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1. Introduction

In 1938, Ostrowski inequality established the following useful and interesting integral inequality,
(see [1], p.468).
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Letg : J € R — R be a differentiable mapping on 7, the interior of the interval 7, such that
g € L[c,d], where ¢,d € J with d > ¢. If |g'(z)] < K C R, for all z € [c, D], then the following
inequality holds:
2
1 (=)

27 (1.1)

S?((D—C) L_‘_ (D_c)z

1 D
‘g(z)— b—f g (w)du
_c ¢

holds. This result in the literature as the Ostrowski inequality. For recent result and their related
some generalizations, variants and extensions concerning Ostrowski inequality (see [19-27]). This
inequality yields an upper bound for the approximation of the integral average ﬁ fc ’ g (u) du by the
value of g (u) at the point u € [¢, d].

Convexity has also played an important role in the advancement of inequalities theory. Many well
known results in inequalities theory can be obtained by exploiting the functions of convexity. Hermite
Hadamard’s double inequality is one of the most extensively studied convex function results. This
result provides us necessary and sufficient condition for a function to be convex. Hermite-Hadamard
(H-H) inequality has been considered the most useful inequality in mathematical analysis in 1883. It
is also known as classical equation of (H-H) inequality.

Definition 1. A function g : J € R — ‘R is said to be convex function if

g(le+ (1 = d) < fg(0) + (1 - £)gd) (1.2)
holds for all [¢,d] € J and { € [0, 1]. We say that g is concave if (—g) is convex.

The Hermite-Hadamard inequality assert that, if a mapping ¢ : J € R — R is convex in J for
¢, D€ 9 and d > ¢, then

C+D 1 ° g(c) + g(d)
N e G e (-

Fractional calculus may be defined as an extension of the derivative operator idea from integer order
n to arbitrary order. Fractional integrals are strong tools in applied mathematics for solving a wide
range of issues in science and engineering. Many mathematicians have merged and put effort and new
ideas into fractional analysis in the present decade to create a new dimension with various qualities in
the field of mathematical analysis and applied mathematics. Several studies have shown that fractional
operators can accurately explain complex long-memory and multiscale phenomena in materials that are
difficult to capture using standard mathematical methods including classical differential calculus [6,7].
The significance of fractional calculus can be more understandable to analyze real world problems and
several works involving fractional calculus have been done.

In recent years, some researchers have been interested in the concept of fractional derivative.
Nonlocal fractional derivatives are classified into two types: Those with singular kernels, such as the
Riemann-Liouville and Caputo derivatives, and those with nonsingular kernels, such as the Caputo-
Fabrizio and Atangana-Baleanu derivatives. However, fractional derivative operators with non-singular
kernels are very effective in resolving non-locality in real-world problems. Later, we’ll go through the
Caputo-Fabrizio integral operator.
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Definition 2. [I4] Let g € H'(c,d), d > ¢, 6 € [0,1], then the definition of the new Caputo
fractional derivative is:

M) (7 )
CFDog(r) = —f ’ - t—s)|d
80 =15 c g'(s)exp (1_5)( s)|ds,
where M(6) is normalization function.

Moreover, the corresponding Caputo-Fabrizio fractional integral operator is given as:

Definition 3. [16] Let g € H'(c,d)(where H' is class of first order differentiable function), d > ¢,
0€[0,1].

1-6 o !
(C17) )= 3780+ 310 [ 50

M(6)
and 1 N
CF 16 _ —0 i
( Ib)(l)— M(é)g(t)+M(5) l g()dy.

Where M(9) is normalization function.

