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Abstract: In this article, we study the complete convergence and the complete moment convergence
for negatively dependent (ND) random variables under sub-linear expectations. Under proper
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1. Introduction

Peng [1,2] introduced seminal concepts of the sub-linear expectations space to study the uncertainty
in probability. The works of Peng [1,2] stimulate many scholars to investigate the results under sub-
linear expectations space, extending those in classic probability space. Zhang [3,4] got exponential
inequalities and Rosenthal’s inequality under sub-linear expectations. For more limit theorems under
sub-linear expectations, the readers could refer to Zhang [5], Xu and Zhang [6, 7], Wu and Jiang [8],
Zhang and Lin [9], Zhong and Wu [10], Chen [11], Chen and Wu [12], Zhang [13], Hu et al. [14], Gao
and Xu [15], Kuczmaszewska [16], Xu and Cheng [17-19], Xu et al. [20] and references therein.

In probability space, Shen et al. [21] obtained equivalent conditions of complete convergence and
complete moment convergence for extended negatively dependent random variables. For references
on complete moment convergence and complete convergence in probability space, the reader could
refer to Hsu and Robbins [22], Chow [23], Ko [24], Meng et al. [25], Hosseini and Nezakati [26],
Meng et al. [27] and refercences therein. Inspired by the work of Shen et al. [21], we try to investigate
complete convergence and complete moment convergence for negatively dependent (ND) random
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variables under sub-linear expectations, and the Marcinkiewicz-Zygmund type result for ND random
variables under sub-linear expectations, which complements the relevant results in Shen et al. [21].

Recently, Srivastava et al. [28] introduced and studied comcept of statistical probability
convergence. Srivastava et al. [29] investigated the relevant results of statistical probability
convergence via deferred Norlund summability mean. For more recent works, the interested reader
could refer to Srivastava et al. [30-32], Paikary et al. [33] and references therein. We conjecture the
relevant notions and results of statistical probability convergence could be extended to that under
sub-linear expectation.

We organize the remainders of this article as follows. We cite relevant basic notions, concepts and
properties, and present relevant lemmas under sub-linear expectations in Section 2. In Section 3, we
give our main results, Theorems 3.1 and 3.2, the proofs of which are given in Section 4.

2. Preliminary

In this article, we use notions as in the works by Peng [2], Zhang [4]. Suppose that (Q,F) is a
given measurable space. Assume that / is a collection of all random variables on (Q, ) satisfying
o(Xi,---,X,) € Hfor Xy,---,X, € H, and each ¢ € C;1;,(R"), where C;;,(R") represents the space
of ¢ fulfilling

lp(x) — @(y)l < C(1 + XI" + ly[")(Ix — yI), ¥x,y € R"

for some C > 0, m € N relying on ¢.

Definition 2.1. A sub-linear expectation E on H is a functional E : H +— R := [—oo, o] fulfilling the
following: for every X,Y € ‘H,

(a) X > Y yields E[X] > E[Y];

(b) E[c] = ¢, Yc eR;

(c) E[AX] = AE[X], VA > O;

(d) E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is not of the form co — co or —oo + o0.
We name a set function V : ¥ + [0, 1] a capacity if

(@) V(0)=0,V() =1,

(b) V(A) <V(B),ACB,A,BeF.
Moreover, if V is continuous, then V obey

(c) A, T A concludes V(A,) T V(A4);
(d) A, | A concludes V(A,) | V(A).

V is named to be sub-additive when V(A + B) < V(A) + V(B),A,B € F.
Under the sub-linear expectation space (Q, H, E), set V(A) := inf{E[£] : I < &,E € HYL, VA e F
(cf. Zhang [3,4,9,13], Chen and Wu [12], Xu et al. [20]). V is a sub-additive capacity. Set

V*(A) = inf {Z V(A,): AC UA,,} LAETF.
n=1 n=1
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By Definition 4.2 and Lemma 4.3 of Zhang [34], if E = E is linear expectation, V* coincide with the
probability measure introduced by the linear expectation E. As in Zhang [3], V* is countably sub-
additive, V*(A) < V(A). Hence, in Theorem 3.1, Corollary 3.1, V could be replaced by V*, implying
that the results here could be considered as natural extensions of the corresponding ones in classic
probability space. Write

