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1. Introduction

This paper will investigate a two-dimensional compound risk model. In this risk model, an insurance
company has two dependent classes of business sharing a common claim-number process, which is a
compound renewal counting process. Let the inter-arrival times of events {6,k > 1} be a sequence of
independent and identically distributed (i.i.d.) nonnegative random variables (r.v.s) with finite mean
B! > 0. Let Z; be the number of claims caused by the kth (k > 1) event. Suppose that {Z;,k > 1}
are i.i.d. positive integer r.v.s with finite mean u; and independent of {6,k > 1}. Then the number of
events up to time ¢ > 0 is denoted by

N(t) = sup{n > I,ZGk < t}

k=1
and the number of claims up to time ¢ > 0 is denoted by

N(t)

A®D =) Z,
k=1
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which is a compound renewal counting process. Set 6(t) = E(N(¢)) and A(t) = E(A(t)), t > 0, then
0(t)/t —> Bast — oo and A(t) = uz6(tr), t > 0. The claim-amount vectors )?k = X, Xo) k> 1
are i.i.d. copies of X = (X1,X,)" with finite mean vector @ = (u;,u»)’. Assume that X; and X,
are nonnegative r.v.s with distributions F and F», respectively. Their joint distribution is denoted by
Fi2(x1, x2) = P(X; < x1, X3 < x,) and their joint survival function is F_lz(xl, X)) = P(X; > x1, X2 > x0).
Then the aggregate amount of claims up to time ¢ > 0 is expressed as

A(D)

S@) = Z)?k. (1.1)
k=1

This paper will investigate the precise large deviations of S@),t>0.

In this paper, we assume that {Z;,k > 1} are independent of {}?k,k > 1} and {(fk,Hk),k > 1} are
1.1.d. random vectors with generic pair ()?, 0). This paper mainly considers for each k > 1, Xy, Xx
and 6, may be dependent and the claims have heavy-tailed distributions. In the following section some
heavy-tailed distribution classes will be given.

Without special statement, in this paper a limit is taken as ¢ — oo. For a real-valued number a,
let a* = max{0,a} and a~ = —min{0, a}. Denote [a] by the large integer that does not exceed a. For
two vectors ¥ = (y1,y)! and Z = (z1,22)7, ¥ > Z (or >) means y; > z; (or >), i = 1,2. For two
nonnegative functions a(-) and b(-), we write a(t) < b(t) if limsupa(z)/b(¢t) < 1, write a(t) 2 b(t) if
liminf a(¢)/b(t) > 1, write a(t) ~ b(¢) if lima(¢)/b(t) = 1, and write a(t) = o(b(¢)) if lima(t)/b(t)
= (. For two positive bivariate functions g(-,-) and A(-, -), we write g(x,t) < h(x,t), as t — oo, holds
uniformly for x € A # ¢, if

. g(x, 1)
limsupsup —= <1
oD ek (1)

We write g(x, 1) 2 h(x, 1), as t — oo, holds uniformly for x € A # ¢, if

liminfinf 89 5 1.
o xed (X, 1)

In the following, we give some heavy-tailed distribution classes. For a proper distribution V' on
(=00, 00),let V =1 -V be the tail of V. Say that a distribution V on (-0, c0) is heavy-tailed, if for any

s> 0,
f e™"'V(du) = oo.

Otherwise, say that V is light-tailed. The dominated variation distribution class & is an important class
of heavy-tailed distributions. Say that a distribution V on (—oo, 00) belongs to the class & , if for any
ye©,1), B

T Vi(xy)

imsup —

X—00 V(x)

The slightly smaller class is the class %', which consists of all distributions with consistently varying
tails. Say that a distribution V on (—o0, 00) belongs to the class ¢ if

< 00

fim lim inf ~°2 = lim lim sup "2

NI x—0e0 V(x) v/ 1 X—00 V(_x)

= 1.
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Another class is the long-tailed distribution class .. Say that a distribution V on (—oo, o) belongs to
the class .Z if for any y > 0, _
Vix —
fim L)
= V)
It is well known that these distribution classes have the following relationships:

I.

CcLLNyc?

(see, e.g., Cline and Samorodnitsky [5], Embrechts et al. [7]).
For a distribution V on (—oo, o0), let

logV, — 1%
J;:inf{—og—(y),yzl} with V.(y) = liminf 202 45 1.

logy xo00 Y(x) T

We call J; the upper Matuszewska index of V. For the details of the Matuszewska index one can see
Bingham et al. [2].

