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Abstract: Resolving set has several applications in the fields of science, engineering, and computer
science. One application of the resolving set problem includes navigation robots, chemical structures,
and supply chain management. Suppose the set W = {s;,s,,..,Sx } € V(G) , the vertex
representations of x € V(G) is 1y, (x|W) = {d(x,s;),d(x,s3), ...,d(x,s)}, where d(x,s;) is the
length of the shortest path of the vertex x and the vertex in W together with their multiplicity. The
set W is called a local m-resolving set of graphs G if 7, (v|W) # n,(u|W) for uv € E(G). The
local m-resolving set having minimum cardinality is called the local multiset basis and its cardinality
is called the local multiset dimension of G, denoted by md;(G). In our paper, we determined the
bounds of the local multiset dimension of the comb product of tree graphs.
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1. Introduction

One of the topics in distances in graphs is the resolving set problem. This topic has many
applications in science and technology namely the application of resolving set problems can be found
in network infrastructure, navigation robots, chemistry structures, and computer science. The
application of metric dimension in networks is one of the described navigation robots. Each place is
called the vertex and the connections between vertex are called edges. The minimum number of robots
is required for each location and the vertex of some networks is called resolving set problems, for more
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detail this application is in [1].

All graphs G are simple and connected graphs. We have the vertex set and edge set, respectively
are V(G) and E(G). The distance of u and v and denoted by d(u,v) is the length of the shortest
path of the vertices u to v. For the set W = {sy,s,,...,5} € V(G). The vertex representations of
the vertex x to the set W is an ordered k-tuple, r(x|W) = (d(x,s,),d(x,s3),...,d(x,s;)). The
set W 1is called the resolving set of G if every vertex of G has different vertex representations. The
resolving set having minimum cardinality is called basis and its cardinality is called the metric
dimension of G and denoted by dim(G) by [2]. Okamoto et al [3] introduced a new variant of
resolving set problems which are called local resolving set problems. In his paper its concept is called
local multiset dimension of graphs G . The set W is called a local resolving set if Vxy €
E(G),r(x|W) # r(y|W). The local resolving set having minimum cardinality is called local basis and
its cardinality is called the local metric dimension of G and denoted by ldim(G).

Simanjuntak et al. [4] introduced the multiset dimension of graphs G. Suppose the set =
{s1,52, .., Sk} € V(G), the vertex representations of a vertex x € V(G) to the set W is the multiset,
T (x|W) = {d(x, s1),d(x,53), ..., d(x,s,)} where d(x,s;) is the length of the shortest path of the
vertex x and the vertex in W together with their multiplicities. The set W is called an m-resolving
set if V xy € E(G), 1y (x|W) # 1 (y|[W). If G has an m-resolving set, then an m-resolving set
having minimum cardinality is called a multiset basis and its cardinality is called the multiset
dimension of graphs G and denoted by md(G) and we say that G has an infinite multiset
dimension and we write md(G) = oo.

Alfarisi et al. [5] defined a new notion based on the multiset dimension of G, namely a local
multiset dimension. Suppose the set = {sy,s5, ..., Sy} € V(G), the vertex representations of a vertex
x €EV(G) totheset W is r,(x|W) = {d(x,s,),d(x,s3), ...,d(x,5,)}. The set W is called a local
m-resolving set of G if 1, (v|W) # r,(u|W) for uv € E(G). The local m-resolving set having
minimum cardinality is called the local multiset basis and its cardinality is called the local multiset
dimension and denoted by md;(G) and we say that G has an infinite local multiset dimension and
we write md;(G) = oo. Alfarisi et al. [6] determined multiset dimension problems of almost
hypercube graphs.

We have some results on the local multiset dimension of some known graphs namely path, star,
tree, and cycle and also the local multiset dimension of graph operations namely, cartesian product [6],
m-shadow graph [7], and some related cycles [8]. Adawiyah et al. [9] also studied the local multiset
dimension of unicyclic graphs. There are some results used for proving the other results as follows.
Lemma 1. [10] Let G be a connected graph and W < V(G). If W contains a resolving set of G,
then W is aresolving set of G.

Proposition 1. [11] A graph is bipartite if and only if it contains no odd cycle.

Proposition 2. [12] The local multiset dimension of G is one if and only if G 1is a bipartite graph.
Proposition 3. [12] If T is a tree graph with order n, then md,; (T) = 1.