Recently, Atangana Baleanu introduced a new fractional operator containing the Mittag Leffler
function in the kernel, that solve the problem of retrieving original function (a clear advantage on
Caputo Fabrizio operator). This made this operator more effective and helpful. As a result many
researchers have shown keen interest in utilizing this operator. Atangana Baleanu introduced the
derivative operator both in Caputo and Riemann-Liouville sense:

Definition 4. [16] Let v > u, 6 € [0,1] and g € H'(u, v). The new fractional derivative is given:

v NG
D] = 15 [ ¢ WEs [—5(’ ) ]dx.
u

(I-9)
Definition 5. [16] Let g € H'(¢,d), u > v, 6 € [0, 1]. The new fractional derivative is given:
M@)d [* (t—x)°
ABR D [g(t :——f Es|-6 dx.
DIls0] = 75 | sWE| -6 |

However in the same paper they give corresponding Atangana-Baleanu (AB-) fractional integral
operator as:

Definition 6. [16] The fractional integral operator with non-local kernel of a function g € H'(c,d) is
defined as:

1-¢ ) !
AR t:—t+—f t—y)°'d
17 180} M(é)g( ) MOTE) . g =)™ dy
whered > ¢,6 € [0,1].
In [16], the right hand side of AB-fractional integral operator as following;

AB 6 _ 1-¢ 0 ’ _ no-1
U1 (g(0) = J7sts0) + it f ) — 1) dy.

Here, I'(6) is the Gamma function. The positivity of the normalization function M(6) implies that
the fractional AB-integral of a positive function is positive. It is worth noticing that the case when
the order 6 — 1 yields the classical integral and the case when 6 — 0 provides the initial function.
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2. Results

In this section, we give Ostrowski inequalities for AB-fractional integrals operator are obtained for
twice differentiable functions on (¢,d). For this purpose, we give a new identity that involve AB-
fractional integrals operator whose second derivatives are convex functions.

Lemma 1. Suppose a mapping g © J = [¢,d] — R is twice differentiable on (¢,d) with ¢ < d. If
g" € Li[c,d], then for all w € [¢,d] and 6 € (0, 1], the following equality for AB-fractional integrals

(L -0 -—@-0" | C-0"-(0-2)Y
G- ¢ Q) - =0 g(9) (2.1)
MO (O 2(1 =N
MO g0+ P g |- 2 )
_ (B B c)6+2 : 5+l //
= GsD0=9 e+ =v)o)dv
(b 8)6+2

o+1 // _
(5+1)(D c)f W&+ -=v)d)dv,

holds forv € [0,1].
Proof. Let us suppose that

c)(5+2

(5+1)(b c)f Mg (e + (1 -v)dy
v Q§+2
(5(+ 1)(; 5 f o (v + (1 —v)d)dv
~ (L— )(5+2 I . (b—2)6+2
T W+D0-0 TG+ D)b-0 *

(2.2)
where

1
Ilzf Ho” (v + (1 —v) o) dv
0
potl ’(v)3+(1—v)c) f (5+1)v6g'(v53+(1—v)c)

e -

=‘g(_ﬁc) ‘;tlf g e+ (1-v))dy

_gW  6+1 SG+1) (1, B

= e ()3_()23;(2)+—(2_c)2 . gL+ (1-v)o)dv
g  +1 MO (6 +2) 1

= B e B2 e 0 - )

and similarly
1
L= f g (e + (1 -v)d)dv
0
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f 0+ l)v‘sg’(v2+(1 —v)b)

L-»
) o6+1
i(g 53+-cf W o' (W2 + (1 = v)d) dv
g®W s+l 0(0+1) . _
o ® (D—B)2g(2)+ o9 g+ (1 -v)d)dv
g@® 6+ MO0 +2)( 455
S O R e R OB @)
using /; and I, with (2.2), we obtain (2.4). O

Remark 1. Ifwe set § = 1 in Lemma 1, we get (Lemma 1 in [8]).

Theorem 1. Suppose a mapping g : J C [0,00) — R is twice differentiable on (¢, d) with ¢ < d such
that g’ € Li[c,d]. If|g"”| is convex function on [c, D], then for all 6 € (0, 1], we get for AB-fractional
integrals inequality

(Q 5+1 _(D—8)6+1 ) (B—C)d—(b—ﬂ)é

‘ (6+ Do—o ¢ M- 6o W 2.3)
M )T (6 2(1 =9I
%{ ABI6 g+ ‘2316 g(b)} — %g(g)'

(€-9" , Lo
S<6+1)<5+3><z>_c>{'g @1 +1g" Ol 575

(b_8)6+2 17 124
T GrDO+3) 0= ){lg (®I +lg (b)lﬁ}

forv e [0,1].

