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Abstract: It has been proved that a self-mapping with exact one discontinuity may have a continuous
iterate of the second order. It actually shows that iteration can change discontinuity into continuity.
Further, we can also find some examples with exact one discontinuity which have C! smooth iterate
of the second order, indicating that iteration can change discontinuity into smoothness. In this paper
we investigate piecewise C' self-mappings on the open interval (0, 1) having only one removable or
jumping discontinuity. We give necessary and sufficient conditions for those self-mappings to have a
C! smooth iterate of the second order.
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1. Introduction

Iteration may be considered as many repetitions of the same operation. Concretely, the n-th iterate
f" of a function f : E — E is defined by f"(x) = f(f"'(x)) and f°(x) = x for all x € E inductively,
where E is a nonempty set and n > 0 is a fixed integer.

Iteration is an extensive phenomenon in nature and human life. It causes many complexities such
as bifurcations, chaos and fractals [12—14]. The computation of iteration of a general order or a higher
order in the one-dimensional case is also a complicated work although efforts have been made to
polynomials [1-4, 21], quasi-polynomials [17, 19], linear fractions [20] and rational fractions [11].
Along with the development of iteration theory on C° mappings (see e.g., Chapter 11 of [7] and Chapter
1 of [18]), attentions were also paid to iteration of “bad mappings” such as discontinuous mappings or
set-valued mappings and their iterative roots [5,6, 15,16].

Usually, one considers that a “bad mapping” may be changed by iteration to worse with more
complicated properties, but it was shown in [8] and [10] that a discontinuous self-mapping can be
converted by iteration to a continuous one. In [8] and [10] necessary and sufficient conditions are
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found for such convertion. Further, there are found in [9] all nonsmooth continuous self-mappings
whose second order iterates are C! smooth. Combining [8](or [10]) with [9], one can judge whether
the fourth order iterate of a discontinuous self-mapping is C' smooth. However, it is still hard to
answer: What discontinuous self-mappings can be smoothed but not only be made continuous by the
second order iteration? For example, the self-mapping

—(x—*+ 3, 0<x<i,

1 1
f(-x): e x:§9
7 1
—(X—%)Z'FE, §<x<1,

has a jumping discontinuity at xo = 1/2 (shown in Figure 1), but its second order iterate

“[x—D*+ P+, 0<x<3

2 11 16’ 1 2
f (.X): 64° X = 29
—[(x=3*-ZP+ 3 s<x<l,

is a C! smooth self-mapping on the whole interval (0,1) (shown in Figure 2).

1 T 1

(SR
b | =

f | 7
0 L 1 0 7! 1
Figure 1. f is discontinuous at xy = 1/2. Figure 2. fZ is C' smooth on (0, 1).

In this paper we answer this question for V(I, ), the class of C' self-mappings with exactly one
discontinuity on the open interval I := (0, 1). Each f € V(I,I) can be presented as

fix), x €l :=(0,x),
=19 ¢ X = Xo, (1.1)
L), x€l:=(x,1),

where x, € (0, 1) is the unique discontinuity, f; is C! smooth on I; for eachi € {1,2} and c € (0, 1) is a
constant. Usually, there are four classes of discontinuities: removable discontinuity, jumping
discontinuity, oscillating discontinuity and infinite discontinuity, but there are only the first three
classesin V(I,1),i.e., V(I,I) = V,(I,I) U V;(I,I) U V,(I,I), where

e f € V.(I,I) has a unique removable discontinuity;
e f € V;(I,1) has a unique jumping discontinuity;

e f € V,(,1I) has aunique oscillating discontinuity.

AIMS Mathematics Volume 8, Issue 4, 8772-8792.



8774

In this paper we discuss C' smoothness of the second order iterates of mappings in V,(I,I) or
V;(I,1) and leave the discussion on V,(/, I) to a continued paper. In order to investigate C ! smoothness
of the second order iterates of mappings in V,.(I,I) or V;(I, 1), we also need to divide them into some
subclasses, i.e., V:(I,1) = V.(I, ) UV ;(I,1) U V,,(I,I) U V.o (I, 1) for T € {r, j}, where

e f € V,(I,1) if the derivative f” has a removable discontinuity at x, i.e., both lim,_,, o f/(x) and
lim,_, ;40 f;(x) exist and they are equal;

e f € V(I 1) if the derivative f” has a jumping discontinuity at x, i.e., both lim,_,, o f/(x) and
lim,_, .o f,(x) exist but they are not equal;

e f € V,(I,1) if the derivative f” has a oscillating discontinuity at xo, i.e., both f{ and f] are bounded
but either lim,_, o f/(x) or lim,_, .o f5(x) does not exist;

o f e Vio(l,1)if either f{ or f; is unbounded, i.e., either lim,_,_o f{(x) = 0o or lim,_, ;40 f5(x) = oo.

In this paper, we discuss C' smoothness of the second order iterates of mappings in V,,(I, ) and
V,(1, 1) respectively, where u € {r, j, 0}. Necessary and sufficient conditions for C' smoothness of the
second order iterates of mappings in V,,(I,I) and V,,(I,I) are obtained in Sections 2 and 3
respectively. Moreover, we also give necessary conditions and point out the difficulties in finding
sufficient conditions for C! smoothness of the second order iterates of mappings in V,.(I,1) and
Vie(I,I) in Sections 2 and 3 respectively. Finally, we use examples to demonstrate our conditions of
the second order C' smoothness in Section 4.

For convenience, let I := {xo}, then I = I; U I, U I,. Moreover, for i, j = 0, 1,2 we use the notations

A; = {a€el] f(x)elforallxe U,},
A; = {ael| f(x)elforallxe U},
A;; = {aell f(x)eiforallx € U, and f(x) € [;forallx € U},

where U, and U, are the left half and the right half of the sufficiently small neighborhood of «
respectively. We use D_f and D, f to denote the left derivative of f and the right derivative of f
respectively.

2. Iteration for V,(I,1)

In this section, we consider C!' smoothness of the second order iterates of f € V,(I,I) be defined by
(1.1). Let

yo:= lim fi(x) = xl)i)g}rofz(x) # f(xo) = c. 2.1)

X—X9—

For convenience, we use the notation:

[ Ao, it cel,
@)= { hle), if cel,

Moreover, let C,(I,1) := {f € V,.(I,I) | f(yo) = Y(c)} and for T = j,0,00 let C,.(I,]) := {f €
VeI, 1) | f(yo) = Y(c) and f"(yo) = 0}.
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Theorem 2.1. Suppose that f € V,..(I,1) for T € {r, j,0} and f has a unique discontinuity at x, € (0, 1).
Let yy be defined by (2.1). Then the iterate f* is C' smooth on I if and only if yo € I;, f(I; U L,) C I;
holds fori=1or2and f € C,T(I, D).

