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1. Introduction

In 1922, the mathematician Banach [1] proved the well-known fixed-point theorem named the
Banach contraction principle in the settings of complete metric spaces. He proved that every
contraction mapping on a complete metric space has a unique fixed-point. Thereafter, various
generalizations and fixed-point results have been proved by many authors and some are recently
appeared in [2—4].

In 2007, Huang and Zhang [5] introduced the concept of cone metric spaces by replacing real
numbers with a cone in a normed space. They also defined the convergence and Cauchyness concepts
of sequences in terms of the interior points of the given cone. Moreover, they proved some important
fixed-point theorems and extended the well-known Banach contraction principle to the settings of
cone metric spaces where the respective cones are normal and solid. Such a line allows for
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investigating lots of studies and results in fixed-point theory without assuming the normality property
of the underlying cone. The results of Huang and Zhang were generalized by Rezapour and
Hamlbarani [6] by eliminating the normality assumption of the underlying cone. There are actually
lots of generalizations of metric spaces in which the distance function takes values in ordered cones.

Unfortunately, when cones are assumed to be normal and solid, these generalizations become
impractical due to the equivalent of the topology induced by a metric and the topology induced by a
cone metric. In fact; the equivalent characterizations have been shown by many authors, see for
instance [7-14] and references cited therecin. We also mention that Azam and Mehmood [15]
introduced the notion of tvs-valued cone metric space to present the same notions in more general
settings.

In 2006, Bhaskar and Lakshmikantham [16] studied the existence and uniqueness of coupled fixed-
point theorems for maps with mixed monotonic properties in metric spaces with a partial order. The
obtained results were investigated using the assumption of weak contraction type.

In 2009, Lakshmikantham and Ciri¢ [17] introduced more notations of mixed g-monotone maps
and proved coupled coincidence and coupled common fixed-point theorems for such types of
contractive maps in the case of partially ordered complete metric spaces. These presented results are a
generalization of the results given in [16].

In 2011, Jankovi¢ et al. [18] showed that all fixed-point results in cone metric spaces wherein the
underlying cone is normal and solid are proper copies of classical results in metric spaces. Therefore,
any generalizations of fixed-point from metric space to cone metric space are repeated.

In 2012, Sonmez [19, 20] defined a partial cone metric space and studied its topological properties.
In the same paper, fixed-point results for some contractive types of operators are proved in the
generalized complete partial cone metric spaces.

In 2012, Samet et al. [21] initially considered the notion of a-admissible mappings in metric spaces
and they gave some examples to elucidate and support the concept. Furthermore, they presented some
relevant fixed-point results for such a class of mappings in this space. Subsequently, a number of
authors have exploited the concept of -admissible contraction types of mappings to study the existence
of fixed-points in many generalized spaces.

In 2013, Malhotra et al. [22], Jiang and Li [23] extended the results of [19] and [20] to #-complete
partial cone metric spaces without using the normality condition of the ordered cones. In all the results
listed before, the given Banach space is considered to be with a solid cone.

In 2017, Basile et al. [24] defined the notion of semi-interior point as a partial treatment of the
non-solidness problem of cones and hence solved many equilibrium and computer problems in this
setting.

In 2018, Aleksi” et al. [25] gave a survey on some properties and results of (non)-normal and (non)-
solid cones. On the other hand, they showed that any solid cone in a topological vector space can be
replaced by a solid and normal cone in a normed space. Consequently, most of the problems in (TVS)
cone metric spaces can be reduced to their standard metric counterparts.

In 2019, Mehmood et al. [26] defined a new concept of convergence by means of semi-interior
points of the positive cone in the settings of E-metric spaces. The authors proved some generalizations
of fixed point theorem of contraction, Kannan and Chatterjea types of mappings in the context of E-
metric spaces where the underlying positive cone of a real normed space E is non-solid and possibly
non-normal.
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After that, Huang et al. [27] explored some topological properties and fixed point results in cone
metric spaces over Banach algebras. Also, Huang [28] gave some fixed points theorems with some
applications in E-metric spaces using the concept of semi-interior points.

In 2020, 2021 and 2022 Sahar Mohamed Ali Abou Bakr [29-32] studied various types of cone
metric spaces and made some generalizations in the case of b-cone metric spaces, cone metric spaces,
f-cone metric spaces and b-cone metric spaces and applied these generalizations to some fixed-point
and coupled fixed-point theorems.

In 2022 Sahar Mohamed Ali Abou Bakr [33] considered non-normal and non-solid cones and
proved more generalized fixed-point theorems in the case of generalized b-cone metric spaces over
Banach algebras.

Motivated by the preceding studies, most of our efforts in this research are directed to study the
topological structure of partially satisfactory cone metric spaces when cones in normed spaces fail to
have interior points but have semi-interior points and the cones possibly non-normal. As a sequel, in the
settings of partial satisfactory cone metric spaces, we generalize many concepts of @-admissible types
of mappings and define improved wider categories of these generalized functions of a-admissibility
types. Since the class of a-admissible mappings are a special case of these improvements, we find
results valid to a wider range of contraction classes of mappings. Further, we investigate a new aspect
of fixed-point theory where the real contraction constant of the fundamental contraction inequality is
replaced by a suitable control sequence of positive real numbers backed by a certain condition to make
the generalized inequality more general. Besides that, we will stick to looking for coincidence points,
coupled coincidence points, coupled fixed-point and fixed-points of the contraction mapping in a small
set of points rather than the whole domain of the mapping. In fact; we precisely combine all of the
above trends in our obtained main results.

2. Basic definitions and mathematical preliminaries

For the sake of simplicity in notation, here and in what follows, let E be a real Banach space, 6 be
the zero vector in E, C be a cone in E, Int C denotes the set of all interior points of C,
U :={x € E : ||x|]| £ 1} denotes the closed unit ball of E and the set U, := U N C denotes the positive
part of the unit ball of E defined by C.

Whenever misunderstandings might occur, we write UZ to confirm that U is the closed unit ball in
the space E and we denote by UZ, the positive part of U~.

Any cone C C E defines the following partial ordered relations:

x <y ifandonlyif y—xeC,

x <y ifandonlyif y—xe C and x # y,

and
x <y ifand only if y— x € Int C.

The following basic definitions and facts are mostly presented in [5-10,12-15,19,20,22-24,29-34].

Definition 2.1. A cone C of a real Banach space E is solid if and only if Int C # 0 and it is normal if
and only if there exists a real number M > 0 such that ||x|| < M||y|| for every x,y € E with 0 < x < y.
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The smallest positive constant M for which the above inequality holds is called the normal constant of

C.

Lemma 2.2. Let C be a solid cone of the normed space (E, ||.||) and {u,},c be a sequence in E. Then,
(11

u, — 0 implies that for each c € Int C, there exists a positive integer ngy such that u,, < c for all n > ny.
Definition 2.3. A partial cone metric on a non-empty set X is a mapping p : X X X — C such that for
all x,y,z € X, the following conditions are satisfied:
(PCM,) : 6 < p(x,x) = p(x,y);
(PCM,) - If p(x, %) = p(x,y) = p(y,y), then x = y;
(PCM3) : p(x,y) = p(y, )3
(PCMy) : p(x,y) = p(x,2) + p(2,y) — p(2,2).
The quadruple (X, E, C, p) in this case is said to be partial cone metric space.

Theorem 2.4. Any partial cone metric space (X, E, C, p) is a topological space. If C is a normal cone,
then (X, E,C, p) is Ty—space.

Definition 2.5. Let (X, E, C, p) be a partial cone metric space over a solid cone C and {x,},ey be a
sequence in X. Then, we have the following:
(1) {x,,},exr converges to x € X if and only if for each c > 6, there exists a positive integer ny such that

p (xn, X) < p(x,x) + cforall n > ny. This type of convergence denoted by x,, 5

(2) {xu},en0 strongly converges to x € X, if lim,_,. p(x,, x) = lim, . p(x,, X,) = p(x, X), the limit is
taken with respect to the norm ||.|| on E. This type of convergence denoted by x, i

(3) {xu}na is a 8-Cauchy if and only if for each c > 6, there exists a positive integer ny such that
p (X, x,n) < c forall n,m > ny.

