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1. Introduction 

In this paper, we intend to introduce a function weighted b-metric which can be named as F-b 

metric. In addition, we propose and prove theorems related to the topological properties in F-b metric 

space and the fixed point theorems for an expansive mapping and the common fixed point for two 

expansive mappings. The expansive mapping used is a generalized Banach expansive mapping. The 

concept of function weighted b-metric is inspired from the concept of b-metric introduced by Bakhtin 

in 1989 and the concept of function weighted metric introduced by Jleli and Samet in 2018. 

b-metric space was first introduced by Bakhtin in 1989 [1], then used by Czerwick in 1993 [2] in 

the fixed point theorem for generalized contraction mappings. George in 2015 [3–5] introduced the 

rectangular b-metric space which is a generalization of the b-metric space, by replacing the triangle 

inequality condition with rectangular inequality. However, in 2010 Khamsi and Hussein introduced a 

generalization of the b-metric space known as the s-relaxed metric space. In this definition, the triangle 

inequality condition in the b-metric space is replaced by an s-metric polygon inequality [6]. In addition, 

to the above authors, generalizations to the metric space have also been introduced by other authors [7–9]. 
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In general, the authors in proposing and proving the fixed point in the generalized metric space and 

the use of the generalized contraction mappings. While the use of generalization of metric space at 

fixed points for expansive mappings is not much, some of them have been done by several authors [10–

13]. Currently, the generalization of the metric space that is being developed is the F-metric space. 

This space was introduced by Jleli and Samet which is also called the function weighted metric space [14]. 

In addition, Jleli and Samet also prove some topological properties and fixed point theorems of the 

contraction mapping [15]. There have been several other authors who have used the F-metric space 

for the fixed point theorem of the contraction mapping in that space [16,17]. The concept of the 

contraction mapping was introduced by Banach in 1922, while the expansive mapping was introduced 

by Wang in 1984 [18]. However, the use of the contractive mapping by authors is generally more 

popular for determining the existence of a fixed point or allied fixed points than the use of the 

expansive mapping for the existence of a fixed point in a generalized metric space. 

To prove a function weighted metric is a function weighted b-metric, it must show that the third 

condition in function weighted b-metric applies to function weighted metric. The generalization of the 

third condition is important because there are several function weighted b-metrics are not metric 

weighted function. 

Moreover, it should be noted that the results in this paper which use the function weighted b-

metric are generalizations of the results using the function weighted metric [15]. This paper also 

provides some examples of weighted metric and function weighted b-metric and some examples of 

fixed point theorems of a generalized Wang [18] expansive mapping and common fixed points for two 

mappings, and an application on dynamic programing. 

2. Preliminaries 

In this paper we need some definitions to be used for the results section and some required 

examples. 

Definition 2.1. [14] Let 𝑓: (0, +∞) → ℝ be a function, non-decreasing, 𝑓 is called logarithmic-like if 

it satisfies lim
𝑡→0

𝑓(𝑡) = −∞. 

We denote 𝐹 = { 𝑓: (0, +∞) → ℝ ∣∣ 𝑓 non − decreasing, and logarithmic − like }.  From this 

definition, it follows that, if 𝑓 ∈ 𝔉, then for any 𝑟 > 0 and 𝐾 ≥ 0, there is 𝛿 > 0, so that for any 0 <

𝑠 < 𝛿, then 𝑓(𝑠) < 𝑓(𝑟) − 𝐾. 

Some examples of functions that satisfy the logarithmic-like property are: 𝑓(𝑥) = 𝑙𝑛 𝑥, 𝑓(𝑥) =

𝑥 −
1

𝑥
, 𝑓(𝑥) = 𝑥 − 𝑒

1

𝑥, 𝑥 ∈ (0, +∞). 

Definition 2.2. [14] Let 𝑋 be a non-empty set, 𝑓 ∈ 𝐹, 0 ≤ 𝐾 < +∞. A mapping 𝜌: 𝑋 × 𝑋 → [0, +∞) 

is called a function weighted metric (𝐹-metric), if for any 𝑥, 𝑦 ∈ 𝑋, 𝜌 satisfies the following conditions: 

A1. 𝜌(𝑥, 𝑦) = 0, if and only if 𝑥 = 𝑦, 

A2. 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥), 

A3. 𝜌(𝑥, 𝑦) > 0, then 𝑓(𝜌(𝑥, 𝑦)) ≤ 𝑓(∑ 𝜌(𝑎𝑗 , 𝑎𝑗+1) + 𝐾𝑁−1
𝑗=1 , 

for every {𝑎1 = 𝑥,  𝑎2,  𝑎3, … , 𝑎𝑁 = 𝑦} ⊂ 𝑋 and 𝑁 ∈ ℕ, 𝑁 ≥ 2. 

The pair (𝑋, 𝜌) is called a function weighted metric space (𝐹 metric space). 
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In the following, we define a function weighted b-metric which is a generalization of the function 

weighted metric, as follows: 

Definition 2.3. Let  𝑋  be a non-empty set, 𝑓 ∈ 𝐹 , 0 ≤ 𝐾 < +∞ , 𝑏 ≥ 1.  A mapping 𝜌: 𝑋 × 𝑋 →

[0, +∞)  is called a function weighted b-metric (F-b metric), if for any 𝑥, 𝑦 ∈ 𝑋,  𝜌  satisfies the 

following conditions: 

B1. 𝜌(𝑥, 𝑦) = 0, if and only if 𝑥 = 𝑦, 

B2. 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥), 

B3. 𝜌(𝑥, 𝑦) > 0 then 

𝑓(𝜌(𝑥, 𝑦)) ≤ 𝑓(∑ 𝑏𝑗𝜌(𝑎𝑗 , 𝑎𝑗+1) + 𝐾𝑁−1
𝑗=1 , 

for every 

{𝑎1 = 𝑥,  𝑎2,  𝑎3, … , 𝑎𝑁 = 𝑦} ⊂ 𝑋 and 𝑁 ∈ ℕ, 𝑁 ≥ 2. 

The pair (𝑋, 𝜌) is called a function weighted b-metric space (F-b metric space). 

If 𝑏 = 1, then the above definition is the definition of the function weighted metric. However, the 

function weighted b-metric becomes b-metric, if 𝑓(𝑥) = ln 𝑥, 𝐾 = 0, and 𝑁 = 2. 

The function weighted b-metric space is not necessarily a function of the weighted metric space. 

This can be shown in the following examples: 

Example 2.1. Let 𝑋 = 𝑅 be a set of all real numbers. Define a function 𝜌(𝑥, 𝑦) = |𝑥 − 𝑦|𝑝 with 𝑝 ≥

2 and 𝑥, 𝑦 ∈ 𝑋, then 𝜌 is a b-metric with 𝑏 = 2𝑝−1. However, 𝜌 is not a function weighted metric, this 

can be shown as follows. 

Suppose 𝜌 is a function weighted metric, it means that there is a function 𝑓 ∈ 𝐹 that satisfies the 

of axiom A3 of the definition of function weighted metric. 