Proof. Necessity. Suppose that the iterate 2 is C!' smooth on I, which implies that the iterate f is
continuous on /. By Theorem 1 in [8], we see that yy € I;, f(I; U 1) C I; holds and

S o) = fivo) = Y(c) (2.2)

for i = 1 or 2. It suffices to discuss the situation which i = 1 since the other situation can be discussed
similarly. It follows that

f2(x) — { fl(fl(x))7 X € Il’ (23)

fi(h(x), xelb.

By the assumption that f € V,.(I,]) for T € {r, j, 0}, we need to discuss three cases: f € V,.(I, 1),
feV,d,I)and f € V,,(I,1). For the first case that f € V,.(I, ), by (2.2) and the definition of C.aDn,
we see that f € C,.(1,1). For the second case that f € V., 1), by the definition of V,;(I,I), we see
that y, := lim,_,, o f{(x) # §» := lim,_,, 4o f;(x). Note that lim,_,,,_o fi(x) = lim,_, 0 f2(x) = yo. It
follows from (2.3) that

D-f*(x0) = tim fI(fi(O)fi() = fiGo)r, 2.4
D.f*(x0) = lim fI(/0f() = fiGo). (2.5)

Since f? is C! smooth on I, we have D_f%(xy) = D, f*(xy). Since ¥, # ¥, and y, € I, it follows
from (2.4) and (2.5) that

1 Go) = fivo) = 0. (2.6)

By the definition of C, ;(I, 1), we obtain from (2.2) and (2.6) that f € C, ;(1,1). Finally, for the third
case that f € V,,(I, 1), by the definition of V,,(I, I), we see that either lim,_, o f{(x) or lim,_, 4o f;(x)
does not exist. From (2.3) we obtain

D-f*(x0) = Tim fi(fi(0)fi (), 2.7
D.f*(x0) = lim fi(/(0)f5(0). (2.8)

Note that lim,_,,—o f(f1(x)) = lim,_ 0 f{(f2(x)) = f{(yo). Since we have assumed that f* is C'
smooth on 1, it follows that both D_f?(x,) and D, f?(xo) exist. We claim that (2.6) holds. In fact, if the
claim is not true, then f’(yo) = f{(yo) # 0. It follows from (2.7) and (2.8) that both lim,_,,_o f/(x) and
lim,_, .0 f,(x) exist since

RO D)
1 = 1 = )
A D)
o PBOE® Do)
I =1 - :
A L0 = I T ) 700
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which contradicts our assumption that either lim,_, . o f/(x) or lim,_,, .o f;(x) does not exist. This
proves (2.6). By the definition of C,,(I, I), it follows from (2.2) and (2.6) that f € C,,(I, I). Therefore,
this completes the proof of necessity.

Sufficiency. We only deal with the situation where y, € I; and f(I; U I,) C I; hold since the other
one can be proved similarly.

If f(I,Ul,) C I, holds, we can obtain (2.3). Obviously, £ is C' smooth on I; U/, since the mappings
fi and f> are C! on I; and I, respectively. That y, € I; implies that f(yo) = fi(yo) and f(yo) = 1 Oo).
By the assumption that f € C,.(, D for T € {r, J, 0}, we have either f € C,.(1,D), or f e C,j(l, D),
or f € C,o(I,I). In the case f e C,.(, D), from the definition of C,,(I, I), we have f(Oo) = T(c) and
f € V..(I,I). By Theorem 1 in [8], we see that f? is C° on I. Moreover, (2.3) implies that (2.4) and (2.5)
hold. Since f € V,.(I,1), we have §;, = ¥,. It follows from (2.4) and (2.5) that D_f?*(xy) = D, f*(x),
which implies that D 2 is continuous at xy. Thus f? is C' smooth on /. In the case f € C,j(l, D), it
follows from the definition of (, (1, 1) that f(yo) = T(c), f € V,;(I,I) and f'(yo) = 0. Similarly, we
see that f2 is CY on I. Moreover, one sees that (2.4) and (2.5) hold. It follows from (2.4) and (2.5)
that D_f?(xo) = D, f*(xy) = 0, which implies that Df? is continuous at x,. Thus f? is C' smooth
on /. Finally, in the case f € C,o(1, D), it follows from the definition of C,,(I, I) that fOo) = Y(o),
f € V,(,I) and f'(yo) = 0. We similarly get that f2 is C° on I. Moreover, (2.3) implies that (2.7)
and (2.8) hold. Note that lim,_,,_o f{(fi(x)) = lim,_ .0 f{(f2(x)) = f{(00) = f'(yo) = 0 and both f]
and f; are bounded. By the properties of infinitely small quantities, we get from (2.7) and (2.8) that
D_f*(xy) = D, f*(xp) = 0. This implies that D f? is continuous at x,. Therefore, f? is C' smooth on 1.
The proof of the theorem is completed. O

Theorem 2.2. Let f € V,(I, 1) with the unique discontinuity at xy € (0, 1) and let y, be defined by
(2.1). Suppose that the iterate f* is C' smooth on I. Then, y, € I, f(I, U I,) C I; holds fori = 1 or 2
and f € C,e (I, D).

Proof. We omit the proof because its proof is totally similar to the proof of the necessity of the case
that f € V,,(I,I) in Theorem 2.1. |

Notice that the above Theorem 2.2 does not give sufficient conditions for f? to be C! because
it is hard to judge the existence of either the limit D_f?(xo) = lim,_ ¢ f(fi(x) f{(x) or the limit
D, f(x0) = lim,_ 40 f1(f(x0)f;(x) for yy € I;,i = 1 or 2. In fact, we assume that y, € I, f(I;UlL) C I,
holds and f € C,OO(I ,I). With a similar discussion to the proof of Theorem 2.1, we conclude that
(2.7) and (2.8) hold. Note that f € C,(I,1) and f'(yo) = f/(yo). By the definition of C,«(I,1),
we see that lim,_,, o f{(fi(x)) = lim,_,.0 f{(2(x)) = f{(yo) = 0 and either lim,_, o f{(x) = oo
or lim,_,y .o f5(x) = co. From (2.7) and (2.8), either the limit lim,_, . o f](fi1(x))f{(x) or the limit
limy, 40 £ (f2(x)) f5(x) is of O - oo type. Thus, it is hard to judge the existence of either D_f*(xq) or
D, f*(x,). Similarly, we see difficulty in the other one.