(o] O
Cy(X) = f V(X > x)dx + f V(X > x) — 1)dx.
0 —oo

Assume X = (X,---,X,), X; €e Hand Y = (Y}, ---.,Y,), Y; € H are two random vectors on
(Q,H,E). Y is called to be negatively dependent to X, if for ¢, on C;;,(R™), ¥» on C;1;,(R"), we
have E[y (X)y2(Y)] < E[y1(X)]E[¢2(Y)] whenever ¢1(X) > 0, E[Y2(Y)] = 0, E[ly1(X)ya2(Y)]] < oo,
E[ly1(X)]] < oo, E[|¢2(Y)|] < oo, and either ¢ and ¢, are coordinatewise nondecreasing or ¢, and ¥,
are coordinatewise nonincreasing (cf. Definition 2.3 of Zhang [3], Definition 1.5 of Zhang [4]).

{Xu}>7, is called to be negatively dependent, if X,; is negatively dependent to (Xy,---,X,) for
each n > 1. The existence of negatively dependent random variables {X,}> under sub-linear
expectations could be yielded by Example 1.6 of Zhang [4] and Kolmogorov’s existence theorem in

classic probabililty space. We below give an concrete example.

Example 2.1. Let P = {Q,, Q»} be a family of probability measures on (Q, ). Suppose that {X,} |
are independent, identically distributed under each Q;, i = 1,2 with Q1(X; = -1)=Q0;(X; = 1) =1/2,
0>(X; = —-1) = 1. Define E[¢] = supyep Eglé], for each random variable £. Here E[-] is a sub-
linear expectation. By the discussion of Example 1.6 of Zhang [4], we see that {X,} " | are negatively
dependent random variables under E.

Assume that X; and X, are two n-dimensional random vectors in sub-linear expectation spaces
(Q,H,,E;) and (Q,, H>,E,) repectively. They are named identically distributed if for every ¢ €
CrLip(R"),

Ei [y (X1)] = Ex[y(X2)].

{X,}, is called to be identically distributed if for every i > 1, X; and X, are identically distributed.

In this article we assume that E is countably sub-additive, i.e., E(X) < >” | E(X,,) could be implied
by X < Y7 X, X, X, e H,and X >0, X, >0, n = 1,2,.... Write S, = >_; X;, n > 1. Let C
denote a positive constant which may vary in different occasions. I(A) or I, represent the indicator
function of A. The notion a, = b, means that there exist two positive constants C;, C, such that
Ci1D,| < lay| < Colby.

As in Zhang [4], by definition, if X, X», ..., X, are negatively dependent random variables and f,
f2, ..., fn are all non increasing ( or non decreasing) functions, then f;(X;), 2(X>),..., fu(X,) are still
negatively dependent random variables.

We cite the useful inequalities under sub-linear expectations.

Lemma 2.1. (See Lemma 4.5 (iii) of Zhang [3]) If E is countably sub-additive under (Q, H,E), then
for X € H,

ElX] < Cv (IX]).
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Lemma 2.2. (See Lemmas 2.3, 2.4 of Xu et al. [20] and Theorem 2.1 of Zhang [4] ) Assume that p > 1
and {X,;n > 1} is a sequence of negatively dependent random varables under (Q,H,E). Then there
exists a positive constant C = C(p) relying on p such that

p n n p
< C{ZEIX,-I” + (Z [[E(-X))| + |E(X,->|]] } l<p<2, @.1)
i=1 i=1

p

max
1<i<n

ZX

n n p
< C(logn)? {ZElX,-lp + [ [E(-X)| + |E(X)|]) }, 1<p<2, (2.2)

i=1 i=1

'S

2 X||<cC {Z E|Xi|” + (Z EX?]
j=1 ] i=1 i=1

Lemma 2.3. Assume that X € H, @ > 0, v > 0, Cy (|X|*) < oo. Then there exists a positive constant C
relying on a,y such that