We choose 𝑡𝑗 ∈ 𝑋  and take any 𝑚 ∈ ℕ . Define 𝑡𝑗 =
2𝑗

𝑚
  for 𝑗 = 0,1,2, … . , 𝑚 − 1 . From the of 

axiom A3, we have 

𝑓(𝜌(0,2)) ≤ 𝑓( ∑ |𝑡𝑗 − 𝑡𝑗+1|
𝑝

)

𝑚−1

𝑗=0

+ 𝐾 = 𝑓( ∑ |
2𝑗

𝑚
−

2(𝑗 + 1)

𝑚
|

𝑝

)

𝑚−1

𝑗=0

+ 𝐾 

= 𝑓(
1

𝑚𝑝
∑ |2𝑗 − 2(𝑗 + 1)|𝑝)𝑚−1

𝑗=0 + 𝐾 = 𝑓(
2𝑝

𝑚𝑝−1
) + 𝐾.     (2.1) 

So, from (2.1) we get 

𝑓(4) = 𝑓(𝜌(0,2)) ≤ 𝑓 (
2𝑝

𝑚𝑝−1) + 𝐾.      (2.2) 

Since 𝑓 has a logarithm-like property, then we have 
2𝑝

𝑚𝑝−1 → 0, as 𝑚 → +∞ and consequently 

from (2.2) we have 𝑓(
2𝑝

𝑚𝑝−1) + 𝐾 → −∞, as 𝑚 → +∞. Which is a contradiction. So, 𝜌 is not a function 

weighted metric. 

However, 𝜌 is a function weighted b-metric. It is shown as follows: 

To prove condition B3, we use a property  
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|𝑥 − 𝑦|𝑝 ≤ 2𝑝−1(|𝑥 − 𝑎|𝑝 + |𝑎 − 𝑦|𝑝). 

Let 𝑁 ∈ ℕ, 𝑁 ≥ 2, and a set {𝑎1 = 𝑥,  𝑎2,  𝑎3, … , 𝑎𝑁 = 𝑦} ⊂ 𝑋. 

Then we have 

𝜌(𝑥, 𝑦) = |𝑥 − 𝑦|𝑝 = |𝑎1 − 𝑎2 + 𝑎2 − 𝑎3 + 𝑎3 − 𝑎4 + 𝑎4 − ⋯ 𝑎𝑁−1 − 𝑎𝑁|𝑝 

≤ (
2𝑝−1|𝑎1 − 𝑎2|𝑝 + (2𝑝−1)2|𝑎2 − 𝑎3|𝑝 + (2𝑝−1)3|𝑎3 − 𝑎4|𝑝

+ ⋯ + (2𝑝−1)𝑁−1|𝑎𝑁−1 − 𝑎𝑁|𝑝−1 ) 

= ∑(2𝑝−1)𝑗

𝑁−1

𝑗=1

|𝑎𝑗 − 𝑎𝑗+1|
𝑝

= ∑(2𝑝−1)𝑗

𝑁−1

𝑗=1

𝜌(𝑎𝑗 , 𝑎𝑗+1). 

So, we obtain 

𝜌(𝑥, 𝑦) ≤ ∑(2𝑝−1)𝑗

𝑁−1

𝑗=1

𝜌(𝑎𝑗 , 𝑎𝑗+1). 

Thus, 𝜌 is a function weighted b-metric with 𝑓(𝑥) = ln 𝑥, 𝑏 = 2𝑝−1 and 𝐾 = 0. 

Example 2.2. Let 𝑋 = [0,1], define a function 𝜌(𝑥, 𝑦) = |𝑥 − 𝑦|2𝑒|𝑥−𝑦| for all 𝑥, 𝑦 ∈ 𝑋. 

To prove condition B3, we use a property  

|𝑥 − 𝑦|2 ≤ 2(|𝑥 − 𝑎|2 + |𝑎 − 𝑦|2). 

Let 𝑁 ∈ ℕ, 𝑁 ≥ 2, and a set {𝑎1 = 𝑥, 𝑎2, 𝑎3, … , 𝑎𝑁 = 𝑦} ⊂ 𝑋. 

Then we have 

𝜌(𝑥, 𝑦) = |𝑥 − 𝑦|2𝑒|𝑥−𝑦| 

= |𝑎1 − 𝑎2 + 𝑎2 − 𝑎3 + ⋯ + 𝑎𝑁−1 − 𝑎𝑁|2𝑒|𝑎1−𝑎2+𝑎2−𝑎3+⋯+𝑎𝑁−1−𝑎𝑁| 

≤ (2|𝑎1 − 𝑎2|2 + (2)2|𝑎2 − 𝑎3|2 + ⋯ + (2)𝑁−1|𝑎𝑁−1 − 𝑎𝑁|2)𝑒|𝑎1−𝑎2+𝑎2−𝑎3+⋯+𝑎𝑁−1−𝑎𝑁| 

≤ (2|𝑎1 − 𝑎2|2𝑒|𝑎1−𝑎2|+|𝑎2−𝑎3+𝑎𝑁−1−𝑎𝑁| + (2)2|𝑎2 − 𝑎3|2𝑒|𝑎2−𝑎3|+|𝑎1−𝑎2+𝑎3−𝑎𝑁| + ⋯

+ (2)𝑁−1|𝑎𝑁−1 − 𝑎𝑁|2)𝑒|𝑎𝑁−1−𝑎𝑁|+|𝑎1−𝑎𝑁−1| 

= (2|𝑎1 − 𝑎2|2𝑒|𝑎1−𝑎2|+|𝑎2−𝑎𝑁| + (2)2|𝑎2 − 𝑎3|2𝑒|𝑎2−𝑎3|+|𝑎1−𝑎2+⋯+𝑎𝑁−1−𝑎𝑁| + ⋯

+ (2)𝑁−1|𝑎𝑁−1 − 𝑎𝑁|2𝑒|𝑎𝑁−1−𝑎𝑁|+|𝑎1−𝑎2+𝑎𝑁−1−𝑎𝑁|) 

Since 𝑎1 = 𝑥, 𝑎2, 𝑎3, … , 𝑎𝑁 = 𝑦 ∈ [0,1], then we have 

𝜌(𝑥, 𝑦) = |𝑥 − 𝑦|2𝑒|𝑥−𝑦| 

≤ 2|𝑎1 − 𝑎2|2𝑒|𝑎1−𝑎2|𝑒2 + (2)2|𝑎2 − 𝑎3|2𝑒|𝑎2−𝑎3|𝑒2 + ⋯ + (2)𝑁−1|𝑎𝑁−1 − 𝑎𝑁|2𝑒2 

= 𝑒2(2|𝑎1 − 𝑎2|2𝑒|𝑎1−𝑎2| + (2)2|𝑎2 − 𝑎3|2𝑒|𝑎2−𝑎3| + ⋯ + (2)𝑁−1|𝑎𝑁−1 − 𝑎𝑁|2) 
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= 𝑒2 (∑ (2)𝑗𝑁−1
𝑗=1 |𝑎𝑗 −  𝑎𝑗+1|

2
𝑒|𝑎𝑗−𝑎𝑗+1|) = 𝑒2 (∑ (2)𝑗𝑁−1

𝑗=1 𝜌(𝑎𝑗 ,  𝑎𝑗+1)).    (2.3) 

So, from (2.3) we obtain 

𝜌(𝑥, 𝑦) ≤ 𝑒2 ∑(2𝑝−1)𝑗

𝑁−1

𝑗=1

𝜌(𝑎𝑗 , 𝑎𝑗+1). 

So, we have 

𝑙𝑛 𝜌(𝑥, 𝑦) ≤ 2 + ln ∑(2𝑝−1)𝑗

𝑁−1

𝑗=1

𝜌(𝑎𝑗 , 𝑎𝑗+1). 

Thus, 𝜌 is a function weighted b-metric with the function 𝑓(𝑥) = 𝑙𝑛 𝑥, 𝑏 = 2𝑝−1 and 𝐾 = 2. 

