
1-h

r+a

J_EIPOO 01, Ln)O0U 1, Ljs2) = b* <
Also, from br < b?r + b*a + h < 1, we figure out
1
(v, Qv) =b < -,
r

and 1
lim 6(Q'l, Q'v) < —.
t—+00 r

Also, note that @ is continuous in its variables. So, all conditions of Theorem 2.6 are met. So, the result

also follows. O
Now, we present the following example to show the significance of our results.

Example 2.1. Let F ={0,1,2,3,...}. Define Q : F — F via

Vv, if v is a perfect square and v # 1,
o) = .
0, otherwise,

‘/+l, ) V,l * 0,0,

1, if (v,) = (0,0).
Also, definev : F X F — [0, +00) via

0, ifv=1,
viv,l) =11, if one is even and the other is odd,
max{v, [}, if both are even or both are odd.

Then:
(1) (F,v)is CCMTS.
(2) Let ly € F, and take (I,) = (Q'ly). Then, for m € N, we have

1
lim sup H(Zi, li+m)0(li, li+1) =1<2=-.
r

i—+00
(3) Forany v,ly € F, we have

lim sup (v, Q'ly) = v exists and s finite.

t—+o00

(4) For any v,l € F, we have
1
limsup(Q'v, Q') =1 <2 = —.
,

t—+00

AIMS Mathematics Volume 8, Issue 4, 9314-9330.
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(5) Forv,l € F, we have
1
v(Qv, Q) < Ee(v, Dv(v, D).

We note that the hypotheses of Theorem 2.3 have been fulfilled for r = %

Proof. The proof that v is a controlled metric type has been left to the reader. To prove (F,v) is
complete, let (/;) be Cauchy in F. For € = %, there exists 7, € F such that

1
V(l,, lm) < EVm >t =1

Thus, (/;) has a constant tail, say, I’. So, (/,) converges to [’. Thus, (F, v) is complete.
To prove (2), let [y € F. Then,
Case 1: If [y =1 orly =0, then [, = Q'ly = O for all # € N. Thus,

1
lim sup 9(1,’, li+m)9(li’ li+1) =1<2=-.

i—+0c0 r

Case 2: If [ € {2,3,4, ...}, then we find j € N such that /; is not a perfect square. So [, = O for all
t>j,so

1
lim sup 9(1,‘, l,‘+m)9(l,', l,‘+1) =1<2=-.
r

i—+0c0

To prove (3), given v, I, € F, there exists a large integer number j such that Q’l, = [; is not a perfect
square. So, Q'ly = 0 for all ¢ > j. Thus,

lim sup (v, Q'ly) = 6(v,0) exists and is finite.

—+00
To prove (4), given v, [ € F, then,
Casel: Ifv=[I=1orv=1[1=0,then Qv = Q' = 0. Thus,

1
limsup 8(Q'v, Q') = 6(0,0) =1 <2 = —

f—+00 r

Case 2: If v,/ € {2.3.4... .}, then we can find two integers jy, j; such that Qév and Q{ [ are not perfect
squares. Then, Q'v = Q'l = 0 for all v, t > max{jy, j;}. Thus,

1
limsup6(Q'v, 0'l) = 6(0,0) = 1 <2 = —

f—+00 r

To prove (5), given v, [ € F, then,
Case 1: If v = [, then

v(Qv,Q0l) =0 < %9(\/, Dv(v,l) =0.

Case 2: If v and [ are not perfect squares, then Qv = Q/ = 0. So,
1
v(iOv, 0l =0< EQ(V, Dv(v, D).
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Case 3: If v is a perfect square, v # 1, and [ is not a perfect square, then Qv = /v, and QI = 0

Sub-case I: If /v is even, then v is even, and hence v > 4. Thus, /v < %v. Therefore,

1 1 1
v(Qv, Q) = v(V,0) = Vv < 7V < E(V +Dv(v, ) = 59(v, Dv(v,1).
Sub-case II: If /v is odd, then v is odd. Thus, v > 9, and hence /v < %v. Therefore,
1 1
v(Ov, QD) = v(Vv,0) =1 < Ev < E(v + Dv(v, D).
Case 4: If v = 1, and [ is not a perfect square, then Qv = 0, and QI = 0. Thus,
1
v(Qv, Q) =0< 59(\/, Dy(v,1).

Case 5: If v = 1, and [ is a perfect square, then Qv = 0, and QI = VI. So,
Sub-case 1: If Viis even, then / is even. Thus, [ > 4, and hence Vi< %l. Therefore,

1 1
v(Qv, 0D = Vi< 51 < S0, Dy,
Sub-case 2: If Viis odd, then [/ is odd. Thus, / > 9, and hence Vi< _%l. Therefore,
1 1
v(Qv, ) = v(0, V) = 1 < 51 < 560 v .