p/2

E [max

1<i<n

n p
* (Z [IE(-X))| + |E(X,~>|]] } pz2. (23
i=1

f VA{IX] > yy}y*'dy < CCy (IX|") < oo.
0

1/a

Proof. By the method of substitution of definite integral, letting yy = z'/%, we get

f VA{IX] > yy}y*ldy < f VAIXI® > 2} (21 )% fydz < CCy (1XI7) < oo
0 0

O
Lemma 2.4. Let Y,,Z, € H. Then for any g > 1, € > 0 and a > 0,
Ty g J
— <|— 4 — | — : .
[1@% Z(Y +7) sa] _(8q+q_1)aq_lE[1nSlJf;l§)’(1 ZYL ]+E({2}g ;z) (2.4)

Proof. By Markov’ inequality under sub-linear expectations, Lemma 2.1, and the similar proof of
Lemma 2.4 of Sung [35], we could finish the proof. Hence, the proof is omitted here. O

3. Main results

Our main results are below.

Theorem 3.1. Suppose a > % and ap > 1. Assume that {X,,n > 1} is a sequence of negatively
dependent random variables, and for each n > 1, X,, is identically distributed as X under sub-linear
expectation space (Q, H,E). Moreover, assume E(X) = E(-X) = 0if p > 1. Suppose Cy (|X|P) < co.

Then for all € > 0,

(o)
E n®?~2Y { max
1<j<n

n=1

| > sn”} < co. 3.1
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Remark 3.1. By Example 2.1, the assumption E(X) = E(—X) = 0if p > 1 in Theorem 3.1 can not be
weakened to BE(X) = 0 if p > 1. In fact, in the case of Example 2.1, zf% <a <1, ap > 1, then for any
0<ex<l,

i=1

J )
S S

which implies that Theorems 3.1, 3.2, Corollary 3.1 do not hold. However, by Example 1.6 of
Zhang [4], the assumptions of Theorem 3.3, Corollary 3.2 hold for random variables in Example 2.1,
hence Theorem 3.3, Corollary 3.2 are valid in this example.

(o]
>en® ) > Z n®?2V { max
1<j<n

n=1

By Theorem 3.1, we could get the Marcinkiewicz-Zygmund strong law of large numbers for
negatively dependent random variables under sub-linear expectations below.

Corollary 3.1. Let a > % and ap > 1. Assume that under sub-linear expectation space (Q,H,E), {X,}
is a sequence of negatively dependent random variables and for each n, X,, is identically distributed
as X. Moreover, assume BE(X) = E(-X) = 0if p > 1. Assume that V induced by E is countably
sub-additive. Suppose Cy{|X|’} < co. Then

n—oo

v [hm sup —

> 0) 0. (3.2)

Theorem 3. 2 If the assumptions of Theorem 3.1 hold for p > 1 and Cy{|X|Plog” |X|} < oo for some

0 > max{“lp T , p}, then for any & > 0,

(o]
Z ap=2=F [ max
1<j<n

n=1

ZX

By the similar proof of Theorem 3.1, with Theorem 2.1 (b) for negative dependent random variables
of Zhang [4] (cf. the proof of Theorem 2.1 (c) there ) in place of Lemma 2.2 here, we could obtain the
following result.

—é&n } < o0, (3.3)

Theorem 3.3. Suppose a > %, p > 1, and ap > 1. Assume that X is negatively dependent to

(Xks15-..,Xp), foreach k = 1,...,n, n > 1. Suppose for each n, X, is identically distributed as X
under sub-linear expectation space (Q, H,E). Suppose Cy (|X|P) < oo. Then for all € > 0,

0 J
ap-2 o ) a
§ n V{{g% E [X; — B(X))] > en } < o0,

n=1 i=1

o0 J
ap-2 Y. _ V. a
Zn V{&%Z[ X, — E(—X))] > en }<oo

n=1 1=

By the similar proof of Corollary 3.1, with Theorem 3.3 in place of Theorem 3.1, we get the
following result.
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Corollary 3.2. Leta > i, p > 1, and ap > 1. Assume that X, is negatively dependent to (Xis1, - . ., X,),
for each k = 1,...,n, n > 1. Suppose for each n, X, is identically distributed as X under sub-
linear expectation space (Q, H,E). Assume that V induced by E is countably sub-additive. Suppose
Cy{|XIP} < oo. Then

% [{hm sup — Z[x E(X)] > 0} g {lim sup ni D I-Xi - E(-X))] > 0}) =0.
n—0e0 i=1

n—oo

By the similar proof of Theorem 3.1 and Corollary 3.1, and adapting the proof of (4.10), we could
obtain the following result.

