AIMS Mathematics, 8(4): 8560-8579.
DOI: 10.3934/math.2023430
ATMS Mathematics Received: 03 October 2022

Revised: 19 January 2023

Accepted: 27 January 2023
http://www.aimspress.com/journal/Math Published: 06 February 2023

Research article

Orbital stability of periodic standing waves of the coupled
Klein-Gordon-Zakharov equations

Qiuying Li', Xiaoxiao Zheng>* and Zhenguo Wang**
' School of Mathematics and Statistics, Huanghuai University, Zhumadian 463000, China
2 School of Mathematical Sciences, Qufu Normal University, Qufu 273155, China

3 Department of Mathematics, Taiyuan University, Taiyuan 030032, China

* Correspondence: Emails: xiaoxiaozheng87 @qfnu.edu.cn, wangzhg123@163.com.

Abstract: This paper investigates the orbital stability of periodic standing waves for the following
coupled Klein-Gordon-Zakharov equations

{u,, — Uy + U+ quy +,8|u|2u =0,

2
Vit = Vxx = (lul )xx’

where @ > 0 and B are two real numbers and @ > . Under some suitable conditions, we show the
existence of a smooth curve positive standing wave solutions of dnoidal type with a fixed fundamental
period L for the above equations. Further, we obtain the stability of the dnoidal waves for the coupled
Klein-Gordon-Zakharov equations by applying the abstract stability theory and combining the detailed
spectral analysis given by using Lamé equation and Floquet theory. When period L — oo, dnoidal
type will turn into sech-type in the sense of limit. In such case, we can obtain stability of sech-type
standing waves. In particular, 8 = 0 is advisable, we still can show the the stability of the dnoidal type
and sech-type standing waves for the classical Klein-Gordon-Zakharov equations.
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1. Introduction

The coupled Klein-Gordon-Zakharov equations

(1.1)

Uy — Uyy + U+ UV +,B|u|2u =0,
2
Vit = Vxx = (lul )xx

describes the interaction between the Langmuir waves and ion acoustic waves in a high frequency
plasma (see [1,2]). The complex value function u(x, ¢) is the fast time scale component of the electric
field raised by electrons, and the real value function v(x,?) is the deviation of ion density from its
equilibrium. In recent years, there have been many works on the research for the coupled Klein-
Gordon-Zakharov Eq (1.1). In the literature [3], Guo and Yuan studied the existence and uniqueness of
the global smooth solution of the Eq (1.1) without assuming small Cauchy data. Ozawa et al. [4] proved
the well-posedness of the Eq (1.1) in three-dimensional space. In [5], Wang et al. considered initial
and homogeneous boundary value problems of the Eq (1.1), and used the energy method to prove the
existence and uniqueness of the difference solution. Chen and Zhang [6] proposed two new difference
schemes for an initial-boundary-value problem of the coupled Klein-Gordon-Zakharov equations and
proved stability and convergence of difference solutions. Many authors obtained some explicit exact
solitary wave solutions and numerical solutions for the coupled KGZ equations by using a various of
different approaches (see [7-9]). Zheng et al. [10] investigated the orbital stability of solitary waves
for the Eq (1.1). Note that if @ = 1 and 8 = 0, the system (1.1) reduces to the classical Klein-Gordon-
Zakharov equations

Uy — Uy + 1+ uy =0,
(1.2)

Vit = Vxx = (|u|2)xx-
The system (1.2) arises in the study of the interaction between a Langmuir wave and an ion sound
wave in plasma. Chen [11] considered orbital stability of solitary waves for the classical Klein-Gordon-
Zakharov Eq (1.2). Hakkaev et al. [12] studied the orbital stability for periodic standing waves of the
Eq (1.2) by applying the abstract results of Grillakis et al. [13, 14]. Hakkaev et al. [15] studied the
linear stability analysis for periodic travelling waves of the Eq (1.2). In 2008, Gan [16] obtained orbital
instability of standing waves for the Eq (1.2). Recently, many authors have studied the orbital stability
and instability of standing waves and solitary waves (see [17-24]). The study of orbital stability for
standing waves is valuable.
In this paper, we are interested in the existence and orbital stability of periodic standing wave
solutions for the coupled Klein-Gordon-Zakharov equations with @ > . Because here the stability
refers to perturbations of the periodic wave profile itself, a study for the initial value problem of (1.1) is

necessary. Similarly to Theorem in [3,4,12], we obtain the well-posedness of the initial value problem
of (1.1).

