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Abstract: It has been shown that a self-mapping with exactly one removable or jumping discontinuity
may have a C' smooth iterate of the second-order. However, some examples show that a self-mapping
with exactly one oscillating discontinuity may also have a C' smooth iterate of the second-order,
indicating that iteration can turn a self-mapping with exactly one oscillating discontinuity into a C!
smooth one. In this paper, we study piecewise C! self-mappings on the open interval (0, 1) having
only one oscillating discontinuity. We give necessary and sufficient conditions for those self-mappings
whose second-order iterates are C' smooth.
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1. Introduction

The n-th iterate /" of a mapping f : E — E is defined by f"(x) = f(f*"'(x)) and f°(x) = x for all
x € E inductively, where E is a nonempty set and 7 is a positive integer. The research on the iteration of
mappings can be traced back more than one hundred years ago at least ( [1,2,7]). The iterative operation
is much more complicated than the general algebraic operation, especially the iteration of nonlinear
functions, so the research work is very difficult and tortuous. Iteration is a common phenomenon in
nature, which has become the focus of many disciplines. Under such circumstances, dynamical system
theory has developed rapidly.

It is often thought that iteration turns a bad function into a worse one. For example, the function
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and its iterate
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It is easy to see that f has exactly one discontinuity at % (see Figure 1), but its iterate f2 has exactly
three discontinuities at %, % and % (see Figure 2). However, a discontinuous function may have a
continuous second-order iterate as shown in [3] and [5], which shows that iteration can also convert a
“bad” function to a “good” one. This encourages efforts to study of such a converting. In [3] and [5]
all self-mappings on a compact interval with exactly one discontinuity and more than one but finitely
many discontinuities of the same type were classified for such a converting respectively. In [4] all
continuous self-mappings with exactly one nonsmooth point were classified for the converting to C!
iterates. Recently, we investigated the C! smoothness iterate of the second-order for self-mappings
with exactly one removable or jumping discontinuity, we obtained necessary and sufficient conditions
for those self-mappings whose second-order iterates are C' smooth in [6]. For a continuation, we
are also interested in C' smoothness iterate of the second-order for self-mappings with exactly one
oscillatory discontinuity, the remaining case of discontinuity.
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Figure 1. f is not C” at 3.
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Figure 2. f%isnot C” at =, 1 and 2.

It is possible to find an example with exactly one oscillatory discontinuity which is C! smooth by
its iteration. The function and its iterate
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f(x): 8+8Sln 1—8x° 1 <x< 2 fz(x): 4 .5 — 2
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8’ -2 8 8 1+16(x-3)2° 2
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One can see that f has exactly one oscillatory discontinuity at % (see Figure 3), but its iterate £ is C!
smooth on the whole interval (0, 1)(see Figure 4).
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Figure 3. f is discontinuous at 1.
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Figure 4. 2 is C' smooth on (0, 1).

Let I := (0,1) and V,(I,I) consist of all C' self-mappings on I with exactly one oscillatory
discontinuity. Each f € V,(/, I) can be presented as

fl(-x)’ X € 11 = (07 XO)’
fx) =1 ¢ X = Xo, (1.1)
H(x), x€l:=(x,]),

where x, € (0, 1) is the unique oscillatory discontinuity, f; is C! smooth on I; for each i € {1,2} and
c € (0, 1) is a constant.

In this paper we continue the work of [6], investigating the second-order C' smoothness of mappings
in V,(1,I). By the definition of oscillating discontinuities, either lim,_,,,_¢ fi(x) or lim,_,,+0 f2(x) does
not exist but both f; and f, are bounded. Thus, each mapping f in V,(/, I) has 3 possibilities:

Voo (L) = {feV,U,D)|y := limofl(x) exists but limofz(x) does not exist},
X—X0— X—Xx0+
Vo_(LI) = {feV,U,D|y,:= lim0 Jf>(x) exists but lim0 fi1(x) does not exist},
xX—Xxp+ X—X0—!
VoI, I) = {f € V,(,]I) | neither limofl(x) nor limofz(x) exists}.
X—X0— X—Xxp+

In order to investigate C' smoothness of the second-order iterates of mappings in V,(1, I), we also need
to consider three subclasses for V,, (I, I) and V,_(I, I) respectively, i.e., V,.(I,I) = VE (I,)U V(?Jr(l ,HU
Ve, Dand V, (I,1) = VEWI, 1)U VO(I,1) U VS (I, 1), where

VEU,D = {(feV,,D|F = xl}igl_ofl’(x) exists},

VoL = {feV, D] xllgl_ . f1(x) does not exist butf] is bounded},
Vi, I) = {feV,(I)] xllgl_ . f1(x) does not exist butf] is unbounded},
VEUD = {(feV, D] := ) liglo f5(x) exists},
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VOeu,n = {feV,. D] lim0 f>(x) does not exist butf; is bounded},
xX—x0+

Ve, I) = {feV,.,I)] lim0 f>(x) does not exist butf; is unbounded}.
X—Xxp+

Then V,(I,1) = VEU, DU VO U, DU VI, DHUVEUDUVEU DUV, U V,.(II).