Corollary 3.3. Suppose a > 1 and p > 1. Assume that {X,,n > 1} is a sequence of negatively
dependent random variables, and for each n > 1, X, is identically distributed as X under sub-linear
expectation space (Q, H,E). Suppose Cy; (|X|P) < oo. Then for all € > 0,

Z NP2y {fr<1]a<)§l Z[X E(X;)] > en } < 00

n=1

% J
ap-2 L V. a
Zn V{E%Z —X; — E( Xl)]>sn}<oo

n=1 i=1

Moreover assume that V induced by E is countably sub-additive. Then

V[{hmsup—Z[X E(X)]>O}U{hmsup—2[ ~X; - E(- X)]>O}]:0

n—oo n—oo

By the discussion below Definition 4.1 of Zhang [34], and Corollary 3.2, we conjecture the
following.

Conjecture 3.1. Suppose % <a < 1landap > 1. Assume that {X,,n > 1} is a sequence of negatively
dependent random variables, and for each n > 1, X,, is identically distributed as X under sub-linear
expectation space (Q, H,E). Assume that V induced by E is continuous. Suppose C{|X|P} < oo. Then

\ [{lim sup % DX - B(X)) > 0} | {lim sup nia DX - B(-X))] > o}] = 0.

n—oo =1 n—oo i=1
4. Proofs of main results, Theorems 3.1, 3.2, Corollary 3.1

Proof of Theorem 3.1. We investigate the following cases.
Case 1.0 < p< 1.
For fixedn > 1, for 1 <i < n, write

Y, = —l’laI{X,' < —I’la} + X I{|X;] < l’la} + I’laI{X,' > I’la},

Zy = (Xi — n")[{X; > n"} + (X; + n"){X; < —n"},

AIMS Mathematics Volume 8, Issue 4, 8504-8521.
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Y, = —n"I{X < —n"} + XI{|X| < n"} + n"I{X > n“},
Z,=X-Y,.
Observing that X; = Y,; + Z,;, we see that for all € > 0,

ZX >8n}

1<j<n

oo
n®”2V { max

n=1
< ap-2 a ner- 2 1%
< ,,Z::‘ V{{Iﬁljas); ; il > en /2} ; V{{ijg; ZZ,” > é&n /2}
=1L +D. “4.1)

By Markov’s inequality under sub-linear expectations, C, inequality, and Lemmas 2.1, 2.3, we
conclude that

I, <C i nr2- Z E|Y, =C i n®* 1Ry, < Ci n®P~ 1 Cy (|Y,))
sCZ “P‘“f (1Y, > x1d CZ “P‘“Zf V{X| > x}d

n=1 e k—1)2
kY )
- ¢ f VX > xpdx Y a7 = €Y RV > (k- DO
Z (k=1) ; ;

< CZW W {X] > k%) + C

< Cf xP'VAIX| > x*}dx + C < CCy{|X|P} + C < o0, 4.2)
0

and

o) n
L<CY nr 2 N gz,
n=1 i=1

<C i nap/2—1E|Zn|p/2 <C i nap/Z—lcV {|Zn|p/2}

n=1 n=1
<C i n?-1cy, {|X|P/21{|X| > n"}}

) @

<C ) ! [ f V{IX] > n"}s??ds + f V{IX] > s}sp/z_lds]
0 n(l

n=1

(k+1)*
CZn“” V{(IX] > n® +CZ ap/2- 1Zf V{X| > s)s”>ds

n=1

8

IA

(k+1)*

<CCy |X|p +CZf Y{X| > s} SP/Z 1dsZ ap/2-1

n=1
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< CCy {IXIP) +C Z V{|1X] > k) kP!
< CCy (IXIP} + CCy {IXIP} < oo. (4.3)