Example 2.3. Let 𝑋 = [1,2], define the function 

𝜌(𝑥, 𝑦) = {
0,          𝑥 = 𝑦

𝑒|𝑥−𝑦|,   𝑥 ≠ 𝑦
 

for all 𝑥, 𝑦 ∈ 𝑋. 

For conditions B1 and B2, it is clearly satisfied. To prove condition B3, choose a function 𝑓(𝑡) =

𝑡 −
1

𝑡
 for any 𝑡 ∈ (0, +∞), then 𝑓 ∈ 𝐹. 

Let (𝑎𝑛)  be any finite sequence in 𝑋 = [1,2] , where (𝑎1, 𝑎𝑁) = (𝑥, 𝑦)  for all 𝑥, 𝑦 ∈ 𝑋 , and 

𝜌(𝑥, 𝑦) > 0, for 𝑛 = 1,2,3, … , 𝑁. So, we have 

𝑒 + 1 + 𝑓 (∑ 𝑏𝑗𝜌(𝑎𝑗, 𝑎𝑗+1)

𝑁−1

𝑗=1

) − 𝑓(𝜌(𝑥, 𝑦)) 

= 𝑒 + 1 + ∑ 𝑏𝑗𝜌(𝑎𝑗 , 𝑎𝑗+1)

𝑁−1

𝑗=1

−
1

∑ 𝑏𝑗𝜌(𝑎𝑗, 𝑎𝑗+1)𝑁−1
𝑗=1

− 𝜌(𝑥, 𝑦) +
1

𝜌(𝑥, 𝑦)
 

= 𝑒 + 1 + ∑ 𝑏𝑗𝑒|𝑎𝑗−𝑎𝑗+1|𝑁−1
𝑗=1 −

1

∑ 𝑏𝑗𝑒
|𝑎𝑗−𝑎𝑗+1|𝑁−1

𝑗=1

− 𝑒|𝑥−𝑦| +
1

𝑒|𝑥−𝑦|.    (2.4) 

Since 𝑏 ≥ 1 and 𝑥, 𝑦 ∈ [1,2], then from (2.4) we obtain 

𝑒 + 1 + 𝑓 (∑ 𝑏𝑗𝜌(𝑎𝑗, 𝑎𝑗+1)

𝑁−1

𝑗=1

) − 𝑓(𝜌(𝑥, 𝑦)) 

≥ 𝑒 + 1 −
1

∑ 𝑏𝑗𝑒
|𝑎𝑗−𝑎𝑗+1|𝑁−1

𝑗=1

− 𝑒|𝑥−𝑦| ≥ 𝑒 + 1 − 1 − 𝑒 = 0.    (2.5) 

So, from (2.5) we get 
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𝑓(𝜌(𝑥, 𝑦)) ≤ 𝑓 (∑ 𝑏𝑗𝜌(𝑎𝑗 , 𝑎𝑗+1)

𝑁−1

𝑗=1

) + 𝑒 + 1. 

Thus, 𝜌 is a function weighted b-metric with 𝑏 ≥ 1, 𝑓(𝑡) = 𝑡 −
1

𝑡
, 𝑡 > 0, and 𝐾 = 𝑒 + 1. 

Definition 2.4. [13,19] Let X be non-empty set and 𝑇1, 𝑇2: 𝑋 → 𝑋 are functions that satisfy: If 𝑦 =

𝑇1𝑥 = 𝑇2𝑥  for an 𝑥 ∈ 𝑋,  then 𝑥  is called a coincidence point of 𝑇1 , 𝑇2 , and 𝑦  is called a point of 

coincidence of 𝑇1 and 𝑇2. 

Definition 2.5. [13, 19] Let X be non-empty set and 𝑇1, 𝑇2: 𝑋 → 𝑋 be a function that satisfy: for every 

𝑥 ∈ 𝑋, if 𝑇1𝑥 = 𝑇2𝑥, then 𝑇2𝑇1𝑥 = 𝑇1𝑇2𝑥, {𝑇1, 𝑇2} is called a weakly compatible. 

Definition 2.6. Let (𝑋, 𝜌) be a function weighted b-metric space (F-b metric) and {𝑎𝑛} be a sequence 

in 𝑋. 

a. {𝑎𝑛} is said to converge (F-b convergent) to 𝑎 ∈ 𝑋,if 𝜌(𝑎𝑛, 𝑎) → 0, as 𝑛 → +∞. 

b. {𝑎𝑛} is said a Cauchy sequence (F-b Cauchy) in 𝑋, if 𝜌(𝑎𝑛, 𝑎𝑚) → 0, as 𝑛, 𝑚 → +∞. 

(𝑋, 𝜌) is said a complete, if for every Cauchy sequence in F-b metric space is F-b convergent in 

X. 

Definition 2.7. Let (𝑋, 𝜌)  be a function weighted b-metric (F-b metric) and 𝑝 ∈ 𝑋 , then 𝑁𝑟(𝑝) =

{𝑥 ∈ 𝑋 ∣ 𝜌(𝑥, 𝑝) < 𝑟} is called an F-b open neighborhood of 𝑝. 

𝐺 ⊂ 𝑋 is called F-b open in 𝑋, if for any 𝑦 ∈ 𝐺, there is 𝑁𝑟(𝑦), such that 𝑁𝑟(𝑦) ⊂ 𝐺. Let 𝐾 ⊂ 𝑋, 

if 𝐾 is F-b open in 𝑋, then 𝐾𝑐 is called F-b closed in 𝑋. 

Preposition 2.1. Let 𝜏 be a collection of all F-b open sets in 𝑋, then 𝜏 is topology F-b topology on 𝑋. 

3. Results 

In this section, we present some prepositions about the properties of the function weighted b-

metric space (F-b-metric space) and some theorems about fixed points and common fixed points for 

generalized expansive mapping. 

Preposition 3.1. Let (𝑓, 𝐾) ∈ 𝐹 × [0, +∞), (𝑋, 𝜌) be a function weighted b-metric space and {𝑎𝑛} be 

a sequence in 𝑋. 

If 𝜌(𝑎𝑛, 𝑎) → 0, as 𝑛 → ∞, then for any G open in 𝑋 containing a, there is a positive integer N, 

such that for any 𝑛 ≥ 𝑁, then 𝑎𝑛 ∈ 𝐺. 

Proof. Since 𝑎 ∈ 𝐺 and G open in F-b metric space X, then there is a open neighborhood 𝑁𝑟(𝑎) such 

that 𝑁𝑟(𝑎) ⊂ 𝐺. Since 𝜌(𝑎𝑛, 𝑎) → 0, as 𝑛 → ∞, then there is a positive integer N, such that for any 

𝑛 ≥ 𝑁, we have 𝜌(𝑎𝑛, 𝑎) <
1

2𝑛𝑏
. 

Let 𝑁 1

2𝑛𝑏

(𝑎𝑛) be an open neighborhood of 𝑎𝑛 in X. We will show that 𝑁 1

2𝑛𝑏

(𝑎𝑛) ⊂ 𝑁𝑟(𝑎). Taking 

any 𝑥 ∈ 𝑁 1

2𝑛𝑏

(𝑎𝑛), 𝑥 ≠ 𝑎, we have 𝜌(𝑥, 𝑎) > 0, then by using of axiom B3, we obtain 
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𝑓(𝜌(𝑥, 𝑎)) ≤ 𝑓 (𝑏(𝜌(𝑥, 𝑎𝑛) + 𝜌(𝑎𝑛, 𝑎))) + 𝐾 

≤ 𝑓 (𝑏 (
1

2𝑛𝑏
+

1

2𝑛𝑏
)) + 𝐾 = 𝑓 (

1

𝑛
) + 𝐾.    (3.1) 

Since 𝑓 ∈ 𝐹 and 𝑟 > 0, then there is 𝜎 > 0 such that for any 0 < 𝑡 < 𝜎 the following holds 

𝑓(𝑡) < 𝑓(𝑟) − 𝐾. 