In this paper, we discuss C' smoothness of the second-order iterates of mapping f in
V,(I, D\VX (I, 1) U V(I I). We give necessary and sufficient conditions for C! smooth f2. We obtain
necessary conditions and remark the difficulties in finding sufficient conditions for those self-mappings
in V2 (1,1) and V(I, 1) to have a C' smooth iterate of the second-order respectively. Moreover, we
give sufficient conditions for those self-mappings in V(I,I) whose second-order iterates are not C!
smooth, where V(I, I) consists of all C! self-mappings on I having only one discontinuity. Finally, we
use examples to demonstrate our theorems.

For convenience, let Iy := {xo},then I = I, U I, U I,. For i, j = 0, 1,2 we use the notations

A; = {ael| f(U,)) CI},
A7 = {ael| f(U)) CI,
Aij = CL’EIlf(Ua)CIi andf(U:;)CIj},

where U, and U, denote a sufficiently small left-half and right-half neighborhood of a respectively.
We use D_f and D, f to denote the left derivative of f and the right derivative of f respectively.

2. Iteration for V,(1, 1)

In this section, we consider C' smoothness of the second-order iterates of feV,,1I) to be defined
as in (1.1). In order to discuss C' smoothness of the second-order iterates of mappings in V,(I, I), we
need to consider constantization of a mapping near the boundary of the domain, as shown in the Fourth
part of [3]. Assume that i, : H| := (¢,d) — H, and h, : H, — Hj; are continuous mapping, where H; s
(i = 1,2,3) are all nonempty intervals. A is said to be constantized by h, near c (or d) if there exist a
closed interval L € H, and a vicinity (hollow neighborhood) U C H; of ¢ (or d) such that 4;(U) C L
and h, is identical to a constant on L. For convenience, let 8(h;, h,) denote the constant. Moreover, we
also need to define two mappings fio : I1o ;=1 Uly — I and f5g : Iy := I U I, — I such that

_ ﬁ(X), X € Ilv
Jio(x) = { . X = .
X = Xo,

Jao(x) = { £(x), xeb,

where x( € (0, 1) is the unique oscillatory discontinuity. For convenience, for i € {1,2, 10,20}, m, j €
{1,2}, TE {E7 Oa 00}9 /l € {_7 +}a l € {1,2}\{77’1}, /,[ € {O’ OO} and é‘j € f_l(IO) N I] let

Corva.n = {feVAWD6(f f) = i) = f(c) and f}(y)y =0
Cova,n = {f e VI | 6(f ) = fi) = f(c) and f{(y) =0
CEma, Dy = {f € VEA D6 ) = c = f©)),

CENULT) = {f € VEUD | 6(fm £) = i = f(c) and 3 = O,
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Cmi, 1
(1)

{f € VoD | ym = ¢ and fi(§)) = 0},
{f € VoI, D) | 0(f1, f)) = 0(f2, [}) = flc)(c # xo)}.

Theorem 2.1. Suppose that f € V,(I, D\V,.(1,1) U V> (I, I) with the unique oscillatory discontinuity
X0 € (0,1) and that ¢; € o) n I for j =1or2. Lety :=lim, o fi(x) and y, := lim,_,y .o fo(x).
The following results hold:

(0-) In the case that f € VI_(I,1) for T € {E, O}, f*is C' smooth on I if and only if there is i € {1,2,20}
such that f, is constantized by f; near xo and for j € {1,2} the following two conditions are both
fulfilled: R

(0-1) £ € CIM(, D) if ys € I, either f € CEY(I, 1) as xo € A} or f € CEY(I, 1) as xo € A if 2 = xo.
(0-2) fj € Ago U Ay U Ayg U Ao andf € ngj(l, I) lffj € Ay U Ay U App.

(0+) In the case that f € V2 (I,1) for A € {E, O}, f* is C' smooth on I if and only if there is k € {1,2, 10}
such that f, is constantized by fi near xy and for j € {1,2} the following two conditions are both
fulfilled: X 3

(o+1) f € CVU, D) ify) € I, either f € CEX(I, 1) as xo € Ay or f € CEX(I, 1) as xo € AT if y1 = xo.
(0+2) & € Agp UA UA g U Ay and f e Co/(I,D) if € € Ay U AU Ay

(0%) In the case that f € V,.(I,1), f* is C' smooth on I if and only if both f, and f, are constantized by
fjnear xo, f(I; U1L,) C1; holds and f € Cj*(l, I) for j=1o0r?2.