Therefore, by (4.1)—(4.3), we deduce that (3.1) holds.
Case 2. p>1.
Observing that ap > 1, we choose a suitable g such that alp <g<1. Forfixedn>1,forl <i<n,
write
XW = _pep(X; < —n®Y + XI{|X;] < n®) + n®U(X; > n®),

ni

X2 = (X; — n"DIX; > n), XY = (X; + n*DI{X; < —n7),
and X,(ql), X?, X9 is defined as X(}) x? XG) only with X in place of X; above. Observing that

ni

X = Z’ X(l) Z’ X(z) ZJ X9 for 1 < j < n, we see that for all & > 0,

ni’
(o]
Z n® 2V { max Z X;
I<j<n

>81’l}
n=1

(1) a ap-2
ZXm. > éen /3}+Zn V{{rslgl

i=1 n=1

J
(3)
2%

i=1

Mg

J
®
2%

i=1

ap=2y {max

1<j<n

> 811“/3}

>8na/3} =11 + 1, + I15. (44)

n=1
(e8]
+ Z n®?~2y { max
: 1<j<n
n=

Therefore, to establish (3.1), it is enough to prove that 1} < oo, I, < 0o, I3 < oo.
For 11, we first establish that

n~ % max

— 0, asn — oo, 4.5
1<j<n

J
E M
2 BK

By E(X) = 0, Markov’s inequality under sub-linear expectations, Lemma 2.1, we conclude that

ZEX“)

n~% max
1<]<n

<n Z [EX)| < n' B - QO
<n"- QE|X,§‘> - X| < n'Cy (X - X))

<Cn'@ Uwvnxu{m > n%} > x} dx]
0

aq o0

<Cn'™ [ f V{IX] > n®}dx + f V{X] > y}dy]
0 nq

* V{X| > y}yr!
< Cn'= (x| > 1) + Cnte [ XTI
4 n@a(p=1)
E|X
C l-a+aq 71 | | Cwnl—a+afq—aqpcwV {lep}
neap

< Cn! =P Cy {IXIP),
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which results in (4.5) by Cy{|X|”} < co and 1/(ap) < g < 1. Thus, from (4.5), it follows that

/ en”
Z (xV - ExY) > ?}. (4.6)

=

1<j<n

I, <C Z nr=ry {max

n=1

For fixed n > 1, we note that {X,(l;) - EXE), 1 < i < n} are negatively dependent random variables. By
(4.6), Markov’s inequality under sub-linear expectations, and Lemma 2.2, we see that for any 8 > 2,

i s
0 J
ap-2-af (1) _ (1)
I, < Cz_;n E{{% Z;(Xm. EX')) ]
0 n n B/2 n B
< CY T N EXDP + (Z E|sz?|2) + [ [EX!,| + |]E(—X2))|]) ]
n=1 i=1 i=1 i=1

A+ 1 + 15, (47)

. ap—1 ap—1 .
Taking 8 > max {a_l 73> 2, p, P }, we obtain

ap—af+agB-—apg—1=alp-p)(1-q)—1<-1,
ap—-2—-af+p/2 < -1,

and
ap—-2—-af+B—-aq(p—-1)p<-1.

By C, inequality, Markov’s inequality under sub-linear expectations, Lemma 2.1, we see that

11,

IA

) n )
C Z n(yp—Z—(r,B Z E|X’S)|ﬁ <C Z nwp—l—aﬁElxr(ll”ﬁ
n=1 i=1 n=1

IA

C i =y [ XOP)

n=1
n@9B

— Cznafp—l—aﬁf
n=1 0

0 o
C Z n””_l_"ﬁf V{|X| > x}xP~ ' n®b-Pdx
n=1 0

V{XP > x}dx < CZ n“p_l_“ﬁf V{IX| > x}x*'dx
0

n=1

IA

IA

C ) B X < oo, (4.8)

n=1

I,

IA

00 n 5/2
C Z na/p—Z—aﬁ (Z E|X,(,1)|2)
n=1 i=1

C N ap-2-ap+12 (., (IX DR 8/2
S ()