Theorem 1.1. Let s > % For any fixed
((0), u,(0)) € H*(R) x H*"'(R), (v(0),v(0)) € H'"'(R) x H**(R),

there exists a time T, depending only on the norms in the respective spaces, so that there exists a unique
solution
l/l(.x, t) € C([Oa T]9 HS(R))7 ut(-x9 t) € C([()’ T]’ HS_I(R))s
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v(x,1) € C([0, T1, H'(R)), vi(x,1) € C([0,T], H*(R)).
We focus on solutions for (1.1) of the form
u(x,t) = ei“”qb(x), and v(x, 1) = ¥(x), (1.3)

where w € R, and ¢(€), Y(£): R — R are periodic smooth functions with the same arbitrary fundamental
period L > 0.

In order to write the Eq (1.1) into Hamiltonian form and obtain our results of stability for the
periodic traveling wave solutions in (1.3), we rewrite the coupled Klein-Gordon-Zakharov equations

U = —p,
_ 2
Pr = —Uye + U+ auv + Blul u, (1.4)
vl = nxa
n,=v,+ |u|ﬁ.
Then, we have
u(x, 1) = e Pp(x), v(x,1) = Y(x),
o(x, 1) = —iwu = —iwe'$(x), n(x,t) =0, (1.5)
and ) X

w/¢=2—<115 + ¢+ ady + B¢, (1.6)
Y +(¢7) =0.

Although, the abstract orbital stability theory presented by Grillakis et al. [14] cannot be applied
directly, by applying the extension version of the general theory of orbital stability presented by
Grillakis et al. [13] and combining detailed spectral analysis given by using Lamé equation and
Floquet theory, we obtain the orbital stability of periodic traveling waves (1.3) for the Eq (1.1).

This paper is organized as follows. In section 2, we present some remarks regarding periodic
Sobolev space and Jacobi elliptic functions. Section 3 is devoted to the existence of a smooth curve of
dnoidal wave solutions for the Eq (1.1). In Section 4, we study the spectral analysis of some certain
self-adjoint operators necessary to obtain our stability results. In Section 5, we show orbital stability
of the dnoidal waves solutions for the Eq (1.1).

2. Notation

The normal elliptic integral of the first type (see [25,26]) is defined by

Y dt de
f = ‘fv —— = F(SD’ k)’
0 VA -1 -k Jo 1 -k2sin6

and the normal elliptic integral of the second kind

Y-k Y P
f t2 1= f 1 — k2 Sil’l2 Qde = E(‘,D, k)7
0 - 0

1
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where
y=singp e (0,1], k€ (0,1).

The number £ is called the modulus. The number &’ = V1 — k? is called the complementary modulus.
¢ € (0, 7] is called the argument of the normal elliptic integral.
When y = 1, we denote F(5,k) by K = K(k) and E(5,k) by E = E(k). So

Kﬂ»:ﬂm:g,mnzl,mdmm:+m.

For k € (0, 1),

E - k*K E-K
BT >0, K"(k) >0, E'(k)=

Moreover, for k € (0, 1), we have that E(k) < K(k), and E(k) + K(k), E(k)K(k) are strictly increasing
functions.

The Jacobian elliptic functions are denoted by sn(u; k), cn(u; k) and dn(u; k) (called snoidal, cnoidal
and dnoidal, respectively) which are defined via the previous elliptic integral. Considering the elliptic
integral

K'(k) =

<0, and E"(k) <O.

u(y; k) :=u = F(p, k),

we can define its inverse function by

y =sing = sn(u; k), cn(u; k) = 1 — sn(u; k),

and
dn(u; k) = 1 = k>sn?(u; k).

Then, we have the asymptotic formulae

sn(x; 1) = tanh(x), cn(x; 1) = sech(x) and dn(x; 1) = sech(x).
3. Existence of dnoidal wave solutions for the coupled Klein-Gordon-Zakharov equations

This section is devoted to show the existence of a smooth curve of dnoidal wave solutions to the
coupled Klein-Gordon-Zakharov Eq (1.1) of the form (1.3).
By the second equation in (1.6), we have

¥ =—¢>+dix+d. (3.1)

Since ¥ is a periodic function, it is clear that d; = 0. For simplicity, we take the other constant of
integration d, = 0. So, from (3.1), it follows

v =—¢". (3.2)

Then, substituting (3.2) into the first equation of (1.6), we have
¢ = (1-w)p+(a-p)¢’ =0. (3.3)
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Next, we show that the Eq (3.3) has an explicit periodic solution which will depend on Jacobian
elliptic functions. In fact, multiplying (3.3) by ¢’ and integrating once, we obtain that the solution ¢
has to satisfy

