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1. Introduction

In 1938, Ostrowski inequality established the followingiuseful and interestingiintegral inequality,(
see [1], p.468

)
.
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Let g : J ⊆ < → < be a differentiableimapping on Jo, the interior of the intervaliJ , such that
g ∈ L[c, d], where c, d ∈ J with d > c. If |g′(z)| ≤ K ⊆ <, for all z ∈ [c, d], then the following
inequality holds: ∣∣∣∣∣∣g (z) −

1
d − c

∫ d

c

g (u) du

∣∣∣∣∣∣ ≤ K (d − c)

1
4

+

(
z − c+d2

)2

(d − c)2

 (1.1)

holds. This result in the literature as the Ostrowski inequality. For recent result and their related
some generalizations, variants and extensions concerning Ostrowski inequality (see [19–27]). This
inequality yields an upper bound for the approximation of the integral average 1

d−c

∫ d
c

g (u) du by the
value of g (u) at the point u ∈ [c, d].

Convexity has also played an importantirole in the advancement of inequalitiesitheory. Many well
known results in inequalities theory can be obtained by exploiting the functions of convexity. Hermite
Hadamard’s doubleiinequality is one of the most extensively studied convexifunction results. This
result provides us necessary and sufficient condition for a function to be convex. Hermite-Hadamard
(H-H) inequality has been considered the most useful inequality in mathematical analysis in 1883. It
is also known as classical equation of (H-H) inequality.

Definition 1. Aifunction g : J ⊆ < → < is saidito be convex function if

g(ζc + (1 − ζ)d) ≤ ζg(c) + (1 − ζ)g(d) (1.2)

holdsifor all [c, d] ∈ J andiζ ∈ [0, 1]. We sayithat g isiconcave if (−g) isiconvex.

TheiHermite-Hadamardiinequality assert that, ifia mapping g : J ⊂ < → < isiconvexiin J for
c, d ∈ J and d > c, then

g
(
c + d

2

)
≤

1
d − c

∫ d

c

g(ζ)dζ ≤
g(c) + g(d)

2
. (1.3)

Fractional calculus may be defined as an extension of the derivative operator idea from integer order
n to arbitrary order. Fractionaliintegrals are strong tools in applied mathematics for solving a wide
range of issues in science and engineering. Many mathematiciansihave merged and put effort and new
ideas into fractional analysis in the present decadeito create a new dimension with various qualities in
the field of mathematical analysis and appliedimathematics. Several studies have shown that fractional
operators can accurately explain complex long-memory and multiscale phenomena in materials that are
difficult to capture using standardimathematical methods including classical differential calculus [6,7].
The significance of fractionalicalculus can be more understandable to analyzeireal world problems and
several works involving fractional calculus have been done.

In recent years, some researchers have been interested in the concept of fractionaliderivative.
Nonlocalifractional derivatives are classified into two types: Those with singular kernels, such as the
Riemann-Liouville and Caputo derivatives, and those with nonsingular kernels, such as the Caputo-
Fabrizio and Atangana-Baleanu derivatives. However, fractionaliderivative operators with non-singular
kernels are very effective in resolving non-locality in real-worldiproblems. Later, we’ll go through the
Caputo-Fabrizioiintegral operator.
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Definition 2. [14] Let g ∈ H1(c, d), d > c, δ ∈ [0, 1], then the definition of the new Caputo
fractionaliderivative is:

CF Dδg(t) =
M(δ)
1 − δ

∫ t

c

g′(s)exp
[
−

δ

(1 − δ)
(t − s)

]
ds,

where M(δ) is normalizationifunction.

Moreover,ithe correspondingiCaputo-Fabrizio fractional integral operatoriis given as:

Definition 3. [16] Let g ∈ H1(c, d)(where H1 is class of first order differentiable function), d > c,
δ ∈ [0, 1]. (

CF
c Iδ

)
(t) =

1 − δ
M(δ)

g(t) +
δ

M(δ)

∫ t

c

g(y)dy,

and (
CF Iδd

)
(t) =

1 − δ
M(δ)

g(t) +
δ

M(δ)

∫ d

t
g(y)dy.

Where M(δ) is normalizationifunction.

Recently,iAtangana Baleanuiintroduced a newifractional operatoricontaining the MittagiLeffler
function in theikernel, that solveithe problem of retrievingioriginal function (a cleariadvantage on
CaputoiFabrizio operator). This made this operatorimore effectiveiand helpful. Asia result many
researchers haveishown keen interestiin utilizingithis operator. Atangana Baleanuiintroduced the
derivativeioperator both in Caputoiand Riemann-Liouville sense:

Definition 4. [16] Letiν > µ, δ ∈ [0, 1] and g ∈ H1(µ, ν). The new fractionaliderivative is given:

ABC
µDδ
c

[
g(t)

]
=

M(δ)
1 − δ

∫ ν

µ

g′(x)Eδ

[
−δ

(t − x)δ

(1 − δ)

]
dx.