IA

AIMS Mathematics Volume 8, Issue 4, 8504—-8521.
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n®4

C Z nap—Z—aﬁ+[3’/2 (f
n=1 0

IA

B2
Y{X| > x}xdx)

2
C s, vl (cyxpyf ifp>2;
o pI2
€y e o2 (X > xher e rdx] L < p <2,

IA

2
Cx, nr o2 (C xp)f <o, ifp22;
C Y2, n@r= DB (Cy(IX|P)P? < 00, ifl<p<2,

and

113

IA

(o) n ﬂ
C Z nor=2p (ZHEXSH + |E<—X,§”)n]

CZ ap-2-af+p (EIX“) X|)

IA

C Z ap-2-af+f (Elep)ﬂ

nxa(p-1p

IA

IA

C Z peP=2-aBB-aq(p=D (C (1X|P)Y < oo.

n=1

Therefore, combining (4.7)—(4.10) results in /1; < oo.

4.9)

(4.10)

Next, we will establish that /7, < co. Let g,(x) be a non-increasing Lipschitz function such that
Hx < p) < gu(x) < Hx < 1}, u € (0,1). Obviously, I{x > u} > 1 - g,(x) > I{x > 1}. For fixed n > 1,

for 1 <i < n, write
(4) = (X; —n"DI(n" < X; < n® +n") +n"l1 (X; > n* + n*),

and
XY = (X = n"DI (n* < X < n® +n*) +n®I(X > n® + n").

Z X > ] ({22’2 1X;| > n“) U (F;% Z X9 >

We see that

5
-7

max
1<j<n
which results in

i

@
=1

J=

IA
NgE
S
5
NS}

1L, V(1X)| > n®) + Z neP2y {max

1<j<n

n=1 i=1 n=1

= 1L + 1.

By Cv{|X|P} < o0, we conclude that

Iy < C) "2 Bll-g,(Xih]=C ) n""'E[l - g,(IX)]
n=1 i=1 n=1

4.11)
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C Z R V(IX]| > un®)

n=1

C f xPIYV(X] > pux®}dx < CCy(IXIP) < oco. (4.12)
0

IA

IA

Observing that $ < g < 1, from the definition of Xﬁ), follows that

Z E X(4)

Cn'"EIX{"| < Cn'*Cy (X))

Cnl—a |:f
0

E|X oo p-1
< cpi-ored 2XI Cnl_“f V{IX| > x)———dx

nrd g na(p—1)

IA

n % max
1<j<n

aq o0

IA

VAIX|{|X] > n"} > x}dx + f

aq

Y{X| > x}dx]

< Cn'mvtaeriC (IX|P) — 0 as n — oo. (4.13)

By X'V > 0, (4.11)—(4.13), we see that

IL <C Z naP2y {

n=1

n

X9 - B9 >

en”
?} ) 4.14)

For fixed n > 1, we know that {ij) - ]Eij), 1 < i < n} are negatively dependent random variables
under sub-linear expectations. By Markov’s inequality under sub-linear expectations, C,-inequality,
Lemma 2.2, we obtain

1L, <C Z n“p_2_“ﬁE[

Z[X@ — EX¥]
n=1

i=1
) n ﬂ/2 n S
N (ZE 0P| (ZHEX;jn + X)) ]
n=1 i=1 i=1

=: 1L + 11y + 1. (415)

i=1

B

n

By C, inequality, Lemma 2.3, we have

Iy < CY > N ExOF < i, (xOF)
n=1 i=1 n=1
< C Z neri-ebc, {|X|ﬁl{n‘"1 <X <% +n%) +n"PIX > n” + naq}}
0 2n?
< CZn“P_l_“'B f V{|X| > x} ¥ 'dx
2k
< CZ “P‘“ﬂZf V{IX| > x} ¥ 'dx

2(k—1)@
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o0

C D V{X|>2(k— 1)*} k! Zna,,_l_aﬁ
k=1

n=k

IA

VA{1X] > 2(k — 1)2} kP!