(4) The partial cone metric space (X, E,C, p) is a 8-complete, if each 0-Cauchy sequence {x,},c; of X
converges to some point x € X with p (x, x) = 6.

(5) {x,} ey is Cauchy, if there exists u € C such that lim,_,o, p (X, X,,) = U.

(6) The partial cone metric space (X, E, C, p) is complete if and only if every Cauchy sequence {x,},en
of X strongly converges to some point x € X with p (x, x) = u.

Remark 2.6. Every complete partial cone metric space (X, E,C, p) is 8-complete, but the converse
is not generally true. In fact; example (3) in [32] is an example of 0-complete partial cone metric
space with a Cauchy sequence which is not strongly convergent to any element in X. Consequently, it
represents an example of 8-complete partial cone metric space which is not complete.

Now, we recall a class of cones in an ordered normed spaces (E, ||.||) defined by means of points in
C, cones with semi-interior points, that are weaker than the one of interior points of C. The concept of
semi-interior point of cone C and some of its characteristics can be found in [24,28].

Definition 2.7. The vector x, € C is called semi-interior point of C if there exists a positive real number
p > 0 such that xo — pU, C C.

The set of semi-interior points of C is generally denoted by C®. The partial ordered relation <« can
be defined for x,y € E as follows:

x <y ifand only if y— x € C°.
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In particular; we have
6 <« x if and only if x € C°.

Remark 2.8. (1) We have the following relations:

(a) C°+ C° cC C°.
(b) C°+C c C°.
(c) aC® C C°® for any real number a > 0.

(2) Any interior point of a cone C is a semi-interior point of C with respect to the norm ||.|| on E, while
the converse is not true. Some examples of non-solid cones in normed and Banach spaces having some
semi-interior points can be found in [24].

By the help of example (2.5) in [24], we rebuild an illustrative example to support definition (2.7)
in the following way:

Example 2.9. Let X, := (Rz, ||.||n) be the Banach space R? ordered by the point-wise ordering and
equipped with the norm ||.||,, defined by the following formula:

xjxy 20,

)

n } _ (n l)mll’l{ n
Figure 1 sketches the closed unit ball of X, whose vertices are the points (1,0), (0,1), (—n,n),
(_1’ O)’ (09 _1) and (n5 _n)

Al xix <o,

max { x|

(-n.m)

(0.1)

ETR " (1.0)

(0,-1)

(o, -m)

Figure 1. The closed unit ball in X,,.

Let ,3 {Bul,ey be any sequence of positive numbers, 3, >0 for all n € N. Denote by
neN ) , the linear space of all sequences defined by:

neN

(@ X ] = (bt 50 = (s 22) € X Bl € L)
Lo (B)

Endow the space E := (@n o X,,)[ ® with the following norm:

llxlly (B) = SUPnent Bullxall,,} for every x = {x,} e € E.
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Assume that the space E is ordered by the cone
C:={x={xpen €E:x,=(x],x5),x! >0,i €{1,2},n eN}.

Choose in particular the weighted sequence ﬁ:{ } and let x = {(n,n)},an. Since

1

n)peN

[1x]] ( 1 ) = SUP,en {211 . %} = 2 < oo, we see that x € C is not an interior point of C.
) neN

Now, take any y = {(y’f, yg)}neN € UE. Then, we have

I
o9, < ( i )s | forall n €.
oo | V7 JneN

Clearly, x —y = {(n -yhn- yg)}neN. It is easy to check that
n 1 n n
n—yj 2(n—;)+y22y220forall neN.,
Similarly, we have n—y, >0 foralln € N. Thus, we find a real number p=1>0 such that

x—y€C forally € UE. Therefore, x = {(n,n)},ay € C®.

Depending on Huaping Huang results [28] in 2019, the following results are based on the
assumption that the cone C has a semi-interior points.

Definition 2.10. A sequence {x,},cy in C is called s-sequence, if for each c € C®, there exists ny € N
such that x,, <« c for all n > ny.

Lemma 2.11. Let {x,},q be a sequence in E and x, — 6 as n — oo. Then, {x,},cy is S—Sequence.

Proposition 2.12. Let x,y,z € E. Then, x << z if one of the following holds:
either x<y<Kz, x<Ky<z or x<<Ky<az.

Proposition 2.13. If 0 < u << ¢ holds for any ¢ € C®, then u = 6.

Proposition 2.14. Let (X, E, C, p) be a partial cone metric space. Then, some topology 7, is generated
on X and defined by:

1,={UCX:VxeU3dceC®B,(x,0)cUlU(4}, X = U B,

Byeg,

The base of this topology is given by [, = {Bp (x,c): (x,c) € X X Ce}, where the set
B,(x,0):={ye X : p(x,y) < c+ p(x,x)}is the neighborhood of x with radius c.

In the following, redefined versions of the convergent and Cauchy sequences in our space are given
by exchanging roles of <« and <. Therefore, the new definitions are controlled by C® instead of Int C.
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Definition 2.15. Let (X, E, C, p) be a partial cone metric space, x € X and {x,},c; be a sequence in X.
Then,

.
(1) {x,},enr is convergent to x, we denote this by x, = x, whenever for every c € E with ¢ >> 0, there is
ny € N such that p (x,, x) < p(x,x) + c for all n > ny.

S=T
(2)  {Xuhw is  strongly conmvergent to x, we denote this by x, — x, if

lim,,_,e V4 (X4, x) = lim,,_,oo p (Xns X) = p (x,x).

3) {xu}yen is a 0-Cauchy whenever for every c € E with ¢ >> 0, there is ny € N such that
p(Xp, X)) K ¢ for all n,m > ny. That is; a sequence {x,},enn is a 0-Cauchy if and only if
llp (X, X)l| = 6 as n,m — oo.

(4) The partial cone metric space (X, E,C, p) is said to be 6-complete, if each 6-Cauchy sequence
{Xn e Of X converges to x in X such that p (x, x) = 6.

(5) {xu}nen is Cauchy, if there is u € C such that lim,, ;0o p (X, X)) = U.

(6) The partial cone metric space (X, E,C, p) is complete, if each Cauchy sequence {x,},c in X is
strongly convergent to x € X such that p (x, x) = u.

Remark 2.16. (1) A sequence {x,},¢\ is a 0-Cauchy if and only if {p (X, X))} pnen
(2) For s—sequence which is not convergent, one can see example (2) in [23].

(3) Each strongly convergent sequence of a partial cone metric space (X, E, C, p) is convergent with
respect to T,. However, the converse of this fact need not hold. In particular; the converse is true if
C is a normal cone. In fact; example (3) in [23] showed the existence of some sequences of a partial
cone metric space which are convergent, but not strongly convergent if the cone C is non-normal.

is s-sequence in E.

Now, we are going to highlight two new classes of cones in normed spaces, namely; semi-solid
cones and satisfactory cones. These classes will play a key role in our results and enable moving the
roles from interior points to semi-interior points of cones.

Definition 2.17. A cone C in the normed space E is called semi-solid if and only if it has a non-empty
set of semi-interior points, C° # 0, and it is called a satisfactory cone if and only if cone C satisfies
any one of the following:
(1) C is normal and solid,
(2) C is not-normal and solid,
(3) C is normal and semi-solid,
(4) C is not-normal and semi-solid.

A partial cone metric space (X, E, C, p) is said to be a partial satisfactory cone metric space if and
only if the cone C is satisfactory.

With this notion, the above-mentioned conclusions are still working with non-normal semi-solid
cones and hence generally for partial (satisfactory) cone metric spaces. Particularly, the following
remark is a direct consequence of Lemma (2.11) and part (3) of Definition (2.15).

Remark 2.18. Let (X, E, C, p) be a partial (satisfactory) cone metric space. Then,

(1) A complete partial (satisfactory) cone metric space is a subcategory of a 6-complete partial
(satisfactory) cone metric space. In particular; if C is a normal cone of the normed space (E,||.||),
then every 6—Cauchy sequence in (X, E,C,p) is a Cauchy sequence and every complete partial
(satisfactory) cone metric space is 6—complete.