Proof. From Lemma 1 and since |g”| is convex function on [c, d], we obtain

(Q—C)§+l _(b_ﬂ)éﬂ ) (8—()6—@)—3)6
‘ G+ (0- 8 (2 5o ¢
M@O)I (0 2(1 =9I
%{ A316 g0+ A316 g(b)} % (2)'
Q— 0+2 1
= m ) Vg (V€ + (1 —v) o)|dv
b—¢ 0+2 1
((S(JrT(i_c) Vg (€ + (1 =) D) dv
Q— 0+2 1
< (5(”)% fo vd“{v g” @)+ (1= v)]g” () }dv
b— ¢ 0+2 1
CGineal, e @i ol
(8 _ C)6+2

TR E c){'g" O +1g" ©l 57 2}
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o2
-2 ) {

1 144 1
ST eIl @ e ™l

0+2

Which completes the proof. O

Remark 2. If we set 6 = 1, then from Theorem 1, we get (Theorem 4 in [8]) that yields the same
result with s = 1.

Corollary 1. By using Theorem 1 with |g"”| < M, we get the following inequality

"(Q) - 2
M ©)I'©) 2(1 5)F(6)
D—¢ b -

! 6+2 542
SA/I((é+l)(5+2)(b_c))[(’3—0 + (d-9) ]

‘(2 5+1 _ (D _ 8)6+1 (Q _ c)5 _ (b _ 8)6

{ PEg©+ g0} - «©)|

Remark 3. If we set § = 1, then from Corollary 1, we getting (Theorem 2.1, [9] ).

Theorem 2. Suppose a mapping g : J C [0,00) — R is twice differentiable on (¢,d) with ¢ < d
such that g € L[c,d]. If|g”|? is convex function on [¢,d], g > 1, then for all 6 € (0, 1], we get the
AB-fractional integrals inequality

(Q _ C)(5+1 _ (b _ Q)6+1 ) (2 _ C)(5 _ (b _ 8)6

' GiDo-o ¢ (L) - 50 g (2.4)
M@©O)T (6 2(1 =9I

3 (b)_(){gBla ()+Z‘Blég(b)}— (b )()(8)‘

< (71
OG+Dp+1

[ (2-9’ (Ig” I +lg” (c)lq)5 L - 2)°*2 (Ig” (O +1g” (b)|q); ]
6+1D®d-0 2 S+1Dd-0 > ,

forv e [0,1], where g™ + p~' = 1.

Proof. Suppose that ¢ > 1. From using the Lemma 1, by using the well-known Holder
integral inequality and the convexity of |g”’|? , we obtain

(2 _ c)(5+1 _ (b _ 2)(5+1 ) (Q _ C)é _ (b _ 8)6
' Grho_o W oo W
S HOR O g0+ g ) - 22 D) 2.5)
- —¢
,8 _ o+2 1
< m ) Vg (€ + (1 =v) O dv

(b _ E)5+2 1

S+1 7 1 _
+ —((5+1)(b—c) Vv (WL + (1 —v)d)|dv
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(Q_C)6+2 : (6+1) % ! ’” q é
< m (L Vv Pdv) (£ |g (vQ+(1—v)c)| dv)

GO f 1v<‘5+1)”dv); f i "(v>3+(1—v)b)|qd"; (2.6)
OW+1)®d-0\Jo 0 : | |

Since |g”’|? is convexity on [c, D], we obtain

1 1
fo 8" (e + (1 =v)ol'dv < L {v 8" (O + (L =v)lg” (I }dv (2.7)

_ 1@ +1g”
2

and

1 1
f & 0 L+ (1=v)D)fdy < f {vig” @I + (1= lg” O Jav 2.8)
0 0

_ 18" @I +1g” )
= 5 :