IA

Me

C

=~

=1

Cf V{IX] > 2x*}x*? " dx < CCy{|X|"} < o0. (4.16)
0

IA

As in the proof of (4.9) and (4.16), we can deduce that 11, < co.
By Lemma 2.1, we see that

Iy < €3 wr s (Ex) < Cinw—l—aﬁw( Blx )ﬁ

07 -1
g g nada(p—1)
< CZ pap1-aBB-aap=1) (C 1XP)Y < oo (4.17)
n=1

By (4.15)—(4.17), we deduce that I, < co.
As in the proof of /I, < co, we also can obtain /I3 < co. Therefore, combining (4.5), I} < oo,
I, < oo, and 115 < oo results in (3.1). This finishes the proof. ]

Proof of Corollary 3.1. By Cv{|X|”} < oo, and Theorem 3.1, we deduce that for all £ > 0,

= j
Z 772V | max ZXi > sn“] < . (4.18)
n=1 I<jsn i=1
By (4.18), we conclude that for any £ > 0,
o j
ap-2 ) a
0o > Z;n V[Fﬁljas); ZX, > éen ]
00 2k+l_1
— ap-2
= Z Z A\ 1n<1?<),(1 ZX > en®
k=0 p=2k

* (2597722 (max <o |, Xi| > g2k+Da) ifap > 2,

k=0 <j< 1_1 P
Tio @224V (max <y | B, Xi| > £20409) | if 1 < ap <2,
Z,ZOV(maxlsjszk |Z{:1 Xi| > 32("”)C’) , ifap=>2,
Yo 3V (max g en |[SL, X > £26407) | if 1 <ap <2,

which, combined with Borel-Cantell lemma under sub-linear expectations, yields that

o maxigex | B X
V(hrnn_) sup ;(ml)a X > 0) = 0. (4.19)
For all positive integers n,  a positive integer k satisfying 27! < n < 2%, we see that
RS RS 2% max ¢ jok | Z{Zl Xil
le Xi| < zkglga:ézk n le Xil < S+ Dar ’
which yields (3.2). This completes the proof. O
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Proof of Theorem 3.2. For fixedn > 1, for 1 <i < n, write
Y, = —I’lal{Xi < —l’la} + X,I{IX,I < na} + I’lal{Xi > I’la},

Zy =X =Y, =X, —n")IX; > n"} + (X; + n")[{X; < —n"},

and
Y, = —n"l{X < —n"} + XI{|X| < n®} + n®[{X > n®},

Z,=X-Y, =X -nHHIX >n*}+ (X +n"){X < —n®}.

ap-2-af

+ i P g Z(Z"f ~EZ,)
n=1 i=1

Noticing that Z, < (|IX| — n)I(|X| > n%) < |X|I(|X] > n%), by Lemma 2.3, we see that

I, < C i nr2- Z ElZ. < C i n®*~1"Eg|Z,|
i=1 n=1

(o)

C ) 1 ClIZl) < € ) nt U CIXIAX] > i)
1

n=

From Lemma 2.4 follows that for any g > 1,

i ap-2- aE[]rE]agz ZX

n=1

sl

max } =: 111, + 11],. (4.20)

1<j<n

IA

n=1
[e's) (s

CZn‘”’_l_“ [ f V{X| > n)dx + f V{|X|>x}dx]
n=1 0 n®
(k+1)7
nPI(IX| > n) +CZ “P“’Zf V{X| > x}dx

k
CCy{IX|’} + C Z V{X| > koo Z per-i-e

IA

IA
_Mg

<
k=1 n=1
CCV{IXIP +C Y, VX > k¥ ke Nog(k), ifp=1,
CCy{IXIP} + C 20, VHIX| > k*}ker™ L ifp>1,
X|log|X|} < o0, ifp=1,
CCy{|X|log|X]} < oo 1 P 4.21)
CCy{|X|?} < oo, ifp>1.