Case 6: If v and [ are perfect squares with v > [, then Qv = /v, and QI = V. So,
Sub-case I: If v and [ are both even, then +/v and VI are both even, v > 16, and [ > 4. So,

v(Qv, QD) = v(\, V)= VW < }lv < %(v + v = %9(\/, Dv(v, ).

Sub-case II: If v and [ are both odd, and [ # 1, then +/v and V1 are both odd, v > 25, and [ > 9. So,

1 1 1
(v, Ol) = v(\, V) = Vv < v < S+ Dy = 200, Dy, .
Sub-case III: If v is odd, and [ = 1, then /v, is odd and v > 9. So,
1 1
v(Qv,01) =v(Vv,0) =1 < E(V + 1)y = EQ(V, Dv(v, 1).

Sub-case IV: If v, is even and [ = 1, then /v is even, and v > 4. So v < %v. So,

v(Qv, Q1) = v(Vv,0) = Vv < %v < %(v + 1= %e(v, Dyv(v,1). O
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3. Application

Now, we will support our results with the following application:

Theorem 3.1. For an integer m with m > 2, the equation
+D)"+1=@A"+1)w(v+1)"+4"

has a unique real solution v’ in [0, +00).

Proof. Let F = [0, +00). Define Q : F — F by

w+D)"+1

X= @Dy A

Also, define 6 : Q X Q — [1, +o0) by
O, D=+ D"+ @+ D" 21+ D+ @+ D" A+ D+ .o+ @+ DA+ D" 2+ + D™
Now, consider the CCMT (F,v), where v : Q X Q — [0, +c0) is defined by
v, D) =v—-1.

Then,

(1) For l,v € Q, we have
1
v(Qv, Q) < @0(% Dv(v, D).
Indeed,

v(Qv,0l) = |Qv- 0l
v+1D)"+1 +1D)"+1

@+ v+ 1y +4m @+ 1)+ 1" + 4
v+D)"—=(U+1)"

(@ + D+ ym+4m)((4m + 1)L+ 1) + 4m)

((+D)" T+ @+ D)2+ D +...+ @+ DA+ D" 2+ + D" Hv =1
(@™ + D(v + 1y + 4m) (@™ + DI + Dyn + 4m)

< %((V + 1"+ D20+ D+ DA D"+ D" =)

1
= 1679(\/, Dv(v, D).
(2) For [y € Q, put l;,; = Q'ly. Then, for j € N, we have
1
lim sup 6(li+1,1;)0(li11, liv2) exists and less than — = 16".
i—oo r

AIMS Mathematics Volume 8, Issue 4, 9314-9330.



9328

Indeed, note that Q(v) < 1 for each v € M. Thus, [; = Q'ly < 1 for all i € N. Thus,

Ois1, 1) = U1 + D"+ Ly + D" 2+ D+ o+ (g + DA+ D™+ (4 + D™ <m)™!
and

OUiv1sliv2) = Uit + 1" 4+ Uit + 1" 2 Ui+ D4+ Uiy + D + D"+ G+ D™ < m()™

Thus,
1
lim sup 0(lis1, 1)0Lis1, ina) < m* (@)™ < (@™)(4™) = 16" = —.
j r

1—00

(3) Itis clear that 6 is continuous in its variables.

(4) Forv,l € Q, we have
i i 1
lim sup 8(Q'v, Q') exists and less than — = 16".
i—+00 r

Indeed, for v,l € M, we have Qi* < 1 and Q'l < 1. So,
limsup 8(Q'v, Q') < m(2)™" < 16.

i—+00
Thus, all conditions of Theorem 2.3 are met. Hence, Q has a unique fixed point. O

Example 3.1. The equation

Q5Tv - D+ 1D)*+256v-1=0
has a unique real solution v’ in [0, +00).
Proof. The equation

(257v =D+ 1)* +256v -1 =0
is equivalent to

v+ D+ 1 =@+ Dviv+ D* + 4%,

The result follows from Theorem 3.1 by takingm =4. O
4. Conclusions

In our work, we established and proved some fixed point theorems for mappings that satisfy a
set of conditions in controlled metric type spaces. We relied on the function 6 that appears in the
triangular inequality of the definition of the controlled metric type function to construct our contraction
conditions. Our results enriched the field of fixed point theory with novel findings that generalize many
findings found in the literature. We provided an example to show the usefulness of our results. Also,
we presented an application to our results to show their significance.
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