By using (2.7) and (2.8) with (2.6), we obtain

(Q _ c)6+1 _ (b _ 2)6+1 ) ~ (2 _ C)6 _ (b _ 2)6

Giho_o9 ¢W (-0 g(®)
M@G)T (6 21 = 56
- HO O e 0+ PR g0 |- T2 i)

1

(o]
OG+Dp+1

[ (L= (18" QI +1g" (C)lq); P O™ (1g” (F +1g” O ]
G+1)@-0 2 G+ Dd-0 2 '

Which completes the proof. O

Remark 4. If we set § = 1, then from Theorem 2, we get (Theorem 5, [8]) that yields the same result
withs = 1.

Corollary 2. Using Theorem 2 with |g"| < M, we get

(8 _ C)(5+1 _ (b _ 8)6+1 ) ~ (Q _ c)(5 _ (b _ 3)5

GiD0-9 g ) ©-0 g ()
_ W{ P g0+ 81 g(b)} - @g@'

( 1 )11, [ (8 _ C)5+2 (b _ B)6+2 ]
< n .
B O+Dp+1 G+1Dd-10 G+1Dd-0
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Theorem 3. Suppose a mapping g : J C [0,00) — R is twice differentiable on (¢, d) with ¢ < d such

that g" € Ly[c,d]. If |g”|? is convex function on [¢,d], g > 1, then for all 6 € (0, 1], the inequality for
AB-fractional integrals

(,8 _ c)5+l _ (b _ 8)5+1 )

9 o
o @-0-0-9

I g Q) 5=0 g () (2.9)
M@©TI © 2(1 =o'
_ %{ PR g0+ L g(b)} - (T)c()g(ﬂ)

(! )1“5 e o2 (|g" OF 18" ©OF _\

~\0+2 OW+Dd-0\ 0+3 0+2)(0+3)

L _0-97 (@ g ) )]
OW+Dd=-0\ 0+3 0+2)©6+3)) I

holds forv € [0, 1].

Proof. Suppose that g > 1. From Lemma 1, by using the power-mean integral inequality and convexity
of |g”’|7 , we obtain

R A (T UL L-09'-(-2)
GiDo-9 W~ (-0 g(®)
M (ST (6 2(1 — OIS
- HOE Ol g0+ g0 | - T2 )
Q— 0+2 1
< m Vg (€ + (1= v) o)l dy
0
(b _ 8)6+2 1

o+1 | 1
+ m . % |g (Vﬂ+(1—V)b)|dV

(2—a)6+2 (fl 5+1 )1_; (fl ’” _ q );
S GiDo o U, V) | et d-molray (2.10)

ﬂfl s+l )1_’1’(f1 ., _ . )fla
+(5+1)(b—c)(ov dv ; lg” &+ (1 =w)d)ldv]| .

Since |g”’'|? is convexity on [¢, D], we obtain

1 1
f Vg v+ (1= v) o)fdv < f v5+‘{v|g"(53)|4+(1—v) |g”(c)|q}dv (2.11)
0 0

_lgr@f N lg” (o))
543 (6+2)(5+3)

and

0

1 1
f VH g (v€+ (1 =) d)ldv < f v6+1{v lg” (D + (1 —v)|g” (D) }dv (2.12)
0
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_lgr @l N lg” ()|
6 +3 6+ +3)

By using (2.11) and (2.12) with (2.10), we obtain

Y c)6+1 _ (b _ 2)6+1 ) (,8 _ C)é _ (b _ 2)5
N L (5){ PEe©+ g0 ) - )

3 ( ! )1‘5 G 0’2 (|g" @F _ lg"©F )5

T \o+2 G+DHd-0\ 6+3 G6+2)(0+3)

JRCES 0 (|g“ @ g )]
G+Dd-0\ 6+3 b6+2)(6+3) ’

Which completes the proof. O

Remark 5. If we set § = 1, then from Theorem 3, we get (Theorem 6, [8]) that yields the same result
withs = 1.