3. Iteration for V;(1, 1)

In this section, we consider C' smoothness of the second order iterates of f € V;(I, 1) be defined by
(1.1). Let

yi:= lim fi(x) #y:= lim f(x) (3.1
0 x—x9+0

X—X0—
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and let
yi:= lim f{(x) (or J; := lim f(x))
x—x9—0 x—>x0+0

if the left limit lim,_, o f{(x) exists (or the right limit lim,_, .o f;(x) exists).
For convenience, for i,k € {1,2}, m € {1,2}\{k} and v € {r, j} let

A

Ci.D = (feVy.D|f() = fi(y2) = f(c)and f](y1)F1 = £ (32)72),
C,(ii;k)(l’ D = (fe VD] fiy0) = yn = f(c) and £ G)Fx = 7.,
COD) = (F eVl D| i) = c = () and £/ (55 = O,

Cy‘;k)(l, D = {feVyl,D| i) =y = f(c) and f{ (y)Fx = F:152}-

In order to investigate C' smoothness of the second order iterates of mappings in V;.(I, 1) for 7 =
0, 00, we need to consider three cases:

Viee (ILD) = {feVi (]| limof’(x) exists but limof’(x) does not exist},
X—>X0—! X=X+
Vi(ILI) = {feVi,(I,D] limof’(x) exists but limof’(x) does not exist},
X=X+ X—X0—
Vi, I) := {f e V;(I,1)]| neither limof’(x) nor limof'(x) exists},
X X—Xx0— X—x0+

that is, V;.(I,I) = V;..(I,I) U V;_(I,1) U V;..(I,I). Moreover, for i,k € {1,2}, m € {1,2}\{k} and
u € f{—,+}let

COOUD = {feViu.D 1 f01) = £i(2) = f(©)and £ G5k = f;Gm) = O},
Clo.D) = (f € Vi D1 fi3) = £i32) = f©)and () = f{(32) = O},
CO9LD) = (f € Vil D) | 3k = fivw) = f(©)and 5y = £ () = O},
CHNUD 1= {f € Vi, D) ¢ = fiy) = f(©)and f/(y) = O}

CO9UD) = {f € Vil D) |3k = i) = f(©)and £ () = 3, = O},
CO9LD) = {f € Vi D) | ye = £y = f(©)and 5 = O},

COOUD = {f € Vieu.D | £i00) = fiym) = F(©)and £ (y,) = O},
COOLD) = {f € Vi, D) | e = ivw) = f(c)and £/ () = O}

In addition, fori,p = 1,2, 7 =r, j,o,00 and &, € f~'(I)) N I, let
CPU.1) :={f € Vi1, 1) | yi = ¢ and [}(&,) = O}.

Theorem 3.1. Let f € V;.(I,1) for T € {r, j} and xo € (0, 1) be the unique discontinuity. Suppose that
y1 and y, are defined by (3.1). Then the iterate f* is C' smooth on I if and only if the following two
conditions are both fulfilled: R

(i) When both y, # xo and y, # xo, there exists i = 1 or 2 such that {y,,y,} C I, and f € C;T(I, I); When

yi = xoand y, € I; fori = 1 or 2, either f € C;i”(l, Difxg €Ay or f e Cy'f)(l, D) if xo € Ay, or
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fe CE_:;Z)(L D) if xo € Ayi; When y, = xo and y, € I fori = 1 or 2, either f € C;i’l)(l, 1) if xo € Ay, or

FeColU D ifxy € Ao, or f € CEVA D) if xo € Ap.
(i) &, € A UA 1 UAIgUAG UAp UAyU Ay and fori,p € {1,2}, f € C;.’;(I, D) ifé, € AjUAGU Ay,
where &, € [~ (Ip) N I,

Proof. According to the location of y, and y,, there are three cases to be considered: (J-1) Both y; and
v, lie in a sub-interval divided by the discontinuity xy of f; (J-2) y; reaches the discontinuity xy of f
and y, lies in a sub-interval divided by the discontinuity x, of f; (J-3) y; lies in a sub-interval divided
by the discontinuity xy of f and y, reaches the discontinuity x, of f. Since f € V;.(I,1) for t € {r, j},
we need to discuss two situations: f € V;.(I,1) and f € V;;(I,I). We only discuss the situation that
f € V;;, 1) because the situation that f € V;.(I,I) can be discussed similarly. Under condition that
f €V, I), knowing that y; # y; and y; := lim,_,—o f{(x) # ¥ := lim,, 10 f; ().

For the necessity, we suppose that f2 is C!' smooth on 1. So that f? is continuous on /.

In case (J-1), i.e., both y; # xo and y, # xo, by the continuity of £ on I and (i) of Theorem 2 in [8],
there exists i = 1 or 2 such that {y;, y,} C [; and

Jion) = fily2) = f(o). (3.2)

In what follows, we only discuss the situation that {y;, y,} C I; since the other one can be discussed
similarly. By the openness of /; and /; and the continuity of f; on I; and f, on I, there are a left half
neighborhood U of xy and a right half neighborhood U;O of xo such that f{(U ) € I, and fz(U;O) cl,
i.e., xg € Ay;. Then

ARG, xeUs,
fA(x) =14 f(), X = X, (3.3)
AR, xeUs,

It follows from (3.3) that

D-f*(x0) = lim fI(fi)fi() = G0, (3.4)
D.f*(x0) = lim fI(H0f(0) = f{(2)7. (3.5)

Since f? is C! on I, we have D_f?*(xy) = D, f*(xo). From (3.4) and (3.5) we get that
AOD51 = [ (252 (3.6)

Note that i = 1 and 7 = j. It follows from (3.2) and (3.6) that f € C}j(l, D).

In case (J-2), i.e., y; = xp and y, € [; for i = 1 or 2, we only consider the situation that y; = x, and
v» € I,. The other one can be discussed similarly. From the assumption that y; = xy and y, € I, we
have lim,_,,,—o f1(x) = y1 = xp and lim,_,, .o f2(x) = y» € I,. By the continuity of f; on /; and f, on I,
we see that

Xo € Ap U Ay U Aps. (37)
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From (3.7) we need to discuss three situations: xy € Ay, Xg € Ay and xg € Ay,. In the first situation
that xy € A5, by the continuity of 2 on I and (ii-1) of Theorem 2 in [8], we have

£02) = y1 = f(o). (3.8)
From the definition of A, and xy € A;,, we have

f(fikx), xe Uy,
fF) =3 f), X = X, (3.9)
fH(AH(), xeUs,.