For the next, we choose a positive integer 𝑁, such that for any 𝑛 ≥ 𝑁, 
1

𝑛
< 𝜎, then we get 

𝑓 (
1

𝑛
) < 𝑓(𝑟) − 𝐾.         (3.2) 

So, we get 

𝑓(𝜌(𝑥, 𝑎)) < 𝑓(𝑟). 

Since 𝑓 is non-decreasing, we obtain 𝜌(𝑥, 𝑎) < 𝑟. This means that 𝑥 ∈ 𝑁𝑟(𝑎). So, we get that 

𝑁 1
2𝑛𝑏

(𝑎𝑛) ⊂ 𝑁𝑟(𝑎) ⊂ 𝐺 

for any 𝑛 ≥ 𝑁. So it is proved that for any 𝑛 ≥ 𝑁, then 𝑎𝑛 ∈ G. 

Preposition 3.2. Let (𝑓, 𝐾) ∈ 𝐹 × [0, +∞)  and (𝑋, 𝜌)  be a function weighted b-metric space (F-b 

metric space). Supose (𝑎𝑛) is a sequence in 𝑋 which satisfies: 

𝜌(𝑎𝑛, 𝑎𝑛+1) ≤
𝑐

𝑏
𝜌(𝑎𝑛−1, 𝑎𝑛),      (3.3) 

where 0 < 𝑐 < 1. 

Then (𝑎𝑛) is Cauchy sequence in F-b metric space X. 

Proof. By using iteration, it can be obtained 

𝜌(𝑎𝑛, 𝑎𝑛+1) ≤
𝑐𝑛

𝑏𝑛
𝜌(𝑎0, 𝑎1). 

So, we have 

𝑏𝑛𝜌(𝑎𝑛, 𝑎𝑛+1) ≤ 𝑐𝑛𝜌(𝑎0, 𝑎1).         (3.4) 

Let 𝑚 > 𝑛, then from (3.4) we get 

∑ 𝑏𝑖𝜌(𝑎𝑖, 𝑎𝑖+1)𝑚
𝑖=𝑛+1 ≤ ∑ 𝑐𝑖𝜌(𝑎0, 𝑎1)𝑚

𝑖=𝑛+1 ≤
𝑐𝑛

1−𝑐
𝜌(𝑎0, 𝑎1).   (3.5) 

Since 0 < 𝑐 < 1, then from (3.5), if 𝑛 → +∞, then 
𝑐𝑛

1−𝑐
𝜌(𝑎0, 𝑎1) → 0. 

This means, that for any 𝛾 > 0, there is 𝑁 ∈ ℕ such that for any 𝑛 ≥ 𝑁 we have 
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0 <
𝑐𝑛

1−𝑐
𝜌(𝑎0, 𝑎1) < 𝛾.        (3.6) 

Since (𝑓, 𝐾) ∈ 𝐹 × [0, +∞), so 𝑓 is non-decreasing and logarithmic-like function. So, for every 𝜀 >

0 there exists 𝛾 > 0 such that for any 𝑠 ∈ (0, 𝛾), we have 𝑓(𝑠) < 𝑓(𝜀) − 𝐾. 

Therefore, from (3.5) and (3.6), and for 𝑚 > 𝑛 ≥ 𝑁, we have 

𝑓(∑ 𝑏𝑖𝜌(𝑎𝑖, 𝑎𝑖+1)𝑚
𝑖=𝑛+1 ) ≤ 𝑓 (

𝑐𝑛

1−𝑐
𝜌(𝑎0, 𝑎1)) < 𝑓(𝜀) − 𝐾.    (3.7) 

By using of axiom B3, and (3.7) we obtain 

𝜌(𝑎𝑚, 𝑎𝑛) > 0 then 𝑓(𝜌(𝑎𝑚, 𝑎𝑛)) ≤ 𝑓( ∑ 𝑏𝑖𝜌(𝑎𝑖, 𝑎𝑖+1) + 𝐾

𝑚

𝑖=𝑛+1

< 𝑓(𝜀). 

Since 𝑓 is a non-decreasing, then 𝜌(𝑎𝑚, 𝑎𝑛) < 𝜀 for any 𝑚 > 𝑛 ≥ 𝑁. It shows that (𝑎𝑛) is a Cauchy 

sequence in F-b metric space 𝑋. 

Preposition 3.3. Suppose (𝑓, 𝐾) ∈ 𝐹 × [0, +∞)  and let (𝑋, 𝜌)  be a complete function weighted b-

metric space. 

If (𝑎𝑛) is a convergent sequence in 𝐹-b metric space 𝑋, then the limit of (𝑎𝑛) is unique. 

Proof. Suppose lim
𝑛→+∞

𝜌(𝑎𝑛, 𝑎∗) = 0, lim
𝑛→+∞

𝜌(𝑎𝑛, 𝑠∗) = 0, and 𝑎∗ ≠ 𝑠∗. 

Since 𝜌(𝑎∗, 𝑠∗) > 0, then from of axiom B3, we have 

𝑓(𝜌(𝑎∗, 𝑠∗)) ≤ 𝑓 (𝑏(𝜌(𝑎∗, 𝑎𝑛) + 𝜌(𝑎𝑛, 𝑠∗))) + 𝐾.    (3.8) 

Since lim
𝑛→+∞

𝜌(𝑎𝑛, 𝑎∗) = 0 and lim
𝑛→+∞

𝜌(𝑎𝑛, 𝑠∗) = 0, then we have 

𝑏(𝜌(𝑎∗, 𝑎𝑛) + 𝜌(𝑎𝑛, 𝑠∗)) → 0, as 𝑛 → +∞. 

Then from (3.8) and by using the logarithmic-like property of 𝑓, we get 

lim
𝑛→∞

𝑓(𝑐𝜌(𝑎∗, 𝑎𝑛) + 𝑏𝜌(𝑎𝑛, 𝑠∗)) + 𝐾 = −∞, 

which is a contradiction. 

Preposition 3.4. Suppose (𝑓, 𝐾) ∈ 𝐹 × [0, +∞) and let (𝑋, 𝜌) be a function weighted b-metric space. 

If (𝑎𝑛) ⊂ 𝑋 is a convergence sequence in F-b metric space 𝑋, then (𝑎𝑛) is a Cauchy sequence in 

F-b metric space 𝑋. 

Proof. Let 𝜀 > 0, (𝑎𝑛) ⊂ 𝑋 be a sequence converges to 𝑎 ∈ 𝑋. It means 

lim
𝑛→+∞

𝜌(𝑎𝑛 , 𝑎) = 0 and lim
𝑚→+∞

𝜌(𝑎𝑚 , 𝑎) = 0.     (3.9) 

Since (𝑓, 𝐾) ∈ 𝐹 × [0, +∞), this means that 𝑓 is a non-decreasing function and has a logarithmic-like 
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property. It implies there is 𝛾 > 0 such that for any 𝑠 ∈ (0, 𝛾) we have 𝑓(𝑠) < 𝑓(𝜀) − 𝐾. 