(2) If {yn} ey 1s s-sequence in E satisfying p (xn, Xn) < yn for all m,n € N with m > n, then {x,},cy is a
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0-Cauchy sequence in X.

(3) If {x.},a is a sequence in X, {a,},en is a sequence in E that converges to 6 and satisfying
p (Xn, X)) < @, for all m,n € N with m > n, then {x,},oy is a 8-Cauchy sequence.

(4) The limit of a convergent sequence in a partial (satisfactory) cone metric space may not be unique.
In fact; the partial (satisfactory) cone metric space (X, E,C, p) need not be T—space. Actually,
Example (3.1) in [35] and Examples (3), (11) in [32] showed that the limit of convergent sequence in
(X, E, C, p) is not necessarily unique.

(5) The partial (satisfactory) cone metric p is not always continuous mapping, in the sense of x, 7 x
and y, A y imply that p (x,,y,) M p (x,y). In other words; the fact that p (x,,y,) M p(x,y) if x, A X

and y, = y, is not guaranteed. See example (11) in [32] .

Now, we are going to display the concept of a-admissible mappings defined by Samet [21] and
review the essential definition of generalized @-admissible mappings given by Zhu [36].

Definition 2.19. Let X be a non-empty set, a : X X X — [0, 00) be a mapping and S, T : X — X be two
self-mappings. Then,
(1) T is said to be an a-admissible, if for every x,y € X,

a(x,y) > 1implies a (Tx,Ty) > 1.
(2) S and T are called generalized a-admissible, if for every x,y € X,
a(Sx,Sy) > 1 implies a(Tx,Ty) > 1.

Before starting the core results, we need to recall some standard terminology from fixed-point
theory.

Definition 2.20. [37] Let X be a non-empty set and T,S : X — X be mappings such that TX C S X. If
v =Tu = Sufor some u € X, then u is a coincidence point of T and S, and v is a point of coincidence
of T and S. Furthermore, if Tv =Sv =v, then v is a common fixed-point of T and S. Finally, if
TSw = STw, whenever Tw = Sw for some w € X, then T and S are said to be weakly compatible.
That is, if they commute at their coincidence points.

For simplicity, we use the notation A to denote the set of coincidence points of 7" and S.

Proposition 2.21. [37] Let T and S be coincidentally commuting self-mappings on a set X. If T and
S have a unique point of coincidence w = Tx = S x, then w is the unique common fixed-point of T and

S.

We need to consider the followings which will be effectively used in the proof of our next main
results.

Definition 2.22. [16] Let (X, <) be an ordered set and T : X X X — X. Then, T is said to have the
mixed monotone property in X, if for any x,y € X,

X, X €X, x; <xpimpliesT (x1,y) < T (x2,y),
)’I,YZEX, yl <y2 implieST(x,)’l)>T(x,y2)~
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Definition 2.23. [16] An element (x,y) € X X X is said to be a coupled fixed-point of the mapping
T:XxXX->XifT(x,y)=xandT (y,x) =y.

Definition 2.24. [I7]LetT : X X X — X and S : X — X be two mappings. An element (x,y) € X X X
is called a coupled coincidence point of the mappings T and S, if T (x,y) = Sxand T (y,x) = Sy, and
(S x,Sy) is called coupled point of coincidence.

Definition 2.25. [17] Let (X, <) be a partially ordered set, T : X XX - X and S : X — X be two
mappings. Then, T is said to have the mixed S -monotone property, if T is monotone S -non-decreasing
in its first argument and is monotone S -non-increasing in its second argument. That is; for any x,y € X

x1,x €X, Sx; <Sxyimplies T (x1,y) < T (x2,y),

yi,y2 €X, Syr < Syyimplies T (x,y1) 2 T (x,y2) .

The following definitions are part of the main topics in our work.

Remark 2.26. Suppose that (X,<) is a partially ordered set and let (X,E,C, p) be a partial
(satisfactory) cone metric space. Then, a partial ordered relation < on X can be induced on X X X in
the following way: for every (x,y) and (u,v) € X X X,

(x,y) S (u,v) ifand only if x <uandy > v.

The element (x,y) is said to be comparable to (u,v), if either (x,y) < (u,v), or (x,y) = (u,v) and the
sequence {(X,, yn)},ay C X X X is non-decreasing with respect to <, if (X, 1) < (X1, Yus1) for all n.

Definition 2.27. Let (X, E, C, p) be a 6—complete partial (satisfactory) cone metric space ordered with
the relation <. Then, (X, E, C, p,<) is said to be regular; if X has the following properties:

(1) If for every non-decreasing sequence {x,} in X such that x, A x, then x, < x for all n.

(2) If for every non-increasing sequence {y,} in X such that y, A y, then y, >y for all n.

Definition 2.28. [38] Let T : X x X — X and a : X*> x X> — [0, o) be given mappings. Then, T is
said to be an a-admissible mapping, if for all (x,y),(u,v) € X X X, the following is satisfied

a((x,y),w,v) > 1implies a (T (x,y),T (v, x), T (u,v), T (v,u)) > 1.

Definition 2.29. [39] Let T : X x X — X,S : X = X and a : X*> x X*> — [0, c0) be mappings. Then,
T and S are said to be a—admissible, if

@ ((Sx,Sy),(Su,Sv)) = Vimplies a (T (x,y), T (y,x), T (u,v), T (v,u)) > 1
forall x,y,u,v € X.

3. Main results: Generalized classes of admissible mappings

Let T : X — X be a given self-mapping. The set of all fixed-points of the mapping T is denoted by
Fix(T)={xe X : Tx = x}.
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Lemma 3.1. Every contraction mapping on a metric space (X, d) is an a-admissible mapping for some
mapping a : X X X — [0, c0). However, not every a-admissible mapping is a contraction mapping.

Proof. Let T be a contraction mapping on a metric space (X, d) . Then, there exists a constant k € (0, 1)
such that d (Tx,Ty) < kd(x,y) for every x,y € X. Consider the mapping @ : X X X — [0, c0) be
defined by

a(x,y) = {d(x;” ez,
1, otherwise.

Then, T is an @-admissible mapping. More exactly, we need here to think over two situations as
follows:
Case (1) : For any x # y in X, we have %d(x#y) < m. This implies a (x,y) < ka (Tx, Ty). Since
0 <k < 1, then we have a (x,y) < a(Tx,Ty). It is fairly simple to see that @ (Tx,Ty) > 1 whenever
a(x,y) > 1.
Case (2) : Otherwise, we know that x = y implies d(x,y) = 0. Imposing that T is a contraction
mapping on X, it yields d (Tx,Ty) = 0 and so Tx = Ty. Eventually, the conclusion that a(Tx, Ty) =
a(x,y) = 1 1s valid for x = y. In both cases, the contraction mapping 7" is an @—admissible mapping,
but not conversely in general.

We demonstrate that the converse of Lemma (3.1) is not true as in the following example.

Example 3.2. Let X be the metric space ([0,00),d) with the absolute value metric function
d(x,y)=|x—y|forall x,y € [0,00). Let T : X - X and a : X X X — [0, 00) be defined by

e, forx>y,

0, otherwise.

Tx= Vx forall xe X and a(x,y):{

Then, T is an a-admissible mapping, but it is not contraction because T has two fixed-points on the
given complete metric space, Fix(T) = {0, 1}.

O

Remark 3.3. By virtue of Lemma (3.1) and Example (3.2), we can understand that the class of
a—admissible mappings is effectively more generalized than the class of contraction mappings.

In the sequel, we will continue to modify the concept of a-admissible operators by generalizing a
new function class of such mappings in more general conditions.
We state Definition (3.4) in the line of Definition (2.19) as follows:

Definition 3.4. Let (X, E,C, p) be a partial (satisfactory) cone metric space and C be a cone of a
normed space (E,||.||). In a non-empty set X, define T : X > X and a : X X X — C. Assume that
¢ runs through C — {6}. Then,

(1) T is said to be @ — c—admissible mapping if and only if

a(Tx,Ty) > ¢ whenever a(x,y) > c.