Note that lim,_,,—o fi1(x) = y; = xo and lim,_, 0 fo(x) = y2 € L. Thus, fi(x) = xp—0asx = xo—0
and f>(x) — y; as x — xg + 0. It follows from (3.9) that

D_f(xo) = lim F(ACNA@ =5 Lim fO) =5, (3.10)
D f*(x) = lim f(ACENS = L0 (3.11)

Since f? is C! on I, we have D_f?*(xy) = D, f*(xo). From (3.10) and (3.11) we get that
L0232 = 3. (3.12)

Note thati = k = 2 and 7 = j. It follows from (3.8) and (3.12) that f € C%D(l, I). In the second
situation that xy € Ay, we get that

() =c= f(c) (3.13)
similarly. By the definition of Ay, and xy € A(,, we have
c, X € U;O,
fi) =4 f), X = X, (3.14)

L(HL(x), xeUy.
Note that lim,_,,+0 f2(x) = y» € I,. We obtain from (3.14) that (3.11) and

D_f*(xp) = 0. (3.15)
Since f?is C! on I, we have D_f*(xy) = D, f*(xo). From (3.11) and (3.15) we get that
/02)72 = 0. (3.16)

Note that i = k = 2 and 7 = j. It follows from (3.13) and (3.16) that f € Cﬁ:z)(l, I). Finally, in the
three situation that xy € Ay, we get that

F2(02) =y2 = f(o) (3.17)

similarly. By the definition of A,; and xy € A,,, we have

L(fi(x), xeUg,
fF) =3 f), X = X, (3.18)
H(H(), xeUy.
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Note that lim,_,,,—¢ fi(x) = y1 = xp and lim,_, 40 f2(x) = y» € I,. Thus, fi(x) = xp+0as x — xo—0
and f>(x) = y, as x — xg + 0. From (3.18) we obtain (3.11) and

D_f*(xg) = xl}){(fl_ofz’(fl(x))ff(x) =¥ ylig}ro L) =515 (3.19)
Since f?is C' on I, we have D_f%(xy) = D, f*(x). we get from (3.11) and (3.19) that

L6252 = §i5. (3.20)

Note that i = k = 2 and 7 = j. It follows from (3.17) and (3.20) that f € C>?(1, ]).

We omit the proof in case (J-3), i.e., y» = xp and y; € [; for i = 1 or 2 because its proof is totally
similar to the proof in case (J-2). Thus, condition (i) holds.

Next, we prove that condition (ii) holds. In fact, suppose that a point &, in f NI ,forp =1
or 2. In the following, we only consider a point &, in f~!(Iy) N I, since the other one can be discussed
similarly. By the continuity of f; on I; we see that

&€ AT UAGUAR UAG UAp
UA21 U Axg U Ay U Agy. (3.21)

From the continuity of f2 on I, we claim that

& € AT UAGUA UAR
UAZO U Azz U Aoo. (322)

By (3.21) we need to exclude two situations: & € Aj, and &; € A,y. If & € Ay,, by the definition of
Aj», we have

2 Ah(x), xe Uy,
fw‘{ﬁmmxxe@.

Note that fij(x) = xp —0as x = & —0and fi(x) = xo +0as x — & + 0. It follows that

lim ()= lim fi(AG) = lim fi0) =y,

x—¢ -
. 2 T . —
xllﬁng = xllgl ,LUI)) = ylgg o, 20) =2

Thus, we get that y; = y, since f? is continuous on /, which contradicts the assumption that y; # y,.
Using a similar discussion to the proof of &, € Ay,, one can get that y; = y, if & € A,y, a contradiction
to the assumption. This completes the proof of the claimed (3.22). Thus, from the continuity of fZ on
I'and (3.22),if & € A;; U Ajg U Ag; for i = 1 or 2, we obtain

yi=c¢ (3.23)

by Theorem 2 of [8] and its proof. In what follows, we only discuss the situation that &; € AjjUAgUAg,;
since the other one can be discussed similarly. if & € Ay, by the definition of A;;, we have

Afix). xeU; uUp,

. e (3.24)

ﬁm={
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8781

Note that f(£;) = xo. Thus, fi(x) = xo — 0 as x — &;. From (3.24) we get that

D_fE)= lim F(Af() = fiE) lim f0)=5ifiE). (3.25)
D.fE) = lim SRS = &) lim f6)=51f&). (3.26)

Note that f; is C! smooth on I; and & is a local maximum point of f;, we obtain

fi&) =0. (3.27)
If & € Ay, by the definition of Ay, we have

F2(x) = { fl(fl(x)), xeU;,

, xe UZ Ul (3:28)

Note that fi(x) = xo — 0 as x — & — 0. From (3.28) we obtain (3.25) and

D.f*(¢) =0. (3.29)

Since f2 is C! smooth on I, we have D_f?(¢)) = D, f*(&)). Note that f; is C! smooth on I;. Thus,
we get from (3.25) and (3.29) that (3.27) holds. Similarly to &; € Ay, we can also get that (3.27) holds
when & € Ag;. Note thati = p = 1 and 7 = j. It follows from (3.23) and (3.27) that f € C},l.(l, ).
Thus, condition (ii) holds and this completes the proof of necessity.

For the sufficiency, we need to prove that 2 is C!' smooth on I under condition (i) and condition (ii).
First, we prove that f2 is C! smooth at x, under condition (i). In fact, when both y; # xy and y, # x,
by the assumption that there exists i = 1 or 2 such that {y;,y,} € I;, which implies that (3.?) holds

when {y;, y,} C I;. It follows from (3.3) that (3.4) and (3.5) hold. Since we assumed that f € C}j(l, D).