From (3.9), we can choose a non-negative integer 𝑁, such that for any 𝑛, 𝑚 ≥ 𝑁, 

𝑏(𝜌(𝑎𝑛, 𝑎) + 𝜌(𝑎𝑚, 𝑎)) < 𝛾, 

and holds 

𝑓 (𝑏(𝜌(𝑎𝑛, 𝑎) + 𝜌(𝑎𝑚, 𝑎))) < 𝑓(𝜀) − 𝐾.        (3.10) 

Let 𝑛, 𝑚 ≥ 𝑁, and 𝜌(𝑎𝑛, 𝑎𝑚) > 0, then by using of axiom B3 and (3.10), we have 

𝑓(𝜌(𝑎𝑛, 𝑎𝑚)) ≤ 𝑓 (𝑏(𝜌(𝑎𝑛, 𝑎) + 𝜌(𝑎, 𝑎𝑚))) + 𝐾 < 𝑓(𝜀). 

Since 𝑓 non-decreasing, then we get 𝜌(𝑎𝑛, 𝑎𝑚) < 𝜀. Thus, (𝑎𝑛) is a Cauchy sequence in F-b metric 

space 𝑋. 

Preposition 3.5. Suppose (𝑓, 𝐾) ∈ 𝐹 × [0, +∞) and let (𝑋, 𝜌) be a function weighted b-metric space. 

Let 𝜏 be a topology on 𝑋. 

𝐴 ⊂ 𝑋 is closed (𝐴𝑐 ∈ 𝜏) if and only if for any sequence (𝑎𝑛) ⊂ 𝐴 converges to 𝑎, then 𝑎 ∈ 𝐴. 

Proof. Let 𝐴 ⊂ 𝑋 be a closed set and (𝑎𝑛) ⊂ 𝐴 be a sequence that converges to 𝑎. 

Suppose 𝑎 ∉ 𝐴, since 𝐴𝑐 is open in 𝑋, it means there is a neighborhood of 𝑎, namely, 

𝑁𝑟(𝑎) = {𝑥 ∈ 𝑋 ∣ 𝜌(𝑎. 𝑥) < 𝑟} 

such that 𝑁𝑟 (𝑎) ∩ 𝐴 = ∅. 

Since (𝑎𝑛) ⊂ 𝐴 and converges to 𝑎, there is a non-negative integer 𝑁 such that for any 𝑛 ≥ 𝑁, 

then 𝑎𝑛 ∈ 𝑁𝑟 (𝑎). A contradiction with 𝑁𝑟 (𝑎) ∩ 𝐴 = ∅. 

Converse, let 𝑝 ∈ 𝐴𝑐, we will prove that there exists a 𝑁𝑟(𝑝), such that 𝑁𝑟(𝑝) ∩ 𝐴 = ∅. 

Suppose for any open neighborhood 𝑁𝑟(𝑝),  𝑁𝑟(𝑝) ∩ 𝐴 ≠ ∅. Let be taken 𝑛 ≥ 1 and chosen 𝑏𝑛 ∈
𝑁1

𝑛

(𝑝) ∩ 𝐴.  So, we can get a sequence (𝑏𝑛) ⊆ 𝐴  that converges to 𝑝 , where 𝑝 ∈ 𝐴𝑐.  It is a 

contradiction, because for any sequence (𝑎𝑛) ⊂ 𝐴 converges to 𝑎, then 𝑎 ∈ 𝐴. 

Theorem 3.1. Suppose (𝑓, 𝐾) ∈ 𝐹 × [0, +∞) and let (𝑋, 𝜌) be a complete function weighted b-metric 

space. Let 𝜑: 𝑋 → 𝑋 be a continuous mapping that satisfies: 

𝜌(𝜑(𝑥), 𝜑(𝑦)) 

≥ 𝑝𝜌(𝑦, 𝜑(𝑦)) + 𝑞𝜌(𝑥, 𝑦) − 𝑟𝜌(𝑥, 𝜑(𝑥)) 

+𝑠𝜌(𝜑(𝑥), 𝑦) − 𝑡 (𝜌(𝑦, 𝜑(𝑦))𝜌(𝜑(𝑥), 𝑦))

1

2
     (3.11) 

for all 𝑥, 𝑦 ∈ 𝑋, where 𝑞, 𝑡 > 0, 0 < 1 + 𝑟 < 𝑝 + 𝑞, and 𝑝, 𝑠 > 1. Then 𝜑 has a unique fixed point 

in 𝑋. 

Proof. Let 𝑎0 ∈ 𝑋, and define a sequence (𝑎𝑛) ⊂X as follows: 

𝑎𝑛 = 𝜑(𝑎𝑛−1). 
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From (3.11) we have 

𝜌(𝑎𝑛, 𝑎𝑛+1) = 𝜌(𝜑(𝑎𝑛−1), 𝜑(𝑎𝑛)) 

≥ (

𝑝𝜌(𝑎𝑛, 𝑎𝑛+1) + 𝑞𝜌(𝑎𝑛−1, 𝑎𝑛) − 𝑟𝜌(𝑎𝑛−1, 𝑎𝑛)

+𝑠𝜌(𝑎𝑛, 𝑎𝑛) − 𝑡 (𝜌(𝑎𝑛, 𝜑(𝑎𝑛))𝜌(𝜑(𝑎𝑛−1), 𝑎𝑛))

1
2

) 

≥ (
𝑝𝜌(𝑎𝑛, 𝑎𝑛+1) + 𝑞𝜌(𝑎𝑛−1, 𝑎𝑛) − 𝑟𝜌(𝑎𝑛−1, 𝑎𝑛)

+𝑠𝜌(𝑎𝑛, 𝑎𝑛) − 𝑡(𝜌(𝑎𝑛, 𝑎𝑛+1)𝜌(𝑎𝑛, 𝑎𝑛))
1
2

) 

= (𝑝𝜌(𝑎𝑛, 𝑎𝑛+1) + 𝑞𝜌(𝑎𝑛−1, 𝑎𝑛) − 𝑟𝜌(𝑎𝑛−1, 𝑎𝑛)) 

= (𝑝𝜌(𝑎𝑛, 𝑎𝑛+1) + 𝑞𝜌(𝑎𝑛−1, 𝑎𝑛)) − 𝑟𝜌(𝑎𝑛−1, 𝑎𝑛)).    (3.12) 

From (3.12) we can get 

𝜌(𝑎𝑛, 𝑎𝑛+1) ≤
(𝑟 − 𝑞)

(𝑝 − 1)
𝜌(𝑎𝑛−1, 𝑎𝑛) = 𝛽𝜌(𝑎𝑛−1, 𝑎𝑛). 

Where 𝛽 =
(𝑟−𝑞)

𝑝−1
, and since 0 <

(𝑟−𝑞)

𝑝−1
< 1, we get 

lim
𝑛→+∞

𝜌(𝑎𝑛, 𝑎𝑛+1) = 0.        (3.13) 

By using Preposition 3.2, we get (𝑎𝑛) is a Cauchy sequence in F-b metric space 𝑋. 

Since (𝑋, 𝜌) is complete then there is 𝑎∗ ∈ 𝑋 (𝑎∗ is unique, Preposition 3.3) such that 

lim
𝑛→+∞

𝜌(𝑎𝑛, 𝑎∗) = 0.         (3.14) 

Next, we show that 𝑎∗ is a fixed point of 𝜑. 

Suppose 𝜑(𝑎∗) ≠ 𝑎∗, it means 𝜌(𝜑(𝑎∗), 𝑎∗) > 0, by using of axiom B3, then we have 

𝑓(𝜌(𝜑(𝑎∗), 𝑎∗)) ≤ 𝑓 (𝑏 (𝜌(𝜑(𝑎∗), 𝜑(𝑎𝑛)) + 𝜌(𝜑(𝑎𝑛), 𝑎∗))) + 𝐾. 