Definition 5. [16] Let g ∈ H1(c, d), µ > ν, δ ∈ [0, 1]. The new fractionaliderivative is given:

ABR
cD

δ
t
[
g(t)

]
=

M(δ)
1 − δ

d
dt

∫ d

c

g(x)Eδ

[
−δ

(t − x)δ

(1 − δ)

]
dx.

Howeveriin the same paperithey give corresponding Atangana-Baleanu (AB-) fractionaliintegral
operator as:

Definition 6. [16] The fractionaliintegral operator with non-local kerneliof a function g ∈ H1(c, d) is
defined as:

AB
cI
δ
t {g(t)} =

1 − δ
M(δ)

g(t) + i
δ

M(δ)Γ(δ)

∫ t

c

g(y)(t − y)δ−1dy

iwhere d > c, δi ∈ [0, 1].

In [16], the rightihand side of AB-fractionaliintegral operator as following;

AB
d I

δ
t {g(t)} =

1 − δ
M(δ)

g(t) +
δ

M(δ)Γ(δ)

∫ d

t
g(y)(y − t)δ−1dy.

Here,iΓ(δ) is the Gammaifunction.iThe positivityiof the normalizationifunction M(δ) impliesithat
the fractional AB-integral of a positiveifunction isipositive. It is worth noticingithat the caseiwhen
theiorder δ→ 1 yields the classicaliintegral and the caseiwhen δ→ 0 providesithe initialifunction.
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2. Results

In thisisection, we give Ostrowskiiinequalities for AB-fractionaliintegrals operator are obtained for
twice differentiableifunctions on (c, d). For this purpose, we give a newiidentity that involve AB-
fractional integralsioperator whose secondiderivatives are convexifunctions.

Lemma 1. Supposeia mapping g : J = [c, d] → < is twice differentiableion (c, d) withic < d. If
g′′ ∈ L1[c, d], then foriall ŵ ∈ [c, d] and δ ∈ (0, 1], the following equality for AB-fractional integrals

(L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L) (2.1)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)

=
(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1g′′ (vL + (1 − v) c) dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1g′′ (vL + (1 − v) d) dv,

holds for v ∈ [0, 1] .

Proof. Let us suppose that

(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1g′′ (vL + (1 − v) c) dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1g′′ (vL + (1 − v) d) dv

I =
(L − c)δ+2

(δ + 1) (d − c)
I1 +

(d − L)δ+2

(δ + 1) (d − c)
I2, (2.2)

where

I1 =

∫ 1

0
vδ+1g′′ (vL + (1 − v) c) dv

=
vδ+1g′ (vL + (1 − v) c)

L − c

∣∣∣∣∣1
0
−

∫ 1

0

(δ + 1) vδ g′ (vL + (1 − v) c)
L − c

dv

=
g′ (L)
L − c

−
δ + 1
L − c

∫ 1

0
vδ g′ (vL + (1 − v) c) dv

=
g′ (L)
L − c

−
δ + 1

(L − c)2 g (L) +
δ (δ + 1)
(L − c)2

∫ 1

0
vδ−1 g (vL + (1 − v) c) dv

=
g′ (L)
L − c

−
δ + 1

(L − c)2 g (L) +
M(δ)Γ (δ + 2)
δ (L − c)δ+2

{
AB
L Iδc g (c) −

1 − δ
M(δ)

g (L)
}

and similarly

I2 =

∫ 1

0
vδ+1g′′ (vL + (1 − v) d) dv

AIMS Mathematics Volume 8, Issue 4, 9166–9184.



9170

=
vδ+1g′ (vL + (1 − v) d)

L − d

∣∣∣∣∣1
0
−

∫ 1

0

(δ + 1) vδ g′ (vL + (1 − v) d)
L − d

dv

= −
g′ (L)
d − L

−
δ + 1
L − c

∫ 1

0
vδ g′ (vL + (1 − v) d) dv

= −
g′ (L)
d − L

−
δ + 1

(d − L)2 g (L) +
δ (δ + 1)
(d − L)2

∫ 1

0
vδ−1 g (vL + (1 − v) d) dv

= −
g′ (L)
d − L

−
δ + 1

(d − L)2 g (L) +
M(δ)Γ (δ + 2)
δ (L − c)δ+2

{
AB
L Iδd g (d) −

1 − δ
M(δ)

g (L)
}
.

using I1 and I2 with (2.2), we obtain (2.4). �

Remark 1. If weiset δ = 1 in Lemma 1, weiget
(
Lemma 1 in [8]

)
.