Corollary 3. Under the same assumptions in Theorem 3 with |g"| < M, we get the following inequality

(2 (5+1 _ (b _ 2)5+1 ) (2 _ c)(s _ (b _ 2)6
‘ (6+1>(b 5 W G- Y

_M©OT (6) 2(1 - 6)F(6)
D— D—

1 0+2 0+2
_M((6+1)(6+2)(b_c))[(9—6) + (-9 ]

{150+ PEgm]- &)

Theorem 4. Suppose a mapping g : J C [0,00) — R is twice differentiable on (¢, d) with ¢ < d such
that g € Li[c,d]. If |g”|? is convex function on [¢,d], g > 1, then for all 6 € (0, 1], we get the following
inequality

2 5+l_b_86+1 2_ 5_ b—ﬁé
‘( ((5“)(; )) g@- L czb_() Lo ) (2.13)
MO G 2(1 =0l
SO g0+ P g ) - 22y ©|
(2 — )+ { 1 @I +1g” (c>|q}
T+ DHd-9lW+DHp+1)p 2q
.\ (- £)°*? { 1 L8 +1g” (b)w}
G+Dd-0WW+D)p+1Dp 2q ’
holds for v € [0, 1].
Proof. From Lemma 1, we obtain
U R (U AL L-0’-(-2)Y
GiDo-9 W~ (-0 g(®)
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MO g0+ P g |- 2
b — D -
(Q B c)6+2 : o+1 | 1
< m ; Vg e + (1 —v)o)ldv

(b _ 2)5+2 1

o+1 1 _
+ GiD69 Vg (8 + (1 —v)d)|dv,

By using the Young’s inequality as

Uv < lU”+1V‘f’.
p q
et Ul S M (-0 -(-2)
Giho-o W w-o W

%{Jﬁ—g(o +Jg.8 (9) }‘

-0 (1 (" 4 1,
: m{_f v pdv+—f lg (v8+(1—v)c)|"dv}

(b _ B)(HZ ! (6+1), ”
' m{ f rdv+ o f|g (€ + (1= ) o) v}

c)6+2 (6+1), 1 ! 77 ’7”
< (5“)@_(){ f Pdv+5f0 {vlg” @I + (1 =v)lg” @I Hav
(0 — 9)°*2 @+1) [ Y
(5“)@ c){ f Pdv+5f0 {vlg” @I + (1 = n)1g” @) Hav
02 { 8" (D +g” (c)|q}
_(5+1)(b—c) ((5+1)p+1)p 2q
(0 — 2)°*2 { Ll @1 +1g” <b>|’f}
(5+l)(h ((6+1)p+1)p 2¢q '
Which completes the proof. O

Theorem 5. Suppose a mapping g : J C [0,00) — R is twice differentiable on (¢, d) with ¢ < d such
that g" € Li[c,d]. If |g”|? is convex function on [¢,d], g > 1, then for all 6 € (0, 1], for AB-fractional
integrals inequality

S+ 1)(d-0 R (-0 g (2.14)

2(1 = 0)I'(0)
D—c

‘(2 5+1 _ (b _ 8)6+1 (2 _ c)ﬁ _ (b _ 2)5

_M@OT (5)

. 8|

{AB[6 (0 + LBlég(b)}_

1 1

(2 — o)’ 1 » S PRIAL
= ((5+1)(b—c)[((5p+p+1)(5p+p+2)) ( lg” (VI + |g (C)l)
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((5+1)p+2) ( 87 (O + |g"<c>|‘1) ]

(D 2)6+2 [(
(6+1)(b—c) (6p+p+1)(6p+p+2)

1 1

) ( lg” (DI + Ig"(b)l"

7 q 7 q g
((5“) +2) ( & O + <Ig (b)|) |
holds for v € [0, 1], where g7' + p~' = 1.

