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Abstract: In the present paper, we study the following Kirchhoff-Schrödinger-Poisson system with
logarithmic and critical nonlinearity:

−
(
a + b

∫
Ω

|∇u|2dx
)
∆u + V(x)u −

1
2

u∆(u2) + φu = λ|u|q−2u ln |u|2 + |u|4u, x ∈ Ω,

−∆φ = u2, x ∈ Ω,

u = φ = 0, x ∈ ∂Ω,

where λ, b > 0, a > 1
4 , 4 < q < 6, V(x) is a smooth potential function and Ω is a bounded domain in R3

with Lipschitz boundary. Combining constraint variational method and perturbation method, we prove
that the above problem has a least energy sign-changing solution u0 which has precisely two nodal
domains. Moreover, we show that the energy of u0 is strictly larger than twice the ground state energy.
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1. Introduction and main results

In this paper, we consider the existence of a least energy sign-changing solution of the following
quasilinear Kirchhoff-Schrödinger-Poisson type system:

−
(
a + b

∫
Ω

|∇u|2dx
)
∆u + V(x)u −

1
2

u∆(u2) + φu = λ|u|q−2u ln |u|2 + |u|4u, x ∈ Ω,

−∆φ = u2, x ∈ Ω,

u = φ = 0, x ∈ ∂Ω,

(1.1)
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where λ, b > 0, a > 1
4 , 4 < q < 6, V(x) is a smooth potential function and Ω is a bounded domain

in R3 with Lipschitz boundary. After the pioneer work of Lions [17], some researchers began to pay
attention to the following Kirchhoff Dirichlet problem: −

(
a + b

∫
Ω

|∇u|2dx
)
∆u = f (x, u), x ∈ Ω,

u|∂Ω = 0.
(1.2)

Problem (1.2) is related to a model firstly proposed by Kirchhoff [13] as an existension of the classical
D’Alembert’s wave equations for free vibration of elastic strings, which is related to the stationary
analogue of the equation:

ρ
∂2u
∂t2 −

(P0

h
+

E
2L

∫ L

0

∣∣∣∣∂u
∂x

∣∣∣∣2dx
)∂2u
∂x2 = 0,

where ρ, P0, h, E, L are constants. Because problem (1.2) has nonlocal term (
∫

Ω
|∇u|2dx)∆u, there are

some difficulties in the study of the nonlocal problems by means of variational method.
In recent years, many interesting results on the existence of positive solutions, multiple solutions,

bound state solutions, semiclassical state solutions and sign-changing solutions for (1.2) can be found
in [1, 2, 4, 6, 7, 22, 24] and the references therein.

By using the constraint variational method and the quantitative deformation lemma, Wang [26]
obtained the existence of a least energy sign-changing solution for the following Kirchhoff-type
equation with critical growth: −

(
a + b

∫
Ω

|∇u|2dx
)
∆u = |u|4u + λ f (x, u), in Ω,

u = 0, on ∂Ω,
(1.3)

where λ is large enough and f satisfies suitable conditions. Lately, Li and Wang [14] studied ground
state sign-changing solutions for Kirchhoff equations with logarithmic nonlinearity: −

(
a + b

∫
Ω

|∇u|2dx
)
∆u + V(x)u = |u|p−2u ln u2, in Ω,

u = 0, on ∂Ω,
(1.4)

where 4 < p < 2∗, they used constraint variational method, topological degree theory and some new
energy estimate inequalities to prove the existence of ground state solutions and ground state sign-
changing solutions. Recently, Liang and Rădulescu [16] got a more general result about problem (1.4)
with critical growth.

Nevertheless, there are relatively few studies on quasilinear Schrödinger-Poisson system. Illner [12]
first studied quasilinear Schrödinger-Poisson system. This quasilinear version of the nonlinear
Schrödinger equation arises in several models of different physical phenomena, such as superfluid
films, plasma physics, condensed matter theory, etc. (see [21, 23]). For quasilinear problem, by using
the methods of perturbation and the Mountain Pass theorem, Feng [8] proved the existence of non-
trivial solution to the following quasilinear Schrödinger-Poisson equation: −∆u + V(x)u + φu −

1
2

u∆(u2) = f (x, u), in R3,

−∆φ = u2, in R3,
(1.5)
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where V ∈ C
(
R3,R

)
, lim|x|→∞ V(x) = ∞ and V(x) ≥ m > 0 for some constant m to overcome the lack

of compactness. Lately, under suitable condition of f , Chen and Tang [5] applied some new analytical
techniques and non-Nehari manifold method investigated the existence of ground state sign-changing
solutions for the following quasilinear Schrödinger equations with a Kirchhoff-type perturbation:(

1 + b
∫
R3

g2(u)|∇u|2 dx
) [
− div

(
g2(u)∇u

)
+ g(u)g′(u)|∇u|2

]
+V(x)u = K(x) f (u).

(1.6)

Figueiredo and Siciliano in [9, 10] paid close attention to two different critical systems with 4-
Laplacian operator in R3 and a bounded domain in R2, they obtained the existence and asymptotic
behavior of nontrivial solutions. In [19], Massar studied a nonlocal Schrödinger-Poisson system with
critical exponent, Wang [27] investigated nontrivial solutions of quasilinear Schrödinger-Kirchhoff-
type equation with radial potentials. Fu and Zhu [15] considered the multiple solutions to a class of
generalized quasilinear Schrödinger equations with a Kirchhoff-type perturbation. However, there are
relatively few achievements on the so called quasilinear Kirchhoff-Schrödinger-Poisson type systems
with critical growth, furthermore, few studies have included logarithmic terms about quasilinear
problem. It is quite natural to ask: What is going to happen with logarithmic nonlinear terms for
the critical quasilinear Kirchhoff Schrödinger-Poisson system? In this paper, we will show that there
exists a least energy sign-changing solution.

According to the Lax-Milgram Theorem, for u ∈ H1
0(Ω), there is a unique φu ∈ D1,2

0 (Ω) that satisfies

−∆φu = u2.

Therefore, (u, φ) ∈ H1
0(Ω)×H1

0(Ω) is a solution of (1.1) if, and only if, φ = φu and u ∈ H1
0(Ω) is a weak

solution of the nonlocal problem −
(
a + b

∫
Ω

|∇u|2dx
)
∆u + V(x)u −

1
2

u∆(u2) + φuu = λ|u|q−2u ln |u|2 + |u|4u, in Ω,

u = 0, on ∂Ω.

Let H1
V (Ω) := {u ∈ H1

0(Ω) |
∫

Ω
V(x)u2dx < +∞

}
, and V ∈ C (Ω,R) ,V(x) ≥ m > 0 for some constant m.

So, the functional associated with system (1.1) can be defined by

Iλb (u) =
1
2

∫
Ω

(
a|∇u|2 + V(x)u2

)
dx +

b
4

(∫
Ω

|∇u|2dx
)2

+
1
2

∫
Ω

|∇u|2u2dx

+
1
4

∫
Ω

φuu2dx +
2λ
q2

∫
Ω

|u|qdx −
λ

q

∫
Ω

|u|q ln |u|2dx −
1
6

∫
Ω

|u|6dx.

It is easy to see that Iλb (u) ∈ C1(H1
V(Ω),R). Moreover, for any u, ϕ ∈ H1

V(Ω), we have

〈(Iλb )′(u), ϕ〉 =

∫
Ω

a∇u∇ϕdx + b
∫

Ω

|∇u|2dx
∫

Ω

∇u∇ϕdx +

∫
Ω

V(x)uϕdx +

∫
Ω

φuuϕdx

+

∫
Ω

(|∇u|2uϕ + |u|2∇u∇ϕ)dx − λ
∫

Ω

|u|q−2uϕ ln |u|2dx −
∫

Ω

|u|4uϕdx.

AIMS Mathematics Volume 8, Issue 4, 8580–8609.



8583

There are some difficulties in applying variational method directly to the problem (1.1) because of
the quasilinear term

∫
Ω

u2|∇u|2dx. It appears that finding a suitable space where the matching functional
has both smoothness and compactness qualities is unattainable. On the other hand, it is difficult to
apply the dual approach since problem (1.1) exists nonlocal term. In order to overcome the lack of
compactness caused by the critical term, we would employ the method from [3, 18]. In fact, we will
use the approximation method by adding a 4-Laplacian operator, i.e., we consider the sign-changing
critical point of the perturbed functional:

Iλb,µ(u) = Iλb (u) +
µ

4

∫
Ω

(
|∇u|4 + u4

)
dx, (1.7)

where µ ∈ (0, 1]. Then by using the approximation technique, we get the existence of sign-changing
solution of problem (1.1).

We first try to seek a minimizer of energy functional Iλb,µ over the following constraint:

Mλ
b,µ = {u ∈ H1

V(Ω), u± , 0 and 〈(Iλb,µ)
′(u), u+〉 = 〈(Iλb,µ)

′(u), u−〉 = 0},

and consider a minimization problem of Iλb,µ onMλ
b,µ, here

u(x) = u+(x) + u−(x), u+(x) = max{u(x), 0} and u−(x) = min{u(x), 0}.

We will prove that the minimizer is a critical point of Iλb,µ and obtain the convergence property as
µ → 0, thus we get the least energy sign-changing solution of problem (1.1). Since problem (1.1)
has nonlocal term and logarithmic nonlinearity, it is difficult to prove Mλ

b,µ , ∅. Inspired by [26],
we combine modified Miranda’s theorem [20], quantitative lemma, topological degree theory and
perturbation method to prove that the minimizer of the constrained problem is also a least energy
sign-changing solution.

Our main results of this paper are as follows:

Theorem 1.1. Suppose that V ∈ C (Ω,R) ,V(x) ≥ m > 0 for some constant m. Then there exists λ∗ > 0
such that, for all λ > λ∗, problem (1.1) possesses one least energy sign-changing solution u0 which has
precisely two nodal domains.

Theorem 1.2. Suppose that V ∈ C (Ω,R) ,V(x) ≥ m > 0 for some constant m. Then there exists λ∗∗ > 0
such that, for all λ > max{λ∗, λ∗∗}, c∗ := infu∈Nλ

b
Iλb (u) > 0 is achieved either by a positive or a negative

function and Iλb (u0) > 2c∗, where Nλ
b = {u ∈ H1

V(Ω)\{0}|〈(Iλb )′(u), u〉 = 0} and u0 is the least energy
sign-changing solution obtained in Theorem 1.1.

2. Framework

In this section, we introduce the variational framework associated with problem (1.1). We first
describe the working space. Let Lp (Ω) be the usual Lebesgue space with the norm ‖u‖p =

(∫
Ω
|u|pdx

)1/p

and H1
0(Ω) be the completion of C∞0 (Ω) with respect to the norm:

‖u‖2H1
0 (Ω) =

∫
Ω

(
|∇u|2 + u2

)
dx.
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Moreover, we denote the completion of C∞0 (Ω) with respect to the norm:

‖u‖21 := ‖u‖2
D1,2

0 (Ω)
=

∫
Ω

|∇u|2dx.

In order to use perturbation method, we will use the space

E = W1,4 (Ω) ∩ H1
V (Ω) ,

where
H1

V(Ω) =
{
u ∈ H1

0(Ω) :
∫

Ω

V(x)u2dx < ∞
}
,

which is a Hilbert space endowed with the norm:

‖u‖2 =

∫
Ω

(a|∇u|2 + V(x)u2)dx,

and W1,4(Ω) endowed with the norm:

‖u‖W :=
( ∫

Ω

|∇u|4 + u4dx
) 1

4
.

Moreover, according to Hölder inequality∫
Ω

|∇u|2u2dx ≤
( ∫

Ω

|∇u|4dx
) 1

2
( ∫

Ω

|u|4dx
) 1

2
≤ ‖u‖4W .