Theorem 1. Supposeia mapping g : J ⊂ [0,∞) → < is twiceidifferentiable on (c, d) withic < d such
that g′′ ∈ L1[c, d]. Ifi|g′′| is convexifunction on [c, d], then foriall δ ∈ (0, 1], we get for AB-fractional
integralsiinequality ∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L) (2.3)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
(L − c)δ+2

(δ + 1) (δ + 3) (d − c)

{
|g′′ (L)| + |g′′ (c)|

1
δ + 2

}
+

(d − L)δ+2

(δ + 1) (δ + 3) (d − c)

{
|g′′ (L)| + |g′′ (d)|

1
δ + 2

}
,

for v ∈ [0, 1].

Proof. FromiLemmai1 and since |g′′| isiconvex functionion [c, d], weiobtain∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) c)| dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) d)| dv

≤
(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1

{
v |g′′ (L)| + (1 − v) |g′′ (c)|

}
dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1

{
v |g′′ (L)| + (1 − v) |g′′ (d)|

}
dv

≤
(L − c)δ+2

(δ + 1) (δ + 3) (d − c)

{
|g′′ (L)| + |g′′ (c)|

1
δ + 2

}
AIMS Mathematics Volume 8, Issue 4, 9166–9184.
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+
(d − L)δ+2

(δ + 1) (δ + 3) (d − c)

{
|g′′ (L)| + |g′′ (d)|

1
δ + 2

}
.

Whichicompletes the proof. �

Remark 2. Ifiwe set δ = 1, then from Theorem 1, weiget
(
Theorem 4 in [8]

)
that yieldsithe same

resultiwith s = 1.

Corollary 1. By usingiTheorem 1iwith |g′′| ≤ M, we getithe followingiinequality∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤ M
(

1
(δ + 1) (δ + 2) (d − c)

) [
(L − c)δ+2 + (d − L)δ+2

]
.

Remark 3. Ifiwe set δ = 1, then fromiCorollary 1, we getting
(
Theorem 2.1, [9]

)
.

Theorem 2. Supposeia mapping g : J ⊂ [0,∞) → < is twice differentiableion (c, d) withic < d
such that g′′ ∈ L1[c, d]. Ifi|g′′|q is convexifunction on [c, d], qi > 1, then foriall δ ∈ (0, 1], we get the
AB-fractional integralsiinequality∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L) (2.4)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤

(
1

(δ + 1) p + 1

) 1
p

×

[ (L − c)δ+2

(δ + 1) (d − c)

(
|g′′ (L)|q + |g′′ (c)|q

2

) 1
q

+
(d − L)δ+2

(δ + 1) (d − c)

(
|g′′ (L)|q + |g′′ (d)|q

2

) 1
q ]
,

foriv ∈ [0, 1],iwhere q−1i + ip−1 = i1.

Proof. Supposeithat q > 1. From usingithe Lemmai1, by using the well-knowniHölder
integraliinequality and theiconvexity of |g′′|q , weiobtain∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣ (2.5)

≤
(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) c)| dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) d)| dv

AIMS Mathematics Volume 8, Issue 4, 9166–9184.
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≤
(L − c)δ+2

(δ + 1) (d − c)

(∫ 1

0
v(δ+1)pdv

) 1
p
(∫ 1

0
|g′′ (vL + (1 − v) c)|q dv

) 1
q

+
(d − L)δ+2

(δ + 1) (d − c)

(∫ 1

0
v(δ+1)pdv

) 1
p
(∫ 1

0
|g′′ (vL + (1 − v) d)|q dv

) 1
q

. (2.6)

Since |g′′|q is convexityion [c, d], weiobtain∫ 1

0
|g′′ (vL + (1 − v) c)|q dv ≤

∫ 1

0

{
vi |g′′ (L)|q + (1 − vi) |g′′ (c)|q

}
dv (2.7)

=
|g′′ (L)|q + |g′′ (c)|q

2

and ∫ 1

0
|g′′ (viL + (1 − vi) d)|q dv ≤

∫ 1

0

{
v |g′′ (L)|q + (1 − v) |g′′ (d)|q

}
dv (2.8)

=
|g′′ (L)|q + |g′′ (d)|q

2
.

Byiusing (2.7) andi(2.8) with (2.6), weiobtain∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤

(
1

(δ + 1) p + 1

) 1
p

×

[ (L − c)δ+2

(δ + 1) (d − c)

(
|g′′ (L)|q + |g′′ (c)|q

2

) 1
q

+
(d − L)δ+2

(δ + 1) (d − c)

(
|g′′ (L)|q + |g′′ (d)|q

2

) 1
q ]
.

Whichicompletes the proof. �

Remark 4. Ifiwe set δ = 1, then from Theorem 2, weiget
(
Theorem 5, [8]

)
that yields the same result

with si = i1.

Corollary 2. UsingiTheorem 2 with |g′′| ≤ M, weiget∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤ M
(

1
(δ + 1) p + 1

) 1
p [ (L − c)δ+2

(δ + 1) (d − c)
+

(d − L)δ+2

(δ + 1) (d − c)

]
.