(2) (X, E,C, p) is a — c—regular, if for any sequence {x,},en in X such that a(x,, x,,1) > c for alln € N

Tp .
and x, — x* € X, we have a(x,, x*) > c for sufficiently large n.
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Inspired by Definition (3.4), we went further, defining a new class of @—admissible mappings which
is different from and stronger than the one introduced in Definition (3.4). The refinement version of
these mappings will be crucial in our main results.

Definition 3.5. Let (X, E,C, p) be a partial (satisfactory) cone metric space and C be a cone of a
normed space (E,||.||). In a non-empty set X, define T : X — X and a : X x X — C. Assume that
{Cu}nen e a non-zero sequence in C. Then,

(1) T is said to be a—sequentially admissible mapping if and only if

a(Tx,Ty) > c,+1 whenever a(x,y) > c, for every n € N.

(2) (X,E,C,p) is said to be a—sequentially regular, if for any sequence {x,},en in X such that

Tp .
A(Xpy Xp41) = Cpy1 for all n € N and x, — x* € X, we have a(x,, x*) = c,.1 for sufficiently large n.

Remark 3.6. (1) Note that the class of all a—admissible operators described in Definition (2.19), is
included in two classes of all @ — c—admissible and a—sequentially admissible operators. Indeed; in
Definition (3.4), let (E,||.||) := (R,|.]), where the normed space E is endowed with the usual ordering
of real numbers < and ordered by the cone C := [0, 0). Further, if c = 1, then T is an a-admissible
mapping. Similarly, in Definition (3.5), let (E,||.||),C and < be the same ones as those stipulated
above. Moreover, let {c,},cn be the constant sequence ¢, = 1 for all n € N. Thus, T is an a-admissible
mapping.

(2) The class of all @ — c—admissible operators is included in the class of all a—sequentially admissible
operators. In fact; suppose that T is « —c—admissible operator. In Definition (3.5), we can take {c,},en
equals the constant sequence c, = c for all n € N. Thus, T is a—sequentially admissible operator. It is
obvious that the last category is the widest.

3) If T is a—sequentially admissible and {c,},en is an increasing sequence starting with the element
Cny # 0, then T is a — c,—admissible mapping for every n > ny. This is true in particular for arithmetic
sequences with base c* belonging to C, where cy = ¢y, c;=c1+c",...,cp,=c1+(n—-1)c*, neN.
4) If T is a—sequentially admissible mapping and {c,}.cn is a decreasing sequence bounded below by
0 # c* € C, then for every 8 # ¢ € C, there is n(c) € N such that c* < ¢, < c* + c. Now, the inequality
a(x,y) = c* + c implies a(x,y) > cu), and the later one suggests that «(Tx,Ty) > cycy+1. Using the
lower bound c*, it follows that a(T x, Ty) > c”.

Taking inspiration from Definition (2.19), we shall establish our newly corresponding
generalizations in the following way:

Definition 3.7. Let (X, E,C, p) be a partial (satisfactory) cone metric space and C be a cone of a
normed space (E,||.|)). In a non-empty set X, define T,S : X - X and a : X x X — C. Assume that
c runs through C — {0} and {c,},en be a non-zero sequence in C. Then,

(1) The mapping T is called as — c—admissible, if

a(Sx,Sy) > cimplies a (Tx,Ty) > c.
(2) T is called as—sequentially admissible if and only if
a(Sx,Sy) = c, implies a(Tx,Ty) > ¢, forall n e N.
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Remark 3.8. Every a — c—admissible is a; — c—admissible, where I denotes the identity mapping on
X. Similarly, every a—sequentially admissible mapping is a;—sequentially admissible.

To ensure clarity, we will deal particularly with partial satisfactory cone metric spaces in which the
cone C is semi-solid and need not be normal. The results in the case of ordering solid cones will be the
same as those concerning the case of semi-solid cones. It is important to mention that our results are
valid in all cases of the satisfactory cone C.

We begin with the following main generalized theorem.

Theorem 3.9. Suppose that (X, E,C, p) is a 0-complete partial satisfactory cone metric space. Let
a: X X X — C be a symmetric mapping and T,S : X — X be two self-mappings. Presume that {c,},en
is a non-zero sequence in C. Also, assume that the following assumptions are fulfilled:

() TX CSXandSXisa closed subset of X;

(2) T is as—sequentially admissible mapping;

(3) There exists xy € X such that a(S xy, T xy) > c1;

4) (X, E,C, p) is as—sequentially regular,

(5) There is a sequence of positive real numbers {k,},en such that lim,_ k, < 1 and satisfying the
following condition:

p(Tx,Ty) < k,p(Sx,Sy) for every x,y € X with a(Sx,Sy) > c,,n € N.

Then, T and S have coincidence points. Moreover, if T and S are weakly compatible such that for all
x,y € Awe have o (Sx,Sy) > ci, then T and S have a unique common fixed-point in X.

Proof. From assumption (3), there exists xy € X such that
a (S xo, Txp) > cy. (3.1)

Since TX C S X, we get an element x; € X such that Sx; = Txy. Again, we set Sx, = Tx;. In a
similar ~manner, we define two sequences {X,},eny and {y,},a¢ as  follows:
Vo1 = Sxpp = Tx, forall neN.

First, if we can find some N € N such that yy = yy,1, then we have

Txy =Sxyi1 =yne1 =Yn = Sxy.

Thus, xy is a coincidence point of 7 and S and the conclusion is checked. Without any loss of
generality, we consider that y, # y,; for all n € N.
Since @ (S xo, Txg) = a (S xo, S x1), inequality (3.1) gives the following:
a (S xp,S x1) = cy. 3.2)

Since T is as—sequentially admissible, inequality (3.2) implies @ (T xy, Tx;) > c¢;. Consequently,
we have a (Sx;,Sx;) > ¢; and so a (Tx;,Tx;) > c,. By repetition of the above procedure, we get
@ (S x,, S Xu41) = cpy1 Which implies @ (T'x,, T x,11) > c,41- Equivalently; we get

& Yy Yns1) = Cpyp forall ne N, 3.3)
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This in turns implies the following:
Q’(an, an+l) Z Cn+l- (34)
Taking advantage of the given generalized contractive condition (5), we arrive at

P Ons15Yns2) = ki1 p (S X0, S X41) = K1 P Vs Y1) -

Using a similar way of the above process up to n times, we obtain

P()/n, yn+l) =< knp (yn—]ayn) =< [kn X kn—l]p (yn—Z’ yn—l)

n

l_[ kl} p o, y1).-

i=1

< ... <

Consider the sequence

s1 =t ki X ko, ki ey X s, | [ Ko
j=1

with a,, = ]_[;le kj, we have lim,,_,, a‘:—_l = lim,_ k, < 1. Hence, the sequence s; should converge to
zero sequence, lim,_,., a, = 0, and we have

P O Yns1) = anp Oosy1) = 0. (3.5)
For any n, p € N, we have
n+p—1 n+p—1 i
(PCMy)
p(yn’yl’l+p) =< Z p()’i,yiﬂ)ﬁ Z [ kj]p()’O’)’l)
i=n i=n j=1

n

K L+ Rt + ke X ki + iyt X s X s
i=1

n+p-1
+o+ | ] &|pGo.yo).
i=n+1
Consider the sequence
n+p-1
52 =L, Knsts knat X kg, kst X kypao X kg3, ..o, l_[ ki, ...}
i=n+1

with b, := []7 +_11 k;, we have lim,_,c b’:—fl = lim, e kysp-1 < 1. Hence, using the usual form of the

Ratio test of series, the sequence of partial sums of s, should converge to some number (say) k such

that
n+p-1

ki=1+k 1 +kp Xkpio +knpo1 X koo X kjps + -+ + l_[ ki+....

i=n+1
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Thus, one can see that {! _, [H?;lli’ln k j]}leN is convergent to some number (say) K such that

[ |n+l+m oo |n+l+m
k=3 1] - 178
m=1 | j=n+1 m=1 | j=n+1
In conclusion, we proved the following:

n+p—1

P(Yn,)’n+p) =< an[l + kn+1 + kn+1 X kn+2 +--t 1—[ ki]P(}’O,YI)

i=n+1

< a,K p(yo,y1).