The norm of E is denoted by

‖u‖E =
(
‖u‖2W + ‖u‖2

) 1
2
.

Since Iλb,µ(u) = Iλb (u) +
µ

4

∫
Ω

(
|∇u|4 + u4

)
dx, we can easily get Iλb,µ ∈ C

1(E,R) for all ϕ ∈ E and

〈(Iλb,µ)
′(u), ϕ〉 = µ

∫
Ω

(
|∇u|2∇u∇ϕ + |u|2uϕ

)
dx +

∫
Ω

a∇u∇ϕdx + b
∫

Ω

|∇u|2dx
∫

Ω

∇u∇ϕdx

+

∫
Ω

V(x)uϕdx +

∫
Ω

φuuϕdx +

∫
Ω

(|∇u|2uϕ + |u|2∇u∇ϕ)dx

− λ

∫
Ω

|u|q−2uϕ ln |u|2dx −
∫

Ω

|u|4uϕdx.

It is noticed that if u± , 0, we have

Iλb,µ = Iλb,µ(u
+) + Iλb,µ(u

−) +
b
2
‖u+‖21‖u

−‖21 +
1
4

∫
Ω

φu−(u+)2dx +
1
4

∫
Ω

φu+(u−)2dx,

〈(Iλb,µ)
′(u), u+〉 = 〈(Iλb,µ)

′(u+), u+〉 + b‖u+‖21‖u
−‖21 +

∫
Ω

φu−(u+)2dx,

〈(Iλb,µ)
′(u), u−〉 = 〈(Iλb,µ)

′(u−), u−〉 + b‖u+‖21‖u
−‖21 +

∫
Ω

φu+(u−)2dx.

AIMS Mathematics Volume 8, Issue 4, 8580–8609.



8585

Our goal in this paper is to seek the least energy sign-changing solutions of problem (1.1).

Now, fixed u ∈ E with u± , 0, we denote ψu : [0,∞) × [0,∞) → R and mapping Tu : [0,∞) ×
[0,∞)→ R2 by

ψu(α, β) = Iλb,µ(αu+ + βu−), (2.1)

and

Tu(α, β) =
(
〈(Iλb,µ)

′(αu+ + βu−), αu+〉, 〈(Iλb,µ)
′(αu+ + βu−), βu−〉

)
. (2.2)

At last of this section, we give some properties of φu.

Lemma 2.1. ( [25]) For any u ∈ H1
0(Ω), we have

(1) there exist C > 0 such that ∫
Ω

φuu2dx ≤ C‖u‖41, ∀u ∈ H1
0(Ω);

(2) φu > 0, ∀u ∈ H1
0(Ω);

(3) φτu = τ2φu, ∀τ > 0 and u ∈ H1
0(Ω);

(4) If un ⇀ u in H1
0(Ω), then φun ⇀ φu in D1,2

0 (Ω).

3. Some technical lemmas

In this section, we give some useful lemmas as which are critical to the proof of Theorem 1.1.

Lemma 3.1. For any u ∈ E with u± , 0, then there exists a unique maximum point pair (αu, βu) of the
function ψu such that αuu+ + βuu− ∈ Mλ

b,µ.

Proof. Our proof will be divided into three steps.

Step 1: For any u ∈ E with u± , 0, in the following, we will prove the existence of αu and βu. From
sample computation, we have

lim
τ→0

|τ|q−1 ln |τ|2

|τ|
= 0 and lim

τ→∞

|τ|q−1 ln |τ|2

|τ|r−1 = 0 (3.1)

for all r ∈ (q, 6). Then for any ε > 0, there exists Cε > 0 such that

|τ|q−1 ln |τ|2 ≤ ε|τ| + Cε|τ|
r−1. (3.2)
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Since 4 < q < 6, it follows from (3.2) and the Sobolev embedding theorem that

〈(Iλb,µ)
′(αu+ + βu−), αu+〉

= µα4‖u+‖4W + α2‖u+‖2 + bα4‖u+‖41 + bα2β2‖u+‖21‖u
−‖21 + 2α2

∫
Ω

|∇u+|2|u+|2dx

+ α4
∫

Ω

φu+(u+)2dx + α2β2
∫

Ω

φu−(u+)2dx − λ
∫

Ω

|αu+|q ln |αu+|2dx − α6
∫

Ω

|u+|6dx

≥ α2‖u+‖2 + bα4‖u+‖41 + bα2β2‖u+‖21‖u
−‖21 + 2α2

∫
Ω

|∇u+|2|u+|2dx

+ α4
∫

Ω

φu+(u+)2dx + α2β2
∫

Ω

φu−(u+)2dx − λα2ε

∫
Ω

|u+|2dx

− λCεα
r
∫

Ω

|u+|rdx − α6
∫

Ω

|u+|6dx

≥ α2‖u+‖2 + bα4‖u+‖41 − λα
2εC1‖u+‖2 − λCεα

rC2‖u+‖r −C3α
6‖u+‖6

= (1 − λεC1)α2‖u+‖2 + bα4‖u+‖41 − λCεα
rC2‖u+‖r −C3α

6‖u+‖6,

where C1,C2,C3 are positive constants. Choosing ε > 0 such that 1 − λεC1 > 0. Since 4 < r < 6, we
have 〈(Iλb,µ)

′(αu+ + βu−), αu+〉 > 0 for α small enough and all β > 0.
Similarly, we obtain that 〈(Iλb,µ)

′(αu+ + βu−), βu−〉 > 0 for β small enough and all α > 0.
Therefore, there exists α1 > 0 such that

〈(Iλb,µ)
′(α1u+ + βu−), α1u+〉 > 0, 〈(Iλb,µ)

′(αu+ + α1u−), α1u−〉 > 0 (3.3)

for all α, β > 0.
On the other hand, since u+ , 0, there exists a constant θ > 0 such that meas{x ∈ Ω, u+ > θ} > 0.

Since q > 4, we deduce that, for any M > 1, there exists T > 0 such that |τ|
q ln |τ|2

τ4 > M for all τ > T .
Therefore, for α > T

θ
, we have

λ

∫
Ω

|αu+|q ln |αu+|2dx ≥ Mα4
∫
{u+>θ}

(u+)4dx.

We can choose α = α∗2 > α1, if β ∈ [α1, α
∗
2] and α∗2 is large enough, it follows that

〈(Iλb,µ)
′(α∗2u+ + βu−), α∗2u+〉

≤ µ(α∗2)4‖u+‖4W + (α∗2)2‖u+‖2 + b(α∗2)4‖u+‖41 + b(α∗2)2β2‖u+‖21‖u
−‖21

+ 2(α∗2)4
∫

Ω

|∇u+|2|u+|2dx + (α∗2)4
∫

Ω

φu+(u+)2dx

+ (α∗2)2β2
∫

Ω

φu−(u+)2dx − M(α∗2)4
∫
{u+>θ}

(u+)4dx − (α∗2)6
∫

Ω

|u+|6dx

≤ 0.

Similarly, we get
〈(Iλb,µ)

′(αu+ + α∗2u−), α∗2u−〉 ≤ 0.

AIMS Mathematics Volume 8, Issue 4, 8580–8609.
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Let α2 > α
∗
2 be large enough, we obtain that, for all α, β ∈ [α1, α2], we have

〈(Iλb,µ)
′(α2u+ + βu−), α2u+〉 < 0, 〈(Iλb,µ)

′(αu+ + α2u−), α2u−〉 < 0. (3.4)

Combining (3.3) and (3.4) with Miranda’s theorem, there exist (αu, βu) ∈ (0,+∞) × (0,+∞) such that
Tu(αu, βu) = (0, 0), i.e., αuu+ + βuu− ∈ Mλ

b,µ.
Step 2: In this step, we will prove the uniqueness of the pair (αu, βu).
Case 1: u ∈ Mλ

b,µ.

If u ∈ Mλ
b,µ, we have

µ‖u+‖4W + ‖u+‖2 + b‖u+‖41 + b‖u+‖21‖u
−‖21 + 2

∫
Ω

|∇u+|2|u+|2dx

+

∫
Ω

φu+(u+)2dx +

∫
Ω

φu−(u+)2dx

= λ

∫
Ω

|u+|q ln |u+|2dx +

∫
Ω

|u+|6dx

(3.5)

and

µ‖u−‖4W + ‖u−‖2 + b‖u−‖41 + b‖u+‖21‖u
−‖21 + 2

∫
Ω

|∇u−|2|u−|2dx

+

∫
Ω

φu−(u−)2dx +

∫
Ω

φu+(u−)2dx

= λ

∫
Ω

|u−|q ln |u−|2dx +

∫
Ω

|u−|6dx.

(3.6)

In the following we show that (αu, βu) = (1, 1).
Let (αu, βu) be a pair of numbers such that αuu+ + βuu− ∈ Mλ

b,µ with 0 < αu ≤ βu. Hence, one has
that

(αu)4µ‖u+‖4W + (αu)2‖u+‖2 + b(αu)4‖u+‖41 + b(αu)2(βu)2‖u+‖21‖u
−‖21

+ 2(αu)4
∫

Ω

|∇u+|2|u+|2dx + (αu)4
∫

Ω

φu+(u+)2dx + (αu)2(βu)2
∫

Ω

φu−(u+)2dx

= λ

∫
Ω

|αuu+|q ln |αuu+|2dx +

∫
Ω

|αuu+|6dx

(3.7)

and

(βu)4µ‖u−‖4W + (βu)2‖u−‖2 + b(βu)4‖u−‖41 + b(αu)2(βu)2‖u+‖21‖u
−‖21

+ 2(βu)4
∫

Ω

|∇u−|2|u−|2dx + (βu)4
∫

Ω

φu−(u−)2dx + (αu)2(βu)2
∫

Ω

φu+(u−)2dx

= λ

∫
Ω

|βuu−|q ln |βuu−|2dx +

∫
Ω

|βuu−|6dx.

(3.8)
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According to 0 < αu ≤ βu and (3.8), we have that

µ‖u−‖4W +
‖u−‖2

βu
2 + b‖u−‖41 + b‖u+‖21‖u

−‖21

+ 2
∫

Ω

|∇u−|2|u−|2dx +

∫
Ω

φu−(u−)2dx +

∫
Ω

φu+(u−)2dx

≥ λ

∫
Ω

|βuu−|q ln |βuu−|2

(βu)4 dx + (βu)2
∫

Ω

|u−|6dx.

(3.9)

If βu > 1, by (3.6) and (3.9), one has that( 1
(βu)2 − 1

)
‖u−‖2

≥ λ

∫
Ω

[ |β0u−|q ln |βuu−|2

(βu)4 − |u−|q ln |u−|2
]
dx + ((βu)2 − 1)

∫
Ω

|u−|6dx.

The left side of above inequality is negative, which is a contradiction because the right side is positive.
Therefore, we conclude that 0 < αu ≤ βu ≤ 1 .

Similarly, by (3.5), (3.7) and 0 < αu ≤ βu, we have that( 1
(αu)2 − 1

)
‖u+‖2

≤ λ

∫
Ω

[ |αuu+|q ln |αuu+|2

(αu)4 − |u+|q ln |u+|2
]
dx + ((αu)2 − 1)

∫
Ω

|u+|6dx.

This fact implies that αu ≥ 1. Consequently, αu = βu = 1.
Case 2: u <Mλ

b,µ.

Suppose that there exists (α̃1, β̃1), (α̃2, β̃2) such that

u1 = α̃1u+ + β̃1u− ∈ Mλ
b,µ and u2 = α̃2u+ + β̃2u− ∈ Mλ

b,µ.

Hence

u2 = (
α̃2

α̃1
)α̃1u+ + (

β̃2

β̃1

)̃β1u− = (
α̃2

α̃1
)u+

1 + (
β̃2

β̃1

)u−1 ∈ M
λ
b,µ.