AIMS Mathematics Volume 8, Issue 4, 9166–9184.
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Theorem 3. Supposeia mapping g : J ⊂ [0,∞) → < is twice differentiableion (c, d) withic < d such
that g′′ ∈ L1[c, d]. Ifi|g′′|q is convexifunction on [c, d], q ≥ i1, then foriall δ ∈ (0, 1], theiinequality for
AB-fractionaliintegrals∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L) (2.9)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤

(
1

δ + 2

)1− 1
q [ (L − c)δ+2

(δ + 1) (d − c)

(
|g′′ (L)|q

δ + 3
+

|g′′ (c)|q

(δ + 2) (δ + 3)

) 1
q

+
(d − L)δ+2

(δ + 1) (d − c)

(
|g′′ (L)|q

δ + 3
+

|g′′ (d)|q

(δ + 2) (δ + 3)

) 1
q ]
,

holds for v ∈ [0, 1].

Proof. Supposeithat q ≥ 1. FromiLemma 1, by using the power-meaniintegral inequality andiconvexity
of |g′′|q , weiobtain ∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) c)| dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) d)| dv

≤
(L − a)δ+2

(δ + 1) (d − c)

(∫ 1

0
vδ+1dv

)1− 1
q
(∫ 1

0
|g′′ (vL + (1 − v) c)|q dv

) 1
q

(2.10)

+
(d − L)δ+2

(δ + 1) (d − c)

(∫ 1

0
vδ+1dv

)1− 1
q
(∫ 1

0
|g′′ (vL + (1 − v) d)|q dv

) 1
q

.

Since |g′′|q is convexity on [c, d], we obtain∫ 1

0
vδ+1i |g′′ (vL + (1 − v) c)|q dv ≤

∫ 1

0
vδ+1

{
v |g′′ (L)|q + (1 − v) i |g′′ (c)|q

}
dv (2.11)

=
|g′′ (L)|q

δ + 3
+

|g′′ (c)|q

(δ + 2) (δ + 3)

and ∫ 1

0
vδ+1 |g′′ (vL + (1 − v) d)|q dv ≤

∫ 1

0
vδ+1

{
v |g′′ (L)|q + (1 − v) |g′′ (d)|q

}
dv (2.12)

AIMS Mathematics Volume 8, Issue 4, 9166–9184.
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=
|g′′ (L)|q

δ + 3
+

|g′′ (d)|q

(δ + 2) (δ + 3)
.

Byiusing (2.11) and (2.12) with (2.10), weiobtain∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤

(
1

δ + 2

)1− 1
q [ (L − c)δ+2

(δ + 1) (d − c)

(
|g′′ (L)|q

δ + 3
+

|g′′ (c)|q

(δ + 2) (δ + 3)

) 1
q

+
(d − L)δ+2

(δ + 1) (d − c)

(
|g′′ (L)|q

δ + 3
+

|g′′ (d)|q

(δ + 2) (δ + 3)

) 1
q ]
.

Whichicompletes the proof. �

Remark 5. Ifiwe set δ = 1, then from Theorem 3, weiget
(
Theorem 6, [8]

)
that yields the same result

with si = i1.

Corollary 3. Underithe same assumptions in Theoremi3 with |g′′| ≤ M, weiget the following inequality∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤ M
(

1
(δ + 1) (δ + 2) (d − c)

) [
(L − c)δ+2 + (d − L)δ+2

]
.

Theorem 4. Suppose a mapping g : J ⊂ [0,∞) → < is twice differentiableion (c, d) withic < d such
that g′′ ∈ L1[c, d]. Ifi|g′′|q isiconvex function on [c, d], q > 1, thenifor all δ ∈ (0, 1], we get the following
inequality ∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L) (2.13)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
(L − c)δ+2

(δ + 1) (d − c)

{ 1
((δ + 1) p + 1) p

+
|g′′ (L)|q + |g′′ (c)|q

2q

}
+

(d − L)δ+2

(δ + 1) (d − c)

{ 1
((δ + 1) p + 1) p

+
|g′′ (L)|q + |g′′ (d)|q

2q

}
,

holds for v ∈ [0, 1].

Proof. FromiLemma 1, we obtain∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)
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−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) c)| dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) d)| dv,

Byiusing the Young’siinequality as

UV ≤
1
p

U p +
1
q

Vq.

∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

+
Γ (δ + 1)
(d − c)

{
Jδ
L−

g (c) + Jδ
L+g (d)

}∣∣∣∣∣
≤

(L − c)δ+2

(δ + 1) (d − c)

{1
p

∫ 1

0
v(δ+1)pdv +

1
q

∫ 1

0
|g′′ (vL + (1 − v) c)|q dv

}
+

(d − L)δ+2

(δ + 1) (d − c)

{1
p

∫ 1

0
v(δ+1)pdv +

1
q

∫ 1

0
|g′′ (vL + (1 − v) d)|q dv

}
≤

(L − c)δ+2

(δ + 1) (d − c)

{1
p

∫ 1

0
v(δ+1)pdv +

1
q

∫ 1

0

{
v |g′′ (L)|q + (1 − v) |g′′ (c)|q

}}
dv

+
(d − L)δ+2

(δ + 1) (d − c)

{1
p

∫ 1

0
v(δ+1)pdv +

1
q

∫ 1

0

{
v |g′′ (L)|q + (1 − v) |g′′ (d)|q

}}
dv

≤
(L − c)δ+2

(δ + 1) (d − c)

{ 1
((δ + 1) p + 1) p

+
|g′′ (L)|q + |g′′ (c)|q

2q

}
+

(d − L)δ+2

(δ + 1) (d − c)

{ 1
((δ + 1) p + 1) p

+
|g′′ (L)|q + |g′′ (d)|q

2q

}
.

Which completes the proof. �

Theorem 5. Supposeia mapping g : J ⊂ [0,∞) → < is twice differentiableion (c, d) withic < d such
that g′′ ∈ L1[c, d]. Ifi|g′′|q is convex function on [c, d], q > 1, then for all δ ∈ (0, 1], for AB-fractional
integrals inequality ∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L) (2.14)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
(L − c)δ+2

(δ + 1) (d − c)

[ ( 1
(δp + p + 1) (δp + p + 2)

) 1
p
(
1
6
|g′′ (L)|q +

1
3
|g′′ (c)|q

) 1
q
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+

(
1

(δ + 1) p + 2

) 1
p
(
1
3
|g′′ (L)|q +

1
6
|g′′ (c)|q

) 1
q ]

+
(d − L)δ+2

(δ + 1) (d − c)

[ (
1

(δp + p + 1) (δp + p + 2)

) 1
p
(
1
6
|g′′ (L)|q +

1
3
|g′′ (d)|q

) 1
q

+

(
1

(δ + 1) p + 2

) 1
p
(
1
3
|g′′ (L)|q +

1
6
|g′′ (d)|q

) 1
q ]
,

holdsifor v ∈ [0, 1], where q−1i + ip−1 = i1.

Proof. FromiLemma 1, by usingithe Hölder-İşcan integraliinequality
(
see in [10]

)
and the convexity

of |g′′|q , weiobtain ∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

+
Γ (δ + 1)
(d − c)

{
Jδ
L−

g (c) + Jδ
L+g (d)

}∣∣∣∣∣
≤

(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) c)| dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) d)| dv

≤
(L − c)δ+2

(δ + 1) (d − c)

[ (∫ 1

0
(1 − v) v(δ+1)pdv

) 1
p
(∫ 1

0
(1 − v) |g′′ (vL + (1 − v) c)|q dv

) 1
q

+

(∫ 1

0
v(δ+1)p+1dv

) 1
p
(∫ 1

0
v |g′′ (vL + (1 − v) c)|q dv

) 1
q ]

+
(d − L)δ+2

(δ + 1) (d − c)

[ (∫ 1

0
(1 − v) v(δ+1)pdv

) 1
p
(∫ 1

0
(1 − v) |g′′ (vL + (1 − v) d)|q dv

) 1
q

+

(∫ 1

0
v(δ+1)p+1dv

) 1
p
(∫ 1

0
v |g′′ (vL + (1 − v) d)|q dv

) 1
q ]

≤
(L − c)δ+2

(δ + 1) (d − c)

[ (∫ 1

0
(1 − v) v(δ+1)pdv

) 1
p
(∫ 1

0
(1 − v) {v |g′′ (L)|q + (1 − v) |g′′ (c)|q}dv

) 1
q

+

(∫ 1

0
v(δ+1)p+1dv

) 1
p
(∫ 1

0
v{v |g′′ (L)|q + (1 − v) |g′′ (c)|q}dv

) 1
q ]

+
(d − L)δ+2

(δ + 1) (d − c)

[ (∫ 1

0
(1 − v) v(δ+1)pdv

) 1
p

×

(∫ 1

0
(1 − v) {v |g′′ (L)|q + (1 − v) |g′′ (d)|q}dv

) 1
q
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+

(∫ 1

0
v(δ+1)p+1dv

) 1
p
(∫ 1

0
v{v |g′′ (L)|q + (1 − v) |g′′ (d)|q}dv

) 1
q ]
.