Definition 1. [13] Let ¢ and H be two connected graphs. Let o be a vertex of H. The comb
product of G and H, denoted by G > H, is a graph obtained by taking one copy of G and
|[V(G)| copies of H and identifying the i —th copy of H at the vertex o with the i — th vertex of
G.

Lemma 2. Let G and H be a connected graph. Graph G = H is a bipartite graph if and only if G
and H is a bipartite graph.
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Figure 1. (a). P; (b). G;(¢c). P, > G with 0 =v;;(d). P, > G with o = v,.
2. Results

In this section, we investigated the local multiset dimension of the graph resulting of the comb
product of tree and cycle. We have determined the bounds and the exact value of the local multiset
dimension of the comb product of the tree and cycle.

Lemma 3. Let T be a tree graph and C,,, be a cycle graph for m > 4. Then

md;(T > C,,) = 1,for m even,

md,(T = C,,) = n,for m odd.
Proof. The comb product of tree graph T with order n and cycle C,, for m > 3, denoted by T
Cp,. This graph has a backbone and leaves where a backbone is tree graph T and leaves are the
subgraph cycle (cycle leaves) such that we have n-cycle leaves. The graph T & C,,, has V(T &

Cm) =1{v;j; L€[1L,n] and j € [1,m]} and E(T = C,) = E(T) U UR(C,); where (Cp); is a

i-th cycle leaves. The vertex in the backbone is called the terminal vertex and the vertex in cycle leaves
is called a leaves vertex. From Figure 2, that v; ; is terminal vertex and v; ;(j # 1) is leaves vertex.
Case 1. For m is even

A cycle graph C,,, with m even is a bipartite graph. Based on Lemma 2 that T &= C,, is a
bipartite graph. Since T © C,, is a bipartite graph, based on Proposition 2, md;(T = C,,) = 1.
Case 2. For m is odd

Based on Lemma 2 that T = C,, isn’t a bipartite graph, such that md,;(T > C,,) > 1. We prove
that md;(T > C,,) = n. We will prove that md;(T = C,,) = n. Taking any P c V(T & C,,,) with
|[P| =n—1. Graph T = C,, has n copies of C,,, namely (C,,)1, (C)2, ..., (C)n. Thus, we
know that there is at least one cycle that hasn’t been resolver. Since (Cp,), for 1 <k <n isn’t

contained resolver, such that the two adjacent vertices v, m+1,v, m+s in (Cp)y have the same
T2 T2
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distance to the terminal vertex, d (Ukm_-l-l, Vk,1) = mTH -1= mT_l and d(v, m+3, vy ) =m+1—
b2 T2
mTH = mT_l We know that
m-1
d(vk’mTH, vi,m) = d(vk'mTH, vk,l) + d(vk,li vi,m) = T + d(vk,lf vi,m)a (1)
m-1
AW ms3,Vim) = AV mes, V1) + AWr1,Vim) = "5+ AW, Vi) @

It is clear that d(v, m+1, V) = d(V, m3, Vi) such that 1, (v, mei|W) = 1y (v, mes|W).
2 ’2 2 ’2

Hence, md;(T > C,,) = n. |

Vim

Figure 3. The graph P, > C,, for n > 2 and m > 3.

Theorem 1. Let P, = C,,, be a comb product of path and cycle for n = 2 and m > 3. Then

1, for m is even,
md,(P, > Cp)=4{ n ’ formis odd and m # 3 or form = 3 and n is odd,
n+1 , form = 3 and n is even.
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Proof. The graphs P, > Cp, has V(P, > Cp)={v;;; i€[l,n]andj € [1,m]} and E(P, >
Cn) = {virvis11; L€ [Ln =11} U{v ;v 41} i € [Ln],j € [1,m =11} U (v;,,v;15 i € [1,n]}

where (C,,); is a i-th cycle leaves. The vertex v;; in the backbone is called terminal vertex and
vertex v;; (j # 1) in cycle leaves is called a leaves vertex. This proof is divided into four cases as
follows.
Case 1. For m is even

A cycle graph C,, with m even is a bipartite graph. Based on Lemma 2 that P, > C,, is a
bipartite graph. Since B, = C,, is a bipartite graph, based on Proposition 2, md,;(P, = C,,) = 1.
Case 2. For m isodd and m # 3