By u1 ∈ M
λ
b,µ, one has that

α̃2

α̃1
=
β̃2

β̃1

= 1.

Hence, α̃1 = α̃2, β̃1 = β̃2.
Step 3: In this step we will prove that (αu, βu) is the unique maximum point of ψu on [0,+∞)× [0,+∞).

Firstly, it is easy to see that

2ρq − qρq ln |ρ|2 ≤ 2 for all ρ ∈ (0,∞). (3.10)

Let Ω+ = {x ∈ Ω : u(x) > 0} and Ω− = {x ∈ Ω : u(x) < 0}, u ∈ H with u± , 0, we have∫
Ω

|αu+ + βu−|q ln |αu+ + βu−|2dx =

∫
Ω

(
|αu+|q ln |αu+|2 + |βu−|q ln |βu−|2

)
dx. (3.11)
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Combining (3.10) and (3.11), we get

c = Iλb,µ(αu+ + βu−)

=
µα4

4
‖u+‖4W +

µβ4

4
‖u−‖4W +

α2

2
‖u+‖2 +

β2

2
‖u−‖2 +

α4

4
b‖u+‖41 +

β4

4
b‖u−‖41

+
α2β2

2
b‖u+‖21‖u

−‖21 +
α4

2

∫
Ω

|∇u+|2|u+|2dx +
β4

2

∫
Ω

|∇u−|2|u−|2dx

+
α4

4

∫
Ω

φu+(u+)2dx +
α2β2

4

∫
Ω

φu−(u+)2dx +
α2β2

4

∫
Ω

φu+(u−)2dx +
β4

4

∫
Ω

φu−(u−)2dx

+
λ

q2

∫
Ω

(2|αu+|q − q|αu+|q ln |αu+|2)dx +
λ

q2

∫
Ω

(2|βu−|q − q|βu−|q ln |βu−|2)dx

−
α6

6

∫
Ω

|u+|6dx −
β6

6

∫
Ω

|u−|6dx

≤
µα4

4
‖u+‖4W +

µβ4

4
‖u−‖4W +

α2

2
‖u+‖2 +

β2

2
‖u−‖2 +

α4

4
b‖u+‖41 +

β4

4
b‖u−‖41

+
α2β2

2
b‖u+‖21‖u

−‖21 +
α4

2

∫
Ω

|∇u+|2|u+|2dx +
β4

2

∫
Ω

|∇u−|2|u−|2dx

+
α4

4

∫
Ω

φu+(u+)2dx +
α2β2

4

∫
Ω

φu−(u+)2dx +
α2β2

4

∫
Ω

φu+(u−)2dx +
β4

4

∫
Ω

φu−(u−)2dx

+
4λ
q2 |Ω| −

α6

6

∫
Ω

|u+|6dx −
β6

6

∫
Ω

|u−|6dx,

which implies that lim|(α,β)|→∞ ψu(α, β) = −∞. So it is sufficient to check that a maximum point can
not be achieved on the boundary of [0,+∞) × [0,+∞). By contradiction, we suppose that (0, βu) is a
maximum point of ψu(α, β) with βu ≥ 0. Then, we have

ψu(α, βu)

=
µα4

4
‖u+‖4W +

µ(βu)4

4
‖u−‖4W +

α2

2
‖u+‖2 +

(βu)2

2
‖u−‖2 +

α4

4
b‖u+‖41 +

(βu)4

4
b‖u−‖41

+
α2(βu)2

2
b‖u+‖21‖u

−‖21 +
α4

2

∫
Ω

|∇u+|2|u+|2dx +
(βu)4

2

∫
Ω

|∇u−|2|u−|2dx

+
α4

4

∫
Ω

φu+(u+)2dx +
(βu)4

4

∫
Ω

φu−(u−)2dx +
α2(βu)2

4

∫
Ω

φu−(u+)2dx

+
α2(βu)2

4

∫
Ω

φu+(u−)2dx +
λ

q2

∫
Ω

(2|αu+|q − q|αu+|q ln |αu+|2)dx

+
λ

q2

∫
Ω

(2|βuu−|q − q|βuu−|q ln |βuu−|2)dx −
α6

6

∫
Ω

|u+|6dx −
(βu)6

6

∫
Ω

|u−|6dx.
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Therefore, it is obvious that

(ψu(α, βu))′α = µα3‖u+‖4W + α‖u+‖2 + bα3‖u+‖41 + bαβu‖u+‖21‖u
−‖21 + 2α3

∫
Ω

|∇u+|2|u+|2dx

+ α3
∫

Ω

φu+(u+)2dx +
α(βu)2

2

∫
Ω

φu−(u+)2dx +
α(βu)2

2

∫
Ω

φu+(u−)2dx

− αq−1λ

∫
Ω

|u+|q ln |αu+|2dx − α5
∫

Ω

|u+|6dx

> 0,

if α is small enough, that is, ψu is an increasing function with respect to α if α is small enough.
This yields the contradiction. Similarly, ψu can not achieve its global maximum point at (αu, 0) with
αu > 0. �

Lemma 3.2. For any u ∈ E with u± , 0, such that 〈(Iλb,µ)
′(u), u±〉 ≤ 0, then the unique maximum point

of ψu in [0,+∞) × [0,+∞) satisfies 0 < αu, βu ≤ 1.

Proof. If αu = 0 or βu = 0, according to Lemma 3.1, ψu can not achieve maximum. Without loss of
generality, let αu ≥ βu > 0. On the one hand, by αuu+ + βuu− ∈ Mλ

b,µ, we have

(αu)4µ‖u+‖4W + (αu)2‖u+‖2 + b(αu)4‖u+‖41 + b(αu)2(βu)2‖u+‖21‖u
−‖21

+ 2(αu)4
∫

Ω

|∇u+|2|u+|2dx + (αu)4
∫

Ω

φu+(u+)2dx + (αu)2(βu)2
∫

Ω

φu−(u+)2dx

= λ

∫
Ω

|αuu+|q ln |αuu+|2dx + (αu)6
∫

Ω

|u+|6dx.

(3.12)

On the other hand, by 〈(Iλb,µ)
′(u), u±〉 ≤ 0, we obtain

µ‖u+‖4W + ‖u+‖2 + b‖u+‖41 + b‖u+‖21‖u
−‖21

+ 2
∫

Ω

|∇u+|2|u+|2dx +

∫
Ω

φu+(u+)2dx +

∫
Ω

φu−(u+)2dx

≤ λ

∫
Ω

|u+|q ln |u+|2dx +

∫
Ω

|u+|6dx.

(3.13)

So, it follows from (3.12) and (3.13), we get

(
1

(αu)2 − 1)‖u+‖2

≥ λ

∫
Ω

[(αu)q−4|u+|q ln |αuu+|2 − |u+|q ln |u+|2]dx + ((αu)2 − 1)
∫

Ω

|u+|6dx.
(3.14)

Since q > 4, we conclude that 0 < βu < αu ≤ 1, so 0 < αu, βu ≤ 1. �

Lemma 3.3. Let cλb,µ = infu∈Mλ
b

Iλb,µ(u), then we get limλ→∞ cλb,µ = 0.
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Proof. For any u ∈ Mλ
b,µ,

µ‖u±‖4W + ‖u±‖2 + b‖u±‖41 + b‖u+‖21‖u
−‖21

+ 2
∫

Ω

|∇u±|2|u±|2dx +

∫
Ω

φu±(u±)2dx +

∫
Ω

φu∓(u±)2dx

= λ

∫
Ω

|u±|q ln |u±|2dx +

∫
Ω

|u±|6dx.

Then by (3.2) and the Sobolev inequalities, we get

‖u±‖2 ≤ λ
∫

Ω

|u±|q ln |u±|2dx +

∫
Ω

|u±|6dx ≤ λεC1‖u±‖2 + λCεC2‖u±‖r + C3‖u±‖6.

Thus
(1 − λεC1)‖u±‖2 ≤ C2‖u±‖r + C3‖u±‖6.

Choosing ε small enough such that 1 − λεC1 > 0, since r > 4, there exists ρ > 0 such that

‖u±‖2 ≥ ρ for all u ∈ Mλ
b,µ. (3.15)

Thanks to u ∈ Mλ
b,µ, we have 〈(Iλb,µ)

′(u), u〉 = 0. Then

Iλb,µ(u) = Iλb,µ(u) −
1
q
〈(Iλb,µ)

′(u), u〉

= µ(
1
4
−

1
q

)‖u‖4W + (
1
2
−

1
q

)‖u‖2 + (
1
4
−

1
q

)b‖u‖41 + 2(
1
4
−

1
q

)
∫

Ω

|∇u|2|u|2dx

+ (
1
4
−

1
q

)
∫

Ω

φuu2dx +
2λ
q2

∫
Ω

|u|qdx + (
1
q
−

1
6

)
∫

Ω

|u|6dx

≥ (
1
2
−

1
q

)‖u‖2,

thus Iλb,µ(u) is bounded below onMλ
b,µ.

For any u ∈ E with u± , 0, by using Lemma 3.1, for each λ > 0, there exist {αλ, βλ} such that
αλu+ + βλu− ∈ Mλ

b,µ, we have

0 ≤ cλb = inf Iλb,µ(u) ≤ Iλb,µ(αλu
+ + βλu−)

≤
µ

4
‖αλu+ + βλu−‖4W +

1
2
‖αλu+ + βλu−‖2 +

b
4
‖αλu+ + βλu−‖41 +

2λ
q2

∫
Ω

|αλu+ + βλu−|qdx

+
1
2

∫
Ω

|∇(αλu+ + βλu−)|2|αλu+ + βλu−|2dx +
1
4

∫
Ω

φαλu++βλu−(αλu+ + βλu−)2dx

≤
µ

2
(αλ)4‖u+‖4W +

µ

2
(βλ)4‖u−‖4W + (αλ)2‖u+‖2 + (βλ)2‖u−‖2 + 2b(αλ)4‖u+‖41

+ 2b(βλ)4‖u−‖41 + (αλ)4
∫

Ω

|∇u+|2|u+|2dx + (βλ)4
∫

Ω

|∇u−|2|u−|2dx

+ 2C(αλ)4‖u+‖41 + 2C(βλ)4‖u−‖41 +
2λ
q2

∫
Ω

|αλu+|qdx +
2λ
q2

∫
Ω

|βλu−|qdx.
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Next we will prove that αλ → 0 and βλ → 0 as λ→ ∞.
Let Gu = {(αλ, βλ) ∈ [0,+∞) × [0,+∞) : Tu(αλ, βλ) = (0, 0), λ > 0}, we can calculate that

(αλ)6
∫

Ω

|u+|6dx + (βλ)6
∫

Ω

|u−|6dx

+ λ(αλ)q
∫

Ω

|u+|q ln |αλu+|2dx + λ(βλ)q
∫

Ω

|u−|q ln |βλu−|2dx

= µ‖αλu+ + βλu−‖4W + ‖αλu+ + βλu−‖2 + b‖αλu+ + βλu−‖41 + 2(αλ)4
∫

Ω

|∇u+|2|u+|2dx

+ 2(βλ)4
∫

Ω

|∇u−|2|u−|2dx +

∫
Ω

φαλu++βλu−(αλu+ + βλu−)2dx

≤ 2µ(αλ)4‖u+‖4W + 2µ(βλ)4‖u−‖4W + 2(αλ)2‖u+‖2

+ 2(βλ)2‖u−‖2 + 4b(αλ)4‖u+‖41 + 4b(βλ)4‖u−‖41

+ 2(αλ)4
∫

Ω

|∇u+|2|u+|2dx + 2(βλ)4
∫

Ω

|∇u−|2|u−|2dx

+ 2C(αλ)4‖u+‖41 + 2C(βλ)4‖u−‖41.