After getting theisimplification, we get (2.14). Which completesithe proof. �

Corollary 4. Ifiwe set δ = 1 in Theorem 5, weiget the followingiinequality∣∣∣∣∣∣ 1
d − c

∫ d

c

g (u) du − g (L) +

(
L −
c + d

2

)
g′ (L)

∣∣∣∣∣∣
≤

(L − c)3

2 (d − c)

[ ( 1
(2p + 1) (2p + 2)

) 1
p
(
1
6
|g′′ (L)|q +

1
3
|g′′ (c)|q

) 1
q

+

(
1

2p + 2

) 1
p
(
1
3
|g′′ (L)|q +

1
6
|g′′ (c)|q

) 1
q ]

+
(d − L)3

2 (d − c)

[ (
1

(2p + 1) (2p + 2)

) 1
p
(
1
6
|g′′ (L)|q +

1
3
|g′′ (d)|q

) 1
q

+

(
1

2p + 2

) 1
p
(
1
3
|g′′ (L)|q +

1
6
|g′′ (d)|q

) 1
q ]
.

Corollary 5. Usingithe same assumptionsiin Theorem 5 with |g′′| ≤ M, weiget∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
M

2
1
q (δ + 1) (d − c)

[ ( 1
(δp + p + 1) (δp + p + 2)

) 1
p

+

(
1

(δ + 1) p + 2

) 1
p ]

×

[
(L − c)δ+2 + (d − L)δ+2

]
.

Theorem 6. Supposeia mapping g : J ⊂ [0,∞) → < is twice differentiableion (c, d) withic < d
such that g′′ ∈ L1[c, d]. Ifi|g′′|q is convex function on [c, d], q ≥ i1, then foriall δ ∈ (0, 1], we get the
following inequality∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L) (2.15)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
(L − c)δ+2

(δ + 1) (d − c)

[ (
1

(δ + 2) (δ + 3)

)1− 1
q
(
|g′′ (L)|q

(δ + 3) (δ + 4)
+

2 |g′′ (c)|q

(δ + 2) (δ + 3) (δ + 4)

) 1
q

+

(
1

δ + 3

)1− 1
q
(
|g′′ (L)|q

δ + 4
+

|g′′ (c)|q

(δ + 3) (δ + 4)

) 1
q ]
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+
(d − L)δ+2

(δ + 1) (d − c)

[ (
1

(δ + 2) (δ + 3)

)1− 1
q
(
|g′′ (L)|q

(δ + 3) (δ + 4)
+

2 |g′′ (d)|q

(δ + 2) (δ + 3) (δ + 4)

) 1
q

+

(
1

δ + 3

)1− 1
q
(
|g′′ (L)|q

δ + 4
+

|g′′ (d)|q

(δ + 3) (δ + 4)

) 1
q ]
,

holds forivi ∈ [0, 1], where q−1i + ip−1 = 1.

Proof. FromiLemma 1, improvedipower-mean integraliinequality (see in [10]) and theiconvexity
ofi|g′′|q , weiobtain ∣∣∣∣∣ (L − c)δ+1

− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
(L − c)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) c)| dv

+
(d − L)δ+2

(δ + 1) (d − c)

∫ 1

0
vδ+1 |g′′ (vL + (1 − v) d)| dv

≤
(L − c)δ+2

(δ + 1) (d − c)

[ (∫ 1

0
(1 − v) vδ+1dv

)1− 1
q

×

(∫ 1

0
(1 − v) vδ+1 |g′′ (vL + (1 − v) c)|q dv

) 1
q

+

(∫ 1

0
vδ+2dv

)1− 1
q
(∫ 1

0
vδ+2 |g′′ (vL + (1 − v) c)|q dv

) 1
q ]

+
(d − L)δ+2

(δ + 1) (d − c)

[ (∫ 1

0
(1 − v) vδ+1dv

)1− 1
q
(∫ 1

0
(1 − v) vδ+1 |g′′ (vL + (1 − v) d)|q dv

) 1
q

+

(∫ 1

0
vδ+2dv

)1− 1
q
(∫ 1

0
vδ+2 |g′′ (vL + (1 − v) d)|q dv

) 1
q ]

≤
(L − c)δ+2

(δ + 1) (d − c)

[ (∫ 1

0
(1 − v) vδ+1dv

)1− 1
q

×

(∫ 1

0
(1 − v) vδ+1{v |g′′ (L)|q + (1 − v) |g′′ (c)|q}dv

) 1
q

+

(∫ 1

0
vδ+2dv

)1− 1
q
(∫ 1

0
vδ+2{v |g′′ (L)|q + (1 − v) |g′′ (c)|q}dv

) 1
q ]

+
(d − L)δ+2

(δ + 1) (d − c)

×

[ (∫ 1

0
(1 − v) vδ+1dv

)1− 1
q
(∫ 1

0
(1 − v) vδ+1{v |g′′ (L)|q + (1 − v) |g′′ (d)|q}dv

) 1
q
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+

(∫ 1

0
vδ+2dv

)1− 1
q
(∫ 1

0
vδ+2{v |g′′ (L)|q + (1 − v) |g′′ (d)|q}dv

) 1
q ]