In recent years, more and more researchers pay attention to multi-dimensional risk models and
study the precise large deviations of aggregate amount of claims, see e.g. Wang and Wang [19], Wang
and Wang [20], Lu [12], Tian and Shen [14] and so on. Recently, Fu et al. [8] studied the precise large
deviations of S () = ZkN:('l) Xk, t > 0 under the following assumptions.

Assumption 1.1. The random vector (X, X,) has a survival copula C(-,-) satisfying

¢ (Fl (x1),F» (xz)) < 8(2)F; (x1) F3 (x2)
where g,(-) is a finite positive function.
Definition 2.2.2 of Nelsen [13] gave the definition of copula. A copula is a function C from [0, 1] X
[0, 1] — [0, 1] with the following properties:
(1) For every u,v € [0, 1], C(u,0) = C(0,v) =0, C(u, 1) = uand C(1,v) = v.
(2) For every uy, u, vy, v, € [0, 1] such that u; < u, and vy < vy,
C(uz, v2) — Clu, vi) — C(uy, v2) + Cluy, vy) 2 0.

The Sklar’s theorem (i.e. Theorem 2.3.3 of Nelsen [13] ) states that for the r.v.s X; and X, in
Assumption 1.1, there exists a copula C such that for all x; € (—o0, 00),i = 1, 2,

Fia(x1, x2) = C(F1(x1), Fa(x2)).

Let C'(u,v) =u+v—-1+C( —-u,1-v),u,vel0,1], then for all x; € (—o0,),i =1,2,
Fio(x1, %) = C(F1(x1), Fa(x2)).

We call C as the survival copula of X; and X, (see (2.6.1) and (2.6.2) of Nelsen [13]).

Assumption 1.2. There exists a nonnegative random variable 6° with finite mean such that 6
conditional on (X; > x;),i = 1,2, is stochastically bounded by 0* for all large x| and x»; i.e., there
exists some Xy = (x10, X20)" such that it holds for all ¥ = (x1, x,)" > %y and t € [0, c0) that

PO>t|X;>x)<P@ >1, i=1,2.
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This paper still uses the above two assumptions. We will investigate the precise large deviations of
the aggregate amount of claims in a two-dimensional compound risk model. For the one-dimensional
compound risk model, there are many papers studying the aggregate amount of claims, such as Tang
et al. [15], AleSkeviciené et al. [1], Konstantinides and Loukissas [11], Yang et al. [22], Guo et al. [9],
Wang and Chen [18], Yang et al. [23], Wang et al. [17], Xun et al. [21] and so on. For a two-dimensional
compound risk model researchers mainly studied the ruin probabilities, such as Cai and Li [4], Delsing
et al. [6] and so on. This paper will consider the precise large deviations of compound sum (1.1) in a
two-dimensional compound risk model. The following is the main result of this paper.

Theorem 1.1. Consider the model (1.1). Suppose that Assumptions 1.1 and 1.2 are satisfied, F; € €,
i = 1,2 and there exists a constant @y > 2max{.l+l, J;z} + 4 such that EZ;IZ < oo. Then for any
7=y >0,

P(S (1) = fA) > B ~ (A0)’Fy (x1) F2 (x2) ,
holds uniformly for all X > YA(1).

Remark 1.1. In the two-dimensional compound renewal risk model (1.1), if Z, = 1,k > 1, then
model (1.1) degenerates into the classic two-dimensional renewal risk model. In the classic
two-dimensional renewal risk model, suppose that F; € €, i=1,2 and Assumptions 1.1 and 1.2 are
satisfied. Then from Theorem 1.1 the main result of Fu et al. [8] can be obtained.

The proof of Theorem 1.1 will be given in the following section.
2. Proof of the main result

By Assumption 1.2, we introduce two independent nonnegative r.v.s 6;* and 6;*, which have the
same distributions as 6 conditional on {X; > x;} and {X, > x,}, respectively. Assume that 6;" and 6}*
are independent of all other r.v.s. Let 77" = 67", 7" = 6;" + 65", 7, = 07"+ 65"+ X.7_3 6;, n > 3, and define

N™(@)=sup{n=>1:7"<t}, t>0.