Hence Gu is bounded. Let {λn} ⊂ (0,∞) such that λn → ∞ as n → ∞. Then there exist α0 and β0 such
that(αλn , βλn)→ (α0, β0) as n→ ∞.

Now, we claim α0 = β0 = 0. Suppose, by contradiction, if α0 > 0 or β0 > 0, by αλnu
++βλnu

− ∈ M
λn
b,µ,

for any n ∈ N, we have

µ‖αλnu
+ + βλnu

−‖4W + ‖αλnu
+ + βλnu

−‖2 + b‖αλnu
+ + βλnu

−‖41

+

∫
Ω

|∇(αλnu
+ + βλnu

−)|2|αλnu
+ + βλnu

−|2dx +

∫
Ω

φαλn u++βλn u−(αλnu
+ + βλnu

−)2dx.

= λn

∫
Ω

|αλnu
+ + βλnu

−|q ln |αλnu
+ + βλnu

−|2dx +

∫
Ω

|αλnu
+ + βλnu

−|6dx.

(3.16)

Thanks to αλnu
+ → α0u+ and βλnu

− → β0u− in E, (3.2) and the Lebesgue dominated convergence
theorem, we get∫

Ω

|αλnu
+ + βλnu

−|q ln |αλnu
+ + βλnu

−|2dx→
∫

Ω

|α0u+ + β0u−|q ln |α0u+ + β0u−|2dx > 0

as n → ∞. It follows from λn → ∞ and the boundness of {αλnu
+ + βλnu

−} in E that we have a
contradiction with equality (3.16). Hence, α0 = β0 = 0, we conclude that limλ→∞ cλb,µ = 0. �

Lemma 3.4. There exists λ∗ > 0 such that for all λ ≥ λ∗, the infimum cλb,µ is achieved.

Proof. By the definition of cλb,µ = infu∈Mλ
b,µ

Iλb,µ(u), there exists a sequence {un} ⊂ M
λ
b,µ such that

limλ→∞ Iλb,µ(un) = cλb,µ.

Obviously, {un} is bounded in E. Then, up to subsequence, still denoted by {un}, there exists u ∈ E such
that un ⇀ u. Since the embedding E ↪→ Lp(Ω) is compact for all p ∈ [2, 6), we have

un → u in Lp(Ω) and un → u a.e. x ∈ Ω.
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Hence
un
± ⇀ u± in E,

un
± → u± in Lp(Ω),

un
± → u± in a.e. x ∈ Ω.

By Lemma 3.1, we have
Iλb,µ(αu+

n + βu−n ) ≤ Iλb,µ(un)

for all α, β ≥ 0. On the one hand, the Vitali convergence theorem yields that

lim
n→∞

∫
Ω

|un|
q ln |un|

2dx→
∫

Ω

|u|q ln |u|2dx. (3.17)

Then, by (3.17), Brézis-Lieb lemma [28] and the weak semicontinuity of norm, we get

lim inf
n→∞

Iλb,µ(αun
+ + βun

−)

≥ µ
α4

4
lim
n→∞

(∥∥∥u+
n − u+

∥∥∥4

W
+

∥∥∥u+
∥∥∥4

W

)
+ µ

β4

4
lim
n→∞

(∥∥∥u−n − u−
∥∥∥4

W
+

∥∥∥u−
∥∥∥4

W

)
+
α2

2
lim
n→∞

(‖u+
n − u+‖2 + ‖u+‖2) +

β2

2
(‖u−n − u−‖2 + ‖u−‖2)

+
bα4

4

(
[ lim
n→∞
‖u+

n − u+‖21 + ‖u+‖21]
)2

+
bβ4

4

(
[ lim
n→∞
‖u−n − u−‖21 + ‖u−‖21]

)2

+
α4

2
lim inf

n→∞

∫
Ω

∣∣∣∇u+
n

∣∣∣2 ∣∣∣u+
n

∣∣∣2 dx +
β4

2
lim inf

n→∞

∫
Ω

∣∣∣∇u−n
∣∣∣2 ∣∣∣u−n ∣∣∣2 dx +

α4

4
lim
n→∞

∫
Ω

φu+
n (u+

n )2dx

+
α2β2

4
lim
n→∞

∫
Ω

φu−n (u+
n )2dx +

α2β2

4
lim
n→∞

∫
Ω

φu+
n (u−n )2dx +

β4

4
lim
n→∞

∫
Ω

φu−n (u−n )2dx

−
α6

6

(
lim
n→∞

∫
Ω

|u+
n − u+|6dx +

∫
Ω

|u+|6dx
)
−
β6

6

(
lim
n→∞

∫
Ω

|u−n − u−|6dx +

∫
Ω

|u−|6dx
)

+
2λ
q2

∫
Ω

|αu+
n + βu−n |

qdx −
λ

q

∫
Ω

|αu+
n + βu−n |

q ln |αu+
n + βu−n |

2dx

≥ Iλb,µ(αu+ + βu−) +
µα4

4
A1 +

µβ4

4
A2 +

α2

2
A3 +

bα4

2
A5‖u+‖21 +

bα4

4
A2

5 −
α6

6
B1

+
β2

2
A4 +

β4

2
A2

6‖u
−‖21 +

bβ4

4
A2

6 −
β6

6
B2,

where

A1 = lim
n→∞

∥∥∥u+
n − u+

∥∥∥4

W
, A2 = lim

n→∞

∥∥∥u−n − u−
∥∥∥4

W
, A3 = lim

n→∞
‖u+

n − u+‖2, A4 = lim
n→∞
‖u−n − u−‖2,

A5 = lim
n→∞
‖u+

n − u+‖21, A6 = lim
n→∞
‖u−n − u−‖21, B1 = lim

n→∞
|u+

n − u+|66, B2 = lim
n→∞
|u−n − u−|66

for all α ≥ 0 and β ≥ 0. So,

cλb,µ ≥ Iλb,µ(αu+ + βu−) +
µα4

4
A1 +

µβ4

4
A2 +

α2

2
A3 +

bα4

2
A5‖u+‖21 +

bα4

4
A2

5

−
α6

6
B1 +

β2

2
A4 +

β4

2
A2

6‖u
−‖21 +

bβ4

4
A2

6 −
β6

6
B2.

(3.18)
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Denote σ := 1
3S

3
2 , where S = infu∈H1\{0}

‖u‖2

(
∫
Ω
|u|6dx)

1
3
. According to Lemma 3.3, there is λ∗ > 0 such that

cλb,µ < σ for all λ ≥ λ∗.
Step 1: we prove that u± , 0. By contradiction, we suppose u+ = 0 (u− = 0 is similar).
Case 1: B1 = 0. If A1 = A3 = 0, that is, u+

n → u+ in E. According to (3.15), we obtain ‖u+‖ > 0,
which contradicts u+ = 0. If A1 > 0, A3 > 0, by (3.18), we get α2

2 A3 < cλb,µ for all α ≥ 0, which is a
contradiction.
Case 2: B1 > 0. According to the definition of S , we get σ := 1

3S
3
2 ≤ 1

3 ( A3

(B1)
1
3
)

3
2 , by direct calculation,

we obtain

1
3

( A3

(B1)
1
3

) 3
2

= max
α≥0

{α2

2
A3 −

α6

6
B1

}
≤ max

α≥0

{µα4

4
A1 +

α2

2
A3 +

bα4

2
A5‖u+‖21 +

bα4

4
A2

5 −
α6

6
B1

}
.

Since cλb,µ → 0 as λ → ∞, there exists λ∗ > 0,C > 0 such that for all λ > λ∗, cλb,µ ≤ C. Then, without
loss of generality, we can assume cλb,µ < σ, choose β = 0, it follows from (3.18) that

σ ≤ max
α≥0

{α2

2
A3 −

α6

6
B1

}
≤ max

α≥0

{µα4

4
A1 +

α2

2
A3 +

bα4

2
A5‖u+‖21 +

bα4

4
A2

5 −
α6

6
B1

}
< σ.

It is a contradiction, then we obtain u+ , 0. Similarly, we obtain u− , 0.
Step 2: we prove that B1 = 0, B2 = 0. We just prove B1 = 0. By contradiction, we suppose that
B1 > 0.
Case 1: B2 > 0. Let α̂1 and β̂1 satisfy

µ(α̂1)4

4
A1 +

(α̂1)2

2
A3 +

b(α̂1)4

2
A5‖u+‖21 +

b(α̂1)4

4
A2

5 −
(α̂1)6

6
B1

= max
α≥0

{µα4

4
A1 +

α2

2
A3 +

bα4

2
A5‖u+‖21 +

bα4

4
A2

5 −
α6

6
B1

}
,

and
µ(̂β1)4

4
A2 +

(̂β1)
2

2
A4 +

b(̂β1)
4

2
A6‖u−‖21 +

b(̂β1)
4

4
A2

6 −
(̂β1)

6

6
B2

= max
β≥0

{µβ4

4
A2 +

β2

2
A4 +

bβ4

2
A6‖u−‖21 +

bβ4

4
A2

6 −
β6

6
B2

}
.

According to [0, α̂1] × [0, β̂1] is compact, there exists (αu, βu) ∈ [0, α̂1] × [0, β̂1] such that ψu(αu, βu) =

max(α,β)∈[0,̂α1]×[0,̂β1] ψu(α, β).
In the following, we will prove (αu, βu) ∈ (0, α̂1) × (0, β̂1). Obviously, if β small enough, we have

ψu(α, 0) < Iλb,µ(αu+) + Iλb,µ(βu−) ≤ Iλb,µ(αu+ + βu−) = ψu(α, β), ∀ α ∈ [0, α̂1].

Hence, there exists β0 ∈ [0, β̂1] such that ψu(α, 0) < ψu(α, β0) for all α ∈ [0, α̂1]. That is, (αu, βu) <
[0, α̂1] × {0}. By similar discussion, we conclude that (αu, βu) < {0} × [0, β̂1].
Obviously, we get

µα4

4
A1 +

α2

2
A3 +

bα4

2
A5‖u+‖21 +

bα4

4
A2

5 −
α6

6
B1 > 0, α ∈ (0, α̂1], (3.19)
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µβ4

4
A2 +

β2

2
A4 +

bβ4

2
A6‖u−‖21 +

bβ4

4
A2

6 −
β6

6
B2 > 0, β ∈ (0, β̂1]. (3.20)

Then, for all α ∈ (0, α̂1] and β ∈ (0, β̂1], we get

σ ≤
µ(α̂1)4

4
A1 +

(α̂1)2

2
A3 +

b(α̂1)4

2
A5‖u+‖21 +

b(α̂1)4

4
A2

5 −
(α̂1)6

6
B1

+
µβ4

4
A2 +

β2

2
A4 +

bβ4

2
A6‖u−‖21 +

bβ4

4
A2

6 −
β6

6
B2

and

σ ≤
µα4

4
A1 +

α2

2
A3 +

bα4

2
A2

5‖u
+‖21 +

bα4

4
A4

5 −
α6

6
B1

+
µ(̂β1)4

4
A2 +

β̂2
1

2
A4 +

b(̂β1)
4

2
A6‖u−‖21 +

b(̂β1)
4

4
A2

6 −
(̂β1)

6

6
B2.

Together with (3.18), we obtain ψu(α, β̂1) ≤ 0, ψu(α̂1, β) ≤ 0 for all α ∈ [0, α̂1] and β ∈ [0, β̂1]. That is,
(αu, βu) < [0, α̂1] × {̂β1} and (αu, βu) < {0, α̂1} × [0, β̂1].