Choose W = {vy 1, Vim; [ € [2,n]}, so that |W| = n. We are going to prove that the vertex
representations of two adjacent vertices in P, &> C,, are distinct. The resolver vertex in (C,,);, i €
[1,n] exactly one resolver in every cycle leaves. The resolver v;,,_; in (Cy); and v;,, in
(Cp); for i € [2,n]. In the first step, we show that vertex representations of two adjacent vertices in
(Cr)ir i € [2,n] respectto W are distinct as follows
(1) The number of leave vertex in every cycle leave is even, such that two adjacent vertices in cycle

leaves have the same distance to the terminal vertex. The vertex v, m+1,v, m+3 in (Cp); so that,
’2 72

d(vl.'mT-I-l ) vi,l) = d(vi”mTH, vi,l)'

(2) The number of leave vertex in every cycle leave is even, such that two adjacent vertices in cycle

leaves have the same distance to the resolver. The vertex v, m-1,v,m+1 in (Cp); so that,
’2 ’2

dW;m-1,Vim) = d(V;m+1,V;m).
’2 ’2
(3) We are going to show that two adjacent vertices in cycle leaves have distinct vertex representations

with respect to W. For vy, € W,k € [2,n] and k # i, we know that d(vl.m_—l,vi_l) *
2

d (v, m+1, ;) such that
’2

d(vim_—l, vk,m) = d(Ul.m_—l, Ui,l) + d(vi,lf vk,m)a (3)
2 72

d(v,ms1, Vi) = AW, m11,V;,1) + AWV 1, V). @)
2 72

ol

(4) Take two adjacent vertices, v;,,v;s € V((Cp);) — {vi,mT—l,vim_-H},' r,s € [1,m],r #5s. The

T2

Therefore, d <vl.,mT—1,vk,m) * d d(vl.’mTH » Vkm) so that 7, (vl.,m7—1

W) # i (g

resolver vy, € W,k € [2,n] and k # i, we know that d(v;,,v;;) # d(v;s, v;1) such that

AW r Vem) = AWy, V1) + A1, Vim),

)
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d(vi,s' vk,m) = d(vi,sr vi,l) + d(vi,l' vk,m)- (6)

Therefore, d(vi,r, vk,m) # d(Vis, Vg m) sothat 7, (vi‘T|W) * Ty (vi,S|W).
(5) The backbone indices path P,,n odd have a symmetry vertex namely v, ; and vg; withr +s =

n+1 and v,; notadjacentto vy, because there one vertex vn+1 as center vertex.
2

(6) The terminal vertex indices path graph such that the distance between two adjacent terminal vertex

to the resolver vertex is distinct, d(vk,l, vi,m) # d(v;1,V;m) and d(vk,bvl,m_l) *
d(Vi1, Vim-1) for kK, 1€ [2,n],k # L # i. Thus, 7 (v 1|W) # 1 (i1 |W).

(7) The vertex v;; adjacentto v;5, d(viq,Vim) # d(Viz Vim) and

d(vi1, viem) = d(vi1,vi1) + d(Vig, Vigm) = d(Wi1, Viem), (7

d(vi,z, vk,m) = d(vilz, Vi,1) + d(vill,vk,m) =1+ d(vi,l,vk,m), k #i. (8)

It is clear that d(vi,l,vk,m)i d(vi,z,vk’m) , we know that rm(vi_1|W)=

{d(vi,l' Vi,m); d(vi,l' vk,m)} # {dWi2, Vim), AdWi2 Viem) = T (V12| W)}
Now, we prove that vertex representation of two adjacent vertices in (C,,); respect to W is

distinct. For vy, 1 and vgm € W, k € [2,n] and k # i, we know that d(v, m-3, vy 1) =
’2
d(v, m1, vy ) and d(vlm_—s, vl_l) # d(v,m,v,,) such that
2 72 2

d(vl,mT-% Viem) = d(vllmT-% V1,1) + d(V1,1, Vigm), ©)]

d (Ul,mT—l, vk,m> =d (Vl'mT—l, V1,1) + d(vl,l, vk,m). (10)

).

Next, taking two adjacent vertices, vi,,v1s € V((Cp)1) — {lem_—3, vlm_—l},' r,s €[1,m],r #s.
’o2 T2

W) tn vy

2

It is clear that d (Ul'mT—S, vk,m) * d <v1,mT'1' vk,m> so that 7, (Uljm_—l

We know that d(vllr, vllm_l) = d(vl‘s, vl‘m_l) and d(vl,r, vl,l) * d(vl‘s, vl‘l) such that

A1 Vikm) = AWy, V11) + V1,1, Vi), (11)
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A(W15 Vim) = Ad(V1,5,V11) + dA(V1,1, Viem)-