4
(¢/)2—“ Pl_gt 4 (a — @) g2 -5l (3.4)

where A, is a needed integration constant different of zero. For convenience, we make

2(l-w?), 4

1= -t — Ay
e T
2 (1-w?)
Forl-w">0and0< A, < 4(a_ﬁ),wehave

1- 1 — w?)? 4A
o) = (P, ( w) 2
a-p -B) a-p
— (t2_1_w2+ (1_0)2)2_ 4A¢)
a-p (@-py? a-p

(U2 Ay 1ot
(@-py a- ,3 @-f ’

where

- - <0,

(1-w?? 4A, 1-0?
(@-p? a-B a-pB

and

(1-w?? 44 1 -o? 0
@-PF a-f a-p

Hence, w(¢) has the real and symmetric roots +1; and +1,. Without loss of generality, 0 < 1, < 1;.
So, we can write (3.4) as

@7 = L@ - it - . 3.5)

Assume that 1 — w? > 0, then left side of (3.5) is not negative. Therefore, we have that 77, < ¢ < 1
and 7, 17, satisfy

2(1 — w?)
M= = > 0.
4 (3.6)
2= ———A, > 0.
mm a—p"" >
_ ¢ 2 _ mm
Define p = p and k° = e then (3.5) becomes
1
o ,8)77
) =——" - —)(1 - p%). 3.7)
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Define a new variable y through the relation p> = 1 — k sin” y, from (3.7), we get

2
a —
o = e Pm 2ﬁ)’71(1 — Ksin ).
Then, we obtain that
(%) dt a-p
= mx.
0 1 — k2sin®t 2

Via the definition of the Jacobi elliptic function, the above integral equation has the solution

sin(y(x) = sn( [ — ;ﬁ ma k).

Hence, using the fact that k?sn” + dn® = 1, we obtain

p(x) = /1 —K2sin®y = \/1 —k2sn2(1/a;’8771x;k) = dn(wla;’gmx;k),

and p(0) = 1. From the relation p = :#1, we obtain the dnoidal wave solution

#(x) = nidn( #mx; k). (3.8)

Substituting (3.8) into (3.2), we have

W) = —pPdn*(4] = ;B ma k). (3.9)

Now, since dn has fundamental period 2K, dn(u; k) = dn(u+ 2K; k), where K = K(k) represents the
complete elliptic integral of first kind, we obtain that ¢ and ¢ have fundamental period given by

2V2
va — B

Fix w such that 1 — w? > 0, and define v = 1 — w?. Then, from (3.6), we get 0 < 1, < [ <m <

Ty=T, = K(k). (3.10)

\ /&%"ﬁ and we can see (3.10) as a function of a unique variable 7,, namely

_ _ 2
V2 k) with K = 2o O

[2v — (@ = B2 2vB—(a-Bm

V2n

Ty=T,> ——

o
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Note that if 7, — 0, we have that k(,) — 17, which implies that K(k(1,)) — +co. Therefore,
Ty, Ty — +o0 as ;m, — 0. On the other hand, if 7, — /B, we have that k(17,) — 0%, which implies

that K(k(17,)) — 5. Therefore, Ty, T, — % as 7, — /vB. Finally, since the function

m € (0, \VB) = Ty(1) = Ty (1)
V2

is a strictly decreasing function (see proof of Theorem 3.2), it follows T, = T;, > 5 Let L > 0, we
choose v > 0 such that /v > % By the analysis given above that there exists a unique 17, = 72(v)

such that the fundamental period of the dnoidal waves

¢y = ¢C;m(v);m2(v)) and ¥, = Y (-1 (v); 2 (v))
will be Ty, (72) = T, (72) = L.

Remark 3.1. If n, — 0%, we obtain that n, — /(f%ﬂ, k(n,) — 17 and dn(x,1) = sech(x).
Consequently, the formulaes (3.8) and (3.9) lose its periodicity in this limit and we obtain a wave

form with a single hump and with “infinity period”

_ 2y R 2y _ 2y o 2v )
axwu_ﬁmn Ja_ﬁwdwﬁb,wqu;;Eﬁ> e L)

which are exactly the classical ground state solutions for the coupled Klein-Gordon-Zakharov
equations.