In conclusion, we get (αu, βu) ∈ (0, α̂1)× (0, β̂1). Hence, αuu+ + βuu− ∈ Mλ
b,µ. So, combining (3.18),

(3.19) with (3.20), we have that

cλb,µ ≥ Iλb,µ(αuu+ + βuu−) +
µ(αu)4

4
A1 +

(αu)2

2
A3 +

b(αu)4

2
A5‖u+‖21 +

b(αu)4

4
A2

5

−
(αu)6

6
B1 +

µ(βu)4

4
A2 +

βu
2

2
A4 +

b(βu)4

2
A6‖u−‖21 +

b(βu)4

4
A2

6 −
(βu)6

6
B2

> Iλb,µ(αuu+ + βuu−) ≥ cλb,µ.

Therefore, we have a contradiction.
Case 2: B2 = 0. In this case, we can maximize in (0, α̂1) × (0,∞). Indeed, it is possible to show that
there exists β0 ∈ [0,∞] such that Iλb,µ(αu+ + βu−) < 0 for all (α, β) ∈ [0, α̂1] × [β0,∞). Hence, there
exists (αu, βu) ∈ [0, α̂1] × [0,∞) such that

ψu(αu, βu) = max
α∈[0,̂α1]×[0,∞)

ψu(α, β).

Following, we prove that (αu, βu) ∈ [0, α̂1] × [0,∞).
Since ψu(α, 0) ≤ ψu(α, β) for α ∈ [0, α̂1] and β is small enough, we have (αu, βu) < {0} × [0,∞). On

the other hand, for all β ∈ [0,∞), it is obvious that

σ ≤
µ(α̂1)4

4
A1 +

(α̂1)2

2
A3 +

b(α̂1)4

2
A5‖u+‖21 +

b(α̂1)4

4
A2

5 −
(α̂1)6

6
B1

+
µβ4

4
A2 +

β2

2
A4 +

bβ4

2
A6‖u−‖21 +

bβ4

4
A2

6.

Hence, we have that ψu(α̂1, β) ≤ 0 for all β ∈ [0,∞). Thus, (αu, βu) < {α̂1} × [0,∞), and so (αu, βu) ∈
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[0, α̂1] × [0,∞). That is, αuu+ + βuu− ∈ Mλ
b,µ, therefore, according to (3.19), we have

cλb,µ ≥ Iλb,µ(αuu+ + βuu−) +
µ(αu)4

4
A1 +

(αu)2

2
A3 +

b(αu)4

2
A5‖u+‖21 +

b(αu)4

4
A2

5

−
(αu)6

6
B1 +

µ(βu)4

4
A2 +

(βu)2

2
A4 +

b(βu)4

2
A6‖u−‖21 +

b(βu)4

4
A2

6

> Iλb,µ(αuu+ + βuu−) ≥ cλb,µ,

which is a contradiction.
Therefore, from above discussion, we have B1 = B2 = 0.
Lastly, we prove that cλb,µ is achieved.
Since u± , 0, by Lemma 3.1, there exist αu, βu > 0 such that

ũ = αuu+ + βuu− ∈ Mλ
b,µ.

Furthermore, the norm in E is lower semicontinuous, it is easy to see that

〈(Iλb,µ)
′(u), u±〉 ≤ 0.

By Lemma 3.2, we obtain αu, βu ≤ 1.
From un ∈ M

λ
b,µ, according to Lemma 3.1, we get

Iλb,µ(αuu+
n + βuu−n ) ≤ Iλb,µ(u

+
n + u−n ) = Iλb,µ(un).

Thanks to B1 = B2 = 0, we obtain

cλb,µ ≤ Iλb,µ(̃u) −
1
q
〈(Iλb,µ)

′(̃u), ũ〉

= (
1
4
−

1
q

)‖̃u‖4W + (
1
2
−

1
q

)‖̃u‖2 + (
1
4
−

1
q

)‖̃u‖41 + (
1
2
−

1
q

)
∫

Ω

|∇ũ|2 |̃u|2 dx

+ (
1
4
−

1
q

)
∫

Ω

φũũ2dx +
2λ
q2

∫
Ω

|̃u|qdx + (
1
q
−

1
6

)
∫

Ω

|̃u|6dx

= (
1
4
−

1
q

)‖αuu+ + βuu−‖4W + (
1
2
−

1
q

)‖αuu+ + βuu−‖2 + (
1
4
−

1
q

)‖αuu+ + βuu−‖41

+ (
1
4
−

1
q

)(αu)4
∫

Ω

φu+(u+)2dx + (
1
4
−

1
q

)(αu)2(βu)2
∫

Ω

φu−(u+)2dx

+ (
1
4
−

1
q

)(αu)2(βu)2
∫

Ω

φu+(u−)2dx + (
1
4
−

1
q

)(βu)4
∫

Ω

φu−(u−)2dx

+
2λ
q2

[ ∫
Ω

|αuu+|qdx +

∫
Ω

|βuu−|qdx
]

+ (
1
q
−

1
6

)
[ ∫

Ω

|αuu+|6dx +

∫
Ω

|βuu−|6dx
]

≤ (
1
4
−

1
q

)‖u‖4W + (
1
2
−

1
q

)‖u‖2 + (
1
4
−

1
q

)‖u‖41 + (
1
2
−

1
q

)
∫

Ω

|∇u|2 |u|2 dx

+ (
1
4
−

1
q

)
∫

Ω

φt
uu2dx +

2λ
q2

∫
Ω

|u|qdx + (
1
q
−

1
6

)
∫

Ω

|u|6dx

≤ lim inf
n→∞

[
Iλb,µ(un) −

1
q
〈(Iλb,µ)

′(un), un〉
]
.

Therefore, αu = βu = 1 and cλb,µ is achieved by ub,µ = u+ + u− ∈ Mλ
b,µ. �
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4. Proof of Theorems

In order to obtain a sign-changing solution of problem (1.1), we firstly prove that ub,µ is a sign-
changing critical point of Iλb,µ.

Lemma 4.1. If ub,µ ∈ M
λ
b,µ and Iλb,µ

(
ub,µ

)
= cλb,µ for µ ∈ (0, 1], then ub,µ is a sign-changing critical point

of Iλb,µ. Moreover, ub,µ has exactly two nodal domains.

Proof. Since ub,µ ∈ M
λ
b,µ, for (α, β) ∈ (R+ × R+)\(1, 1), we have

Iλb,µ(αu+
b,µ + βu−b,µ) < Iλb,µ(u

+
b,µ + u−b,µ) = cλb,µ. (4.1)

Arguing by contradiction, we assume that (Iλb,µ)
′(ub,µ) , 0, then there exist δ > 0 and τ > 0 such that

‖(Iλb,µ)
′(v)‖ > τ for all ‖v − ub,µ‖ ≥ 3δ.

Choose τ ∈ (0,min{ 12 ,
δ

√
2‖ub,µ‖

}), let

D = (1 − τ, 1 + τ) × (1 − τ, 1 + τ)

and
g(α, β) = αu+

b,µ + βu−b,µ for all (α, β) ∈ D.

According to (4.1), we have that

cλ := max
∂Ω

(Iλb,µ) ◦ g < cλb,µ. (4.2)

Let ε := min{cλb,µ − cλ, τσ8 } and S δ = B(ub,µ, δ), according to Lemma 2.3 in [28], there exists a
deformation η ∈ C([0, 1] × D,D) such that
(a) η(1, v) = v if v < (Iλb,µ)

−1([cλb,µ − 2ε, cλb,µ + 2ε] ∩ S 2δ),

(b) η(1, (Iλb,µ)
cλb,µ+ε

∩ S 2δ) ⊂ (Iλb,µ)
cλb,µ−ε,

(c) Iλb,µ(η(1, v)) ≤ Iλb,µ(v) for all v ∈ H.
Firstly, from (b) and Lemma 3.1, it is easy to see that

Iλb,µ(g(α, β)) < cλb,µ < cλb,µ + ε.

That is,
g(α, β) ∈ (Iλb,µ)

cλb,µ+ε.

On the other hand, we have

‖g(α, β) − ub,µ‖
2 = ‖(α − 1)u+

b,µ + (β − 1)u−b,µ‖
2

≤ 2[(α − 1)2‖u+
b,µ‖

2 + (β − 1)2‖u−b,µ‖
2]

≤ 2τ2‖ub,µ‖
2 ≤ δ2.

Hence, by (b), we have
Iλb,µ(η(1, g(α, β)) ≤ cλb,µ − ε < cλb,µ. (4.3)
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Next, we prove that η(1, g(D)) ∩Mλ
b,µ , ∅, which contradicts the definition of cλb,µ. Let γ(α, β) :=

η(1, g(α, β)) and

Ψ0(α, β) : =
(
〈(Iλb,µ)

′(g(α, β)), u+
b,µ〉, 〈(I

λ
b,µ)
′(g(α, β)), u−b,µ〉

)
=
(
〈(Iλb,µ)

′(αu+
b,µ + βu−b,µ, u

+
b,µ〉, 〈(I

λ
b,µ)
′(αu+

b,µ + βu−b,µ)), u
−
b,µ〉

)
=
(
ϕ1

u(α, β), ϕ2
u(α, β)

)
and

Ψ1(α, β) : =
(1
α
〈(Iλb,µ)

′(γ(α, β)), (γ(α, β))+〉,
1
β
〈(Iλb,µ)

′(γ(α, β)), (γ(α, β))−〉
)
.

Since ub,µ ∈ M
λ
b,µ, by the direct calculation, we have

∂ϕ1
u(α, β)
∂α

∣∣∣∣
(1,1)

= 3‖u+
b,µ‖

4
W + ‖u+

b,µ‖
2 + 3b‖u+

b,µ‖
4
1 + b‖u+

b,µ‖
2
1‖u
−
b,µ‖

2
1

+ 2
∫

Ω

|∇u+
b,µ|

2|u+
b,µ|

2dx + 3
∫

Ω

φu+
b,µ

(u+
b,µ)

2dx +

∫
Ω

φu−b,µ
(u+

b,µ)
2dx

− λ(q − 1)
∫

Ω

|u+
b,µ|

q ln |u+
b,µ|

2dx − 2λ
∫

Ω

|u+
b,µ|

qdx − 5
∫

Ω

|u+
b,µ|

6dx

= (4 − q)‖u+
b,µ‖

4
W + (2 − q)‖u+

b,µ‖
2 + b(4 − q)‖u+

b,µ‖
4
1 + (2 − q)b‖u+

b,µ‖
2
1‖ub,µ

−‖21

+ (2 − q)
∫

Ω

φu−b,µ
(u+

b,µ)
2dx + (4 − q)

∫
Ω

φu+
b,µ

(u+
b,µ)

2dx

+ (4 − 2q)
∫

Ω

|∇u+
b,µ|

2|u+
b,µ|

2dx − 2λ
∫

Ω

|u+
b,µ|

qdx − (6 − q)
∫

Ω

|u+
b,µ|

6dx,

and
∂ϕ1

u(α, β)
∂β

∣∣∣∣
(1,1)

= 2b‖u+
b,µ‖

2
1‖u
−
b,µ‖

2
1 + 2

∫
Ω

φu−b,µ
(u+

b,µ)
2dx.