(12)
Therefore, d(vl,r,vk,m)i d(vis Vkm) so that rm(vl’T|W)¢ Tm(vis|W ). Hence,

rm(vl-‘j|W) # T (Vg W) for v;; adjacent to vy, for i € [1,n]. Consequently, W is a local m-

resolving set of P, > C,,. Based on Lemma 3 that md,;(P, > C,,) = n. Thus, md;(B, > C,) = n.
This completes the proof.
Case 3. For m = 3 and n is even

We choose W ={v;5; i € [1,n]}U{v,1}, so that |[W|=n+1. The resolver vertex in

(C3);,i € [1,n] exactly one resolver in every cycle leaves and one resolver in the terminal vertex. We
are going to prove that the vertex representations of two adjacent vertices in P, &> C; are distinct. We
show that vertex representations of two adjacent vertices in (Cp,);,i € [2,n] with respectto W are
distinct.

(1) In the first step, we focus on resolver in cycle leaves (v;3), we have rm(v31|W - {vm}) =
>
T (vnTJrz' 1 |W - {vn_l}) . Because n even, there are a symmetry vertex namely v, ; and v;; with

k+l=n+1 and k # . Weknow that vz, v n+2 astwo adjacent vertices and symmetry vertex
2’ b2

. 2 2 n 2 n+2
in P, & Cy such that 1, (v, [W = (1)) = (122,32, .., (3) 23} = ru(vnsz W — V).
2’ 2’
n n n+2 n-2
(2) Now, d (v;l, Vn,1) =n-—s== and d(v”T”,rvn'l) =n——=— 50 that
d (V;l,vm) * d(UnT-I-Z'l, Vn1)-
Based on points (1) and (2) that
2
=1]122 32 ny" ntz n
T (V24| W) _{1,2 3%, (5) 5 ,d(v?l,vn,l)}, (13)
2
Ton(Unrz W) = {1,22,32,..., n ,"—”,d(vn v )} 14
(vas, W) (5) 5 d (v vna (14)

It is clear that 1, (v;l W) * rm(vnT'l-Z,]-lW) for v§,1 adjacent to vnT+z'1. Consequently, W is

a local m-resolving set of P, & Cs.

Furthermore, we prove that W is the local m-resolving set with minimum cardinality. Taking any
set S c V(B, > C3) with |S| < |[W]. Let |S| =n,
(1) u € W, every vertex u in cycle leave.

Every cycle leave has one vertex as a resolver. There are the two adjacent terminal vertices in the
backbone indices path P,. Because n even, then there is a symmetry vertices namely vy ; and v,

with k +1=n+1 and k # [. We know that vn v n+2 as two adjacent vertices and symmetry
2’ ’2

AIMS Mathematics Volume 8, Issue 4, 8349-8364.
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. n\2 n+2
vertices in P, & Cy such that 7, (va |W) = {1,22,32,...,(5) 22 = n(vnsz W),
2’ >

(2) u € W, there is at least one resolver that isn’t in cycle leaves.
If there is at least one resolver that isn’t in cycle leaves, then there are the two adjacent vertices
in cycle leaves that have the same vertex representations. We take (C3), without resolver such that

d(vn,z'vn,l) = d(vn,Slvn,l) =1,

(15)

d(Vp2,Vi3) = AWy 2 V1) + d(Vi1, Vie3), (16)

d(Vn3, Vi3) = A(Vn3,Vn1) + d(Vn1, Vi 3), (17)

d(vnlz,y) = d(vn,z, Un,1) + d(vn,l,y); y € W,yinv;, or cycle leaves, (18)
d(vn,g,y) = d(vm, Un,1) + d(vnjl,y); y € W,yinv;, or cycle leaves. (19)

Based  on  above  cases that T (Vn2|W) = {d(vn2 vi3), d(Vn2 y)} =

{d(vns,vk_g),d(vn,g,y)} = m(vn,3|W). Therefore, S is not a local m-resolving set of P, & Cj;.