From the definition of C j (I, 1), we see that f*is CY at xo by (i) of Theorem 2 in [8]. Moreover, we
get from (3.4) and (3.5) that D_f%(xo) = D, f*(xo). It follows that f? is C' smooth at x,. The situation
that {y;, y,} € I, can be proved similarly. When y; = xy and y, € [; for i = 1 or 2, which implies that
lim,_,,,—0 f1(x) = y1 = xp and lim,_, 4o fo(x) = y» € I;. For the case that y; = xo and y, € I, by the
continuity of f; on /; and f; on I, we need to discuss three situations: xy € A;, xo € Ag; and xp € Ay,.
We only consider the situation that x, € A, since the other situations can be discussed similarly. For
the situation that xy € Ay, we see that (3.9) holds. It follows from V(3.9) that (3.10) and (3.11) hold.
Since we have assumed that f € C%z) (1, 1). From the definition of Cﬁz) (I, 1), we see that f?is C” at
xo by (ii-1) of Theorem 2 in [8]. Moreover, we get from (3.10) and (3.11) that D_f?(xy) = D, f*(xo).
It follows that f2 is C' smooth at xy. The proof of the case that y; = x; and y, € I; is similar to the
proof of the case that y; = xy and y, € I,. We omit the proof of the case that y, = xy and y; € I; for
i = 1 or 2 because its proof is totally similar to the proof of the case that y; = xp and y, € [; fori = 1
or 2. Next, we prove that 2 is C' smooth at &, under condition (ii), where &, € f~'(Ip) N I, for p = 1
or 2. We only discuss the case that & € f~!(Iy) N I; since the other one can be discussed similarly. By
the assumption that &; € Agg U Aj; U Ajg U Agp U Agp U Ayg U A, we need to discuss seven situations:
é‘:l S A()(), fl S Alla rf] € AIO’ f] € Aol, ‘fl S A22 f] c AQ() and §1 S AOQ- In the first situation that fl S A()(),
by the definition of Ay, we have

Y RS XEU:;UU;’
f(x)—{c, x=&
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Obviously, lim,_, f%(x) = ¢ = f2(&) and D_f*(¢1) = D, f*(&1) = 0. It follows that f? is C' smooth
at &;. In the second situation that &, € Ay, by the definition of Ay;, we see that (3.24) holds. It follows
from (3.24) that (3.25) and (3.26) hold. Since we have assumed that f € C}JI (1,1). From the definition
of C}}(l, I), we see that f2 is C° at & by Theorem 2 of [8]. Moreover, we get from (3.25) and (3.26)
that D_f%(&)) = D, f(&)) = 0. It follows that 2 is C! smooth at &;. Similarly, we can prove that f? is
C' smooth at & when & € Ajg U Ag; U Az U Ay U Agy. Condition (i) and condition (ii) imply that f2
is C' smooth on the whole domain 1. Therefore, the proof of the theorem is completed. O

Theorem 3.2. Let f € Vj,,(I,1) for u € {+,—,*} and xy € (0, 1) be the unique discontinuity. Suppose
that y, and y, are defined by (3.1). Then the iterate f* is C' smooth on I if and only if the following
two conditions are both fulfilled:

(i) When both y, + xo and y, # xo, there exists i = 1 or 2 such that {y,,y,} C I and f € C(.i’l)(l, hHu

Jo+

C(.i’z)(l,l) u (i (I,I); When y; = xog and y, € I; fori = 1 or 2, either f € Cyo’?(l,[) if xo € Ay;, or

o= Jox . L
fe C;lo’i)(l, D)ifxog € Ay, or f € C;’O’i)(l, nHu C;’o’z_)(l, D) if xg € Ayi; Wheny, = xgand y; € I fori =1 or
2, cither f € CE2U, 1) if xo € A, or f € CEVU D) if xo € A, or f € CEPA DU CENW D) if 3 € An.

(i) &, € Apg UA 1 UA U AG UA» UA)UA and fori,p € {1,2}, f € C;f,(l, D ifé, € AjjU AU Ay,
where &, € Uy n I,

Proof. For the necessity, we suppose that £ is C' smooth on I. From the location of y; and y,,
similarly to Theorem 3.1, we also need to consider three cases: (J-1), (J-2) and (J-3). In what follows,
we only consider case (J-1) and case (J-2) since the proof of case (J-3) is totally similar to the proof
of case (J-2).

In case (J-1), i.e., both y; # xp and y, # x,. Similarly to the proof of the necessity of case (J-1)
in Theorem 3.1, there exists i = 1 or 2 such that {y;,y,} € I; and (3.2) holds. In the following, we
only discuss the situation that {y;,y,} C I, since the other one can be discussed similarly. Under the
situation that {y;,y,} C I;, we see that (3.3) holds. Note that f € V;,,(I,) for u € {+,—,*}. Then we
need to discuss three subcases: (J-1-0+) f € V.. (I, ); (J-1-0-) f € V;o_(I,I); (J-1-0%) f € V,,.(1, ).

In subcase (J-1-0+), y; := lim,_,, o f{(x) exists but lim,_, .o f;(x) does not exist. It follows from
(3.3) that

D_f*(x) = Jim [ () = filodn, (3.30)
D, f*(x0) = Jim [i(2(0) f3 (). (3.31)

Since f2 is C' on I, we see that D, f?(xo) exists. Note that lim,_, .0 f/(f2(x)) = f(y2). We claim
that

fin) =0. (3.32)
In fact, if f](y,) # 0, It follows from (3.30) that lim,_, 4o f;(x) exists since
. , . [IBOS(x) DyfA(xo)
1 =1 = )
A= I TGy T o

which contradicts to our assumption that lim,_,, .o f;(x) does not exist. Thus, the claim that (3.32) is
proved. By the fact that f; is bounded, we get from (3.30) and (3.32) that D, f*(xo) = 0. Since f is
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C' on I, we see that D_f?(xy) = D, f%(x). It follows from (3.30) and (3.31) that

JioD3 = fiG2) = 0. (3.33)
Note that i = k = 1. Tt follows from (3.2) and (3.33) that f € C',}’(Z, D).
In subcase (J-1-0-), ¥, := lim,_,, .0 f;(x) exists but lim,_,, o f{(x) does not exist. Using a similar
argument to the proof of subcase (J-1-0+), we can get that

fio)¥ = fiy) = 0. (3.34)

Note that i = 1 and k = 2 . It follows from (3.2) and (3.34) that f € CE.IO’E)(I, ).
In subcase (J-1-0*), neither lim,_,, o f](x) nor lim,_, 4o f;(x) exists. It follows from (3.3) that

D-f*(x0) = Tim fi(fi(0)fi (),
D.f*(x0) = lim fi(/(0)f5(0).

Since f? is C' on I, we see that both D_f?(x) and D, f*(xo) exist. Note that lim,_, _o f/(f1(x)) =
f1O1) and lim,, 10 f1(f2(x)) = f/(2). Similarly to subcase (J-1-0+), we can get that

Ao = f{Gn) = 0. (3.35)

Note that i = 1. It follows from (3.2) and (3.35) that f € C}O*(I, D).