27°

Theorem 3.2. Let L > 0 fixed, consider vo > 5 and the unique 1m0 = 1m:(vo) € (0, (:TOB) such that
T¢"O = Tl//vo = L. Then,

(1) there exist intervals 1(vy) and B(1,,) around v, and 1, respectively, and a unique smooth function
I1: I(vy) = B(12) such that I1(vy) = 1, and

2V2

J2v = (@ -Byn

_ 2v=2a-PBmp
2v — (@ — B3
(2) The dnoidal waves ¢(-;11,1,) and ¥(-;11,72) in (3.8) and (3.9) are determined by 7, = 71(v),

m = m(v) = (), with > + 13 = avaﬂ We have fundamental period L and satisfy (3.2) and (3.5).
Moreover, the mapping

Kk) =L,

for all v € I(vy), 1, € I1(v) and

€ (0,1).

v €1(vo) = (pC;m), (), ¥ (m (), () € H,,, ([0, L]) x H,,,([0, L])

is smooth for all integer n > 1.

(3) I(vp) can be chosen as (2

I +00).
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Proof. By applying the implicit function theorem, we prove the Theorem 3.1. In fact, we consider the

open set
2 2
Q:{(T],V)ERZZV> L—7T2and17€(0, "#)},

and define A : Q — R by

2V2
A(n,v) = V2 K(k) - L, (3.11)
V2= (@ - B
where
2v — 2(a - By’
K1, v) = . 3.12
R e oy (3.12)
From the hypotheses, we get A(.0,v) = 0. Next, we show that ,A < 0 in Q.
Differentiating (3.12) with respect to i, we have
ok 2a -
Ok ___2a=pm (3.13)
an kQ2v = (a - Bn)?
Hence, k(7, v) is a strictly decreasing function of 7. Then, from the relation (see [25, 26])
dK(k E(k) — kK (k
(k) _ E®) - KK (k) G

dk kk’? ’

with E = E(k) being the complete elliptic integral of the second type and k> = 1 — k? being the
complementary modulus. Differentiating (3.11) with respect to 77, and combining (3.13) with (3.14),
we obtain

2V2(a - By 22 dK Ok

0. A(m.y) = Kk ez

Ry R L vy oy w2
2V2(a - By

= K22y — (@ = BP)K (k) — 2vE(K) + 2vk 2K (k
kzk’2(2v—(a—,3)772)%[ 2y = (@ = P)K(K) = 2vE(K) + 2vk"K (k)]
_ 2V2(a - B)n [4%Q
2k2Q2v — (a — ByP): 1+ k7

2V2(a - B)y

K(k) - 2vE(k))

- ~[2k"*K (k) — (1 + K*)E(K)]. (3.15)
(1 + K2k2k?(2v = (a = P)m?)>
Then, from (3.15), we have
66—’; <0 o f(k)=1+K>HE(V1-k?)-2k*K(V1 -k?)>0. (3.16)

Since k(n, v) is a strictly decreasing function of 5 and k¥’ = V1 — k2, we obtain k' is a increasing
function of i € (0, v/vB) with k’ € (0, 1). Differentiating f with respect to k’ and using the relation
dE(x)
dx

X = E(x) — K(x) and E(x) < K(x),
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we have

af (k")
ok’

Thus, f(k’) is a decreasing function. Since f(1) = 0, we have

=3k'(E-K)<0O.

fkYy>f(1)=0 for k' €(0,1),

which shows (3.16) and obtains our affirmation. Therefore, by the implicit function theorem, there
exist an interval /(vp) around vy, an interval B(1,0) around 7, and a unique smooth function A :
1(vp) = B(n,,) such that

II(vo) = o and AII(v),v) =0, Vv € I(vp).

So, we can obtain (1) of Theorem 3.2.
272

Since v is chosen arbitrarily in the interval I = (5%, +00), from the uniqueness of the function A, it

follows that we can extend I(vy) to (2—”22, +00). Using the smoothness of the function involved, we can

immediately obtain part (2).
4. Spectral analysis

In order to prove the orbital stability of dnoidal wave solutions in Section 5, we need to derive two
linear operators L;, L, and give the spectral analysis of L; and L.
Firstly, from the Eq (3.3), we have

(=2 +v —(a-B)¢")¢ =0,

and define
L, =-8t+v—(a-pB)¢",

which implies L,¢ = 0. Next, differentiating (3.3) with respect to x, we have
(=9 +v =3(a~P)p"). = 0.
Then, we define the operator
Ly = -02+v-3(a- P9,
that is, L1¢, = 0.
Secondly, we turn to study the spectral properties associated to the linear operators

L =-+v-3-p)¢* L,=-0>+v-(a-p)¢, 4.1)

where ¢ is the dnoidal wave solution (3.8) with the fundamental period L and

v—l—a)ze(i2 +00)
= R )