Since 𝜑 is a continuous mapping and (𝑎𝑛) converges to 𝑎∗, then we have  

𝑏 (𝜌(𝜑(𝑎∗), 𝜑(𝑎𝑛)) + 𝜌(𝑎𝑛+1, 𝑎∗)) → 0, as 𝑛 → +∞. 

By using the logarithmic-like property of 𝑓, we get 

lim
𝑛→+∞

𝑓 (𝑏 (𝜌(𝜑(𝑎∗), 𝜑(𝑎𝑛)) + 𝜌(𝑎𝑛+1, 𝑎∗))) + 𝐾 = −∞. 

Which is a contradiction. Thus 𝑎∗ is a fixed point of 𝜑. Now, we show the uniqueness of the fixed 

point of 𝜑. 
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Suppose 𝑎∗ and 𝑠∗ are the fixed point of 𝜑 and 𝑎∗ ≠ 𝑠∗. From (3.11) we have 

𝜌(𝑎𝑛+1, 𝑠∗)) = 𝜌(𝜑(𝑎𝑛), 𝜑(𝑠∗))) 

≥ (𝑝𝜌(𝑠∗, 𝜑(𝑠∗)) + 𝑞𝜌(𝑎𝑛, 𝑠∗) − 𝑟𝜌(𝑎𝑛, 𝜑(𝑎𝑛)) + 𝑠𝜌(𝜑(𝑎𝑛), 𝑠∗) − 𝑡 (𝜌(𝑠∗, 𝜑(𝑠∗))𝜌(𝜑(𝑎𝑛), 𝑠∗))

1
2

) 

≥ (𝑝𝜌(𝑠∗, 𝑠∗) + 𝑞𝜌(𝑎𝑛, 𝑠∗) − 𝑟𝜌(𝑎𝑛, 𝑎𝑛+1) + 𝑠𝜌(𝑎𝑛+1, 𝑠∗) − 𝑡𝜌(𝑠∗, 𝑠∗)𝜌(𝑎𝑛+1, 𝑠∗)) 

= −𝑟𝜌(𝑎𝑛, 𝑎𝑛+1) + 𝑠𝜌(𝑎𝑛+1, 𝑠∗) − 𝑡𝜌(𝑠∗, 𝑠∗)𝜌(𝑎𝑛+1, 𝑠∗) 

= −𝑟𝜌(𝑎𝑛, 𝑎𝑛+1) + 𝑠𝜌(𝑎𝑛+1, 𝑠∗) 

So, we get 

𝜌(𝜑(𝑎𝑛), 𝜑(𝑠∗))) = 𝜌(𝑎𝑛+1, 𝑠∗)) ≤
𝑟𝜌(𝑎𝑛,𝑎𝑛+1)

𝑠−1
.    (3.15) 

Since 𝜌(𝑎∗, 𝑠∗) > 0, by using of axiom B3, and using (3.15) we get 

𝑓(𝜌(𝑎∗, 𝑠∗)) ≤ 𝑓 (𝑏 (𝜌(𝑎∗, 𝜑(𝑎𝑛)) + 𝜌(𝜑(𝑎𝑛), 𝑠∗))) + 𝐾 

≤ 𝑓 (𝑏 (𝜌(𝑎∗, 𝑎𝑛+1) +
𝑟𝜌(𝑎𝑛−1,𝑎𝑛)

𝑠−1
)) + 𝐾.     (3.16) 

Since 𝑠 > 1, from (3.13) and (3.14) we have 

𝑏 (𝜌(𝑎∗, 𝑎𝑛+1) +
𝑟𝜌(𝑎𝑛−1,𝑎𝑛)

𝑠−1
) → 0, as 𝑛 → +∞. 

By using logarithmic-like property of 𝑓 we get 

𝑓 (𝑏 (𝜌(𝑎∗, 𝑎𝑛+1) +
𝑟𝜌(𝑎𝑛, 𝑎𝑛+1)

𝑠 − 1
)) → −∞. 

Which is a contradiction with (3.16). 

Example 3.1. Let 𝑋 = [0,
1

2
], and define 𝜌(𝑥, 𝑦) = (𝑥 − 𝑦)2, for all 𝑥, 𝑦 ∈ 𝑋. 

From Example 2.1,  𝜌  is a function weighted b-metric, with 𝑏 = 2,  𝑓(𝜃) = 𝑙𝑛 𝜃,  𝜃 ∈

(0, +∞), and 𝐾 = 0. 

Define a function 𝜑(𝑥) =,  for every 𝑥 ∈ 𝑋 = [0,
1

2
] , and choose 𝑝 = 3, 𝑞 =

1

16
, 𝑟 = 1, 𝑠 = 3,

𝑡 = 8. 

So we have 𝑞, 𝑡 > 0, 0 < 1 + 𝑟 < 𝑝 + 𝑞, and 𝑝, 𝑠 > 1. So, from (3.11) we show that 

3𝜌(𝑦, 𝜑(𝑦)) +
1

16
𝜌(𝑥, 𝑦) − 𝜌(𝑥, 𝜑(𝑥)) + 3𝜌(𝜑(𝑥), 𝑦) − 8 (𝜌(𝑥, 𝜑(𝑦))𝜌(𝜑(𝑥), 𝑦))

1
2

≤ 𝜌(𝜑(𝑥), 𝜑(𝑦)). 

From 𝑥, 𝑦 ∈ [0,
1

2
] we get 
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3𝜌(𝑦, 𝜑(𝑦)) +
1

16
𝜌(𝑥, 𝑦) − 𝜌(𝑥, 𝜑(𝑥)) + 3𝜌(𝜑(𝑥), 𝑦) − 8 (𝜌(𝑥, 𝜑(𝑦))𝜌(𝜑(𝑥), 𝑦))

1
2
 

= 3 (𝑦 −
𝑦2

2
)

2

+
1

16
(𝑥 − 𝑦)2 − (𝑥 −

𝑥2

2
)

2

+ 3 (
𝑥2

2
− 𝑦)

2

− 8 |
𝑦2

2
− 𝑦| |

𝑥2

2
− 𝑦| 

≤ 3 (𝑦 −
𝑦2

2
)

2

+ 3 (
𝑥2

2
− 𝑦)

2

+
1

16
(𝑥 − 𝑦)2 − 6 (𝑦 −

𝑦2

2
) (

𝑥2

2
− 𝑦) − (𝑥 −

𝑥2

2
)

2

− 2 |
𝑦2

2
− 𝑦| |

𝑥2

2
− 𝑦| 

≤ 3 ((
𝑦2

2
− 𝑦) − (

𝑥2

2
− 𝑦))

2

+
1

16
(𝑥 − 𝑦)2 − (𝑥 −

𝑥2

2
)

2

− 2 |
𝑦2

2
− 𝑦| |

𝑥2

2
− 𝑦| 

= (
𝑥2

2
−

𝑦2

2
)

2

+
1

16
(𝑥 − 𝑦)2 + 2 (

𝑥2

2
−

𝑦2

2
)

2

− (𝑥 −
𝑥2

2
)

2

− 2 |
𝑦2

2
− 𝑦| |

𝑥2

2
− 𝑦|. 

Since 𝑥, 𝑦 ∈ [0,
1

2
], then we have 

|
𝑥2

2
− 𝑦| ≥ |

𝑥2

2
− 𝑦2|, |𝑦 −

𝑦2

2
| ≥

𝑦2

2
. 