Proof. Since f € V,(I, D\VS (I, I)U VS, 1) and V,(I,1) = VE(I, DU VO I, UV, ) UVE (I, 1)U
VO, U VS, 1)U V,.(I,I). Then there are five cases to be discussed: f € VE(I,I), f € VO(I, 1),
feVEWD, feVed,I)and f € V,.(I,1).

For (o0-), ie., f € V;_(I,I) for T € {E,O}, it implies that y, := lim,_, o f2(x) exists but
lim,_,,,—o f1(x) does not exist.

Sufficiency of (0-). Since we have assumed that there is i € {1,2,20} such that f; is constantized
by f; near x,. In the following, we only discuss the situation that f; is constantized by f; near x, since
the other situations can be discussed similarly. Under condition (0-1), we prove that 2 is C' smooth
at xo. In fact, if y, € I;, by the definition that f; is constantized by fi near x; and the continuity of f,
on I, there exist a sufficiently small left-half neighborhood U of x, and a sufficiently small right-half
neighborhood U7 of x, such that

e(fbfl)’ X e U;(J’
) =1 flo), X = X, 2.1)
filh(x), xeU;.

It follows from (2.1) that

im  £200) = 0, fo), 22)
Jim 200 = Tim AGRE) = (o) (23)

Since we assumed that f € C7'''(1, 1) for € {E, O}. Thus, we need to discuss in two situations: f €
CEM 1,1y and f € CO'"' (1, 1). In the first situation that f € CE!'(1, 1), by the definition of CE'''(1, 1)

o— o0—
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we see that f € Vf_(l, I), it implies that y, := lim,_, 4 f;(x) exists. Note that lim,_, .o f2(x) = y».
From (2.1) we get that

D_f*(xy) = 0, (2.4)
D.f*(x0) = lim fI(/0(0) = f{(2)7. (2.5)

By our assumption that f € CE''(Z,1) and the definition of CE'''(Z, 1), we get from (2.2)—(2.5) that
lim, o f2(x) = lim,,40 f2(x) = f2(x0) and D_f?(xo) = D, f*(xo) = 0. It implies that f? is C!
smooth at xo. In the second situation that f € C2!''(1, 1), by the definition of C9'''(1,) we see that
f € VoI, itimplies that lim,_, ¢ f5(x) does not exist but f] is bounded. From (2.1) we get that

D_f*(x0) = 0. (2.6)
D.f*(xo) = Tim fi(/(0)f5(x). 2.7

By our assumption that f € C2'''(1, 1) and the definition of C2'''(Z, 1), we get from (2.2) and (2.3)
that lim,_,,,_o f2(x) = lim,_, .0 f2(x) = f*(x). Moreover, from (2.6) and (2.7) we obtain D_f?*(x,) =
D, f?(xo) = 0 since lim,, 40 f{(2(x)) = f/(y2) = 0 and f; is bounded. It implies that f* is C' smooth
at xo. The proof of y, € I, is similar to the proof of y, € I;. Next, we consider that y, = x,, we have

e(fl’fl)a X € U;()a
fA(x) =1 f(o), X = Xo, (2.8)

c, xe Ut

X0?

when x € Aj. It follows from (2.8) that

im £20) = 0, fo), (2.9)
lim P x) =c, (2.10)
D_f*(x0) = D,.f*(x0) = 0. (2.11)

By our assumption that f € Cf_“(l ,I) and the definition of Cf_“(l ,I), we get from (2.9)—(2.11) that
lim, o f2(x) = lim,_ .0 f2(x) = f%(x0) and D_f?(xy) = D, f*(xo) = 0. It implies that f? is C!
smooth at xy. Moreover, we have

H(fl’fl)’ X e U;(J’
A (x) =1 f(o), X = Xo, (2.12)
H(H(x), xe U],

when xy € A}. By our assumption that f € COE_”(I, I), we see that f € VE(I,1), it implies that
¥2 1= lim,_, 40 f5(x) exists. Note that f>(x) — xo + 0 as x = xo + 0. From (2.12) we get that

Jim £ = 6Ch. ) (2.13)
Jim 0 = lim A(A®) = lim H0) =y, (2.14)
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D_f*(xy) =0, (2.15)
D.f*(xo) = lim fi(/0)f5() = 55 (2.16)

By the assumption that f € CE!(1, 1) and the definition of CE''(1, ), we get from (2.13)—(2.16) that
lim, o f2(x) = lim,_ 40 f2(x) = f2(x0) and D_f?*(x9) = D, f*(xo) = 0. It implies that f? is C!
smooth at xy. Similarly to the proof of the condition (ii) of the sufficiency in Theorem 3 in [6], one can
prove that f? is C' smooth at &; under condition (0-2), where &; € f~'(Iy) N 1; for j = 1 or 2. Condition
(0-1) and condition (0-2) imply that f2 is C! smooth on the whole domain /. Therefore, the proof of
sufficiency of (0-) is completed.