Then, according to Weyl's essential spectrum theorem, Floquet theory [27], and the spectral analysis
in section 4 of [28], we have the following theorem concerning the spectral properties of operators L;

and L,.
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Theorem 4.1. Let the dnoidal wave solutions ¢ and  given by Theorem 3.2. Then, the operator L,
in (4.1) defined on Hier([O, L)) with domain Lf,e,([O, L)) has exactly its first three simple eigenvalues,
where zero eigenvalue is the second one with associated eigenfunction ¢’. Moreover, the remainder of

the spectrums are constituted by a discrete set of eigenvalues which are double.

Theorem 4.2. Let the dnoidal wave solutions ¢ and  given by Theorem 3.2. Then, the operator

L, in (4.1) defined on Hﬁer([O, L)) with domain L?,er([O, L)) has zero as its first eigenvalue. The zero

eigenvalue is simple and corresponds to the eigenvector ¢,. Moreover, the remained of the spectrums
are constituted by a discrete set of eigenvalues which are double.

Theorem 4.3. Let L > 0. Consider the smooth curve of dnoidal waves ¢, determined by Theorem
3.2. Then for any real function ¢ € H'([0, L]) satisfying

% QY u ;'Bmx» = (¢, ¢:) =0, (4.2)

there exists a positive number 6 > 0 such that

<L1 ®, SO> = 6||(P||12L11([0’L])’ (43)

where

2

is the negative eigenfunction of L, [29]with associated negative eigenvalue Ay defined in Theorem 4.1.

Proof. Combining (3.8), (4.4), dn*(x) + k>sn*(x) = 1, and dn(x + 2K) = dn(x), we have

(s Pol 4]~ ;ﬁ n1x) = 0. 4.5)

Hence, from (4.2), (4.5), and the theory of Lagrange multipliers, there are @, A and 6 such that

Fo(4/ ¢ ;ﬁmx) =11+ = VI k2 + K)sn? (] = _'8771)6) (4.4)

a-p

2

(Lig. 9 = 0, (g, 6.) = 0.and (¥o(| = Lmi).00 =0,

we have A = 0. From the fact

Ly S ) = ao [T B, .0y S iy = 0,
and
0= Aot Wol | S Emn) = (g, oy S Emoy = 60w\ B, 3| S E o,

we have 8 = 0. From (4.6), we have L;¢ = ag. Hence, if ¢ satisfies the condition (4.2), ¢ is the
eigenfunction of L; with associated eigenvalue @. From Theorem 4.1, we know L; has one negative
eigenvalue and one zero eigenvalue. According to the condition (4.2), we have @ > 0, and (L,¢, ¢) =
a{y, ). This completes the proof of Theorem 4.3.

Lip = ap + A¢, + 6%F(

mx). (4.6)

Since

AIMS Mathematics Volume 8, Issue 4, 8560-8579.
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Theorem 4.4. Let L > 0. Consider the smooth curve of dnoidal waves ¢,y determined by Theorem
3.2. Then for any real function ¢ € H'([0, L]) satisfying

(p,9) =0, 4.7)

there exists a positive number 6; > 0 such that

(Lz(p, QO) > 61 ”‘10”?{1([0’[4)'

Proof. From Theorem 4.2, we have L,¢ = 0. Hence, from (4.7), (4.5), and the theory of Lagrange
multipliers, there are a, A such that

Lyp = ap + A¢. (4.8)

Since (Lp, ¢) = 0 and (¢, ¢) = 0, we have 4 = 0. Then, from (4.8), we get L,y = aep, that is, ¢ is
the eigenfunction of L, with associated eigenvalue @. Hence, according to Theorem 4.2 and (4.7), it
follows @ > 0 and

(Lag, ) = alg, ) = Gullell o 1
This completes the proof of Theorem 4.4.

5. Orbital stability of dnoidal waves solutions for the coupled Klein-Gordon-Zakharov
equations

In this section, we will prove that the Eq (1.4) is a Hamiltonian system, and satisfies the conditions
of the general orbital stability theory proposed by Grillakis [13].
Let
U= (u,p,v, n)T.