. . . 11 ..
Since {a,K p(yo,Y1)}sen 18 convergent to zero, lim, ., a,K p(yo,y1) — 0, it is s—sequence. Now, let
c € E with ¢ >> 0, then there exists ny € N such that

a,K p(yy,y1) < c for all n > ny.

Hence, for any n, p € N, we have

p (yn,yn+p) < a,K p(yo,y1) < c forall n > ny.

This concluded that for any n, p € N and any ¢ >> 6, there exists ny € N such that
p ()’n,ym,,) < ¢ for all n > ny.

Owing to the above arguments, we find that {y,}, .y is a 6-Cauchy sequence in (X, E, C, p).

Regarding the 6-completeness of the space, there exists an element (say) y' € X such that y, A y
and p (y',y") = 6. Since {y,},o; € S X and S X is closed set in X, it leads that y* € S X. Then, there exists
z€ X suchthaty = Sz.

Now, we wish to show that Tz = § z. Employing (PCM,), we have

p(Tz,82) = p(Tz,Tx,) + p us1,Y')-

Since @ (Y, Yn+1) = cpq for all n e N and y, i y’, by making use of condition (4), we obtain
a (YY) = a (S x,,S2) = cpyq for sufficiently large n.

Accordingly, we find p (T2,52) < kys1p (V> y) + P Oms1, ) . Since y, - ', then for ¢ € E with
¢ >> 0 and forall m € N, choose n; € N such that

C
kns1p O y') <€ =— and p (yns1,Y') << =— forall n > n.
2m 2m

Hence, for all ¢ >> 6 and for all m € N, it follows that p(Tz,Sz) << <. Taking the limit as m — oo,
we get p(Tz,Sz) =fandso Tz =Sz

Therefore, T and S have a coincidence point in X. As a last step, we claim that 7 and S possess a
unique point of coincidence. In order to obtain the claim, consider that 7w = Sw be another point of
coincidence of 7" and S. So, we assume that Tw = Sw # Tz = Sz. By the hypothesis a (Sw, Sz) > ¢y,
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we have p(Tw,Tz) <kijp(Sw,S2) =kip(Tw,Tz). As 0 <k; <1, we get p(Tw,Tz) =6 and so
Tw = Tz. This contradicts the assumption that 7w = Sw # Tz = Sz. Thus, the point of coincidence is
uniquely determined. Bearing the assertion that the mappings 7 and S are weakly compatible in
mind, we deduce that Sv = STz = TSz = Tv. Regarding to the uniqueness of the point of coincidence
of Tand S, wegetTv=Sv=v.

As a consequence, v is the unique common fixed-point of 7" and S and so the proof is done. O

Once again, we can here replace the condition C° # ( with the other states of the satisfactory cone
C, if we wish.

Remark 3.10. As a special case, if we replace the mapping S with I, the identity mapping on X, in
the statement of Theorem (3.9), we conclude that any mapping with these prescribed conditions has
fixed-points in X.

Now our purpose is to determine sufficient conditions to acquire the uniqueness of the fixed-point
of the mapping 7 stipulated in Theorem (3.9) with § = 1.

Proposition 3.11. Assume that all the hypothesis of Theorem (3.9) are verified with S = I
Furthermore, suppose that the following properties are hold:

Let ¢* € C such that c* > c;, for some c;, € C — {0} and iy € N. Let the set {a (x,y) : x,y € Fix(T)} be
bounded below by c*. Under these conditions, we obtain that the fixed-point of T is uniquely
determined.

Proof. Since T satisfies the hypothesis of Theorem (3.9), then the fixed-point of T exists. We show
that the set Fix (T') is in fact reduced to a single point. For this, if possible, let x,y € Fix (T) . Then,
a(x,y) > ¢* and so a(x,y) > c;,. Making use of condition (2) in Theorem (3.9), we guarantee that
a(Tx,Ty) = a(x,y) = cj+. Continuing in this way, we derive that « (x,y) > ¢, forall n > i.
We can now apply assumption (4), which leads to p(Tx,Ty) < k,p(x,y) forall n > i,. That is;
p(x,y) < k,p(x,y) forall n > iy. On taking the limit as n — oo of the sequence {(k, — 1) p (x, y)},5;,
gives us —p (x,y) € C. Thus, we have p (x,y) € —C, but p(x,y) € C and so p(x,y) € C N -C = {6}.
Then, p (x,y) = 6 implies x = y. Therefore, the set Fix (T") should be singleton. O

As a usual relationship between more and less general theorem, we have the following one:

Corollary 3.12. Suppose that (X, E, C, p) is a 6-complete partial satisfactory cone metric space. Let
a: X X X — C be a symmetric mapping and T : X — X be a self-mapping. Presume that {c,},cn is a
non-zero sequence in C. Also, assume that the following assumptions are fulfilled:

(1) There exists N € N such that T" is a—sequentially admissible;

(2) There exists xo € X such that a(xy, TN x0) > ¢1;

3) (X, E, C, p) is a—sequentially regular;

(4) There is a sequence of positive real numbers {k,},cn such that lim,_ k, < 1 and satisfying the
following condition:

p(TVx, TNy) < k,p(x,y) for every x,y € X with a(x,y) > c,,n € N.
Then, the mapping T has fixed-points in X.
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Theorem 3.13. Suppose that (X, E, C, p) is a 0-complete partial satisfactory cone metric space. Let
a: XXX — C be a symmetric mapping and T : X — X be a bijective self-mapping. Presume that
{Ci}nen is a non-zero sequence in C. Also, assume that the following assumptions are fulfilled:

(1) T~" is a—sequentially admissible mapping;

(2) There exists xo € X such that a(xy, T ' x0) > c1;

3) (X, E, C, p) is a—sequentially regular;

(4) There is a sequence of positive real numbers {k,},cxy such that lim,,_,, (k)" < 1and satisfying the
following condition:

p(Tx,Ty) > k,p(x,y) for every x,y € Xwith a(x,y) > cpr1,n € N,

Then, the mapping T has fixed-points in X.

Proof. Since T is bijective, then it is an invertible mapping, say 7~! : X — X is the inverse mapping
of T. Let xo € X be a chosen point and define the sequence x; = T 'xp, x, = T7'x; = (T‘l) X0y« v ey

x, =T 'x,_; = (T‘l)n xo for all n € N. Since oz(xo, T‘lxo) > ¢;, we conclude that

_ (€8] _ _
a/(xg, T lxo) =a(xy,x)) >=c1 = a(T "0, T lxl) =a(x1,x) = cy.

Inductively, we get @ (x,,, X,+1) > cn41 forall n € N.

We can employ condition (4) as follows: p (x,-1, x,) = p (T x,, T xp11) = kp,p (X, X,41) forall n € N.
This is equivalent to p (X, X,s1) < (k)" p (x,—1, x,) forall n € N. Set , = (k,)”" for all n € N, we
infer that

p(xnaxn+1) < nnp(xn—la-xn) <= Hn] p(xo,xl).
j=1
For n, p € N, consider
n+p-1 0o i
p (xn’ xn+p) =< Z P (Xi, Xip1) = Z n;|p (xo, x1).
i=n i=n | j=1

The next step is easily obtained by following the related lines from the proof of Theorem (3.9). Hence,
we assure that {x,},c = {(T‘l) xo}neN is a 8-Cauchy sequence. For the sake of -completeness of the

Tp . . .
space, there exists x € X such that x, -5 x with p (x, x) = 6. Now, we show that x is a fixed-point of

T. Since T is onto, there exists u € X such that x = Tu. Since we have x, A x and @ (X, X,41) = Cpe1
for all n € N, then it follows that « (x,, x) > ¢, for sufficiently large n.