Similarly,

∂ϕ2
u(α, β)
∂β

∣∣∣∣
(1,1)

= 3‖u−b,µ‖
4
W + ‖u−b,µ‖

2 + 3b‖u−b,µ‖
4
1 + b‖u+

b,µ‖
2
1‖u
−
b,µ‖

2
1

+ 2
∫

Ω

|∇u−b,µ|
2|u−b,µ|

2dx + 3
∫

Ω

φu−b,µ
(u−b,µ)

2dx +

∫
Ω

φu+
b,µ

(u−b,µ)
2dx

− λ(q − 1)
∫

Ω

|ub,µ
−|q ln |u−b,µ|

2dx − 2λ
∫

Ω

|u−b,µ|
qdx − 5

∫
Ω

|u−b,µ|
6dx

= (4 − q)‖u−b,µ‖
4
W + (2 − q)‖u−b,µ‖

2 + b(4 − q)‖u−b,µ‖
4
1 + (2 − q)b‖u+

b,µ‖
2
1‖u
−
b,µ‖

2
1

+ (2 − q)
∫

Ω

φu+
b,µ

(u−b,µ)
2dx + (4 − q)

∫
Ω

φu−b,µ
(u−b,µ)

2dx

+ (4 − 2q)
∫

Ω

|∇u−b,µ|
2|u−b,µ|

2dx − 2λ
∫

Ω

|ub,µ
−|qdx − (6 − q)

∫
Ω

|u−b,µ|
6dx,
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and
∂ϕ2

u(α, β)
∂α

∣∣∣∣
(1,1)

= 2b‖u+
b,µ‖

2
1‖ub,µ

−‖21 + 2
∫

Ω

φu+
b,µ

(u−b,µ)
2dx.

Let

M =

 ϕ1
u(α,β)
∂α
|(1,1)

ϕ2
u(α,β)
∂α
|(1,1)

ϕ1
u(α,β)
∂β
|(1,1)

ϕ2
u(α,β)
∂β
|(1,1)

 .
Since q > 4, then,

detM =
∂ϕ1

u(α, β)
∂α

∣∣∣∣
(1,1)
×
∂ϕ2

u(α, β)
∂β

∣∣∣∣
(1,1)
−
∂ϕ1

u(α, β)
∂β

∣∣∣∣
(1,1)
×
∂ϕ2

u(α, β)
∂α

∣∣∣∣
(1,1)

> 0.

Since Ψ0(α, β) is a C1 function and (1,1) is the unique isolated zero point of Ψ0, by using the degree
theory, we deduce that deg(Ψ0,D, 0) = 1.
Hence, combining (4.3) and (a), we obtain

g(α, β) = γ(α, β) on ∂D.

Consequently, we obtain deg(Ψ1,D, 0) = 1. Therefore, Ψ1(α0, β0) = 0 for some (α0, β0) ∈ D such that

η(1, g(α0, β0)) = γ(α0, β0) ∈ Mλ
b,µ,

which is contradicted to (4.3).
Finally, we prove that ub,µ has exactly two nodal domains. To this end, we assume by contradiction

that
ub,µ = u1 + u2 + u3

with
ui , 0, u1 > 0, u2 < 0 and suppt(ui) ∩ suppt(u j) = ∅, for i , j, i, j = 1, 2, 3

and
〈(Iλb,µ)

′(ub,µ), ui〉 = 0, for i = 1, 2, 3.

Setting v := u1 + u2, we see that v+ = u1 and v− = u2, i.e., v± , 0. Then, there exists a unique pair of
positive numbers (αv, βv) such that

αvu1 + βvu2 ∈ M
λ
b,µ.

Hence

Iλb,µ(αvu1 + βvu2) ≥ cλb,µ.

Moreover, using the fact 〈(Iλb,µ)
′(ub,µ), ui〉 = 0, we obtain

〈(Iλb,µ)
′(v), v±〉 = −b‖v±‖21‖u3‖

2
1 −

∫
Ω

φu3(v
±)2dx ≤ 0.

From Lemma 3.2, we get
(αv, βv) ∈ (0, 1] × (0, 1].
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On the other hand, we obatin

0 =
1
4
〈(Iλb,µ)

′(ub,µ), u3〉

=
µ

4
‖u3‖

4
W +

1
4
‖u3‖

2 +
b
4
‖u1‖

2
1‖u3‖

2
1 +

b
4
‖u2‖

2
1‖u3‖

2
1 +

∫
Ω

|∇u3|
2|u3|

2dx

+
b
4
‖u3‖

4
1 +

1
4

∫
Ω

φub(u3)2dx −
1
4

∫
Ω

|u3|
6dx −

λ

4

∫
Ω

|u3|
q ln |u3|

2dx

≤ Iλb,µ(u3) +
b
4
‖u1‖

2
1‖u3‖

2
1 +

b
4
‖u2‖

2
1‖u3‖

2
1 +

1
4

∫
Ω

φu1(u3)2dx +
1
4

∫
Ω

φu2(u3)2dx.

Hence
cλb,µ ≤ Iλb,µ(αvu1 + βvu2)

= Iλb,µ(αvu1 + βvu2) −
1
4
〈(Iλb,µ)

′(αvu1 + βvu2), αvu1 + βvu2〉

=
1
4

(‖αvu1‖
2 + ‖βvu2‖

2) +
λ

q2

[ ∫
Ω

|αvu1|
qdx +

∫
Ω

|βvu2|
qdx

]
+ (

1
4
−

1
q

)λ
[ ∫

Ω

|αvu1|
q ln |αvu1|

2dx +

∫
Ω

|βvu2|
q ln |βvu2|

2dx
]

+
1

12

[ ∫
Ω

|αvu1|
6dx +

∫
Ω

|βvu2|
6dx

]
≤

1
4

(‖u1‖
2 + ‖u2‖

2) +
λ

q2

[ ∫
Ω

|u1|
qdx +

∫
Ω

|u2|
qdx

]
+ (

1
4
−

1
q

)λ
[ ∫

Ω

|u1|
q ln |u1|

2dx +

∫
Ω

|u2|
q ln |u2|

2dx
]

+
1
12

[ ∫
Ω

|u1|
6dx +

∫
Ω

|u2|
6dx

]
= Iλb,µ(u1 + u2) −

1
4
〈(Iλb,µ)

′(u1 + u2), u1 + u2〉

≤ Iλb,µ(u1) + Iλb,µ(u2) + Iλb,µ(u3) +
b
4

(‖u2‖
2
1 + ‖u3‖

2
1)‖u1‖

2
1

+
b
4

(‖u1‖
2
1 + ‖u3‖

2
1)‖u2‖

2
1 +

b
4

(‖u1‖
2
1 + ‖u2‖

2
1)‖u3‖

2
1

+
1
4

∫
Ω

φu1(u3)2dx +
1
4

∫
Ω

φu2(u3)2dx +
1
4

∫
Ω

φu1(u2)2dx

+
1
4

∫
Ω

φu3(u2)2dx +
1
4

∫
Ω

φu2(u1)2dx +
1
4

∫
Ω

φu3(u1)2dx

= Iλb,µ(u) = cλb,µ,

which is a contradiction, that is, u3 = 0 and ub,µ has exactly two nodal domains. �

Lemma 4.2. Let µn → 0 and
{
uµn

}
⊂ E be a sequence of critical points of Iλb,µn

, and there exists C

independent of n such that (Iλb,µn
)′

(
uµn

)
= 0 and Iλb,µn

(
uµn

)
≤ C. Then up to a subsequence uµn → u0 in

E as n→ ∞ and u0 is a critical point of Iλb .
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Proof. We prove the lemma in three parts:
Claim 1.

{
uµn

}
is bounded in E.

C ≥ Iλb,µ(uµn) −
1
q
〈(Iλb,µ)

′(uµn), uµn〉

= µ(
1
4
−

1
q

)‖uµn‖
4
W + (

1
2
−

1
q

)‖uµn‖
2 + (

1
4
−

1
q

)b‖uµn‖
4
1 + 2(

1
4
−

1
q

)
∫

Ω

|∇uµn |
2|uµn |

2dx

+ (
1
4
−

1
q

)
∫

Ω

φuµn
u2
µn

dx +
2λ
q2

∫
Ω

|uµn |
qdx + (

1
q
−

1
6

)
∫

Ω

|uµn |
6dx

≥ µ(
1
4
−

1
q

)‖uµn‖
4
W + (

1
2
−

1
q

)‖uµn‖
2.

This means that
{
uµn

}
is bounded in E. Then up to a subsequence, we may suppose uµn ⇀ u0 in E as

n→ ∞.
Claim 2.

{
uµn

}
is bounded in L∞. We will use the Moser iteration to accomplish this. Because

{
uµn

}
satisfies the equation

〈
(Iλb,µn

)′
(
uµn

)
, ϕ

〉
= 0, for any ϕ ∈ E, we have

µn

∫
Ω

(∣∣∣∇uµn

∣∣∣2 ∇uµn∇ϕ +
∣∣∣uµn

∣∣∣2 uµnϕ
)

dx +

∫
Ω

(a + |uµn |
2)∇uµn∇ϕ + |∇uµn |

2uµnϕdx

+ b(
∫

Ω

|∇uµn |
2dx)(

∫
Ω

∇uµn∇ϕdx) +

∫
Ω

V(x)uµnϕdx +

∫
Ω

φuµn
uµnϕdx

= λ

∫
Ω

|uµn |
q−2uµnϕ ln |uµn |

2dx +

∫
Ω

|uµn |
4uµnϕdx.

(4.4)

Now for any T > 0, we take ϕ =
∣∣∣uT
µn

∣∣∣2k
uµn as test functions in (4.4) with k ≥ k0 for some k0 > 0, where∣∣∣uT

µn

∣∣∣ =
∣∣∣uµn

∣∣∣, if
∣∣∣uµn

∣∣∣ ≤ T ;
∣∣∣uµn

∣∣∣ = T ; if
∣∣∣uµn

∣∣∣ ≥ T . By (4.4) and the Sobolev embedding, for ε ∈ (0, 1),
we have ∫

{T≤|uµn |}

(
a + uµn

2
)
|∇uµn |

2
∣∣∣uT
µn

∣∣∣2k
dx + (2k + 1)

∫
{|uµn |≤T }

(
a + uµn

2
)
|∇uµn |

2
∣∣∣uT
µn

∣∣∣2k
dx

+

∫
Ω

|∇uµn |
2uµn

2
∣∣∣uT
µn

∣∣∣2k
dx +

∫
Ω

V(x)uµn
2
∣∣∣uT
µn

∣∣∣2k
dx

≤

∫
Ω

|uµn |
6
∣∣∣uT
µn

∣∣∣2k
dx + λ

∫
Ω

|uµn |
quµn ln |uµn |

2|uT
µn
|2kdx.

Then there exists C > 0 such that∫
Ω

|uµn |
6
∣∣∣uT
µn

∣∣∣2k
dx + λ

∫
Ω

|uµn |
quµn ln |uµn |

2|uT
µn
|2kdx

≤ ε

∫
Ω

|uµn |
6
∣∣∣uT
µn

∣∣∣2k
dx + Cε

∫
Ω

|uµn |
2
∣∣∣uT
µn

∣∣∣2k
dx.

(4.5)

Hence, it follows from the above estimates and the Sobolev imbedding theorem, we can obtain that

S
(∫

Ω

(
u2
µn

∣∣∣uT
µn

∣∣∣k)6
dx

) 1
3

≤

∫
Ω

∣∣∣∣∣∇ (
u2
µn

∣∣∣uT
µn

∣∣∣k)∣∣∣∣∣2 dx

≤ C(k + 2)2
∫

Ω

|uµn |
2
(
u2
µn

∣∣∣uT
µn

∣∣∣k)2
dx.

(4.6)
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Since |uµn |
2 ∈ Ls (Ω) for some s ⊂ (3

2 , 3), then we have

|(u2
µn

∣∣∣uT
µn

∣∣∣k)2|L3 =

(∫
Ω

(
u2
µn

∣∣∣uT
µn

∣∣∣k)6
dx

) 1
3

≤ C(k + 2)2|uµn |
2
Ls |(u2

µn

∣∣∣uT
µn

∣∣∣k)2|Ls′ , (4.7)

where s′ = s
s−1 < 3. Assume uµn ∈ L(4+2k)s′ . Let T → +∞ in (4.7), by the above estimate we have

uµn ∈ L(4+2k)3 and

|uµn |L(4+2k)3 ≤ C(k + 2)
1

k+2 |uµn |L(4+2k)s′ .