Thus, md;(P, > C3) = n + 1. This completes the proof. ]
Theorem 2. Let T; and T, be tree graphs, then md;(T; & T,) = 1.
Proof. Based on Lemma 2 that T; & T, isabipartite graph. Since T; = T, is a bipartite graph, based
on Proposition 2, md;(T; & T,) = 1. |
Theorem 3. Let T be a tree graph and C,, be a cycle graph for n > 3. Then

T N v
Proof. The graph C,>T has V(C,>T)=UZ'V(T;)) and E(C,>T)=

{(V11Vn1, VitVisr1s L € [Ln— 1]} U UZTE(T;) where T; isa i-th tree leaves. We choose a vertex

a; € T;. The vertex v;; in the backbone is called terminal vertex and vertex v;; (j # 1) in tree
leaves is called a leaves vertex. This proof is divided into four cases as follows.
Case 1. For n is even

A cycle graph C,, with m even is a bipartite graph. Based on Lemma 2 that C, > T 1is a
bipartite graph. Since C, = T is a bipartite graph, based on Proposition 2, md;(C,, > T) = 1.
Case 2. For n is odd

Choose W = {v;,,a,} with a, & V(C,) or a, € V(T;), so that |W| = 2. We are going to
prove that the vertex representations of two adjacent vertices in €, &> T are distinct. We can see that

n
rm(vi,1|W) = {l - 1, d(vill, Uz'l) + dTZ (U2,1, az)},i € [1,5 + 1] B (20)

AIMS Mathematics Volume 8, Issue 4, 8349-8364.
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Tm(vl’1|W) == {m - l + 1, d(vi‘l, 172’1) + dTZ (vz’l, az)},i € [g + 2, Tl], (21)

Tm(a|W) = {dr, (a1, V1), 1 + dr, (v21,a2)},

(22)

Tm(ax|W) = {dr,(as v,1) + 1,0}, (23)

Tn(az|W) = {de (az' 172,1) +1,dr, (a3, az)}' a & W, (24)

i (@0IW) = {dr, (0 v,2) + i = L, (a,012) + iy, (va,02) + i~ 2} i € [3.7 1], (25)
rm(@ilW) = {dr,(a;, vi1) + m— i+ 1,dr, (a3, vi1) + d(vig, V1) + dr, (v21,22)}1 € [ + 1,n]. (26)

The vertex representations of the vertices v;; and a; are distinct and so W 1is a local m-
resolving set of C, o T.Thus, md;(C, > T) < 2. It concluded that md;(C,, = T) = 2.
Furthermore, we will prove that W is the local m-resolving set with minimum cardinality. Take
anyset S ¢ V(C, > T) with |S| < |W]|.Let |S| = 1, suppose the local m —resolving set S = {v}
so that there are some conditions of this proof as follows
(1) If v € V(C,) namely v = v; 1, then

n-1
rm(v(nTHH—l)mod n,lIW) = rm(v(nTHH—l)mod n,1|W) = {T}’ (27)
(2) If v € V(T;), then
_ _(n— 1
Tm (v("T“+i—1)mod n1 W) = Tm (v(nTHH—l)mod n1 W) - { >t dTi(vifl'v)}' (28)

It is clear that 1, (V(nT-H_H_l)mod a1 W) =ny, (v(nTJrsH._l)mod n’1|W). Therefore, S is not a local
m-resolving set of C,, &> T.Thus, md;(C, > T) = 2. ]
Theorem 4. Let C,, and C,, be cycle graphs for n,m > 3. Then

1 , both n and m are even,
_ )2 , oneofthenandmiseven and the other is odd,
mdl(Cn & Cm) -
n ,

both n and m are odd.

Proof. The graph C, & C,, has V(C, > Cp) ={v;;; i € [1,n], j€[1,m]} and E(C, > Cp) =
{11V, ViaVisa s L€ [Ln =11} U{v v} i € [Ln],j € [Lm— 1]} U (vyvi4; § € [1,n]}

where (C,,); is an i-th cycle leaves. The vertex v;; in the backbone is called terminal vertex and
vertex v;; (j # 1) in cycle leaves is called a leaves vertex. This proof is divided into four cases as
follows.

AIMS Mathematics Volume 8, Issue 4, 8349-8364.
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Case 1. For nand m are even

A cycle graph C, and C,, with n,m even is a bipartite graph. Based on Lemma 2 that C, &
C,, 1is a bipartite graph. Since C, > C, 1is a bipartite graph, based on Proposition 2,
md;(C, > C,) = 1.
Case 2. For nis odd and m is even

Choose W = {v; 1,v,.,,}, sothat |W| = 2. We are going to prove that the vertex representations
of two adjacent vertices in C,, > C,, are distinct. We can see that:

Table 1. Representation of C, &> C,,.