Set A* (1) = ZkN:*;(t) Zi, t > 0. The following relation implies that for each r > 0, A**(¢) is also identically
distributed as A(f) conditional on {X; > x;,X; > x,}. In fact, noticing the independence assumption
between {Z;,k > 1} and (X), 0), it holds for t > 0, n > 1 and x;, x, > O that

P(A(l) =n | X1 > x, X > )CZ)

k
ZZi —n| X, > x, X > x0, N(t) = k| PING) = k | X, > x1, X5 > 1)

= i=1

k
Zzi - n)P(N(t) — k| X, > x, Xy > x0)
i=1
k

Z Zi= n) P(N™(t) = k)
i=1

1
(A™() =n). (2.1)

1]
DMe T T
~ ~ ~

I
ST
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Before giving the proof of Theorem 1.1, we first give some lemmas. The first lemma gives a
property about A**(¢),t > 0.

Lemma 2.1. In addition to Assumption 1.2, assume that Var 0 < co. Then it holds for every 0 < 6 < f8
and every functions a(t) and b(t) that

A7) — At
lim sup P(‘#‘ > 6) =0, 2.2)
t—00 xp2a()

X7 2b(f)

where a() : [0, 00) — (0, 00) with a(t) T oo and b(-) : [0, 00) — (0, c0) with b(t) T oo.
Proof. Using the same method of the proof of Lemma 3.4 of Bi and Zhang [3], we can get that

N*™(t
lim sup P(‘ t( ) —,8‘ > 5) =0. (2.3)
—oo xq2a(r,
xzzbit;
In the following we will prove for any € > 0
CrA
lim sup P||=E_— iyl > €| =0. 2.4
t—oo Xlzag) [ N**(t) Hz ) ( )

x2b(t)

For the above € > 0, by (2.3) and the law of large number for i.i.d r.v.s, it holds uniformly for x; > a(f)
and x, > b(¢) that

P (_Zg(t) Zy

Loz
— Uy > = Pl—/———>€e+uz;, N () < (B—-0)t
Hz 6] [ N=() €T Uz (1) <(B-90) ]

s
+P| 2L T S et N(H) > (B + )t
( N0 €+, N“(t) > (B )]

N (6)

N** (ﬁ_+(5)t 7
< P( t(t) —,6" >6)+P(% >,uz+e)
- 0 (2.5)

and

N**(l)
Z
P[Zk:l k—/lz<—€) < P(

N"() e %
NT(Z‘) —ﬁ‘>(5)+P[ Mz — €

e
t B+ o)t

- 0.

In the following, we prove (2.2). Since A(f) ~ uzft, it holds for any 0 < € < §(uzB)~" that
(1 —e)uzBt < A(t) < (1 + €)uzpBt. Thus by (2.3) and (2.4), it holds uniformly for x; > a(¢) and x, > b(r)
that

Vo )
P(A™ (1) > 6t + A1) P[Zk:l Ze Nt 6 ﬂ(f))

> +
N=*(uz Bt MzB  pzpBt
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N**([)
Z k%

Z,Tzl k.N(l‘)> +5_€

N*(uz  pt Mz

- 0. (2.6)

P

Similarly, it holds uniformly for x; > a(¢) and x, > b(¢) that
P(A™(t) < A(t) — 6t) — 0,

which combining with (2.6) yields that (2.2) holds. O
The following lemma is Lemma 3.2 of Fu et al. [8].

Lemma 2.2. Let {fk,k > 1} be a sequence of i.i.d. random vectors with finite mean vector . In

addition to Assumptions 1.1 and 1.2, suppose that F; € €, i = 1,2. Then for any ¥ = (y1,v2)" > _()>, it
holds uniformly for all ¥ = (x1, x,)" > ¥n that

P(Sy—ni > 2) ~ 0’F1 (x)) F1 (), @7
g, = rosiX
asn — oo, where S, = (S 14, S2)" = 2iey Xee

From Proposition 2.2.1 of Bingham et al. [2], we obtain

Lemma 2.3. If V € 9 then for every p > J;, there are positive constants C and x, such that

V(x) y
Vixy)

Cy?’

holds for all xy > x > x.
The next lemma comes from Lemma 1(i) of Kocetova et al. [10].