Proof. From Lemma 1, by using the Holder-Iscan integral inequality (see in [10]) and the convexity
of |g”'|7 , we obtain

(2 _ c)(5+l _ (b _ 2)5+l , (Q _ c)é _ (b _ 2)5
' GrDo_o W ®_o W
Fro+1)( s 5
F oo {Jﬂg(c) + 0.5 (D) }‘
(,8 _ c)5+2 1

o+1 7 1 _
< —(5+1)(b—c) ; Vv g (v + (1 —v)o)|dv

(b_8)6+2 1
T G+D0o-0J,

< ﬂ[(f(l —v)v(‘m)”dv)}) (fu g e + (1 - ) c)lqdv);
TG+ Dd-0 0 0 §

1 3 1 ;
+ (f v(5+1)”+1dv) (f vig"m v+ (1 -v)o) dv) ]
0 0

a2 1 , 1 %
©-2) [(f (1-v) v““)l’dv) (f (1-v)g”" (ve+(1-v) b)lqu)
0 0

g’ € + (1 —v)d)| dv

T GorDo-0

! (ol g
+(f v““)f’*‘dv) (f vlg” (v£!+(1—v)b)|qdv) |
0 0

< M[( f R _v>v<6+1>pdv)’l’ ( f -l @F + (1~ )" (c)lq}dv);
S GrDe-ol\ 0 : )

1

1 P 1 !
+( f <6+1>p+1dv) ( f {v|g”(sz)|‘I+<1—v>|g"(c)|‘f}dv)]
0

? 2 0+2
(6(+ 1)(;— 0) (f (- (Ml)pdv)

X (f (L= {vig” I + 1 -w)g” (D)I"}dV)
0

1
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9177

1 5ol ;
+ (f v(5+1)p+1dv) (f vivlg” (@I + (1 -v)|g” (b)lq}dv) ]
0 0

After getting the simplification, we get (2.14). Which completes the proof. O
Corollary 4. If we set 6 = 1 in Theorem 5, we get the following inequality

1 ° D
‘; g(u)du—g(ﬁ) + (2 - %)g <2>|

)" ( g7 (@ + |g" (c)W)q

( g (O + |g” (c)|q)q ]

c)3[(
<
N Z(D (2p+1)(2p+2)

(e
v 2 ’”)3 l Ll (O + 518" o
200-0) (2p+1)(2p+2)

1 T q 1o q é
¥ (2p+2) (3 1" (2) +6|g <b>|) ]

Corollary 5. Using the same assumptions in Theorem 5 with |g”| < M, we get

(2 6+1—(b—2)6+1 , (Q_C)é_(b_ﬁ)(s
' Grho-o ¢ T @-o W
M5F5 2(1 =)'
(b)_ (){ABIch()+ABI§g(b)}_ ( - )() (53)‘

S Y S
T2+ Dd-ol\Gp+p+DEp+p+2)) \G+Dp+2
x [(s — 02 4 (0 — )2 ]
Theorem 6. Suppose a mapping g : J C [0,00) — R is twice differentiable on (¢,d) with ¢ < d

such that g € L[c,d]. If|g”|? is convex function on [¢,d], g > 1, then for all 6 € (0, 1], we get the
following inequality

(8 6+1 _ (b _ 8)6+1 ) (Q _ C)(S _ (b _ 8)6

‘ (6+1)(b 5 f®- Ty sW (2.15)
M) (6 2(1 = o)l
%(){Mﬁg()ﬂwg(b)}_% (2)'

(€ - o2 [ ( 1 )1‘5( & @F L 208" O ):,
TG+ DOG-0L\G6+2)(6+3) G+3)06+4) WB+2)(06+3)(6+4)

1\ g7 @F g @F
+(5+3) (5+4 +((5+3)(5+4)) ]
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NECEDi ( ! )1‘5( & @ 2l )3
@0+ -9l \(6+2)(0+3) 0+3)6+4) (0+2)(0+3)(0+4)

1—5 77 ’” é
+( 1 ) (Ig (Y N lg” () ) ]
0+3 o+4 G+3)(0+4)

holds for v € [0,1], where g™' + p~' = 1.