Vertices v Representation r,,(v|W) Conditions
{—1,j+1} . m
vl'l ] € [1,3'}‘ 1]
m—j+1m—j+3 ..m
V1 ¢ J J J ]E[E+2,m]
. m
vZ,j {] ]} RS [1,?]
Cime—j+2 o
Uy tm—jm—j+2] ]E[3+1,m]
{i+j—2,i+j—2} ) n+17 . m
Vij lE[B,T],]E[l,?-f-l]
fm—j+im—j+i} ] n+1]  m
Vi LE[?),T],]E[?-FZ,TR]
n—i+j,i+j—2} - n+3 m
Vjj [ = > ,]E[l,?-l-l]
m+n—-j—i+2m—-j+i} . n+3 . mm
Vi 1= > ,]E[?+2,m]
n—i+jn—i+j+2} . [n+5 , m
Vi lE[ 5 ,n],]E[l,E-i-l]
m+n—j—i+2m+n—j—i+4 n+5 m
V;j ¢ J J J ie[ > ,n],je[?+2,m]

The vertex representations of the adjacent vertices v; are distinct such that W is a local m-
resolving set of C,, > C,,. Thus, md,;(C,, > C,,) < 2.

Furthermore, we are going to prove that W is the local m-resolving set with minimum cardinality.
Take any set S c V(C, > C,) with |S| < |W]|. Let |S| =1, suppose the local m -resolving
set W = {v} so that there are some conditions of this proof as follows
(1) If v € V(C,) namely v = v; 1, then we have vertex representation as follows

W) = {1, 29)

(2) If v € V((Cy)i), then we have vertex representation as follows

"m (U(HTHH—l)mod n1 W) = Tm <v(nT+3+i—1)mod n1

AIMS Mathematics Volume 8, Issue 4, 8349-8364.
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-1
rm(v(nTHH—l)mod n,1|W) = rm(v(nTHﬂ'—l)mod n,llW) = {nT + d(vijl’v)}' (30)

It is clear that rm(v(n+1 Ymod n W) = rm(v(n+3 |W). Therefore, S is not a local

T+l—1 T+L—1)mod n,1

m-resolving set of C, > C,,. Thus, md,;(C, > C,,) = 2.
Case 3. For n is evenand m is odd

Choose W = {vy 41, Vim; [ € [2,n]}, so that |W| = n. We are going to prove that the vertex
representations of two adjacent vertices in C,, = C,, are distinct. The resolver vertex in (C,,);,i €
[1,n] exactly one resolver in every cycle leaves. The resolver vy ,,—¢ in (Cy); and v;,, in(Cp);
for i € [2,n]. In the first step, we show that vertex representations of two adjacent vertices in
(C)ir i € [2,n] with respect to W are distinct as follows
(1) The number of leave vertex in every cycle leave is even, such that two adjacent vertices in cycle

leaves have the same distance to the terminal vertex. The vertex v, m+1,v.m+s in (Cp); so that,
’2 T2

d(v,mia}vi) = AV, mes, ;).

(2) The number of leave vertex in every cycle leave is even, such that two adjacent vertices in cycle

leaves have the same distance to the resolver. The vertex v, m-1,v.m+1 in (Cp); so that,
’2 ’2

d(W;m=1, Vi) = d(V; m+1,V; ).
’2 ’2
(3) We are going to show that two adjacent vertices in cycle leaves have distinct vertex representations

with respect to W . For vy,, € W,k € [2,n] and k #i, we know that d(Ul.m_—l, Vi,1) *
’2

d(v,m+1,v;1) such that
’2

(v, m-1, Vi) = d(V,m-1, ;1) + Ay 1, Vi), 31)
2 72

d (Vi'mTH, vk,m> =d (Vi'mTH, Vi,1> +d(vi1, Vim)- (32)

Therefore, d <vl.,mT—1, vk,m> * d(vi'mTH, Vkm) SO that 7, (Ul.,m7—1 W) * Tm(vi,mTH |W).

(4) Take two adjacent vertices, v;,,v;s € V((Cp);) —{vi’mT—l, vl.,m_ﬂ},r,s € [1,m],r # s. The

2

resolver vy, € W, k € [2,n] and k # i, we know that d(v;,,v;5) # d(vis, V1) such that

d(vi,r' 17k,m) = d(vi,r' 17L',1) + d(vi,lx vk,m)a (33)

d(vi,s' 17k,m) = d(vi,s' 17L',1) + d(vi,ll vk,m)' (34)
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Therefore, d(V;,, Vigm) # d(Vis Vi) SO that 7, (v, |W) # 1, (v 5[W).
(5) The terminal vertex indices cycle graph C,,n is odd such that the distance between two adjacent

terminal vertex to the resolver vertex is distinct, d(vk,l, vi,m) # d(v;1, Vi) and
d(vi1 Vim-1) # AWy, Vim1) for kl€([2,n],k+ 1+ i . Based on (6) so that
rm(vk,1|W) * Tm(vl,llw)'