In case (J-2), i.e., y; = xp and y, € [; for i = 1 or 2. In the following, we only discuss the situation
that y; = xo and y, € I, since the other one can be discussed similarly. Using a similar discussion to
the proof of the necessity of case (J-2) in Theorem 3.1, we obtain (3.7) when y; = xy and y, € I,. Note
that f € V,,,(I,1) for u € {+,—, x}. Then we need to discuss three subcases: (J-2-0+) f € Vj,.(I,]);
(J-2-0-) f € Vo (L, 1) (J-2-0%) f € Vyuu (L, D).

In subcase (J-2-0+), ¥ := lim,_, o f](x) exists but lim,_, 4 f;(x) does not exist. By (3.7) we need
to discuss in three situations: xo € Ajs, xo € Ay and xy € Ay,. In the first situation that xo € Aj,, by
(ii-1) of Theorem 2 in [8] and its proof, we see that (3.8) holds. By the definition of A}, and xy € Aj»,
we obtain (3.9). Note that lim,_,,,—o f1(x) = y1 = xp and lim,_, 0 f2(x) = y, € L. Thus, fi(x) = x -0
as x — xo — 0 and f,(x) — y, as x — xp + 0. It follows from (3.9) that (3.10) and

Dufx0) = lim Si(A(NAH0. (3.36)

Since f*is C' on I, we see that D, f*(x,) exists. Note that lim,_, ..o f5(f2(x)) = f5(y2). Similarly to
subcase (J-1-0+), we can get that

£(2) =0. (3.37)

By the fact that f is bounded, we get from (3.36) and (3.37) that D, f*(xo) = 0. Since f?is C' on
I, we see that D_f%(xy) = D, f*(xp). It follows from (3.10) and (3.36) that

31 =f0(2) =0. (3.38)
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Note thati = 2 and k = 1. It follows from (3.8) and (3.38) that f € C(ji’i)(l ,I). In the second situation
that xo € Ay, we obtain (3.13) similarly. By the definition of Ay, and xy € Ay, we see that (3.14) holds.
Note that lim,_, 40 f2(x) = y» € I,. We obtain from (3.14) that (3.15) and (3.36). Similarly to the proof
of the first situation that xo € A, we can get that (3.37) holds. It follows from (3.13) and (3.37)
that f € Cﬁ’f)(l, I). Finally, in the three situation that xy € Ay,. Similarly, we get that (3.17) holds.
By the definition of Ay, and xy € Ay, we obtain (3.18). Note that lim,_,,,—o fi(x) = y1 = xo and
lim,_,,,+0 f2(x) = y» € I,. Thus, fi(x) = xp +0asx = xo — 0 and fo(x) — y> as x — xp + 0. From
(3.18) we obtain (3.36) and

D_f*(xo) = Tim fi(fi(0)f{ ().

Since f? is C' on I, we see that both D_f?(x) and D, f*(xo) exist. Note that lim,_, _o f;(f1(x)) =
lim,_, ;40 f;(x) and lim,_,, 40 f5(f2(x)) = f;(y2). We claim that (3.38) holds. In fact, if §; # O or
f(y2) # 0, then lim,_, .o f;(x) exists since

/ , 5
lim £ = lim f(Ai(0)= lim HACDA® _ D_f(x)

x—x0+0 x0—0 fl’(x) 5/1

or

o RBOE® D)
1 = 1 = s
A A B A

which contradicts to our assumption that lim,_,, .o f;(x) does not exist. Thus, the claim that (3.38) is
proved. Note that i = k = 2. It follows from (3.17) and (3.38) that f € Ce2, 1.

Jjo+
In subcase (J-2-0-), §, := lim,_, .0 f;(x) exists but lim,_, ,,_o f{(x) does not exist. We claim that

Xo € Ap U Ay (339)

By (3.7) we need to deny the situation that xo € Ag,. If xo € Agy, by the definition of Ay, and
Xo € Agp, there are a left half neighborhood U7 of xq such that fi(x) = xo for every x € Uy, . It follows
that lim,_, o f{(x) = 0, which contradicts to our assumption that lim,_,_o f{(x) does not exist. Thus,
the claim that (3.39) is proved. By (3.39) we need to discuss in two situations: xy € Ay, and xy € Ay,.
In the first situation that xo € A, we obtain (3.9). It follows from (3.9) that

D_f*(x) = Jim S (L) ().

Note that lim,_,,_o f{(fi(x)) = lim,_,,,_o f{(x) and lim,_, o f{(x) does not exist but f] is bounded.
It is hard to judge the existence of the limit D_f?(xy) = lim,_,, o f{(fi1(x))f{(x). Thus, we omit the
discussion for the situation xy € Aj,. In the two situation that x, € A,,. Similarly, we get that (3.17)
holds. By the definition of Ay, and xy € Ay, we obtain (3.18). Note that lim,_,,—o fi(x) = y1 = Xo
and lim,_,, .o f2(x) = y» € I,. Thus, fi(x) - xo+0asx — xo— 0 and fo(x) = y2asx — xo + 0.
From (3.18) we obtain (3.11) and (3.39). Since f?is C' on I, we see that D_f?(x,) exists. Note that
lim,_, o f;(fi(x)) = lim,_, 0 f5(x) = ¥>. Similarly to the proof of the three situation that x, € Ay, of
subcase (J-2-0+), we can get that

5, = 0. (3.40)
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Note that i = k = 2. It follows from (3.17) and (3.40) that f € C22(1, ).

In subcase (J-2-0%), neither lim,_, o f](x) nor lim,_,, .o f5(x) exists, using a similar discussion to
the proof of the the second subcase that f € V;,_(I,I), we can get that (3.39) holds and we can not
judge the existence of the limit D_f?(x,) = lim,_, o f{(fi(x)f{(x) or the limit
D_f?(x0) = lim,_, o f5(f1(x))f{(x) as xg € A1 U As,. Thus, condition (i) holds.

Next, we prove that condition (ii) holds. Suppose that a point &, in f~'(Iy) N I, for p = 1 or 2. In
the following, we only consider a point & in f~'(Iy) NI, since the other one can be discussed similarly.
Using a similar discussion to the proof of the necessity of condition (ii) in Theorem 3.1, we can obtain
(3.22) and (3.23) when & € A;; UA U Ay; for i = 1 or 2. In the following, we only discuss the situation
thati =1, i.e.,

é‘:l € A]] U A]O U Ao]. (341)

The other one can be discussed similarly. Since f € Vj,,(I,1) for u € {+,—,*}. Then we need to
discuss three subcases: (jo+) f € Vj,.(1,1); (Jo-) f € V,_(I,D); (jo*) f € Vj,.(I,]).