So we get 

(
𝑥2

2
−

𝑦2

2
)

2

+
1

16
(𝑥 − 𝑦)2 + 2 (

𝑥2

2
−

𝑦2

2
)

2

− (𝑥 −
𝑥2

2
)

2

− 2 |
𝑦2

2
− 𝑦| |

𝑥2

2
− 𝑦| 

≤ (
𝑥2

2
− 𝑦2)

2

+
1

16
(𝑥 − 𝑦)2 + 2 (

𝑥2

2
− 𝑦2)

2

− (𝑥 −
𝑥2

2
)

2

− 2 |𝑦 −
𝑦2

2
| |

𝑥2

2
− 𝑦2| 

= (
𝑥2

2
−

𝑦2

2
)

2

−
1

8
𝑥𝑦 +

𝑥4

4
−

15

16
𝑥2 + 𝑥3 +

1

16
𝑦2 −

𝑦4

2
 

≤ (
𝑥2

2
−

𝑦2

2
)

2

−
1

8
𝑥𝑦 +

𝑥2

16
−

15

16
𝑥2 +

𝑥2

2
+

1

16
𝑦2 −

𝑦4

2
 

≤ (
𝑥2

2
−

𝑦2

2
)

2

−
6𝑥2

16
+

1

16
𝑦2 −

𝑦4

2
 

≤ (
𝑥2

2
−

𝑦2

2
)

2

 

≤ 𝜌(𝜑(𝑥), 𝜑(𝑦)). 

Since 𝑦 ∈ [0,
1

2
], we have 

1

16
𝑦2 −

𝑦4

2
≤ 0, so we get 
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(3𝜌(𝑦, 𝜑(𝑦)) +
1

16
𝜌(𝑥, 𝑦) − 𝜌(𝑥, 𝜑(𝑥)) + 3𝜌(𝜑(𝑥), 𝑦) − 8𝜌(𝑥, 𝜑(𝑦))𝜌(𝜑(𝑥), 𝑦)) 

≤ (
𝑥2

2
−

𝑦2

2
)

2

−
6𝑥2

16
+

1

16
𝑦2 −

𝑦4

2
 

≤ (
𝑥2

2
−

𝑦2

2
)

2

≤ 𝜌(𝜑(𝑥), 𝜑(𝑦)). 

From 𝑎𝑛 = 𝜑(𝑎𝑛−1) =
(𝑎𝑛−1)2

2
,  we get 𝑎𝑛 =

(𝑎0)2𝑛

22𝑛−1  . Since 𝑎0 ∈ [0,
1

2
] , then we get 𝑎𝑛 → 0 , as 𝑛 →

+∞. 

So, it’s clear 𝑥 = 0 is a fixed point of 𝜑. 
Theorem 3.2. Suppose (𝑓, 𝐾) ∈ 𝐹 × [0, +∞) and let (𝑋, 𝜌) be a complete function weighted b-metric 

space. Let 𝑢, 𝑣 ∶ 𝑋 → 𝑋 be self-mappings such that 𝑢(𝑋) ⊆ 𝑣(𝑋) and 𝑣(𝑋) closed, which satisfy as 

follows: 

𝜌(𝑣(𝑥), 𝑣(𝑦)) ≥ 𝛼𝜌(𝑣(𝑦), 𝑢(𝑦)) + 𝛾𝜌(𝑢(𝑥), 𝑣(𝑥)) + 𝛿𝜌(𝑢(𝑥), 𝑣(𝑦)) 

+𝜔𝜌(𝑢(𝑥), 𝑢(𝑦)) + 𝜃𝜌(𝑢(𝑥), 𝑣(𝑥))𝜌(𝑢(𝑥), 𝑣(𝑦)),    (3.17) 

for all 𝑥, 𝑦 ∈ 𝑋, where 𝛼, 𝛾, 𝜔, 𝜃 > 0, 𝛿 + 𝜔 > 1, and 𝛼 + 𝛾 + 𝜔 > 1. 

If {𝑢, 𝑣} is weak compatible, then 𝑢, 𝑣 have a unique common fixed point in 𝑋. 

Proof. Let 𝑥0 ∈ 𝑋, since 𝑢(𝑋) ⊆ 𝑣(𝑋), we define a sequence {𝑎𝑛} and {𝑏𝑛} in 𝑋, such that 

𝑏𝑛 = 𝑢(𝑎𝑛−1) = 𝑣(𝑎𝑛), for 𝑛 = 1,2, ⋯. 

From (3.17) we have 

𝜌(𝑏𝑛−1, 𝑏𝑛) = 𝜌(𝑣(𝑎𝑛−1), 𝑣(𝑎𝑛)) 

≥ 𝛼𝜌(𝑣(𝑎𝑛), 𝑢(𝑎𝑛)) + 𝛾𝜌(𝑢(𝑎𝑛−1), 𝑣(𝑎𝑛−1)) + 𝛿𝜌(𝑢(𝑎𝑛−1), 𝑣(𝑎𝑛)) 

+𝜔𝜌(𝑢(𝑎𝑛−1), 𝑢(𝑎𝑛)) + 𝜃𝛾𝜌(𝑢(𝑎𝑛−1), 𝑣(𝑎𝑛−1))𝜌(𝑢(𝑎𝑛−1), 𝑣(𝑎𝑛)) 

≥ 𝛼𝜌(𝑏𝑛, 𝑏𝑛+1) + 𝛾𝜌(𝑏𝑛, 𝑏𝑛−1) + 𝛿𝜌(𝑏𝑛, 𝑏𝑛) 

+𝜔𝜌(𝑏𝑛, 𝑏𝑛+1) + 𝜃(𝜌(𝑏𝑛, 𝑏𝑛−1)𝜌(𝑏𝑛, 𝑏𝑛)) 

= 𝛼𝜌(𝑏𝑛, 𝑏𝑛+1) + 𝛾𝜌(𝑏𝑛, 𝑏𝑛−1) + 𝜔𝜌(𝑏𝑛, 𝑏𝑛+1). 

So we get 

𝜌(𝑏𝑛, 𝑏𝑛+1) ≤
(1−𝛾)

𝛼+𝜔
𝜌(𝑏𝑛, 𝑏𝑛−1).       (3.18) 

Since 𝛼 + 𝛾 + 𝜔 > 1, we have 0 <
(1−𝛾)

𝛼+𝜔
< 1, so from (3.18), we get 
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lim
𝑛→+∞

𝜌(𝑏𝑛, 𝑏𝑛+1) = 0.        (3.19) 

So, we get that (𝑏𝑛) is a Cauchy sequence in F-b metric space 𝑋. 

Since (𝑋, 𝜌) is complete then there is 𝑏∗ ∈ 𝑋, such that 

lim
𝑛→+∞

𝜌(𝑏𝑛, 𝑏∗) = 0.         (3.20) 

Since 𝑣(𝑋) is closed, then 𝑏∗ ∈ 𝑣(𝑋). It implies, there exists 𝑎∗ ∈ 𝑋 such that 𝑏∗ = 𝑣(𝑎∗). 

We will show that 𝑢(𝑎∗) = 𝑣(𝑎∗). 

From (3.17) we have 

𝜌(𝑣(𝑎∗), 𝑣(𝑎𝑛)) 

≥ 𝛼𝜌(𝑣(𝑎𝑛), 𝑢(𝑎𝑛)) + 𝛾𝜌(𝑢(𝑎∗), 𝑣(𝑎∗)) + 𝛿𝜌(𝑢(𝑎∗), 𝑣(𝑎𝑛)) 

+𝜔𝜌(𝑢(𝑎∗), 𝑢(𝑎𝑛)) + 𝜃 (𝜌(𝑢(𝑎∗), 𝑣(𝑎∗))𝜌(𝑢(𝑎∗), 𝑣(𝑎𝑛))) 

≥ 𝛼𝜌(𝑣(𝑎𝑛), 𝑢(𝑎𝑛)) + 𝜔𝜌(𝑢(𝑎∗), 𝑢(𝑎𝑛)). 