Thereafter, by using assumption (1), we get @ (x,+1, 4) > ¢,42. Suppose now that condition (4) takes
place, we conclude that

P x) = p(T(T7'x,) . Tut) = kot p (a1 10).
Hence, p (x,41, 1) < 17,41 p (x,, x) . Since x,, A x, then for any ¢ >> 6, there exists ny € N such that

M1 P (X, X) <K % and p (x4, %) < % for all n > ny.
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For all n > ny and for any ¢ >> 6, consider that

(PCMy)
pu,x) = p, Xp1)+ P Xpi1X) 2 M1 P (X, X) + P (X41, X) K C.

In conclusion, we arrive at
0 < p(u, x) << ¢ holds for any ¢ € C° implies p (u,x) = 6.

Which leads us to u = x = Tu. Since T 1is injective mapping, then 7x = Tu = x. Therefore, x € X is a
fixed-point of 7" and Fix (T') # 0. O

Now, let us introduce our newly major concepts.

Definition 3.14. Let (X, E, C, p) be a partial satisfactory cone metric space. In a non-empty set X,
define T : XXX — X, S:X—Xand B:X>xX*— C. Let {cy}nent be a non-zero sequence in C.
Then,
(1) T is called Bs—sequentially admissible mapping if and only if

BUSx,8y),(Su,Sv)) = ¢, implies BUT (x,y), T (y, %), (T (u,v), T (v,u))) = Cs1

forall n €N and forall x,y,u,veX.
(2) (X, E, C, p) is said to be Bs-sequentially regular, if {x,} and {y,} are two sequences in X such that

ﬁ((S-xl’H Syl’l) ’ (an+1’S)7n+1)) Z Cn+1’

ﬁ ((Syn’ an) s (Syn+l’ an+l)) = Cn+l

forall n € N and S x, 1A xSy, HA v, then
B S X0, Syn), (SX7,8Y) = pir and B((Syn, S X,) , (SY*, S X)) = cus1 for sufficiently large n.

Theorem 3.15. Let (X, <) be a partially ordered set induced with partial satisfactory cone metric
p such that (X, E,C, p) is a 0-complete partial satisfactory cone metric space. Let T : X XX — X
and S : X — X be such that T has S -mixed monotone property. Presume that 8 : X*x X*> — C is a
symmetric mapping. Also, assume that the following assertions are fulfilled:

(1) T is Bs—sequentially admissible mapping;

(2) There exist xy,yo € X such that

B (S x0,Sy0), (T (x0,y0), T (yo, X0))) = c1,

B((Syo.Sx0), (T (yo, x0), T (x0,¥0))) = ¢y

B)T(XxX)CSXand SX is closed subset of X;

4) (X,E,C, p) is Bs — sequentially regular and (X, E, C, p, <) is regular;

(5) There is a sequence of positive real numbers {k,},cn such that lim,_., k, < 1 and satisfying the
following condition:

K
(T (6y).T @) X Z[p(Sx.Sw)+ p(Sy.Sv) | forall x.y,u.v € X
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with (Sx,Sy) < (Su,Sv) and B((Sx,Sy),(Su,Sv)) > c,,n € N. Under these conditions, if there exist
X0, Yo € X such that Sxy < T (xo,y0) and Syo = T (yo, Xo) , then T and S have coupled coincidence
points.

Proof. By starting from arbitrary points xg,yo € X such that Sxo < T (xp,y0) and Sy = T (yo, Xo) .
Since T(XxX)CSX and xg,yp € X, there exist x;,y; € X such that Sx; =T (x9,y9) and
Syl = T(y(), X()) . Let X2,¥V2 € X be such thath2 = T(X],yl) and SY2 = T(yl,xl) .

Inductively, we construct the sequences {x,},cy and {y,},cy In X by

S xps1 = T (X, y) = T™ (x0,y0) = T (T" (X0, ¥0) » T" (¥0, X0)) »

SYui1 = T Yy Xn) = T™ (yo, x0) = T (T" (yo, X0) » T" (X0, Y0))

for all n € N U {0}. By Mathematical Induction, we verify that Sx, < S x,,; and Sy, > Sy, for all
n € NU{0}. Given that Sxy < T (x9,y0) and Syo > T (yo, Xo). Thus, the statement is true for n = 0.
Suppose that the claim is true for some fixed n = k. That is; S x; < Sxip and Sy > S yiiq. By S -mixed
monotone property of 7, we obtain S x;; < Sx2 and Syiy; > Syiso. Thus, the statement is true for
n =k + 1. The later lines guarantee that

(S X, Syn) $ (S X1, S Y1) and (S yns1, S Xpni1) S (Syp, S x,) forall n € NU{0}.

Without loss of generality, we assume that (x,.1,Vu41) # (X, y,) foralln e NU{0}. From
assumption (2), we have

B((Sx09Sy0)’(le’Syl)) :ﬁ((Sx09Sy0),(T (XO,)’O)»T()’O»XO))) Z Cp.

Due to the fact that T is Ss-sequentially admissible, it follows that

BT (x0,y0)» T (o, X0)) , (T (x1, 1), T (y1, x1))) = BUSx1,8Sy1), (S x2,8y2)) = c.

By continuing this procedure, we have S ((S x,,, Syn) , (S X441, S Yu+1)) = cpq for all n € N. Similarly,
we obtain that 8((Sy,, S x,.) , (S Yus1, S Xn11)) = cp1 for all n € N. Now, we can apply condition (5) as
follows:

P (S %0, S xnt) < %P (Sxu1, S32) + p (Syue1, Sy |,

P (S Syuet) = %P (Syuct, Sya) + p(Sxact, S 1) |
On adding the previous two inequalities, one has
P (S X0, S Xn1) + P (S Vs S Yu1) Xk [P (S X1, Sx) + p (S Y1, Sya)] -
Repeating the above process, we deduce
P (S X, S Xi1) + P (SYn, SYns1) = l_[ ki [p (S x0, S x1) + p(Syo,Sy1)] forall n € N.
i=1

For any n, p € N, we infer

(PCM,) n+p-1 n+p-1 n k.
P(S X, S Xnip) = ; P(S xi, § Xip1) < ; [ | 5]p(SxO,le)
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i=1 m=1 i=n+1
By a similar manner, we obtain
n+p—1 n+p—1 n
(PCM) k;
P(SYns SYnep) = Z p(Syi Syir1) = [ E]p(Syo, Syi)
- i=n =1

s
ISy
=
~~
A
<
s
n
<
=

Therefore, we arrive at

p-1 m
k[ DT ] &]lp S x0.Sx0) + p(Syo, Sy |.

m=1 i=n+1

P(S X0 S Xusp) + P(SYur Syusp) = |

n
i=1

Since lim,_ .k, < 1, using the usual form of the Ratio test of series, one can easily see that

(=, [T k|[pSx0.Sx)  +  p(Syo.Sy) [war  is  convergent  to  the limit

hIpa [ 1 ki][p (S x0,Sx1) + p(Syo, Syl)] and its n’s term {[]"_, k;},en tends to zero. Therefore, for
given € > 0, there exists n; € N such that

51

i=n | j=1

&
I[P (S x0, S x1) + p (Syo, SyD]|

for all n > n;.

For all n > n;, we consider

S | e k|| (S 0, S0+ p Sy S0 || < S [T K[ S0 S30) + S v, S0 ||

i

H—[kf][p (S x0, S x1) + P(Syo,Syl)]

j=1

< i L[k,- [[7 (520,560 + p(Sy0, S0

i=n j=1

<é&.