Proof. From Lemma 1, improved power-mean integral inequality (see in [10]) and the convexity
of |g”|?, we obtain

(Q 6+l (b 2)5+l ) (2 _ ()6 _ (b _ 2)5
‘ (6+1)(b— 0) g %)= -0 g§(®)
M) 2(1 =IO
MOTO oy 4 ot g} - 21000
Q 5+2 1
= m ; Vg (W€ + (1 = v) o)l dv
D= 0+2 1
’ W Vg (€ + (1= v) D)l dv

B G f (1 - 5“dv
= (6+1)(b—c)

X (f 1 =)V g” v+ (1 -v) c)|"dv)
0

1 =7/ g
+ ( f vmdv) ( f W2 lg” (18 + (1 = v) O dv) ]
0 0

(b Q)(Hz 6+1 1_5 : S+1 q é
(6+1)(b—c) (f - dV) (f (I =v)v" g" (v + (1 =) D) dv)
1
+ (f (5+2dv) (f 5+2 |gu e+ (1-v) b)lq dv) ]
0
c)6+2 6+1
. ((5+1)(b—c) (f (1- dv)

(f (1= lg” @ + (1 =v)|g" (0)d )

1- é 1 é
+ ( f MdV) ( f Vg (O + (1 =) g (C)I"}dV) ]
0 0

(b _ 8)6+2
TGED =0

1 q
X [(f (1-v) v6+1dV) (f (1= vlg” (O + (1 -w)g” 0))d )
0
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1 =4/ :
+ ( f v5+2dv) ( f Vg (1 + (1 -v)|g” (b)|q}dv)]
0 0

(€ - o2 [ 1 il 1@ L 2l )5
T O+ -0L\0+2)(0+3) G+3)(0+4) WG+2)(0+3)(O6+4)

1\ g @F g @F
+(5+3) (5+4 +(5+3)(5+4)) ]

(0 — )2 [( 1 )“4( 7@ 208" ) )5

T rDe-0l6+26+3) \G+3)06+d  G+2©0+3)0+H
L\ lg7@F g oF
+(5+3) (5+4 +(5+3)(5+4)) ]
This completes the proof. O

Corollary 6. If we set 6 = 1 in Theorem 6, we get the following inequality

2

_ (- c>3[ ( 1 )1‘ (|g" O _lg” W);
20— 0 20 30

1-1 ’” ’” é
+(1) q(lg (ﬁ)lq+|g (C)I") ]
4 5 20

L (- 2)3[( )1‘(|g”<2>|‘1 |g"<b>|4)é
2(b—c) 20 60

177 ’’ 7 é
+(_) (Ig O s (b)l") ]
4 5 20

Corollary 7. Using the same assumption of Theorem 6 with |g""| < M, we get

1 ° )
‘gfg(u)du—g(sn(ﬂ—i)g’(ﬁ)‘

(,8 5+1 _ (b _ 8)(5+l ) (ﬁ _ c)& _ (b _ 2)5
‘ (6+1><b o ¢WT a9 W
M5F5 2(1 =0T
LD g0 0 8 50 - 2= o)
M

_ \0+2 _ Q)o+2
S((5+1)(5+2)(b—c)[(53 T+ 0-0 ]

3. Applications to bivariate numbers
Let’s consider the following special means for real numbers ¢, d such that ¢ # .
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The arithmetic mean:

c+Dd
A(c,d) = —.
() = —
The logarithmic mean:
D—¢
L(c,d) = ——.
(") logd — logc
The generalized logarithmic mean:
bc+l _ cc+l <
L(¢,d)=|———|; ce R\ {-1,0}.
(c.b) @+D®—O] ce R\ (-1,0)

Proposition 1. Suppose k € Z\{—1,0} and ¢,d € R such that 0 < ¢ <V, then the following inequality

+Dd
Li(c,b)—uk+k(x— c2 )uk_l

<k@—nw—o3
T 6120 =0

1
1 P
y AL (19124 5 (k-4

Hep+nap+m) (e, 21 )

1
N 1 z Al (2 1g|k-2a |C|(k_2)q) ]
2p+2

+km—1xb—ﬁf
61.2(d— )