Necessity of (0-). Since f € V;_(I,1) for T € {E, O}, by the definition of V;_(/,I), implying that
f € V,_(I,I). Then we obtain from the definition of V,_(I,I) that lim,_,, o fi(x) does not exist but
y2 = lim,_,, 40 f2(x) exists. From the location of y,, we need to consider two possibilities: either
y2 € I;for j=1o0r2,ory; = xo. Assume that f? is C' smooth on I, it implies that f? is continuous on
I. By (i) of Theorem 3 in reference [3], one sees that there is i € {1,2,20} such that f; is constantized
by f; near xy. In what follows, we only consider the situation that f; is constantized by f; near x, since
the other situations can be considered similarly. Note that f € V}_(/,]) for T € {E, O}. Thus, we need to
discuss in two situations: f € Vf_(l ,Dand f € VOO_ (I, 1). If y, € I, one sees that (2.1) holds. It follows
that (2.2) and (2.3) hold. In the first situation that f € VZ (I, I), it implies from the definition of VZ (I, 1)
that y, := lim,_, 40 f;(x) exists. It follows that (2.4) and (2.5) hold. Because we have assumed that 12
is C! smooth on I, we have lim,_,,,_o f2(x) = lim,_, .0 f>(x) = f*(xo) and D_f?(xo) = D, f*(x0). Then
we get from (2.2)—(2.5) that 6(f1, fi) = f1(y2) = f(c) and f{(y2)y> = 0. It implies from the definition of
CEM (1, 1) that £ € CE"''(I,1). In the second situation that f € VO (I, I), it implies from the definition
of VO (1, 1) that lim,_, o f5(x) does not exist but f; is bounded. From (2.1) we obtain (2.6) and (2.7).
Since f2 is C' smooth on I, we see that D, f*(xo) exists. Note that lim,_,.o f{(/2(x)) = f{(y2). We
claim that

fi2) =0. (2.17)

In fact, if f](y,) # O, It follows from (2.7) that lim,_, .o f;(x) exists since

o RBOE® D)
1 = 1 = s
A A B A

which contradicts to our assumption that lim,_, .o f;(x) does not exist. Thus, the claim that (2.17)
is proved. On the other hand, by the smoothness of % on I we see that f? is continuous on /, then
we have lim,_,,,_o f2(x) = lim,_ .0 f2(x) = f?(xo). It follows from (2.2) and (2.3) that 6(f,, fi) =
fi2) = f(c). It implies from (2.17) and the definition of C2'''(1, 1) that f € C9'''(1,I). We use a
similar discussion to the proof of the situation y, € I;, One can get that f € C7''%(1, 1) for 7 € {E, O}
when y, € [,. Finally, if y, = x¢, by the continuity of f, on I, we see that

Xo € AT UAj UA;J. (2.18)
In the first situation that f € Vf_(l ,I), we claim that

Xo € AL UAL (2.19)

AIMS Mathematics Volume 8, Issue 4, 8793-8810.
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By (2.18) we need to deny the case xo € A]. In fact, if xy € A], from the definition of A}, we have
2 (x) = fi(fo(x)), ¥Vx € U} Note that f € VI(I,]) and fo(x) = xp — 0 as x — xo + 0. It follows
that lim,_, 1o f2(x) = lim,_,, 10 fi(/5(x)) = limy_, o fi1(y) does not exist, which implies that £ is not
continuous at xj, it follows that f 2 is not C' smooth on 7, a contradiction to our assumption. This proves
the claimed (2.19). By (2.19), we need to discuss the two cases xy € Aj and xo € AJ. For the case
X9 € A}, we see that (2.8) holds. It follows from (2.8) that (2.9) and (2.10) hold. Since we have assumed
that £ is C' smooth on I, we have lim,_,, o f2(x) = lim,_, 10 f(x) = f2(xo). Then we get from (2.9)
and (2.10) that 8(f,, f;) = ¢ = f(c). It implies from the definition of CE''(Z,1) that £ e CE(1, D).
For the case xo € A}, we see that (2.12) holds. It follows from (2.12) that (2.13-2.16) hold. Since
we have assumed that 2 is C! smooth on I, we have lim,_,,, o f2(x) = lim,_,+0 f2(x) = f*(xo) and
D_f*(xo) = D, f*(x0). Then we get from (2.13-2.16) that 6(f1, fi) = y, = f(c) and §, = 0. It implies
from the definition of CE!!(Z, I) that f € CE''(1,I). Thus, condition (0-1) holds.