In subcase (jo+), y; := lim,_,,_o f{(x) exists but lim,_, o f;(x) does not exist. Similarly to the
proof of the necessity of condition (ii) in Theorem 3.1, we can get that f € C j ; Z,1).

In subcase (jo-), y, := lim,_,, 4 f;(x) exists but lim,_,, o f{(x) does not exist. By (3.41) we need
to discuss in three situations: &, € Ay, € € Ajp and & € Ag;. In the first situation that &, € Ay, we see
that (3.24) holds. Note that fi(x) — xo—0 as x — &;. From (3.24) we get that the derivative of f2 at &,

Df¥ &) = lim f (1) f] (). (3.42)

Since f? is C' on I, we see that Df?*(&)) exists. Note that lim,_¢, f7(fi(x)) = lim,_, o f(y) and
lim,_; f/(x) = f{(&;). We claim that (3.27) is true. In fact, if (3.27) is not true, i.e., f{(£;) # O, then
we get from (3.42) that lim,_, o f](x) exists since

i FG) () DfAE)
— Ji ) fE)
which contradicts to our assumption that lim,_, o f{(x) does not exist. This proves the claimed (3.27).
Note that i = p = 1. From (3.23) and (3.27) we see that f € C };(1, D). In the second situation that

& € Ay, we see that (3.28) holds. Note that fi(x) — xp — 0 as x — & — 0. From (3.28) we obtain
(3.29) and

xligl_oflf(x) = lim AU =1

D-f*¢n = lim fi(AGDA ). (3.43)

Since f?is C' on 1, we see that D_f*(¢;) exists. Note that lim,_¢ o f7(f1(x)) = limy_,,—o f](y) and
lim,_; f/(x) = f{(£&;). We claim that (3.27) is true. In fact, if (3.27) is not true, i.e., /(&) # 0, then
we get from (3.43) that lim,_, o f](x) exists since

o, o[G0 D_fA(&)
xllgl_ofl(x)—xilglm_ofl(fl(x))—xggl_o o @

which contradicts to our assumption that lim,_, o f{(x) does not exist. This proves the claimed (3.27).
From (3.23) and (3.27) we see that f € C};([, I)sincei = p =1and f € Vj,(I,I). In the third situation
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that & € Ay, using a similar discussion to the proof of the second situation that & € Ay, we can get
that f € C};(I, D).

In subcase (jo*), neither lim,_, o f{(x) nor lim,_,, .o f;(x) exists. Using a similar discussion to the
proof of subcase (jo-), we can get that f € C} ; (I,1) when & € Aj; UA 19U Agy. It follows that condition
(ii) holds.

For the sufficiency, using a similar arguments to the proof of sufficiency in Theorem 3.1, we can
prove that f2 is C' smooth on the whole domain /. Therefore, the theorem is proved. O

Theorem 3.3. Let f € Vo, (I, 1) for u € {+,—, %} and xy € (0, 1) be the unique discontinuity. Suppose
that y, and v, are defined by (3.1) and the iterate f* is C' smooth on 1. Then the following two
conditions are both fulfilled:

(i) When both y, # xo and y, # X, there exists i = 1 or 2 such that {y\,y,} C I; and f € ceb Z,hHu

! Jjoo+
Ce2a.nu Ci,, (. D); When yy = xo and y; € I for i = 1 or 2, either f € C0) (1) if xo € Ay, or
fe C%i([, D) if xo € Ay, or f € C;ijji(l, Iy Ci.‘ﬁ(l, D) if xo € Ay;; When y, = xgand y, € I; fori =1

or2, either f € CY2 (1, 1) if xo € A, or f € CED D) if xo € Ao, or f € CE0 @, u CED .0y if
Xo € Ajq.

(ii) £, € Ao UA11 UAU Ao UAp Uy U Ay and fori, p € (1,2}, f € C¥ (L 1) if €, € A;UAQU A,
where &, € f~1(Ip) N I,

Proof. Using a similar discussion to the proof of the necessity in Theorem 3.2, one can prove that both
condition (i) and condition (ii) hold if f? is C' smooth on I. Therefore, this completes the proof. O

Notice that the above Theorem 3.3 does not give sufficient conditions of f? to be C' because it is
hard to determine the existence of either lim,_, ,,_o f/(f1(x))f{(x) or lim,_,, o f7(f2(x))f5(x) for i = 1

or 2. In fact, we assume that {y;,y,} € I; and f € C(l’lj(l, I). A similar discussion to the proof in
Theorem 3.2, we can get that

Jjoo

D_f*(xo) = lim fi(AGDF ),
D.f*(x0) = lim fi(/(0)f5(0.

Note that f € CUL)(, 1) and limy .0 f{(f2(x)) = f{(y2). By the definition of C')(1,1), we

co+ Jjoo+

see that f/(y;) = 0 and lim,_,, .o f;(x) = oo. Thus, it is hard to judge the existence of the limit
D, f*(xp) = lim,_,, o f{(f2(x))f5(x). We similarly see difficulty in other cases.

4. Examples
We demonstrate our theorems with some examples.

Example 4.1. Consider the mapping F; : (0,1) — (0, 1) (see Figure 3) defined by

-x+1, 0<x<%,
_ 1 _1
Fi(x) =19 15 X=3
9 2v2 , 111
_Z(x_§)+ﬁ’ §<X<1,
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which has a unique removable discontinuity at xy = % since

hm Fi(x) = hm Fl(x)—%iFl( )_i

x—3 10 x—3 L+0 12

Moreover,
3

yi=lm filx)=-1#3%= hm f(x) =
x—)——O X3 L))
where fi(x) = —x+ 1, f2(x) = —Z(x 2)2 . It follows that F'; € V,;(I,I). Note that I; = (0, é) I, =
(%, 1). One sees that ¢ = 11—2 €,y = % e I, and F (I U ;) € I, holds. It is easy to check that
Fi(yo) = £2(00) = fi(c) and F{(yo) = f;(yo) = 0, 1.e., F, € C,J(I, I). It follows that the assumption in
Theorem 2.1 is satisfied. Furthermore, one can compute

9 1
. R U v O<x<3,
Fi(x)=1{ 1 x=1
12’ b
“209(x=232 1)+ 1 : 1
SO -3 -1 +3, $<x<l,

which is C! smooth on (0, 1) as shown in Figure 4.