1

1 b
% Ad (12 (k=2)q 2 b(k—2)q

HQp+DQp+D) (1247, 2 ol ) +
1

1 P
(2 ) Aé (2 |2|(k—2)q , |D|(k_2)q)]
p+2

satisfies.
Proof. The assertion follows from Corollary 4 for the function g(u) = u* and k as specified above. O

Proposition 2. Suppose r > 1 and ¢,d € R such that 0 < ¢ < D, then the following inequality

N
'Ung—w4—@—C;)u4

1

(-0’ ( 1 ),, L3 3
A ) q
__ﬁ2®—o[(hr+nap+m (1 L))

1
1 P
Al (21e1 44]
+@p+ﬁ (212177, 1d7%)

(d—g)° H 1
3120 - ol\Cp+1D(2p+2)

1

)”Aégﬁrﬁ,zmrﬁ)
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1

1 P
Al 253-3q,b-3q]
+(2p+2) (212177, o)

satisfies.

1

Proof. The assertion follows from Corollary 4 for the function g(u) = -,

4. Modified Bessel function

We recall the first kind modified Bessel function J,, which has the series representation (see [17],
p.77)

( I )go+2n
2

nC(p+n+1)

where ¢ € R and ¢ > —1, while the second kind modified Bessel function g, (see [17], p.78, [18] ) is
usually defined as

I %) ({) = 2nZO

1 3,)-3,)
g (&) = 2 sin 7 '

Consider the function Q,, ({) : R — [1, ) defined by

Q, () =2T(p+ D78, (D),

where I is the gamma function.
The first order derivative formula of €, ({) is given by [17]:

, 4
Q =—2_Q 4.1
0= 5o © @.1)
and the second derivative can be easily calculated from (4.1) as
AO= b 000+ 0, © (42)
P T A+ Dp+2) 7 20p+1) '

and the third derivative can be easily calculated from (4.2) as

- 3 Q2 (0) ad
Tl Dy O T DY

Proposition 3. Suppose that ¢ > —1 and 0 < ¢ <bd,q > 1. Then we have

Q) Qo2 (0). (4.3)

'Qg{) (b) - Q&o (C) B Q QXO_H (Q) . ('8 ~ ﬂ)
b 2(0+ 1) 2
’ 1
% {4(g) +1)(p+ Z)sz (L) + mgpﬂ ®) }'

<(2—c)3[ 1 ’
“200-0l\@p+ D 2p+2)
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1 & 3¢ ‘
{6 (4(@ +D(p+2)(p+ 3)ng+3 Q)+ Toi DT 2)Qp+z (2))

1

X
1 ¢ 3¢ 73
Sl O e ) |

[ {1( : Q@+ —2 g @)
2p+2) Blap+Dp+2)(p+3) " 4o+ D(p+2) 7

1

1 C3 Q () 3C Q ()q}q
’ 5(4@*1)(%2)(%3) Ot T D) c) ]

- 92)?° 1 v
" Z(D—C)[ Qp+H2p+2)

1 & 3¢ ‘
% {6 (4(50 +D(p+2)(p+ 3)ng+3 L)+ ot D+ 2)QXJ+2 (E))

1

1 v Q.5 () 3D 0 b)q ’
"3 neen O oDy }

1\
+
(2p+2)

! v 3¢ g
Bliemre 69O o e (2))

1 3 3d Y
¥ 6(4(go+ DD+ O o7 1><go+2>9&°*2(b)) Fl

Proof. The assertion follows immediately from Corollary 4 using g() = €Q({),{ > 0 and
the identities (4.2) and (4.3). O

5. Conclusions

We defined the concept of fractional integral inequalities with convex second derivatives in this
study. In addition, we investigated and demonstrated a novel lemma for the AB-fractional integral
operator’s second derivatives. The ideas presented in this study, we believe, will inspire scholars
in functional analysis, information theory, and statistical theory. By using generalized convexities,
it is possible to consider Ostrowski versions for generalized integral operators using Mittag-Leffler
operators, for example. The findings reported in this article may encourage scholars to investigate
comparable and more generic integral inequalities for a variety of other problems.
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