Remark that condition (0-1) does not give the results of the second situation that f € V(?_ (I,I) when
y2 = xo. In fact, by (2.18), if xo € A7, using a similar discussion to the proof of the first situation
that f € VE(I,1), we can get that lim,_,, ;o f*(x) does not exist, a contradiction to our assumption.
If xo € Aj, from the definition of Aj, there exists a sufficiently small right-half neighborhood U7 of
xo such that that f,(x) = xo for Yx € Uy . It implies that lim,_, 1o f;(x) = 0, which contradicts the
fact that f € VO(I,1). If xo € A}, from (2.12) we have D, f*(xo) = lim,_, 0 f3(f2(x))f;(x). Note
that lim,_, y,10 f5(5(x)) = limy_ 40 f5(y) and f € VO (1, 1), i.e., lim,_, 40 f5(x) does not exist but f; is
bounded. Thus, it is hard to determine the existence of the limit D, f?(xp) = lim,_, ,,+0 5 (HL0))f;(x).

We use a similar discussion to the proof of the condition (ii) of the necessity in Theorem 3 in [6],
one can prove that condition (0-2) holds. Thus, the proof of result (0-) is completed.

Result (0+) can be discussed totally in a similar way to result (0-). In what follows, we consider
result (0%).

We first prove necessity of (0*). Suppose that f? is C' smooth on 1, it follows that 2 is continuous
on /. By (iii) of Theorem 3 in reference [3], we see that both f; and f, are constantized by f; near xy,
fUy VL) Cljholds and f € Cj (I, 1) for j =1 or 2. Hence, the proof of necessity is completed.

Next, we prove sufficiency of (0*), we assumed that both f; and f, are constantized by f; near
X0, f(I UL) C I holds and f € (1)*(1, I). By (iii) of Theorem 3 in reference [3], we see that
f? is continuous on /. By the definition of constantization, there exist a sufficiently small left-half
neighborhood U7 of x, and a sufficiently small right-half neighborhood U7 of xo such that

ofi, f), xeUs,
A =1 flo,  x=x (2.20)
9(f29f1)’ X € U;O

we get from (2.20) that
D_f*(xo) = D+ f*(x0) = 0.

Thus, the derivative of f2 is continuous at x,. It follows that £ is C' on I because f; and f> are C' on
I, and I, respectively. Similarly, we can prove that f2 is C! on I if both f; and f, are constantized by
f> near xg, f(I; UL) C I, holds and f € CZ*(I , I). Therefore, the proof of sufficiency is completed and
the theorem is proved. O
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Theorem 2.2. Suppose that f € V;° (1, 1)UV (1, 1) with the unique oscillatory discontinuity xy € (0, 1)
and that &; € ) N Ii for j = 1 o0or2. Lety := lim,,_ofi(x) and y, = lim,_ 10 fo(x). The
following results hold:

(0-00) In the case that f € V;°(I,I), assume that % is C' smooth on I, then y, # xo and there exists
i € {1,2,20} such that fi is constantized by f; near xy and for j € {1,2} the following two conditions
are both fulfilled:

(0-001) f € CXM(UI, Iy ify, € I;

(0-002) ‘fj € Ago U Ay U Ayg U Ay andf S Cgo_2](l, I) lffj € Ay U Ay U App.

(0+00) In the case that f € V. (I,I), assume that % is C' smooth on I, then y, # x, and there is
k € {1,2, 10} such that f, is constantized by f; near xy and for j € {1,2} the following two conditions
are both fulfilled:

(0+ool) f € Co29(UL D if yr € I;

(0+002) 'fj € Agp UA UA U A andf S Cs:_lj(l, D lffj € A UAp U Ag.