(6) The vertex v;; adjacentto v;z, d(viq, Vim) # d(Viz Vim) and

d(vi1, viem) = d(vi1,vi1) + d(Vig, Vigm) = (Wi, Viem), (35)

d(vilz,vk,m) = d(vi,z,vi,l) + d(vijl, vk,m) =1+ d(vi,l, vk,m),k #* 1. (36)

It is clear that d(vi,l,vk,m)i d(vi,z,vk’m) , we know that rm(vi_1|W)=

{d(ig, vim), dWin, viem)} #= {d(Vi2, Vim), d(Viz, Vigm)} = T (Vi 2| W).

Now, we prove that vertex representation of two adjacent vertices in (C,,); respect to W is

distinct. For vy, and vy, € W,k € [2,n] and k # i, we know that d(v1,mT_3’ Vim-1) =

d(v, m1, vy ) and d(vlm_—s, vl_l) # d(v, m,,,) such that
72 72 72

d(vl,mT-% Viem) = d(vllmT-% V1,1) + d(V1,1, Vigm), (37)

d(vl_mT-l, Viem) = d(VLmT-l: V1,1) +d(V1,1, Vigm)- (38)

It is clear that d(vllmT—s, vk,m> # (v, no1, V) 50 that T (vl,mT_l W) # g (v, mes| W)

Next, taking two adjacent vertices, vy ,,v;5 € V((Cp)1) — {vl m-3,V, m_—l},T,S € [1,m],r # s. We
2 2

know that d(vl‘r, vl'm_l) = d(vl’s, vl’m_l) and d(vl,r, 171,1) * d(vlls, 171’1) such that

A1 Vikm) = AWy, V11) + A(V1,1, Vi) (39)

A(W1,6 Vim) = Ad(V15,V11) + d(V1,1, Viem)- (40)

Therefore, d(Vy,, Vim) # d(Wis Vim) 50 that 7, (v, W) # 1(is|lW) . Hence,
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rm(vi,j|W) # Tm(Vk, W) for v;; adjacent to vy, for i € [1,n]. Consequently, W is a local m-

resolving set of C, &> C,,.

Furthermore, we will prove that W is the local m-resolving set with minimum cardinality.
Taking any set S ¢ V(C, &> C,,) with |S| < |W]. Let |S| =n — 1, there are at least one cycle
leaves which haven't resolver. For m odd, there are even leave vertex such that the two adjacent vertices

V) mt1, V) mis € V(Cpi k €[1,m] have the same distance to the terminal vertex,

2 2
d (vkm_ﬂ, vm) =" 1 =" and d(vymes, V) = m+ 1~ 722 = "L We know that
b2 b2
d (vk,mTH’ Vi,m) =d (vk'mTH, Vk,1) +d(vg 1, vim) = mT_l +d (Vi1 Vi) (41)
m—1
d (vk,mT“' Vi,m) =d (vk'mTstvk,l) +d(Vi1, Vi) = ==+ d(Vi1, Vim)- (42)

It is clear that d (vk e, vi_m) —d (vk s, vl-,m> such that 7y, (v, mes|W) = T3 (v, mea|W).
) ) 72 ’2

Therefore, S isnotalocal m-resolving setof C,, &> C,,. Thus, md,;(C, = C,,) = n. This completes
the proof.
Case 4. For n and m are odd

Choose W = {v1 1y—1, V3 m-1, Vam-1, Vim; | & {1,3,4}}, sothat |W| = n. We are going to prove
that the vertex representations of two adjacent vertices in C,, &> C,, are distinct. The resolver vertex
in (Cp);, i € [1,n] exactly one resolver in every cycle leaves. The resolver v, in (Cp);, i €
{1,3,4} and v;,, in (Cy); for i € {1,3,4}. In the first step, we show that vertex representations of
two adjacent vertices in (C,,);, 1 € {1,3,4} with respectto W are distinct as follows
(1) The number of leave vertex in every cycle leaves is even, such that two adjacent vertices in cycle

leaves have the same distance to the terminal vertex. The vertex v, m+1,v. m+s in (Cp); so that,
’2 T2

d(vi,mTH’ vi,l) = d(vi,mTH; vi,l)'