≤
(L − c)δ+2

(δ + 1) (d − c)

[ (
1

(δ + 2) (δ + 3)

)1− 1
q
(
|g′′ (L)|q

(δ + 3) (δ + 4)
+

2 |g′′ (c)|q

(δ + 2) (δ + 3) (δ + 4)

) 1
q

+

(
1

δ + 3

)1− 1
q
(
|g′′ (L)|q

δ + 4
+

|g′′ (c)|q

(δ + 3) (δ + 4)

) 1
q ]

+
(d − L)δ+2

(δ + 1) (d − c)

[ (
1

(δ + 2) (δ + 3)

)1− 1
q
(
|g′′ (L)|q

(δ + 3) (δ + 4)
+

2 |g′′ (d)|q

(δ + 2) (δ + 3) (δ + 4)

) 1
q

+

(
1

δ + 3

)1− 1
q
(
|g′′ (L)|q

δ + 4
+

|g′′ (d)|q

(δ + 3) (δ + 4)

) 1
q ]
.

This completes the proof. �

Corollary 6. Ifiwe set δ = 1 in Theoremi6, weiget the following inequality∣∣∣∣∣∣ 1
d − c

∫ d

c

g (u) du − g (L) +

(
L −
c + d

2

)
g′ (L)

∣∣∣∣∣∣
≤

(L − c)3

2 (d − c)

[ (
1

12

)1− 1
q
(
|g′′ (L)|q

20
+
|g′′ (c)|q

30

) 1
q

+

(
1
4

)1− 1
q
(
|g′′ (L)|q

5
+
|g′′ (c)|q

20

) 1
q ]

+
(d − L)3

2 (d − c)

[ (
1

12

)1− 1
q
(
|g′′ (L)|q

20
+
|g′′ (d)|q

60

) 1
q

+

(
1
4

)1− 1
q
(
|g′′ (L)|q

5
+
|g′′ (d)|q

20

) 1
q ]
.

Corollary 7. Usingithe same assumption of Theoremi6 with |g′′| ≤ M, weiget∣∣∣∣∣ (L − c)δ+1
− (d − L)δ+1

(δ + 1) (d − c)
g′ (L) −

(L − c)δ − (d − L)δ

(d − c)
g (L)

−
M (δ) Γ (δ)
d − c

{
AB
L Iδc g (c) + AB

L Iδd g (d)
}
−

2(1 − δ)Γ(δ)
d − c

g(L)
∣∣∣∣∣

≤
M

(δ + 1) (δ + 2) (d − c)

[
(L − c)δ+2 + (d − L)δ+2

]
.

3. Applications to bivariate numbers

Let’s consider the followingispecial means for realinumbers c, d such that c , d.
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The arithmeticimean:
A(c, d) =

c + d

2
.

The logarithmic mean:

L(c, d) =
d − c

logd − logc
.

The generalized logarithmic mean:

Lc(c, d) =

[
dc+1 − cc+1

(c + 1)(d − c)

] 1
c

; c ∈ < \ {−1, 0}.

Proposition 1. Suppose k ∈ Z\{−1, 0} and c, d ∈ < such that 0 < c < d, thenithe following inequality∣∣∣∣∣∣Lk
k (c, d) − uk + k

(
x −
c + d

2

)
uk−1

∣∣∣∣∣∣
≤

k (k − 1) (L − c)3

6
1
q .2 (d − c)

×

[ ( 1
(2p + 1) (2p + 2)

) 1
p

A
1
q
(
|L|

(k−2)q , 2 |c|(k−2)q
)

+

(
1

2p + 2

) 1
p

A
1
q
(
2 |L|(k−2)q , |c|(k−2)q

) ]
+

k (k − 1) (d − L)3

6
1
q .2 (d − c)

×

[ ( 1
(2p + 1) (2p + 2)

) 1
p

A
1
q
(
|L|

(k−2)q , 2 |d|(k−2)q
)
+(

1
2p + 2

) 1
p

A
1
q
(
2 |L|(k−2)q , |d|(k−2)q

) ]
satisfies.

Proof. Theiassertion follows from Corollaryi4 for theifunction g(u) = uk and k as specified above. �

Proposition 2. Supposeir ≥ 1 and c, d ∈ < such that 0 < c < d, then the followingiinequality∣∣∣∣∣∣L−1 (c, d) − u−1 −

(
L −
c + d

2

)
u−2

∣∣∣∣∣∣
≤

(L − c)3

3
1
q 2 (d − c)

[ ( 1
(2p + 1) (2p + 2)

) 1
p

A
1
q
(
|x|−3q , 2 |c|−3q

)
+

(
1

2p + 2

) 1
p

A
1
q
(
2 |L|−3q , |c|−3q

) ]
+

(d − L)3

3
1
q .2 (d − c)

[ ( 1
(2p + 1) (2p + 2)

) 1
p

A
1
q
(
|L|
−3q , 2 |d|−3q

)
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+

(
1

2p + 2

) 1
p

A
1
q
(
2 |L|−3q , |d|−3q

) ]
isatisfies.