Proof. For (0-0), i.e., f € V;2(I,1), by the definition of V’(/,I), implying that f € V,_(I,I). It
follows from the definition of V,_(/, ) that lim,_,,,_o f1(x) does not exist but y, := lim,_,, o f2(x)
exists. Moreover, we have lim,_, .o f;(x) = co. By the C ! smoothness of f2 on I, We claim that
yo # Xo. In fact, if y, = xp, by the continuity of f, on I,, we see that (2.18) holds. From (2.18)
we need to discuss in three situations: xo € Aj, xo € Aj and xo € AJ. In the first situation that
xo € A7, from the definition of A, we have F2(x) = fi(Hr(x)), Vx € U7, Note that f5(x) — xo — 0 as
x — xo + 0. It follows that lim,_, +o F(x) = lim, 40 f1(f2(x)) = lim,_,, o fi(y) does not exist, which
implies that 2 is not continuous at x, it follows that 2 is not C' smooth at xy, which contradicts to
our assumption that 2 is C' smooth on I. In the second situation that x, € A, from the definition
of Aj, we have f(x) = xo, Yx € U, . It follows that lim,_, o f,(x) = 0, which contradicts to our
assumption that lim,_,, .o f,(x) = co. Finally, in the third situation that x, € A}, from the definition of
A3, we have f2(x) = fo(f2(x)), Yx € U} . Tt follows that D, f*(xo) = lim,_,+0 f5(f2(x))f;(x). Note that
im0 f5(f2(x)) = limy_, 10 f5(y) = co. Thus, we obtain D, f*(xo) = co. It implies that /2 is not C'
smooth on /, a contradiction to our assumption. Therefore, the claim that y, # x, is proved. We use a
similar discussion to the proof of the situation f € V[?_ (1, I) of the necessity in Theorem 2.1, one can
get that there exists i € {1, 2,20} such that f; is constantized by f; near xy and both condition (0-co1)
and condition (0-002) hold.

Case (0+00) can be discussed totally in a similar way to case (0-o0). Therefore, the theorem is
proved. O

Remark that the above Theorem 2.2 does not give sufficient conditions of f? to be C! because it is
hard to determine the existence of either lim,_, o f/(f1(x))f](x) or lim,_ .o f/(f2(x))f;(x) fori = 1
or 2. In fact, if f € V;2(1,1), it follows from the definition of V;>(/,I) that lim,_,, o fi(x) does not
exist but y, := lim,_, .o f2(x) exists. Moreover, we have lim,_,, o f;(x) = co. We assume that f; is
constantized by f; near xo and f € C®!"'(Z,1). A similar discussion to the proof in Theorem 2.1, we
can get that

Dufx0) = lim fi(A(A0. 221)

By the definition of C! (1, 1), we have lim,, .10 f{(f2(x)) = f/(y2) = 0. Note that lim,_, .o f;(x) =

co. It follows from (2.21) that lim,_, .o f{(f2(x))f5(x) is of O - co type. Thus, it is hard to judge the
existence of the right derivative D, f?(xy). We similarly see difficulty in other cases.
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The following theorem gives conditions for 2 not to be C!. For convenience, for i = 1 or 2 we use
the notation

limx—>xo—0 fl/ (X),
1imx—>xo+0 fz’ (X),

2

i=1
i=2.

lim f/(x) := {

Theorem 2.3. Let f € V(I,I) and xy € (0,1) be the unique discontinuity. Suppose that y, :=
lim,_,,,—o f1(x) and y, := lim,_,, 1o fo(x). Then frisnot C' onliffori =1or2and j € {1,2}\{i}
either

(D)y; = xo, f(;}) € I; U Iy in the case that lim f!(x) = oo, or

(ii)y; = xo, f(I;) C I; U Iy in the case that ¥; := lim f!(x) exists and §; # 0 but lim fj’ (x) does not exist,
or

(iii)y; = xo in the case that lim f!(x) = co and lim f}f (x) = o0, or

(iv)y; € I; in the case that lim f!(x) does not exist and f;(y;) # 0, or

(V)yi € I in the case that lim f!(x) does not exist and fj’ (i) # 0.

Proof. we only prove the situation that i = 1 because the situation that i = 2 can be proved similarly.

For (i), we have y; = xp and f(I;) C I; U Iy. By lim,_, o f{(x) = oo and the continuity of f; on Ij,
there exists a sufficiently small left-half neighborhood U of xj such that fi(x) < xo forall x € U C Iy,
which implies that f2(x) = f;(fi(x)) forall x € U, Itfollows that D_f 2(x0) = lim,_, o f{(f1(x))f] ().
Note that f;(x) — xo—0as x = xo—0. Then we have lim,_,, _o f{(fi1(x)) = lim,_,, o f{(y) = co. Thus,
D_f?(xo) = lim,_, -0 f{(f1(x))f](x) = co. This implies that f is not C' on I.