Thus, Z?:f_l [ 3-:1 kj][p (S x0, S x1) + p(SyO,Syl)] M 0. 1t follows that, for any ¢ € E with ¢ >> 6,

there exists n, € N such that

n+p—1 i
p(wyin) < D0 [ T0][p Sx0. 850 + p(Sy0.531) | < ¢ for all n > n.
i=n j=1

Owing to the above arguments, we deduce that the sequences {S x,} oy and {Sy,},o; are 6-Cauchy in
the #-complete partial satisfactory cone metric space (X, E, C, p). Then, there exist x,y € X such that
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Tp

Sx, > xand Sy, i ywith p(x,x) = 6and p(y,y) = 6. Since {S x,,},cy € S X and S X is closed, it leads
that x € S X. So, there must be some x” € X such that S x" = x. Similarly, Sy’ = y for some y’ € X.
Now, since {S x,} is a non-decreasing sequence that converges to S x’, we get S x,, < Sx’ for all n.
Similarly, we have Sy <Sy,foralln. That is; (Sx,,Sy,) <(x,Sy) forall n. Since
(X, E,C, p,<) is Bs — regular, we obtain

B((S X, Syn)» (SX',8Y")) = cuyr and B((Syn, S x,), (SY, S X)) = cpar-

Since S x, % Sx’ and S Y A Sy’, then for ¢ € E with ¢ >> 6 and for all m € N, choose n3; € N such
that 1 p (Sx,, Sx') << =, 21 p (Sy,, §)) << = and p (S x4, S¥) < < forall n > ns.
For all n > n;, we have

(PCMy)
p(T(,y),$x) = pTW,y), T Xp,yn) + P (S Xp1,SX)

kn+1
2

<« £,
m

5
=<

—
=

[p (Sx,, SX) + p(Syn,Sy')] + p (S X441, SX)

Proceeding limit as m — oo, we get p (T (x',y’),Sx’) =6 and so T (x’,y’) = Sx’. In such a similar
way, one can easily get 7 (y', x') = Sy’. Therefore, we reach that (x’, y") is a coupled coincidence point
of 7, S and (S x’, Sy’) is a coupled point of coincidence of 7, S. O

Remark 3.16. If we replace the mapping S by I, the identity mapping on X, in the statements of
Theorem (3.15), we have a new type of mappings for which we proved the existence of the coupled
fixed-point of the mapping T.

4. Applications of fixed-point theory to ordinary differential equations

In this section, we apply Theorem (3.9) with § = I to study the existence of a unique solution for
the following two-point boundary value problem of the second-order differential equation:

~L5 = f(1,x(), 1e€[0,1];
(4.1)
x(0)=x(1)=0,

where f : [0,1] X R — R is a continuous function.

Theorem 4.1. Presume that the following hypotheses hold:
(1) Forall s € [0,1], f (s,.) is a non-decreasing function;
) If f (s,x(5)) = x(s) for all s € [0, 1], then we have

f(s,f x(w)dw) = f fw,x(w))dw forall s €[0,1];
0 0
(3) There exists a continuous function K : [0, 1] — R* such that

f(s,y(9)) = f(s,x(5) < K(s)[y(s) —x(s)]
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forall s € [0,1] withx L y;

(4) There exists L € [0, 1) such that sup ., ) K (s) < L

(5) There exists a symmetric function ¢ : R — R with the following properties:
(¢1) There exists xy € Cg [0, 1] such that for all t € [0, 1], we have

1
cp(xo(t), f G1,s) f(s,xo(s))ds)zo;
0

(¢2) Forall t € [0, 1] and for any x,y € Cx [0,1], ¢ (x (), y(?)) = 0 implies
1 1
go(f G(t,s) f(s,x(5) ds,f G(t,s)f(s,y(s) ds) >0;
0 0

(¢3) If {x,}nen in Cg [0, 1] such that ¢(x,, x,+1) = 0 for all n € N and x, z x* € Cr[0,1], we have
©(x,, x*) > 0 for sufficiently large n.
Then, the mentioned second-order differential equation (4.1) has a unique solution in Cg [0, 1].

Proof. Clearly, the problem (4.1) is equivalent to the integral equation

1
x(1) = f G(t,5) f(s,x(s))ds forall t € [0,1], 4.2)
0
where G (¢, s) is the Green function defined by

t(1-s), 1f0<r<s<l;
G(,s) = )
s(1-1, if0<s<tr<].

It is clear that the existence of a solution of (4.1) is equivalent to the existence of the integral
equation (4.2).

Let X = E := Cy [0, 1] be the Banach space of all real continuous functions on the closed unit
interval [0, 1]and C :={u € E : u(t) > 0,t € [0, 1]}, which is a solid (semi-solid) cone.

Define p : X X X — C by

px,y) @) = (Sup {lx () —y(t)l})lﬁ(t),

te[0,1]

where () = €' € E. Then, easily one can verify that (X, E, C, p) is a f—complete partial satisfactory
cone metric space.
We endow X with the partial order < given by

x <yifandonlyif x(r) < y(¢r) forall r € [0,1].

LetT : Cg [0, 1] — Cg [0, 1] be defined by
1
Tx(t) = f G(t,5) f(s,x(s))ds forall t € [0,1].
0
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Obviously, the fixed-point of 7' is a solution of (4.1) or, equivalently; a solution of the problem (4.2).

We will check that the mapping 7 satisfies all the conditions of Theorem (3.9) with § = 1.

First, we show that T is non-decreasing with regards to < . Since f is non-decreasing with respect
to its second variable, then for any x,y € X with x <y and for any ¢ € [0, 1], we have

1

1
Tx(t):f G(t,s)f(s,x(s))dssf G(ts)f(s,y(s)ds=Ty(),
0 0

since G (x,y) > 0 forany ¢, s € [0, 1]. Thus, we have Tx < Ty.
Define @ : X X X — C by

I, ifex@,y@®)=0o0rx=<y,
a(x,y) = .
A, otherwise,

where 4 € (0,1) and r € [0,1]. If x,y € X,a(x,y) > 1, then x < y or ¢ (x(¢),y(t)) > 0. Observe
that a(x,y) > 1 = x <y = Tx < Ty = a(Tx,Ty) > 1.If x,y € X,a(x,y) > 1 implies
@ (x(2),y(t)) = 0, then by condition (¢;), we get ¢ (Tx(¢),Ty(¢)) > 0 and thus «(Tx,Ty) > 1.
Therefore, T is @—sequentially admissible mapping with ¢, = 1 for any n € N.

Since there exists xo € Cg [0, 1] such that

1
so(xo (t),f G(t,5) f(s,%0(5)) dS) =@ (),Txp(2) >0
0
for all ¢ € [0, 1], then a (xg, Txp) > 1.

From condition (¢3), it is easy to verify that (X, E, C, p) is as—sequentially regular.
Now, let x, y € X such that x < y. Then, we have

p(Tx,Ty) (1) = (8up,ege,y (ITx (1) = Ty DI} Jyr (1)

= (Supte[o,l] {[Ty () = Tx(@) ]}) 40

1 1
= (s [ [ G Gronds= [ Guoserendsu

te[0,1]

= (5w { ' G 69 535D = £ G050 s o 0

IA

(
(supeon { ) G40 (KO [y )= x(9)]) s}y
(

IA

SUP,c(0.1] {supse[o’l] K (5) fol G(t,s) [y (s) — x(s) ]ds} )w (1)

IA

L
2

SUP.co 1 { Fewlys-xw ]ds} Ju (1)

—~—~ o~

IA

L
2

Supyego. [y (0 = x| {supte[o’l] [ ds} o ()

L 2t
=5 ({sum 10 - v} s {54 5o
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=% (SuPze[o,l] {Ix(® -y (f)|}) W (1)

=(£)p . ®.

Therefore, L
p(Tx.Ty) (1) < (E)P (x.y) (1)

for any ¢ € [0, 1] and for certain L € [0, 1).
Hence, we find a constant sequence of positive real numbers k, = % for any n € N such that
lim, . k, = % < 1 and satisfying
p(Tx,Ty) < kyp (x,y)

for any x,y € X with a (x,y) > 1. Therefore, all the conditions of Theorem (3.9) hold with § = I and
thus 7" has a unique fixed-point in Cg [0, 1] . Thus, there is a unique solution of problem (4.1). O

5. Applications of coupled fixed-point to integral equations

In this section, we study the existence of solutions for the following system of integral equations:

x(r) = fab (Hy (r,8) + Hy (r, ) [f (5,x(5)) + g (s5,y (s)]ds + k(r);
(5.1)

y(r) = fab (Hy (1, 8) + Hy (r,9) [f (5, (5)) + g (s, x(s)] ds + k (r),
where r € [a,b]; H\,H, € Cg ([a,b] X [a,b]); f,g € Cr ([a,b] X R) and k € Cy [a, b] .