The function space in which we shall work is

X=H'

complex

([0, L]) x L2, ..([0,L]) x L%, ([0, L]) x L%, ([0, L]),

complex real real

with inner product

L
(f,8) = f (Re(f181) + Re(fi.81x) + Re(f22) + f383 + faga)dx, (5.1
0
for
f=Un s fafa), §=1(81,82.83.84) €X.
The dual space of X is
X = Hc_olmplex([o’ L]) X ch’omplex([o’ L]) X L%eal([o’ L]) X L;%eal [0’ L])’

there exists a nature isomorphism /: X — X* defined by

(fi1g) = (1. 9 (5.2)

AIMS Mathematics Volume 8, Issue 4, 8560-8579.
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where (-, -) denotes the pairing between X and X*

L
(f’g>:f0 (Re(fig1) + Re(f2g2) + f383 + faga)dx. (5.3)
By (5.1)—(5.3), we have
1-2 000
7= 0 1 00
0 010
0 0 01

Let T be one-parameter groups of unitary operator on X defined by
T(s)U() = (e*u, e”p,v,n)", forU()eX, seR. 5.4)

Differentiating (5.4) with respect to s at s = 0, we have

T'(0) =

= el o)

0 0
i 0
0 0
0 0

S OO~

It follows from Theorem 3.2 and (1.5) that there exist solitary waves T (w?)®(x) of (1.3) with ®(x)
defined by

O (x) = (¢(x), —iwg(x), Y(x), 0),
where ¢(x) and y/(x) are defined by (3.8) and (3.9), respectively. In the following we shall consider the

orbital stability of periodic standing waves T'(wt)®(x) of (1.4). Note that the Eq (1.4) is invariant under
T(-), we define the orbital stability as follows.

Definition 5.1. [13]. The solitary wave solution T (wt)®(x) is orbitally stable, if for every € > 0, there
exists 0 > 0 with the following property: If ||Uy — ®(x)||x < 6 and U(t) is a solution of (1.4) in some
interval [0, to) with U(0) = Uy, then U(t) can be continued to a solution in 0 < t < +oo, and

sup inf|[|U(¢) — T(s)D|x < e&.

O<t<+oo €

Otherwise T'(wt)®(x) is called orbitally unstable.
Let us define a functional on X

§|u|4 + %vz + %n2)dx. (5.5)

EU) = fOL(IMI2 + 07| + lusl® + dulv +
By (5.4) and (5.5), we can verify that E(U) is invariant under 7, namely,
E(T(s)U)=E(U), forany s € R.
We also have for any 7 € R, U(t) is a flow of the Eq (1.4)

E(U(1) = E(U(0)).

AIMS Mathematics Volume 8, Issue 4, 8560-8579.
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Note that the Eq (1.4) can be written as the following Hamiltonian system

dU
— = JE'(U),
o7 )
where U = (u, p,v,n)" and J is a skew-symmetrically linear operator defined by
0 —% 0 0
7= % 0 O 0
0O 0 O é@x ’
0 O éax 0
and
2ty + 2u + 2auv + 2BJulu
Ty — 2p
EU) = oul’ + av (5.6)
an

is the Fréchet derivative of E.
Differentiating (5.6) with respect to U, we have

(=02 + 2 + 2av + 2Blul*)n; + 4BuRe(uiy) + 2aun;
1 _ 27]2
£ = 2aRe(un;) + ans ’ 5.7)

arny

where E” is the Fréchet derivative of E’, and n = (171,172, 13, 114)" .

Let
0 21 00
-2i 0 0 O
B = O 0 0 o0}
0O 0 00

such that 77(0) = JB. Then, as in [15, 16], we define the conserved functionals Q(U) as following

1 L
o) = §<BU’ U) = —ZImf updx. (5.8)
0
By (5.4) and (5.8), we can verify that Q(U) is invariant under 7', namely,
O(T(s)U) = Q(U), forany s € R,
and forany ¢t € R, U(¢) is a flow of (1.4)

QU®) = Q(U(0)).
Differentiating (5.8) with respect to U, we have

2ip 0 2000

, —2iu /” -2i 0 00

ow=su=| " ow=8=|" 4, (5.9)
0 0 0 0O
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Notice that ®(x) = (¢(x), —iwd(x), Y(x), 0) satisfies the Eq (1.6), combining (5.7) and (5.9), we have

_2¢xx + 2(1 - w2)¢ - 2(CZ _B)¢3
—2iwd + 2iwg
a¢2 + ay
0

E/(®) - wQ' (D) = = 0. (5.10)

Now we define an operator H, . from X to X* by
H, = E"(®) — wQ" (D).