(2) The number of leave vertex in every cycle leaves is even, such that two adjacent vertices in cycle

leaves have the same distance to the resolver. The vertex v m-1,v,m+1 in (Cp); so that,
’2 ’2

d(v;m=1,Vjp) = d(V;m+1, V).
’2 ’2
(3) We are going to show that two adjacent vertices in cycle leaves have distinct vertex representations

with respect to W. For vy,, € W,k € [2,n] and k # i, we know that d(Ul.m_—l, Ui,1) *
2

d(v,m+1,v;,) such that
’2

d( Vit Viem) = d( Vit Vig) + d(Vi1, Vigm), (43)
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d( Ul-’mTH, Uk’m) = d( Ul.’mTH, vi,l) + d(vijl, Uk,m). (44)

Therefore, d(v,m-1,Vpm # d(V;m+1, V) so that 1, (Ul.m_—l W) # T (v me1|W).
’2 ’2 '2 '2

(4) Take two adjacent vertices, v;,,v;s € V((Cp);) —{Ul.m_—l, Ul.m_-l-l},T',S € [1,m],r # s. The
="

2

resolver vy, € W, k € [2,n] and k # i, we know that d(v;,,v;,) # d(v;s, v;1) such that

d(vi,ri vk,m) = d(vi,rl Ui,l) + d(vi,lt 1]k,m)l (45)

d(vi,s: vk,m) = d(”i,s: Ui,l) + d(vi,lr 1Jk,m)- (46)

Therefore, d(vi,r,vk,m) * d(vi,s,vk‘m) so that rm(vl-’r|W) +* rm(vi,S|W).
(5) The terminal vertex indices cycle graph C,,,n is odd such that the distance between two adjacent

terminal vertex to the resolver vertex is distinct, d(vk,l, vi,m) # d(v;1, Vi) for i €{1,3,4} and

d(Vi1 Vim1) # AWy 1, Vim—1) for k,L€[2,n] and i€{134} so that n,(ve,|W) %
Tm(vl,llw)-

6) The vertex v;; adjacentto v;,, d(v;1,Vim) # d(Vi,, Vim) and
i .] i i Lm i )

d(vi,l, 17k,m) = d(vi,l' Ui,l) + d(vi,p Vk,m) = d (i1, Vim), 47)

d(Viz2 Vi) = Wiz, Vig) + A1, V) = 1+ d(Wig, Vi), k # 1 (48)

It is clear that d(viy,Vim)# dWizVim) » Wwe know that 1, (v, |[W) =

{d(vin vim), d(vin viem)} # {d(Vizo Vi), d(Vi2s Vi) = T (vi2|W)}.

Hence, rm(vl-,j|W) # T (Vg W) for v;; adjacent to vy, for i € [1,n]. Consequently, W

is a local m-resolving set of C,, > C,,.

Furthermore, we will prove that W is the local m-resolving set with minimum cardinality. Take
anyset S c V(C, > () with |S| < |W].Let |S| = n — 1, there are at least one cycle leaves which
haven't resolver. For m odd, The number of leave vertex in every cycle leaves is even, such that the

two adjacent vertices v, m+1,V, m+3 in (Ch)r, k € [1,m] have the same distance to the terminal
T2 T2
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vertex, d (vkm_+1, vk'l) = mTH -1= mT_l and d(v, m+3, Vyp) =m+1— mTH = mT_l We know
’2 "2
that
m-1
d(vk’mTH; vi,m) = d(vk,mTH' vk,l) + d(vk,lJ vi,m) = T + d(vk,l' vi,m)/ (49)
m-1
A(vy 3, Vim) = A(Vy 23, V1) + A (Vi1 Vim) = 757 + AV, Vim). (50)

It is clear that d(v, m+1,v;,,) = d(V, mes, V) such that 7, (v, maa|W) =1, (v, mes|[W).
2 ’2 ’2 T2

Therefore, S isnotalocal m-resolving setof C,, &> C,,. Thus, md,;(C,, > C,,) = n. This completes
the proof.

3. Conclusions

We have found the sharpest bounds of LMD of the tree comb cycle, and we get the exact value
of the cycle comb tree, tree comb tree, and cycle comb cycle. There are some open problems with this
research as follows.

Open Problem 1. Determine the bounds of local multiset dimension of G > H for G and H are
any graphs.

Open Problem 2. Determine the local multiset dimension of G with md;(G) =n—1,n — 2.
Open Problem 3. Characterized md,;(G) — ldim(G) = 0.
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