1

w | =
| =

0 X 1 0 i 1

3 3
Figure 3. F, € C,;(1,]). Figure 4. F2is C' on (0, 1).

Example 4.2. Consider the mapping F, : (0,1) — (0, 1) (see Figure 5) defined by

1

5 0<XS§,

3( 352 1 3

Z(x=-3)+5 —<x<—
F(x)=1 3 8 2 85

6’ X=73

1 3 1 1

?6()6—1)2+§, §<x<1,

which has a unique jumping discontinuity at x, = % since

2 5
yi = lim F(x) = 3 # lim Fy(x) = g =

x— 5 —0 X—3 110

Moreover,

yi= lim fi(x)=

x—>§—0

8
* YV, = hm Hx)=—-=
x>y 110 3

wloo
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where

0<x<3, 16 3 1
i A= ?(X— Z)Z t5

b
2 3\2 1 3
(x—§)+§, §<x<§,

Si(x) ={

wlmmp—

It follows that F, € V;;(I1,I). Note that I; = (0, %),Iz = (%, 1). One can check that {yy,y,} C I,

c=2¢ebh, ) = L) = f0), 5151 = f(v2)F, which implies that F, € C%l)(l, I). Moreover,
one sees that & = % € FZ‘I(IO) NI, & = % € FZ‘I(IO) N1, & € Ay and & € Ay. It is easy to check
that y, = c and f,(£,) = 0, i.e., F; € Cff (1,1) for p = 1,2, which implies that both assumption (i) and
assumption (ii) in Theorem 3.1 are satisfied. Actually, one can compute

%, 0<x§%,
2 16 32 3 1 13 !
F5(x) = g(?(x—§)2—1)2+§, $<x<3,

i6 (16 3 I 11

FE@- D g g<x<]

which is C! smooth on (0, 1) as shown in Figure 6.

1 T 1

b | =
1| =

o
L el e

0 = = 1
Figure 5. F» € C%l)(l, D Ca,nn C2a,n. Figure 6. F2 is C' on (0, 1).

Example 4.3. Consider the mapping F5 : (0, 1) — (0, 1) (see Figure 7) defined by

%, 0<x§%,
L+ -xPsin® =, t<x<l
F _ 6(5-x)
3(0) =1 ] _1
1 =7
1,1 12 (62 L 1
6+6(x 2) cos g 2<x<1,

which has a unique jumping discontinuity at x, = % since

. 1 , 1
yi = lim F3(x) = 37 lim F3(x) = g =V

x—5-0 x—5+0

Moreover, neither

+Esin dl
6-x) 6  3(3-x

lim f/(x) = lim [—2(% — x)sin’ ]
10

1
Xﬁj— X—>§—O
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nor
xErrion(x) xljn}ro[;(x - _)COS X - % ’ 6 sin X - %]
exists but f] and f] are both bounded, where
L 0<x<i 11 1
filx) = { 2 (1 - x)? sin? 6(5—@’ 1o x<% flx) = - et (x— —) cos’ —

It follows that F5 € Vj,.(I,]). Note that I; = (0,1),1, = (3,1). It is easy to check that ¢ = {,

Lyt €L, fi) = fike) = filo), fi() = f{(y2) = 0, which implies that F3 € C}.O*(I, I). Note that
F3 ') N I, = 0 for p = 1,2. It follows that assumption (i) in Theorem 3.2 is satisfied. On the other

hand, one can compute

%, 0<x<i,
1 11 o N2Gn2 T 12 ain? n 1 1
F%(}C) = 3 + [6 (2 X) S 6(%—)6)] sin 6[%—(%—x)zsin2 6(lﬂ, )]’ 3 <x< 3
2 X,
1 1
3> 7<x< 1,
which is C! smooth on (0, 1) as shown in Figure 8.
1 ; 1 |
1 i ! |
) | ) R
- = .
S E
—— :
0 o 1 0 l 1
Figure 7. F3 € C! (I,D). Figure 8. F7is C' on (0, 1).

Jox
Example 4.4. Consider the mapping F, : (0,1) — (0, 1) (see Figure 9) defined by

1 3 1
§x+8, 0<)1c<2,
F4(.X): g .x:E,

1 1

2x+16’ 2

which has a unique jumping discontinuity at x, = % since

5 11
yi = lim Fy(x)=—- # hm Fix) = = y;.
x—>——0 8 X—>3 110 16

Moreover,

1
yi=lim fi(x) = 5 =%2= lim L),

x—>3 10 x—3 110
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where f;(x) = 3x+3, fo(x) = $x+2. Itfollows that F, € V;.(I,1). Note that I; = (0, 1), 1, = (3, 1). One
can check that {y1,y2} € b, ¢ = 3 € b, (1) = 1 # fo(y) = 3, which implies that F4 ¢ C"(1, D),
i.e., assumption (i) in Theorem 3.1 is not satisfied. Moreover, one sees that & = 41‘ € F;l(lo) N I, and
&) € Ay, It follows that assumption (ii) in Theorem 3.1 is not satisfied. Actually, one can compute

1 9 1
§x+16, 0<)1c<4,
g x:Za
2 =J 1 Pl 1 1
Fi(x) = §x+8, 4<)lc<2,
40 x:§’
1 21 1
Z)C+3—2, §<.X,'<1,

which is not C! smooth on (0, 1) with two nonsmooth points }‘ and % as shown in Figure 10.

1 : 1 l
/ B i
1 | Sl
| 1 |
| 4 ;
0 1 i 1 0 1 l 1
4 2 4 2
Figure 9. F; ¢ C%])(l, D) and & € Aps. Figure 10. F2 is not C' on (0, 1).

Notice that we assumed that the mapping f is defined by (1.1) on an open interval I = (0, 1). If we
want to discuss on a closed interval I = [0, 1], we can turn to discuss the extension

) ), xe(-1,0],
f@ =1 f. xelo.11,
F). xell1,2),

instead on the open interval (—1,2), where f/(0) = f’(1) = 0. Clearly, f € V(I, ).
S. Conclusions

Removable discontinuity and jumping discontinuity whose second order C' smoothness have be
discussed in this paper, the other type of smoothness is oscillatory discontinuity, whose second order
C' smoothness will be discussed in the next work.
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