Lemma 2.4. Let the inter-arrival times {6,k > 1} form a sequence of i.i.d. nonnegative r.v.s with
common mean ! € (0, o). Then it holds for every a > 8 and some b > 1 that

lim bP(ZO,-StJ:O.
n>at Jj=1
The last lemma is a restatement of Lemma 2.3 of Tang [16].

Lemma 2.5. Let (¢, k > 1} be i.i.d. real-valued r.v.s with common distribution V and mean 0 satisfying
E (f{“) < oo for some r > 1. Then for each fixed y > 0 and p > 0, there exist positive numbers v and
C = C(v,vy) irrespective to x and n such that for all x > ynand n > 1

P[Z & > x] <nV(vx) + Cx".
k=1
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Proof of Theorem 1.1: Without special statement, in this proof a limit relation is understood as valid
uniformly for all ¥ > yA(¢) as t — co. We will show the following two relations

P (1) — fiA(t) > D) < (A))*F (x1) Fa (x2) (2.8)
and
P(S (1) — A1) > %) 2 (AOYF1 (x1) F (x2) . (2.9)
We first prove (2.8). For any 0 < § < 1, it holds that for x; > 0,i = 1,2 and t > 0
PSSt - gAt) >3 = PE @) - g0 > 2 A@) < (1 +6)A1)

+PS (1) - @A) > 2. A0 > (1 + 6)A0)
= L+ L. (210)

For I}, by Lemma 2.2 it holds that

P(§ (1o — HA(L) > f)

P (Sieaan = AIA + AN > 2+ FAW) - (1 +6)AD)])

[(1+ OANFF: (1 + A = (1 +HADOD Fa (x2 + p2A(0) = ol (1 + H)AD])

[(1+ OAOFF, (1 = 6ury7") ) Fa (1 - 207" ) (2.11)

where in the third step Lemma 2.2 is used, which is due to the fact that for small ¢ such that y; —u;6 > 0,

and forany 0 <y, < 7"11’;5, it holds that x;+;A()—[(1+8)A(D] = ¥,[(1+8)A(t)] for x; > y;A(1),i = 1,2.

By F; € ¢,i = 1,2, we have

I

I IA

VANIRZAN

I
limlimsup sup _ <1. (2.12)
3O s oy (A (x1) Fa (x2)

OuzB
o+p+1

For I,, take any 0 < & < we have

L < Z P(S1, > x1,82 > x, At) = n)

n>(1+0)A(t)
(1) n

< P(Sln>x1,52n>x2,ZZj:n,®(t)> )

n>(1+0)A() =y e+ Uz

(1) n
+P|Sq, > x1,S82, > x2, Z:=n,0(0) <
[1 LS, 2;, 0) EWZ]

— Z (K, + K,). (2.13)

n>(14+0)A(t)

We first estimate K. Letting p > max{J;l , J;z}, it follows from Assumption 1.1 and Lemma 2.3 that
there exists some positive constant C such that for any 0 < & < uzf3

()
n
K, = P(S1n>x1,52n>x2, Zj:n,®(t)> }
; e+ uz
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n n

X > xamh [ i) > x/nh 00) = m]

i=1 j=1

Z Z P(Xli >X1/I’Z,X2j >x2/n,i0k St)
7 150 k=1
- 322

I<i#j<n  1<i=j<n

Z Z (Xlt > x1/n, Xp; > xa/n,
+ Z Z

= Z n(n - DP(Xy > x1/m)(Xa1 > X2/n)P [Z 6 < t]

k=3

iing

IA

(X],' > xl/n,ij > XQ/H,ZQ]C < I)

k=1

IA

i Qkﬁt]
1k#i,j

m
Xy > xl/n,ng > X, /n, Z O < l’)
k=1,k+i

k=

m> +Hz

+ Z nP(Xll >X1/I’l,X21 >X2/H)P(Zek Sl)

k=2

m>

e+uz

IA

C Z n**(n — l)Fl(xl)Fz(ng[Zek«]

m>

€+Hz

+C Z 2P+‘F1(x1)F2(x2)P[Z 0k<t]

m>

F+/JZ

CF,(x))F>(x2) Z 21’”13(2 6, < z) (2.14)

m>

IA

sﬂzz

In the following, interchanging the order of sums yields that

K, < Cn*"*F,(x))F2(x,) P (Z O < T)
n>(14+0)A(t) m>(l+6l)lﬂ(t) (14+0)A(t)<n<(e+uz)m k=3
&+ 7
< Cle + ) 2F (x))Falx2) Z m2”+2P[Z O, < t}. (2.15)
> (A0 k=3