For (ii), we have y; = xp and f(I;) € I, U Iy. By §; = lim,_,, o f{(x) exists and §; # 0, there exists
a sufficiently small left-half neighborhood U, of xo such that fi(x) > x, for all x € U,, C I, which
implies f2(x) = fo(fi(x)) for all x € U, It follows that D_ F(xo) = lim,_,, o f;(f1(x))f{(x). Note that
filx) = xo+0as x — xo — 0 and lim,_, o f5(x) does not exist. Then we have lim,_,,,_o f5(fi(x)) =
limy_, ;10 f5() does not exist. We claim that D_ f*(xo) does not exists. In fact, assume that D_f?(x,) =

lim,_,, o f;(f1(x))f](x) exists, then

(L) fl(x 2
xiigioﬁ(x) = lim LHfix) = Jm fZ(fl;;()j)f] = D_J;I(XO)
exists since y; = lim, o f{(x) exists and y; # 0. However, this contradicts the fact that
lim,_, .+ f;(x) does not exist. This implies that f* is not C' on .

For (iii), we have both lim,_,,,_o f{/(x) = oo and lim,_ .o f;(x) = co. By lim,, o f{(x) = oo
and y; = xo, one sees that there exists a sufficiently small left-half neighborhood U7 of xo such that
either fi(x) < xo or fi(x) > xo forall x € U, c I1. If fi(x) < xo for all x € U, one can prove
that £2 is not C' on I with a similar discussion to the proof of case (i). If f;(x) > x, for all x € U,
we have f2(x) = f>(fi(x)) for all x € U, Tt follows that D_ F2(x0) = lim,_,,, 0 LH(fix)f{(x). Note
that lim,_, o f{(x) = oo and lim,_, o f5(f1(x)) = lim,_,, 4o f5(y) = oo. It follows that D_ f(xy) =
lim,_, o f;(f1(x))f]{(x) = co. This implies that f*isnot C' on I.

For (iv), we have y; € I;. By the continuity of f; on I;, there exists a sufficiently small left-half
neighborhood U, of xo such that fi(x) < xo for all x € U, C I;. Then we get that 2(x) = Ai(fi(x)
for all x € U, . It follows that D_ F2(x0) = lim,_ o f1Ufix) f{(x). Note that lim,_, o f{(fi1(x)) =
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fi(y1) # 0. We claim that D_f 2(xo) does not exists. In fact, assume that D_ f?(x,) exists, then

PR Dof(x)
1 1 =
dm, A= Tim e ) 7on

exists. However, this contradicts the fact that lim,_,, o f](x) does not exist. This implies that f?is not
C'onl.

For (v), we have y; € [,. By the continuity of f; on I;, there exists a sufficiently small left-half
neighborhood U of xo such that fi(x) > xo for all x € U, C I;. Then we get that 2(x) = fHo(fi(x)
for all x € U . Tt follows that D_ f2(x0) = lim,_ o L (i) f{(x). Note that lim,_,,,_o f;(fi1(x)) =
f£,(y1) # 0. Similarly to the above (iv), we can also get that D_ £2(xo) does not exists. It implies that f2
is not C! on I. Therefore, this completes the proof. O

3. Examples

We demonstrate our theorems with some examples.
Example 3.1. Consider the mapping F; : (0,1) — (0, 1) (see Figure 5) defined by

1 1
1 O0<x< D)
1 1 .2 1 1
-+ +sin“ 2 S <x< s
177 ’ 1 2
FI(X) = 1 * — 1
Z? X = Ea
1, 1 2 n_ 1
s T 1¢ cos my 2<x<1,
which has a unique oscillating discontinuous point x, = % since y; = lim Fi(x) = }L exists but

x—>f—0

lirln F(x) does not exist, i.e., F'; € V,.(I,I). Moreover, y; = lim)H 1 o F] (x) = 0 exists. It implies
x—5+0

that F, € VE(I,D). Note that [; = (0,1),L = (3, 1) and yi =c =} € I,. Itis easy to check that f; is
constantized by f; near xo, 6(f2, fi) = fi(y1) = fi(c) = ; and f] (yl)yl 0,i.e., Fy € CE2''(1, 1), where

1 <1 1 s
filx) = {1_‘ La2x <; fz(x):§+ﬁcos —
2
It implies that the assumption (0+1) of (0o+) in Theorem 2.1 is satisfied. Furthermore, we can check
that 2 € F;'(Ip)) N Iy and £ € F'(Iy) N I, since {7, 2} c Iy and F (3) = Fi(3) = xo = 3. Moreover, one
can also check that 2 € AU, eAyr=c=tand fj(3) = f{(3) = 0,ie, F; € CE“(I,I). It implies

that the assumption (0+2) of (0+) in Theorem 2 1 is satisfied. On the other hand, one can compute

1 i

S St §

20 _ ) L 1g n 1 1

Fi(x) =y g+ s o5os 3 <X <3,
i 1

1 ES.X'<1,

which is C!' smooth on (0, 1) as shown in Figure 6.
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i
S
F,
1
! YA
0 1 1
2

Figure 5. F; € CE2''(1, 1) n CEN'(1, ).

o+

b | —

F;

—

1
2

Figure 6. F2 is C' on (0, 1).