Theorem 5.1. Assume that the following conditions hold:

(1) H,(r,s) >0and Hy(r,s) <O forallr,s € [a,b];

(2) SUP;epap fab [Hy(r,s) — Hy(r,s)]ds < %p for some positive real number p;

(3) There exists a symmetric function ¥ : Cﬂé [a, b] x Cﬂé [a, b] — R with the following properties:
(%) For all (x,y),(u,v) € Cﬂé la,b], & ((x,y),(u,v)) = 0 implies

G((T (x,y),T (y,x),(T (u,v),T (v,u))) = 0;
(1) There exist xy,yo € Cr [a, b] such that (xo, yo) < (T (x0,¥0), T (Yo, X0)) »
9 ((X(), yO) s (T (X(), }’0) s T ()/0’ XO))) = 09

7 ((vo, x0) , (T (yo, X0) » T (x0,¥0))) = 0;

() For all x,y,u,v € X with (x,y) < (u,v) and ¢ ((x,y),(u,v)) > 0, the following Lipschitzian-type
conditions hold.:

0<f(rx)—f(ru) < (x-u,
O<frv)—fry <=y,

-(v-y)<grv)-glry <0,

—(x-u)<g(r,x)—g(ru) <0,
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() If {x,,} and {y,} are two sequences in Cy [a, b] such that

ﬁ((xm yn) ’ (xn+l’yn+1)) > 1,

ﬁ((yn’xn) ’(Yn+1, Xpe1)) > 1
for all n € N and x, = x°,y, = ", then

D ((Xy yn) , (X5, 9%) = 1 and O ((yy, X,) , O, X°)) = 1 for sufficiently large n.

With these conditions, the system of integral equations (5.1) has at least one solution in Cy [a, b] X
Crla,b].

Proof. Let X = E := Cgla,b] be the Banach space of all real continuous functions on [a, b] and
C:={ueE:u(t)=0,te€la,b]}, which is a solid (semi-solid) cone. Define p : X x X — C by

px,y) (@) = (Sup {lx () —y(t)l})w(t),

t€la,b]

where i (1) = ¢’ € E. Then, (X, E, C, p) is a 6—complete partial satisfactory cone metric space. Suppose
that Cy [a, b] is endowed with the natural partial ordered relation, that is; for all x,y € Cr [a,b],x <
yif and only if x(¥) <y for all ¢ € [a,b].

The set X X X = Cg [a, b] X Cg [a, b] is partially ordered under the following ordered relation:

(x,y) < (u,v) ifand only if x(r) < u(r) and y(r) > v(r) for all r € [a, b].
For any x,y € X, maX,efqp {x(r),y (r)}, min,ep {x(r),y(r)} € X are the upper and lower bounds
of x and y, respectively. Therefore, for every (x,y),(u,v) € X X X, there is

(max {x, u}, min {y, v}) € X X X that comparable to (x,y) and (u,v).

Define 7 : X X X — X by

b b
T (x,)(r) = f Hy (r, 9) | £ (5, x(9) + g (5, () |ds + f Hy (1, $) | £ (5,5 () + g (5, x (s)) |ds + k (r)
forall r € [a, b].

First, we show that 7" has the mixed monotone property. If (#,u) < (t,,u), then for all r € [a, b],
we have

b b
T (11, u) (r) = f Hy (1, 9)| £ (5,11 (9)+8 (5, u(s)) |ds + f Hy (1, $) | (s, u () +g (5,11 (s)) |ds+k (r)

b b
< f Hy (1, $) | £ (5,22 () +8 (s, (5)) |ds+ f Hy (1, $) | f (5, u () +8 (5,12 (5)) |ds+K (r)
=T (t,u) (7).
Thus, T (t;,u) < T (t,u) . Similarly, T (t,u;) < T (¢, u,) whenever (t,u,) < (t,u;) .
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Let 8 : X? x X> — C be defined by

L ifd((x@,y®),wm@®,v®) =0,
0, otherwise.

B((x,y), u,v)) = {

If x,y,u,v e X,B((x,y), (W, v)) > 1, then ¢ ((x (), y (1)), (w(),v () = 0.

By condition (%), we get ¢ (Tx(¢),Ty(¢)) > 0 and thus 8((x,y), (u,v)) > 1. Therefore, T is -
sequentially admissible mapping with ¢, = 1 for any n € N.

From condition (%,), it follows that there exist Xxp, Yo € Crla,b] with
(x0,y0) s (T'(x0,y0),T (yo,x0)) such that B((xo,y0),(T (x0,¥0),T (vo,X0))) = 0 and
B (o, x0) , (T (yo, x0), T (x0,0))) = 0. Thus, condition (2) in Theorem (3.15) is satisfied with § = 1.

The property (X, E,C,p) is p—sequentially regular follows trivially from the corresponding
condition of the mapping .

Next, suppose that {#,} is a monotone non-decreasing sequence in X that converges to a point # € X.
Then, for any r € [a, b], the sequence of real numbers

h<hL@) < <t, ()<

converges to ¢ (r). Thus, for all #(r) € [a,b], we have t,(r) < t(r) and thus ¢, < f for all n € N.
Similarly, if u (r) is a limit of a monotone non-increasing sequence {u,} in X, then u, (r) > u(r) and
thus u,, > u for all n € N. Therefore, (X, E, C, p, <) is regular.

For all x,y,u,v € X with (x,y) < (u,v) and ¢ ((x,y), (u,v)) > 0, it follows that
p(T(x,y),T (u,v)(r)

= (SUP,eiap IT (6. 3) (r) = T () ()] ) (0)

= ( sup
rela,b)

b
—f Hy (r, ) [ (f (5, () = £ (5,5 () = (g (5, x(5)) = g (5, u(s))) |ds

b
f Hy (1, 9) | (f (5. x(5) = f (s,u(s) = (8 (5, (5)) = g (5. () |ds

Yo (1)

L H ) [ @(s) = x(5) + () = v (5)) |ds

< ( SuprE[a,bJ

~ [P o 9) [ () = v () + (u(s) = x(5)) [ds| ) 0

b
= ( sup f (H, (r,s) = Hy (r, S))[(X(S) —u(s) + v (s) —y(S))] dS‘)w(t)

rela,b]

Jur (@)

b
S( sup f (H, (r,s) — Hy (1, S))[Sup (x(s) —u(s)) + sup (V(S)—y(S))] ds

rela,b] s€la,b] s€la,b]

b
=([sup x(s) — u(s)] + sup |v<s>—y<s)|} sup f (H,\ (r,5) = Hy (r.5)) ds) (1)

s€la,b] s€la,b] re€la,b]
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< L] supyciap X (8) = (9] + Supycy v (8) = ¥ ()] | ()

< %p[p(x, u) +p(y,v)] (),

for any r € [a, b]. Therefore, we can find a constant sequence of positive real numbers &, = i for all

n € N such that lim,,_,.. k, = zi < 1 and satisfying
0

kn
P(T(6y).T ) < Z[pGeu)+pGov)
for all (x,y) < (u,v) and B((x,y), (u,v)) > 1. Which is just the contractive condition in Theorem (3.15).
All the hypotheses of Theorem (3.15) with § = I, are satisfied. Therefore, T has a coupled fixed-points

in Cg [a, b] X Cg [a, b]. m|
6. Conclusions

The study of this article along with our defined distance structure represents a new research
direction that included updated versions of some abstract results and some methods in fixed-point
lectures. Many of the previously known results found in fixed-point theory consider direct
generalizations and special occurrences of the results of this article. In the present paper, there are
multiple appearances of various types of generalized admissible mappings and mappings have mixed
monotone property associated with several interesting conditions. In this regard, we discussed the
problem of finding coincidence points, coupled coincidence points, coupled fixed-point and
fixed-points of such mappings. For showing efficiency of the obtained main results we gave some
applications. In one approach, we introduced a novel fixed-point technique to ordinary differential
equations in partial satisfactory cone metric spaces, and in another approach we studied the existence
of solutions in a system including non-linear integral equations.
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