Combining (5.7) and (5.9), we have

H,n = (E"(®) - wQ"(®)n
2(=0% + 1 + ay + B>y + 4BpRe(¢1) + 2adns — 2iwn,
_ 21, + 2iwn,
- 2aRe(¢y) + ams ’ G-
ana

where n = (71,172,173, n4)" . Next, we consider spectral analysis of the operator H,,. Observe that H,, is
self-adjoint in the sense that H?, = H,,. This means that /~'H,, is a bounded self-adjoint operator on X.

The spectrum of H,, consists of the real numbers A such that H, — Al is not invertible. We claim
that 4 = 0 belongs to the spectrum of H,,. Then, for any

n=n2,n3,14) €X,
by (5.11), we have

L
(Hy,.m,m) = Re f [2(=0% + 1 + ay + Bd™)n; + 4BdRe(¢n))) + 2adn; — 2iwn, |idx
0
L
+ Re f [(21 + 2iwn))7; + (2aRe(¢y) + ans)ns + anildx
0

L
= f [2(=0% + 1+ ay + Bg*)y1 - yi + 2(=0% + 1 + o + B*)y2 - 2 + 4B¢°y7
0

+ 20y 1173 — 4wyays + 4wyiya + 293 + 293 + 2adyins + ar; + anldx
= 2Liy1,y1) + 2{Loyz, y2)

L
+ f [@2dy1 + 1) + 2wy1 + 0 + 2(wys — v + ], (5.12)
0

where
M =y +iy,, M =Yy3+Iiys,
Ly = -8 +v-3@-P¢ and L, = ~&; +v — (@ - p)§".

Since the operators L; and L, have spectral properties in Theorems 4.1 and 4.2, we have

H,T'(0)® =0, H,(i¢,,0,0) =0,
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and H, has a unique simple negative eigenvalue. Let N = {k;'¥"} denotes the negative eigenspace of
H,, where W~ is the negative eigenfunction of H,,, k; € R/{0}. Z = {k,T'(0)® + k3¢} denotes the kernel
of the operator H,,, where ¢ = (ip, ¢, 0,0), k», k3 € R. Furthermore, let

P

{p € XIp = (P11 + ip12, P21 + ip22, P3, Pa)s (P11> Pl a ;'Bmx»
(P11, &) = (P12, $)} = 0. (5.13)

Combining Theorems 4.2—4.4 with (5.12), we get that the following Lemma 5.1 holds.

Lemma 5.2. For any a > 0 and { € P, there exists a constant 5 > 0 such that

(H,{, ) = 0l

where 9§ is independent of (.
According to the above analysis, when a > 0, @ > [, we can get that the space X can be decomposed
as a direct sum, that is, the following Assumption 5.3 holds.

Assumption 5.3. [13] (Spectral decomposition of H,,) The space X is decomposed as a direct sum
X=N+Z+P
where Z is the kernel of H,, N is a finite-dimensional subspace such that
(H,U,UY <0, for 0+ U €N,
and P is a closed subspace such that
(H,U,U)y 2 8||Ull}, for UeP,

with some constant 6 > 0 independent of U. Then, for any UeX U= (uy, un, uz, us)’, choose

U o UTO0) (U
(P, ) (T (0)@, T'(0)®)’ (p. )’
and then U can be uniquely represented by
U =a¥ + b, T (0)D + byp + po,
where pg € P.
We now define d(w): R — R by
d(w) = E(®) — wQ(D), (5.14)

and define d”’(w) to be function d(w) with respect w.

We know that J is not onto, the abstract stability theory in [14] cannot be applied directly.

But, according to the “stability theorem” in the introduction of [13] or the lines of proofs in [13],
Sections 3 and 4, we can obtain the following abstract orbital stability theorem for the solitary waves
of the Eq (1.4).
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Theorem 5.4. Assume that there exists the periodic standing waves T (wt)®(x) of the Eq (1.4) and
Assumption 5.3 holds. If d(w) is convex in a neighborhood of w (in other words d”(w) > 0), then
solution T (wt)®(x) is orbitally stable.

From Theorem 5.4, the main results about orbital stability of the periodic standing waves for the
Eq (1.4) can be given as follows.

Theorem 5.5. Leta >0, a >, 1 — w* > ZL—”; then

(i) If L > 2r, we have T (wt)®(x) is orbital stability for some interval |w| € (\/%, % + &).
(ii) If L > V57, we get that T (wt)®(x) is orbital stability for

M(k 2n2
_N(—O)Slwlﬁ 1_12’
(ko) L

4K ONGK) _ [ 2

where ky is the solution of HOND

Proof. According to Theorem 5.4, we need to find conditions that satisfy d”(w) > 0 under a > 0,
a>p,1-w?> ZLL;

However, since J is not onto, we can’t apply GSS theory [13,14] to study the orbital instability of
standing waves in the case d”’(w) < 0. Here, we only give conclusions of orbital stability.