Proof. Theiassertion follows from Corollaryi4 for the function g(u) = 1
u . �

4. ModifiediBessel functioni

Weirecall the firstikind modifiediBessel functioni=℘, whichihas the seriesirepresentation (see [17],
p.77)

=℘(ζ) = Σn≥0

(
ζ

2

)℘+2n

n!Γ (℘ + n + 1)
,

whereiζ ∈ < andi℘ > −1,iwhile the secondikind modified Besselifunction g℘ (see [17], p.78, [18]i) is
usuallyidefined as

g℘ (ζ) =
π

2
=−℘ (ζ) − =℘ (ζ)

sin℘π
.

Considerithe functioniΩ℘ (ζ) : <→ [1,∞) definediby

Ω℘ (ζ) = 2℘Γ (℘ + 1) ζ−℘g℘ (ζ) ,

whereiΓ is the gammaifunction.
The firstiorder derivative formulaiof Ω℘ (ζ) is giveniby [17]:

Ω′℘ (ζ) =
ζ

2 (℘ + 1)
Ω℘+1 (ζ) (4.1)

and the secondiderivative can be easilyicalculated from (4.1) as

Ω′′℘ (ζ) =
ζ2

4 (℘ + 1) (℘ + 2)
Ω℘+2 (ζ) +

1
2 (℘ + 1)

Ω℘+1 (ζ) . (4.2)

and the thirdiderivative can be easilyicalculated from (4.2) as

Ω′′′℘ (ζ) =
ζ3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ω℘+3 (ζ) +

3ζ
4 (℘ + 1) (℘ + 2)

Ω℘+2 (ζ) . (4.3)

Proposition 3. Supposeithat ℘ > −1iand 0 < c < d, q > 1. Theniweihave∣∣∣∣∣Ω℘ (d) −Ω℘ (c)
d − c

−
L

2 (℘ + 1)
Ω℘+1 (L) +

(
L −
c + d

2

)
×

{
L2

4 (℘ + 1) (℘ + 2)
Ω℘+2 (L) +

1
2 (℘ + 1)

Ω℘+1 (L)
}∣∣∣∣∣

≤
(L − c)3

2 (d − c)

[ ( 1
(2p + 1) (2p + 2)

) 1
p
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×

{1
6

(
L3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ω℘+3 (L) +

3L
4 (℘ + 1) (℘ + 2)

Ω℘+2 (L)
)q

+
1
3

(
c3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ω℘+3 (c) +

3c
4 (℘ + 1) (℘ + 2)

Ω℘+2 (c)
)q } 1

q

+

(
1

2p + 2

) 1
p {1

3

(
L3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ω℘+3 (L) +

3L
4 (℘ + 1) (℘ + 2)

Ω℘+2 (L)
)q

+
1
6

(
c3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ωm+3 (c) +

3c
4 (℘ + 1) (m + 2)

Ω℘+2 (c)
)q } 1

q
]

+
(d − L)3

2 (d − c)

[ ( 1
(2p + 1) (2p + 2)

) 1
p

×

{1
6

(
L3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ω℘+3 (L) +

3L
4 (℘ + 1) (℘ + 2)

Ω℘+2 (L)
)q

+
1
3

(
d3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ω℘+3 (d) +

3d
4 (℘ + 1) (℘ + 2)

Ω℘+2 (d)
)q } 1

q

+

(
1

2p + 2

) 1
p

×

{1
3

(
L3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ω℘+3 (L) +

3L
4 (℘ + 1) (℘ + 2)

Ω℘+2 (L)
)q

+
1
6

(
d3

4 (℘ + 1) (℘ + 2) (℘ + 3)
Ω℘+3 (d) +

3d
4 (℘ + 1) (℘ + 2)

Ω℘+2 (d)
)q } 1

q
]
.

Proof. Theiassertion followsiimmediately from Corollaryi4 usingig (ζ) = Ω′℘(ζ),iζ > 0 and
theiidentities (4.2) and (4.3). �

5. Conclusions

We defined the concept of fractional integral inequalities with convex second derivatives in this
study. In addition, we investigated and demonstrated a novel lemma for the AB-fractional integral
operator’s second derivatives. The ideas presented in this study, we believe, will inspire scholars
in functional analysis, information theory, and statistical theory. By using generalized convexities,
it is possible to consider Ostrowski versions for generalized integral operators using Mittag-Leffler
operators, for example. The findings reported in this article may encourage scholars to investigate
comparable and more generic integral inequalities for a variety of other problems.
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