Since A(t) ~ uzft, for sufficiently large t,

Z m2p+zp[z'": 0 < t] < Z 2”+2P[Zm: O < t]. (2.16)
k=3 k=3

1+8)A(1) (1 +0)(uzp-e
stuz T T ety
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Since QWA g by (2.16) and Lemma 2.4 it holds that

etz

D Ki=oFi(x)F(x2)). 2.17)

n>(1+6)A)(t)

We continue to deal with K. As K;, by Assumption 1.1 there exists positive constant C such that

K2 S P Sln>xl952n>x2’ Z ZJZn
Jjs .
&+ Uz
< Cn2P+2E(x1>F_2(x2>P[ D Zi—pn) = = ] . @.18)
= &+ Uz
]S&‘ﬂll
By Lemma 2.5, for fixed ¥ > 0 and p > O there exist some positive v and C; such that
-p
K < Cr 2 F () Fa(x2) { - F_Z( - ) +Cy ( - ) ] , (2.19)
e+ Uy &+ uz 2/

where by taking ¥ = € and p > 2p + 3, Markov’s inequality and (2.19) it holds that

K>
n>(14+0)A(t)
- _ & + (Iz—l EZ{ZZ C " ﬁ )
< CF]()Cl)Fz()Cz) ( 'uZ) — 1 n—(az—Zp—3) + 1(8 ﬁﬂZ) n_(p_zp_z)l
n>(170)A(1) (ev) g
= o(FinF (), (220)

where the last stepisduetoaz —2p—-3>1land p—-2p -2 > 1.
By (2.13), (2.17) and (2.20) it holds that

I = o (Fi(x)Fa(x)). (2.21)

By (2.12) and (2.21), we get (2.8) holds.
In the following we prove (2.9). For small enough O <6 <1l andv > 1,

PS (1) - A1) > %)
(1+0)A(r)
Z P (S, — @) > %, A(t) = n)
n=(1-6)A(7)
(1+6)A(r)

\%

\%

PS 1, — 1 At) > x1, 820 — 2 A1) > x2, A1) = n,{n{leXu > VX,
<i<n
n=(1=8)A(1) ==

max ij > VX
1<j<n

AIMS Mathematics Volume 8, Issue 4, 9106-9117.
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(1+6)A(r)

%

D PS 1= md®) > 11,82 — A1) > %2, W) = n, X; > vx1,
n=(1-0)A() 1<i, j<n
X5 > vxz)
(1+0)A(t) n
- Z Z Z P(A(t) =n,X1; > vx1,Xopj, > vxp, Xpj, > vxz)
n=(1-0)A(t) i=1 jij>
(1+6)A(t) n
- Z Z Z P(A@0) = n. Xy, > vy, Xij, > v, Xa; > vxy)
n=(1-0)A(t) i1 #ir j=1

= Pl—PQ—P3. (222)

To estimate P;. Similarly to (2.1), we can check that N**(¢) is also identically distributed as N(t)
conditional on {X;; > x;,X5; > x,}. Following the similar method of (3.7) in Fu et al. [8] only by
replacing event {N(¢) = n} with event {A(¢) = n}, together with Lemma 2.1, we can get

Py > (1 =81 — O)AE) — DF (vx))Fa(vx).

Hence, for F; € €,i = 1,2, we have

P
limlim liminf inf S > 1. (2.23)
010 vl tmeo VA0 (A(1)2Fy (x1) Fa (x2)

As for P, and P, following the similar argument as Fu et al. (2021) we can get

P
lim sup sup - =0 (2.24)
t=e0 270 (A1) F 1 (x1) F2 (x2)
and
P
limsup sup S =0 (2.25)
t=o0 w230 (A(0)2F ) (x1) F (x2)
By (2.22)—(2.25) we get (2.9) holds. |

3. Conclusions

This paper studies a dependent two-dimensional compound risk model with heavy-tailed claims.
We mainly investigate the case that there exists a size-dependent structure between the claim sizes
and inter-arrival times. Using the probability limiting theory we give the precise large deviations for
aggregate amount of claims in the compound risk model.
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