Hence, Moser’s iteration implies |uµn |∞ ≤ C.
Claim 3. u0 ∈ E ∩ L∞ (Ω) is a solution of problem (1.1). By Claim 1, we may assume

{
uµn

}
converges

to u0 weakly in E. Taking ϕ = ψe−uµn , where ψ ∈ C∞0 (Ω), ψ ≥ 0, we have

µn

∫
Ω

(∣∣∣∇uµn

∣∣∣2 ∇uµn

(
∇ψe−uµn − ψe−uµn∇uµn

)
+

∣∣∣uµn

∣∣∣2 uµnψe−uµn

)
dx

+ b(
∫

Ω

|∇uµn |
2dx)(

∫
Ω

∇uµn

(
∇ψe−uµn − ψe−uµn∇uµn

)
dx

+

∫
Ω

(
a +

∣∣∣uµn

∣∣∣2)∇uµn

(
∇ψe−uµn − ψe−uµn∇uµn

)
dx +

∫
Ω

V(x)uµnψe−uµn dx

+

∫
Ω

∣∣∣∇uµn

∣∣∣2 uµnψe−uµn dx +

∫
Ω

φuµn
uµnψe−uµn dx

− λ

∫
Ω

|uµn |
q−2uµnψe−uµn ln |uµn |

2dx −
∫

Ω

∣∣∣uµn

∣∣∣4 uµnψe−uµn dx

≤µn

∫
Ω

(∣∣∣∇uµn

∣∣∣2 ∇uµn∇ψ +
∣∣∣uµn

∣∣∣2 uµnψ
)

e−uµn dx +

∫
Ω

(
a +

∣∣∣uµn

∣∣∣2)∇uµn∇ψe−uµn dx

+ b(
∫

Ω

|∇uµn |
2dx)(

∫
Ω

∇uµn

(
∇ψe−uµn

)
dx +

∫
Ω

V(x)uµnψe−uµn dx

−

∫
Ω

(
a +

∣∣∣uµn

∣∣∣2 − uµn

) ∣∣∣∇uµn

∣∣∣2 ψe−uµn dx +

∫
Ω

φuµn
uµnψe−uµn dx

− λ

∫
Ω

|uµn |
q−2uµnψe−uµn ln |uµn |

2dx −
∫

Ω

∣∣∣uµn

∣∣∣4 uµnψe−uµn dx.

Since a > 1
4 , then a + u2

µn
− uµn ≥ 0 and∫

Ω

(
a +

∣∣∣uµn

∣∣∣2 − uµn

) ∣∣∣∇uµn

∣∣∣2 ψe−uµn dx

=

∫
Ω

(
a +

∣∣∣uµn

∣∣∣2 − uµn

) (∣∣∣∣∇ (
uµn − u0

)∣∣∣∣2 + 2∇uµn∇u0 − |∇u0|
2
)
ψe−uµn dx

≥

∫
Ω

(
a +

∣∣∣uµn

∣∣∣2 − uµn

) (
2∇uµn∇u0 − |∇u0|

2
)
ψe−uµn dx.

Let v ≥ 0, v ∈ C∞0 (Ω) . We choose a sequence of nonnegative functions {ψn} ⊂ C∞0 (Ω) such that ψn →

veu0 in E, ψn(x) → veu0(x) a.e. x ∈ Ω and {ψn} is uniformly bounded in L∞ (Ω) . By approximations,
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we may obtain for all v ≥ 0, v ∈ C∞0 (Ω), we have

0 ≤
∫

Ω

(
a∇u0∇v + V(x)u0v

)
dx + b

∫
Ω

|∇u0|
2
∇u0∇vdx +

∫
Ω

(
|∇u0|

2u0v + |u0|
2
∇u0∇v

)
dx

+

∫
Ω

φu0u0vdx − λ
∫

Ω

|u0|
q−2v ln |u0|

2dx −
∫

Ω

|u0|
4 u0vdx.

Take ϕ = ψeuµn in (4.4),

0 ≥
∫

Ω

(
a∇u0∇v + V(x)u0v

)
dx + b

∫
Ω

|∇u0|
2
∇u0∇vdx +

∫
Ω

(
|∇u0|

2u0v + |u0|
2
∇u0∇v

)
dx

+

∫
Ω

φu0u0vdx − λ
∫

Ω

|u0|
q−2v ln |u0|

2dx −
∫

Ω

|u0|
4 u0vdx.

Therefore, for all v ∈ C∞0 (Ω), we get

∫
Ω

(
a∇u0∇v + V(x)u0v

)
dx + b

∫
Ω

|∇u0|
2
∇u0∇vdx

+

∫
Ω

|∇u0|
2 u0v + |u0|

2
∇u0∇vdx +

∫
Ω

φu0u0vdx

= λ

∫
Ω

|u0|
q−2v ln |u0|

2dx +

∫
Ω

|u0|
4 u0vdx.

Therefore, u0 is a critical point of Iλb . The proof is completed. �

Proof of Theorem 1.1. By Lemma 3.4, we choose a sequence µn → 0, there exists {uµn} ⊂ E satisfies
Iλb,µn

(uµn) = cλb,µn
and (Iλb,µn

)′
(
uµn

)
= 0.

Claim 1. Problem (1.1) possesses one sign-changing solution u0.

Assume ϕ ∈ C∞0 (Ω) with ϕ± , 0, there is a pair of positive numbers (α0, β0) independent of n such
that

〈Iλb,µn
(α0ϕ

+ + β0ϕ
−), α0ϕ

+〉 ≤ 〈Iλb,1(α0ϕ
+ + β0ϕ

−), α0ϕ
+〉 < 0,

and

〈Iλb,µn
(α0ϕ

+ + β0ϕ
−), β0ϕ

−〉 ≤ 〈Iλb,1(α0ϕ
+ + β0ϕ

−), β0ϕ
−〉 < 0.

Let ϕ1 = α0ϕ
+ + β0ϕ

−, according to Lemma 3.1 that there exists a unique pair of positive numbers
(αn, βn) ⊂ (0, 1] × (0, 1] such that αnϕ

+
1 + βnϕ

−
1 ∈ M

λ
b,µn
, we have that
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cλb,µn
≤Iλb,µn

(
αnϕ

+
1 + βnϕ

−
1
)
−

1
4

〈
(Iλb,µn

)′
(
αnϕ

+
1 + βnϕ

−
1
)
, αnϕ

+
1 + βnϕ

−
1

〉
=

1
4

(
(αn)2

∥∥∥ϕ+
1

∥∥∥2
+ (βn)2

∥∥∥ϕ−1 ∥∥∥2
)

+
1

12

∫
Ω

(
(αn)6

∣∣∣ϕ+
1

∣∣∣6 + (βn)6
∣∣∣ϕ−1 ∣∣∣6) dx

+
λ

q2

∫
Ω

|αnϕ
+
1 |

qdx +
λ

q2

∫
Ω

|βnϕ
−
1 |

qdx + (
1
4
−

1
q

)
∫

Ω

(
|αnϕ

+
1 |

q ln |αnϕ
+
1 |

2
)

dx

+ (
1
4
−

1
q

)
∫

Ω

(
|βnϕ

−
1 |

q ln |βnϕ
−
1 |

2
)

dx

≤
1
4

(∥∥∥ϕ+
1

∥∥∥2
+

∥∥∥ϕ−1 ∥∥∥2
)

+
1

12

∫
Ω

(∣∣∣ϕ+
1

∣∣∣6 +
∣∣∣ϕ−1 ∣∣∣6) dx +

λ

q2

∫
Ω

(|ϕ+
1 |

q + |ϕ−1 |
q)dx

+

∫
Ω

(
1
4
−

1
q

)| ϕ+
1 |

q ln |ϕ+
1 |

2dx +

∫
Ω

(
1
4
−

1
q

)|ϕ−1 |
q ln |ϕ−1 |

2dx

=Iλb,1 (ϕ1) −
1
4

〈
(Iλb,1)′ (ϕ1) , ϕ1

〉
.

Therefore,
{
cλb,µn

}
is bounded, according to Lemma 4.2, there exists a critical point u0 of Iλb such that

uµn → u0 in E.
Now we prove u±0 , 0. Since uµn ∈ M

λ
b,µn

, we have that

µn

∥∥∥u±µn

∥∥∥4

W
+

∥∥∥u±µn

∥∥∥2
+ b‖u±µn

‖41 + 2
∫

Ω

∣∣∣∇u±µn

∣∣∣2 ∣∣∣u±µn

∣∣∣2 dx

+

∫
Ω

φu±µn

∣∣∣u±µn

∣∣∣2 dx +

∫
Ω

φu∓µn

∣∣∣u±µn

∣∣∣2 dx

=

∫
Ω

∣∣∣u±µn

∣∣∣6 dx + λ

∫
Ω

∣∣∣u±µn

∣∣∣q ln |u±µn
|2dx.

(4.8)

So, for µn → 0 and (3.2), we have that

‖u0
±‖2 ≤

∫
Ω

|u±0 |
6dx + λ

∫
Ω

|u±0 |
q ln |u±0 |

2dx

≤ +λεC1‖u±0 ‖
2 + λCεC2‖u±0 ‖

rC3‖u±0 ‖
6.

Thus, we get
(1 − λεC1)

∥∥∥u±0
∥∥∥2
≤ C8

∥∥∥u±0
∥∥∥6

+ λCεC10

∥∥∥u±0
∥∥∥r
.

Choosing ε small enough such that (1 − µεC1) > 0, since r > 4, there exists u0 such that

‖u0
±‖2 ≥ ρ > 0.

Therefore, u0
± , 0. Then we obtain that u0 is a sign-changing solution of (1.1).

Claim 2. u0 has also exactly two nodal domains.
Since u0 is a nonzero critical point of Iλb , we have that∫

Ω

(
a|∇u0|

2 + V(x)|u0|
2
)
dx + b

( ∫
Ω

|∇u0|
2 dx

)2
+ 2

∫
Ω

|∇u0|
2
|u0|

2 dx

+

∫
Ω

φu0 |u0|
2 dx − λ

∫
Ω

|u0|
q ln |u0|

2dx −
∫

Ω

|u0|
6 dx = 0.

(4.9)
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On the other hand, 〈(Iλb,µn
)′

(
uµn

)
, uµn〉 = 0 implies that

µn

∫
Ω

(∣∣∣∇uµn

∣∣∣4 +
∣∣∣uµn

∣∣∣4) dx +

∫
Ω

(
a
∣∣∣∇uµn

∣∣∣2 + V(x)
∣∣∣uµn

∣∣∣2)dx + b
( ∫

Ω

∣∣∣∇uµn

∣∣∣2 dx
)2

+2
∫

Ω

∣∣∣∇uµn

∣∣∣2 ∣∣∣uµn

∣∣∣2 dx +

∫
Ω

φuµn

∣∣∣uµn

∣∣∣2 dx − λ
∫

Ω

|uµn |
q ln |uµn |

2dx −
∫

Ω

∣∣∣uµn

∣∣∣6 dx = 0.