Now, we will establish /1] < co. Observing that 8 > p > 1, we can choose § = 6. We analysize the
following two cases.
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Case 1.
inequality under sub-linear expectations follows that

111,

IA

IA

IA

IA
aQ
gk

IA

a a
e 1

IA

IA

1 < 6 < 2. From (2.2) of Lemma 2.2, Lemma 2.1, E(Y) = E(-Y) = 0, and Markov’s

0
ap-2-ab )
CZI’Z E{{Ejag; Z(Ym EY,:) ]

=
—_

C > w2 l0g’ n| Y BV + [Z[IE(Ym)I v |E(—Ym')|]) ]
n=1 L i=1 i=1
[eS) [ n n ‘
C Y nr = loghn| Y ElY, [ + (Z[IE(Yn)I ' |E<—Yn)|])
n=1 L i=1 i=1

At log" nCy (Y1) + € ) 7 log! n (BY, - X))

n=1

a
Me

S
1l
—_

(3

pep=1-a? loganf V{IX| > x}a%1dx
0

S
1l
—

n* P2 100 n (Cy{lY, — X|})’

+
A
gk

n=1
(o] kll/
CZn“‘”“alog an V{IX] > x}x"'dx
= e

nP=2=% 100 n (Cy{IX|I{1X] > n®}})’

+
A
M1

S
1l
—_

(o)

V{le > (k ka@ 1 Znap—l—a/g
n=k

%
nP=2a+0 o0 n( f V{X|{IX] > n®} > y}dy)
0

>~
Il
—_

+
A
[

S
I
—_

S E{X]” log” |X]}’
V{le > (k _ l)a}k(ll)—l logek + CZn(Ip—2—09+9 loggn(na/ {l | Oge | |})
n® log’ n

n=1

>~
Il
—_

+
A
[

) 6
pap=r-at 1og9n( f V{X1” 1og” 1X] > y” log’ y}d(y” log’ y)/(n®P~V 1og’ n))

C | ViIXI> x)x" log’ xdx + C (Cy{1XI? log’ |X|})9

+C Z n(lp—2+€—(xp€ 10g9—92 n (CVHle 10g0 |X|})9
=1

CCy{1X1P log” |X|} + C (C{IXI” log” |X|})9 < oo. (4.22)

3

Case 2. 6 > 2. Observe that 6 > C;p_l we conclude that ap —2 — af + £ < —1. As in the proof

2
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of (4.22), by Lemma 2.2, and C, inequality, we see that

%
C » n*’*°E|max
Sy -z
[ n n 9/2 n 6
CZ#HMEEmﬂ{ZEmd-{mem%%mﬂ]
n=1 i=1 i=1 i=1

ULy + 1, + 5. (423)

111

Zmumm»

IA

By Lemma 2.3, we see that

i, < C

Mg

A TUEY S C )ty Iy )
n=1

n=1
< Ccyn P-l-aef V{IX] > xjx’dx
n=1
— ap1a€ |X|>X Gldx
Z:: Z fk e
< Z {|X| > (k )(I k(l@ IZ ap-1-ab < CZV{|X| > (k— 1)(1}k(zp—1

k

< Cf V{IX| > x2}x?? 1dx < CCy{|X|P} < o0
0

1 n=k k=1

By Lemma 2.1, we deduce that

00 n 6/2
Iy < €Y nr e {Z E|Yn|2]
n=1 i=1
C 2;010:1 nap—2—09+6/2(E|Xl2)9/2’ lfp > 2’
{c S ner-matsd (B xjepee-p) i1 < p <2,
CCy{|X|?} < oo, ifp>2,
{c Ty nOPTHOAPO2 (CU (XN < 0, if 1 < p<2.
And the proof of 111}3 < oo is similar to that of (4.22). This finishes the proof. O

5. Conclusions

We have obtained new results about complete convergence and complete moment convergence for
maximum partial sums of negatively dependent random variables under sub-linear expectations.
Results obtained in our article extend those for negatively dependent random variables under classical
probability space, and Theorems 3.1, 3.2 here are different from Theorems 3.1, 3.2 of Xu et al. [20],
and the former can not be deduced from the latter. Corollary 3.1 complements Theorem 3.1 in
Zhang [9] in the case p > 2, Corollaries 3.2, 3.3 complement Theorem 3.3 in Zhang [4] in the case
p > 1 in some sense.
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