Example 3.2. Consider the mapping F, : (0,1) — (0, 1) (see Figure 7) defined by

é, O<x< é,
wHcos? -, 1 <x<y,
— 37X
Fy(x) = 1 ) x=1
P L3
1 T
3¢ T 15 SIn pg 3<x<1,
which has a unique oscillating discontinuous point x, = % since neither lim, 1, F>(x) nor
lim, 1, Fo(x) exists, i.e., F2 € V,,(I, 1). Note that I; = (0, D.L =G, 1),¢ = 55 € I;. One can check
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that both f; and f, are constantized by f; near xy, F»(I; U L) C I, and 0(f1, f1) = 0(f>, f1) = fi(c) = é,
ie., F,e Cl.(,1), where

5’
fl(x) = 1 1 2z
13 + ECOS —%7)(

It implies that the assumptions of (0*) in Theorem 2.1 are satisfied. Actually, one can compute

)

1
F0 =5, Yxe©D,

which is C! smooth on (0, 1) as shown in Figure 8.

i

w |

?

Figure 7. F, € C! (1, D).

W | =

O | =
—C
L&

Figure 8. F>is C' on (0, 1).
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Example 3.3. Consider the mapping F5 : (0,1) — (0, 1) (see Figure 9) defined by

1 1
1’ O <x< 1
8x—iy +1 Loyl
Fyx) =1 | 1 I R
3° X=73
%+1—165in2ﬁ, %<x<1,
which has a unique oscillating discontinuous point xy = % since y; = lim Fi3(x) = % exists but
1

x—5-0

lirln F5(x) does not exist, i.e., F’3 € V,.(I,I). Moreover, y; = limx_>%_0 Fi(x) = % exists. It implies
x—5+0

that F; € Vf+(1, I). Note that I; = (0, %),IZ = (%, 1),c = % e lhand y, = % € I,. It is easy to check that
f> is constantized by fi near xo, 6(f2, f1) = 1 # fiy) = &, 1., F3 ¢ CE21(1, 1), where

1 0
fl(x)={§ix_1)3+1 1
4 4

<1 1 ., T
1 - 7 A=+ — sin’
g 2

: 8 16 x-1

It implies that the assumptions of (0+) in Theorem 2.1 are not satisfied. Actually, one can compute

1 1

1 0<sz,

2 _ 4 119 1 1 1
F3(X)— ?(X—Z) +Z’ %<X<§,
1 ESX<1,

which is not C! smooth on (0, 1) with nonsmooth point % as shown in Figure 10.

b | —

T B

__IIVAVAVZRN

—

o
1o | =
—

Figure 9. F5 ¢ CE2''(1, 1).

o+
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ks | =

F;

b

o
o | =
—_

Figure 10. F3 is not C' on (0, 1).

Example 3.4. Consider the mapping F, : (0,1) — (0, 1) (see Figure 11) defined by

F4(x):{ %—%\/1—2)@ 0<x<i,

32,1 1

4(x Z) +3 3 <x<l,
. . . . . . . _ l .

which has a unique jumping discontinuous point xo = 5 since

. 1 . 3
m=1@1%@:§¢hmF&@=Z=m

x—5-0 x—5+0
Note that
I — 1
fl(X):E—Z 1-2x, O<X<§
and

1
fz(x)=4(x—%)2+§, I<x<l

Moreover, y; = % = Xxp, lim,_, 10 fi(x) = oo and fi(I;) C I, i.e., the assumption (i) in Theorem 2.3 is
satisfied. Actually, one can compute

1 V23 1
5 ?_T 1-2)6, O<JIC<§,
Fi(x) = 7 X =3,

Al4x =3P 1P +1, L<x<1,

which is not C! smooth on (0, 1) with nonsmooth point % as shown in Figure 12.
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1
F,
1
8
4
4
0 1 1
7
Figure 11. F, € V(I, ).
1
Fi
al
-
8

b | —

Figure 12. F7 is not C' on (0, 1).

4. Conclusions

Difference from [6], where the function has exactly a removable or a jumping discontinuity, in this
paper, we show how a function with exactly one oscillating discontinuity may have a C' smooth iterate
of second-order.
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