According to (3.2), we have

lim
n→∞

λ

∫
Ω

(
|uµn |

q
)

ln |uµn |
2dx→ λ

∫
Ω

(|u0|
q) ln |u0|

2dx. (4.10)

Moreover, according to the proof in Lemma 3.4 that B1 = B2 = 0, we have

lim
n→∞

∫
Ω

∣∣∣uµn

∣∣∣6 dx =

∫
Ω

|u0|
6 dx = 0. (4.11)

Then, combining (4.8)–(4.11) and using Fatou’s lemma and weak semicontinuity of norm, up to a
subsequence, we get∫

Ω

(
a |∇u0|

2 + V(x) |u0|
2
)
dx + b

( ∫
Ω

|∇u0|
2 dx

)2

≤ lim
n→∞

∫
Ω

(
a|∇uµn |

2 + V(x)
∣∣∣uµn

∣∣∣2)dx + b
( ∫

Ω

∣∣∣∇uµn

∣∣∣2 dx
)2

= lim
n→∞

(
λ

∫
Ω

|uµn |
q ln |uµn |

2dx +

∫
Ω

∣∣∣uµn

∣∣∣6 dx − 2
∫

Ω

∣∣∣∇uµn

∣∣∣2 ∣∣∣uµn

∣∣∣2 dx −
∫

Ω

φuµn

∣∣∣uµn

∣∣∣2 dx
)

=

∫
Ω

(
a |∇u0|

2 + V(x) |u0|
2
)
dx + b

( ∫
Ω

|∇u0|
2 dx

)2
+ 2

∫
Ω

|∇u0|
2
|u0|

2 dx +

∫
Ω

φu0 |u0|
2 dx

− lim
n→∞

(
2
∫

Ω

∣∣∣∇uµn

∣∣∣2 ∣∣∣uµn

∣∣∣2 dx −
∫

Ω

φuµn

∣∣∣uµn

∣∣∣2 dx
)

≤

∫
Ω

(a |∇u0|
2 + V(x) |u0|

2)dx + b
( ∫

Ω

|∇u0|
2 dx

)2
.

So limn→∞

∥∥∥uµn

∥∥∥2
= ‖u0‖

2. According to Brézis-Lieb lemma that uµn → u0 strongly in E as n → ∞. It
means that u0 has also exactly two nodal domains.
Claim 3. u0 is a least-energy sign-changing solution.

By Lemma 3.1 it is easy to see that there exists a unique pair
(
αµn , βµn

)
∈ (0,∞) × (0,∞) such that

αµnu
+
0 + βµnu

−
0 ∈ M

λ
b,µn
. Then we have

µnα
4
µn

∥∥∥u+
0

∥∥∥4

W
+ α4

µn

∥∥∥u+
0

∥∥∥2
+ bα2

µn

∥∥∥u+
0

∥∥∥4

1
+ bα2

µn
β2
µn

∥∥∥u+
0

∥∥∥2

1

∥∥∥u−0
∥∥∥2

1

+ 2α4
µn

∫
Ω

∣∣∣∇u+
0

∣∣∣2 ∣∣∣u+
0

∣∣∣2 dx + α4
µn

∫
Ω

φu+
0

∣∣∣u+
0

∣∣∣2 dx + α2
βn
β2
µn

∫
Ω

φu−0

∣∣∣u+
0

∣∣∣2 dx

=λ

∫
Ω

|αµnu
+
0 |

q ln |αµ0u0|
2dx + α6

µn

∫
Ω

∣∣∣u+
0

∣∣∣6 dx,

(4.12)
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and

µnβ
4
µn

∥∥∥u−0
∥∥∥4

W
+ β4

µn

∥∥∥u−0
∥∥∥2

+ bβ2
µn

∥∥∥u−0
∥∥∥4

1
+ bα2

µn
β2
µn

∥∥∥u+
0

∥∥∥2

1

∥∥∥u−0
∥∥∥2

1

+ 2β4
µn

∫
Ω

∣∣∣∇u−0
∣∣∣2 ∣∣∣u−0 ∣∣∣2 dx + β4

µn

∫
Ω

φu−0

∣∣∣u−0 ∣∣∣2 dx + α2
µn
β2
µn

∫
Ω

φu+
0

∣∣∣u−0 ∣∣∣2 dx

=λ

∫
Ω

|βµnu
−
0 |

q ln |βµ0u
−
0 |

2dx + βµn
6
∫

Ω

∣∣∣u−0 ∣∣∣6 dx.

(4.13)

According to µn → 0 as n → ∞,
{
αµn

}
and

{
βµn

}
are bounded. Up to a subsequence, suppose that

αµn → α0 and βµn → β0, then it follows from (4.12) and (4.13) that

α2
0

∥∥∥u+
0

∥∥∥2
+ bα2

0

∥∥∥u+
0

∥∥∥4

1
+ bα2

0β
2
0

∥∥∥u+
0

∥∥∥2

1

∥∥∥u−0
∥∥∥2

1

+ 2α4
0

∫
Ω

∣∣∣∇u+
0

∣∣∣2 ∣∣∣u+
0

∣∣∣2 dx + α4
0

∫
Ω

φu+
0

∣∣∣u+
0

∣∣∣2 dx + α2
0β

2
0

∫
Ω

φu−0

∣∣∣u+
0

∣∣∣2 dx

=λ

∫
Ω

|α0u+
0 |

q ln |α0u+
0 |

2dx + α6
0

∫
Ω

∣∣∣u+
0

∣∣∣6 dx

(4.14)

and

β2
0

∥∥∥u−0
∥∥∥2

+ bβ2
0

∥∥∥u−0
∥∥∥4

1
+ bα2

0β
2
0

∥∥∥u+
0

∥∥∥2

1

∥∥∥u−0
∥∥∥2

1

+ 2β4
0

∫
Ω

∣∣∣∇u−0
∣∣∣2 ∣∣∣u−0 ∣∣∣2 dx + β4

0

∫
Ω

φu−0

∣∣∣u−0 ∣∣∣2 dx + α2
0β

2
0

∫
Ω

φu+
0

∣∣∣u−0 ∣∣∣2 dx

=λ

∫
Ω

(
|β0u−0 |

q) ln |βµ0u
−
0 |

2dx + β6
0

∫
Ω

∣∣∣u−0 ∣∣∣6 dx.

(4.15)

Because u0 is a sign-changing solution of problem (1.1), there hold

∥∥∥u+
0

∥∥∥2
+ b

∥∥∥u+
0

∥∥∥4

1
+ b

∥∥∥u+
0

∥∥∥2

1

∥∥∥u−0
∥∥∥2

1

+ 2
∫

Ω

∣∣∣∇u+
0

∣∣∣2 ∣∣∣u+
0

∣∣∣2 dx +

∫
Ω

φu+
0

∣∣∣u+
0

∣∣∣2 dx +

∫
Ω

φu−0

∣∣∣u+
0

∣∣∣2 dx

=λ

∫
Ω

(
|u+

0 |
q) ln |u+

0 |
2dx +

∫
Ω

∣∣∣u+
0

∣∣∣6 dx

(4.16)

and ∥∥∥u−0
∥∥∥2

+ b
∥∥∥u−0

∥∥∥4

1
+ b

∥∥∥u+
0

∥∥∥2

1

∥∥∥u−0
∥∥∥2

1

+ 2
∫

Ω

∣∣∣∇u−0
∣∣∣2 ∣∣∣u−0 ∣∣∣2 dx +

∫
Ω

φu−0

∣∣∣u−0 ∣∣∣2 dx +

∫
Ω

φu+
0

∣∣∣u−0 ∣∣∣2 dx

=λ

∫
Ω

(
|u−0 |

q) ln |u−0 |
2dx +

∫
Ω

∣∣∣u−0 ∣∣∣6 dx.

(4.17)

Hence, in view of (4.12)–(4.17), we can easily obtain that (α0, β0) = (1, 1).
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According to Fatou’s lemma and weak semicontinuity of norm, we get

Iλb (u0) −
1
4

〈
(Iλb )′ (u0) , u0

〉
=

1
4
‖u0‖

2 +
1

12
|u0|

6
6 + (

1
4
−

1
q

)λ
∫

Ω

|u0|
q ln |u0|

2dx +
2λ
q2

∫
Ω

|u0|
qdx

≤
1
4

∥∥∥uµn

∥∥∥2
+

1
12

∣∣∣uµn

∣∣∣6
6

+ (
1
4
−

1
q

)λ
∫

Ω

|un|
q ln |un|

2dx +
2λ
q2

∫
Ω

|un|
qdx

≤ lim inf
n→∞

[
Iλb,µn

(
uµn

)
−

1
4

〈
(Iλb,µn

)′
(
uµn

)
, uµn

〉]
= lim inf

n→∞
Iλb,µn

(
uµn

)
= lim

n→∞
cλb,µn

= cλb,0.

Moreover,

cλb,0 = lim inf
n→∞

Iλb,µn
(uµn) ≤ lim inf

n→∞
Iλb,µn

(αµnu
+
0 + βµnu

−
0 ) = Iλb

(
u+

0 + u−0
)

= Iλb (u0).

So Iλb (u0) = lim infn→∞ Iλb,µn
(uµn) = cλb,0, The proof is completed. �

We get a least-energy sign-changing solution u0 of issue using Theorem 1.1. Following that, we
show that the energy of u0 is strictly greater than twice the ground state energy.

Proof of Theorem 1.2. Similar to the proof of Lemma 3.4, there exists λ∗∗ > 0 such that for all λ ≥ λ∗∗

and when µ → 0, there is vµ ∈ Nλ
b such that Iλb,µ

(
vµ

)
= c∗ > 0. The critical points of the functional Iλb,µ

in Nλ
b are critical points of Iλb,µ in E are determined using conventional reasoning (see Corollary 2.13

in [11]).
For all λ ≥ λ∗, according to Theorem 1.1, for each µ → 0, we know that the problem (1.1) has a

least-energy sign-changing solution u0 which changes sign only once. Let λ2 = max {λ∗, λ∗∗}. Suppose
that u0 = u+ +u−. As the proof of Lemma 3.1, there exist αu+ , βu− ∈ (0, 1) such that αu+u+ ∈ Nλ

b , βu−u− ∈
Nλ

b . Therefore, in view of Lemma 3.1, we have that

2c∗ ≤ lim inf
µ→0

[
Iλb,µ

(
αu+u+) + Iλb,µ

(
βu−u−

)]
≤ lim inf

µ→0
Iλb,µ

(
αu+u+ + βu−u−

)
< lim inf

µ→0
Iλb,µ

(
u+ + u−

)
= Iλb (u0) .

which shows that Iλb (u0) > 2c∗ and c∗ > 0 cannot be achieved by a sign-changing function in E. �

5. Conclusions

This manuscript has studied the Kirchhoff-Schrödinger-Poisson system with logarithmic and
critical nonlinearity. Combining constraint variational method and perturbation method, we prove
that the above problem has a least energy sign-changing solution u0 which has precisely two nodal
domains. Moreover, we show that the energy of u0 is strictly larger than twice the ground state energy.
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© 2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 4, 8580–8609.

http://dx.doi.org/http://dx.doi.org/10.1007/s10231-012-0286-6
http://dx.doi.org/http://dx.doi.org/10.1006/jdeq.1997.3405
http://dx.doi.org/http://dx.doi.org/10.3934/math.2020139
http://dx.doi.org/http://dx.doi.org/10.1016/j.jmaa.2016.05.005
http://dx.doi.org/http://dx.doi.org/10.1007/s13324-020-00386-z
http://dx.doi.org/http://dx.doi.org/10.1007/s13324-020-00386-z
http://dx.doi.org/http://dx.doi.org/10.1016/j.jde.2012.09.006
http://dx.doi.org/http://doi.org/10.1143/JPSJ.42.1824
http://dx.doi.org/http://dx.doi.org/10.1016/j.jde.2015.02.040
http://dx.doi.org/http://doi.org/10.1143/JPSJ.50.3262
http://dx.doi.org/http://dx.doi.org/10.1016/j.jde.2016.04.032
http://dx.doi.org/http://dx.doi.org/10.1016/j.jde.2016.05.022
http://dx.doi.org/http://dx.doi.org/10.1063/1.5074163
http://dx.doi.org/http://dx.doi.org/10.1016/j.na.2012.12.012
http://creativecommons.org/licenses/by/4.0

	Introduction and main results
	Framework
	Some technical lemmas
	Proof of Theorems
	Conclusions