Combining (5.8), (5.10) and (5.14), and using the formula

K
f dn®*(x)dx = E(k),
0

we have

L L L a-g
-Q(®) = 2Imf dpdx = —2a)f P*dx = —anff dn*(ny > x, k)dx
0 0 0
/ 2 (o, 16w
—4(1)7]1 m‘fov dn (x)dx = _L(af——ﬁ)KE (515)

Differentiating (5.15) with respect to w, we get

d'(w)

16 32w’ d(KE)ﬂc

dW =Kt T @k @

(5.16)

2
From (3.12) and 13 = %, we have

ok _ (@ —Bm(n —2v)
v kQv-(@-pm)?

and

@B o _ K—%%(W—(O/—ﬁ)?ﬁ)
& oy K )
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Then, it follows

ok K

— = ) 5.17
v 2v4E —kK(Q2v — (o — B)m3) ©.17)
Combining (5.16) and (5.17), with the formula
dK _E-(1-KHK dE _E-K
dk — k(1-k) ° dk  k
we obtain
16K E?>— (1 -k)HK? 1
d'(w) = L@-p) [ - 207 k((l - kz)) "B R
(K - kK + 55
16K [2(1 = KKE — (2 - K))E?*] + w*[2(2 — KH)E? = 2(1 — KX)KE — (2 — k*)(1 — kK>)K?]
- L@ -p) V(2 = K2)E - 2(1 — k*)K] ‘

For simplicity, we let
M) =2(1 — K*)KE — (2 — k*)E?,

N(k) =22 - k)E* - 2(1 - kK)KE - 2 - k5)(1 - K)K?,
then

16K M(k) + w*N(k)

= La=p) MC-E 201K

Since v[(2 - k*)E — 2(1 — k*)K] > 0, then the sign of d”’(w) depends on the sign of M(k) + w*N(k).

According to Theorem 5.1 and n(H,,) = 1, we have stability for 1 > w? > —%, that is,

42 — k) K (k) 3 ) M(k)
T—l—(u <1+W, (518)

2
fromv = 1 — w? 2—\rzK(k) = L, and k2 = 229D e inequality (5.18) can transfer to
’ \/21/—((1—5)772 ’ 2"_(‘1—,3)7]%
consider ’
42 — k) K*(k)N(k) <2 (5.19)
M(k) + N(k) ’ '

fk) =

f(k) is an increasing function. Then, using the analysis similar to [12] and the Mathematica, we get
that 7' (wt)®(x) is orbital stability for

<lwl £ 41 = — (5.20)

4K RNGK) _ [ 2

as L > \/§7r, where kg is the solution of MOND
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Remark 5.6. When L — oo, the formulaes (3.8) and (3.9) lose its periodicity in this limit and we
obtain a wave form with a single hump and with infinity periodi of the form

P(x) = /%sech( VA = w?)x), P(x) = - el sech (V1 — w2x),

a-p
and lim ky(L) = 1, lim —MS = 5
Hence, for all 1 > |w| > %, the solutions (e’ 1’2(;;_;;2)5‘66]1( V(1 = w?)x), —QZ—_Vﬂsechz( V1 — w?x))

are orbitally stable. Therefore, we also obtain stability of sech-type standing waves for Eq (1.1).
6. Conclusions

In this work, we are interested in studying the stability of the periodic standing waves for coupled
Klein-Gordon-Zakharov Eq (1.1). The abstract orbital stability theory presented by Grillakis et al. [14]
cannot be applied directly. However, combining the extension version of the general theory of orbital
stability [13] and detailed spectral analysis and Floquet theory, and we obtain the orbital stability of
periodic traveling waves of the Eq (1.4). In addition, we consider the novel situation of period L — oo,
and dnoidal type turns into sech type in the case of limit. Then, we obtain stability of sech type standing
waves. In our study, S = 0, @ = 1 also satisfy conditions of Theorem 5.5. So, we also can get the the
stability of the dnoidal type and sech type standing waves for the classical Klein-Gordon-Zakharov
Eq (1.2). Obviously, our work further extends and improves the interesting results of [11, 12].

In addition, the periodic solution 7'(wt)®(x) is orbital stability in the conditions of L > V57 and
1 -w > ZLL; in this paper, but we don’t obtain the concrete stable result of periodic solution for the
case L = V5. In future work, we will analyze such an open problem.
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