So, we get 

𝜌(𝑢(𝑎∗), 𝑢(𝑎𝑛)) ≤
1

𝜔
(𝜌(𝑣(𝑎∗), 𝑣(𝑎𝑛)) − 𝛼𝜌(𝑣(𝑎𝑛), 𝑢(𝑎𝑛))).   (3.21) 

Suppose 𝑢(𝑎∗) ≠ 𝑣(𝑎∗), then 𝜌(𝑢(𝑎∗), 𝑣(𝑎∗)) > 0. 

By using of B3,we can get 

𝑓 (𝜌(𝑢(𝑎∗), 𝑣(𝑎∗))) 

≤ 𝑓 (𝑏𝜌(𝑢(𝑎∗), 𝑢(𝑎𝑛)) + 𝑏2𝜌(𝑢(𝑎𝑛), 𝑣(𝑎𝑛)) + 𝑏2𝜌(𝑣(𝑎𝑛), 𝑣(𝑎∗))).  (3.22) 

By using (3.21) and (3.22) then we have 

𝑓 (𝜌(𝑢(𝑎∗), 𝑣(𝑎∗))) 

≤ 𝑓 (
𝑏

𝜔
(𝜌(𝑣(𝑎∗), 𝑣(𝑎𝑛)) − 𝛼𝜌(𝑣(𝑎𝑛), 𝑢(𝑎𝑛))) + 𝑏2𝜌(𝑢(𝑎𝑛), 𝑣(𝑎𝑛)) + 𝑏2𝜌(𝑣(𝑎𝑛), 𝑣(𝑎∗))) + 𝐾 

= 𝑓 (
𝑏

𝜔
(𝜌(𝑏∗, 𝑏𝑛) − 𝛼𝜌(𝑏𝑛, 𝑏𝑛+1)) + 𝑏2𝜌(𝑏𝑛+1, 𝑏𝑛) + 𝑏2𝜌(𝑏𝑛, 𝑏∗)) + 𝐾. 

By using (3.19) and (3.20), the we get 

𝑏

𝜔
(𝜌(𝑏∗, 𝑏𝑛) − 𝛼𝜌(𝑏𝑛, 𝑏𝑛+1)) + 𝑏2𝜌(𝑏𝑛+1, 𝑏𝑛) + 𝑏2𝜌(𝑏𝑛, 𝑏∗) → 0, as 𝑛 → +∞. 

So, by applying of the logarithmic-like property of 𝑓, then we obtain 
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𝑓 (
𝑏

𝜔
(𝜌(𝑏∗, 𝑏𝑛) − 𝛼𝜌(𝑏𝑛, 𝑏𝑛+1)) + 𝑏2𝜌(𝑏𝑛+1, 𝑏𝑛) + 𝑏2𝜌(𝑏𝑛, 𝑏∗)) + 𝐾 → −∞. 

Which is a contradiction. Thus we have 𝑢(𝑎∗) = 𝑣(𝑎∗) = 𝑏∗. 

Since {𝑢, 𝑣} is weakly compatible, then we have 𝑣𝑢(𝑎∗) = 𝑢𝑣(𝑎∗), so we have 𝑣(𝑏∗) = 𝑢(𝑏∗). 

𝜌(𝑣(𝑏∗), 𝑏∗) = 𝜌(𝑣(𝑏∗), 𝑣(𝑎∗)) 

≥ 𝛼𝜌(𝑣(𝑎∗), 𝑢(𝑎∗)) + 𝛾𝜌(𝑢(𝑏∗), 𝑣(𝑏∗)) + 𝛿𝜌(𝑢(𝑏∗), 𝑣(𝑎∗)) 

+𝜔𝜌(𝑢(𝑏∗), 𝑢(𝑎∗)) + 𝜃 (𝜌(𝑢(𝑏∗), 𝑣(𝑏∗))𝜌(𝑢(𝑏∗), 𝑣(𝑎∗))) 

= 𝛼𝜌(𝑏∗, 𝑏∗) + 𝛾𝜌(𝑣(𝑏∗), 𝑣(𝑏∗)) + 𝛿𝜌(𝑣(𝑏∗), 𝑏∗) + 𝜔𝜌(𝑣(𝑏∗), 𝑏∗) 

+𝜃 (𝜌(𝑢(𝑏∗), 𝑣(𝑏∗))𝜌(𝑣(𝑏∗), 𝑏∗)) 

≥ 𝛿𝜌(𝑣(𝑏∗), 𝑏∗) + 𝜔𝜌(𝑣(𝑏∗), 𝑏∗). 

So, we get 

𝜌(𝑣(𝑏∗), 𝑏∗) ≥ (𝛿 + 𝜔)𝜌(𝑣(𝑏∗), 𝑏∗). 

Since 𝛿 + 𝜔 > 1, it implies 𝜌(𝑣(𝑏∗), 𝑏∗) = 0. Thus 𝑣(𝑏∗) = 𝑏∗. 

Since 𝑣(𝑏∗) = 𝑢(𝑏∗), then we have 𝑏∗ is a common fixed point of 𝑢 and 𝑣. Next, we show that 

𝑢 and 𝑣 have a unique common fixed point. 

Suppose 𝑐∗ is another common fixed point of 𝑢 and 𝑣. From (3.17), then we have 

𝜌(𝑏∗, 𝑐∗) = 𝜌(𝑣(𝑏∗), 𝑣(𝑐∗)) 

≥ 𝛼𝜌(𝑣(𝑐∗), 𝑢(𝑐∗)) + 𝛾𝜌(𝑢(𝑏∗), 𝑣(𝑏∗)) + 𝛿𝜌(𝑢(𝑏∗), 𝑣(𝑐∗)) 

+𝜔𝜌(𝑢(𝑏∗), 𝑢(𝑐∗)) + 𝜃 (𝜌(𝑣(𝑐∗), 𝑢(𝑐∗))𝜌(𝑢(𝑏∗), 𝑣(𝑐∗))) 

≥ 𝛼𝜌(𝑐∗, 𝑐∗) + 𝛾𝜌(𝑏∗, 𝑏∗) + 𝛿𝜌(𝑏∗, 𝑐∗) + 𝜔𝜌(𝑏∗, 𝑐∗) + 𝜃(𝜌(𝑏∗, 𝑏∗)𝜌(𝑏∗, 𝑐∗)) 

≥ 𝛿𝜌(𝑏∗, 𝑐∗) + 𝜔𝜌(𝑏∗, 𝑐∗) = (𝛿 + 𝜔)𝜌(𝑏∗, 𝑐∗). 

Since 𝛿 + 𝜔 > 1, it implies 𝜌(𝑏∗, 𝑐∗) = 0. Thus 𝑐∗ = 𝑏∗. 

Example 3.2. Let 𝑋 = [0,
1

2
], and define 𝜌(𝑥, 𝑦) = (𝑥 − 𝑦)2, for all 𝑥, 𝑦 ∈ 𝑋. 

From Example 2.1, 𝜌 is a function weighted b-metric, with 𝑏 = 2, 𝑓(𝑠) = 𝑙𝑛 𝑠, 𝑠 ∈ (0, +∞), and 

K = 0. 

Define the functions 𝑢(𝑥) =
𝑥2

4
  and 𝑣(𝑥) =

𝑥2

2
  for every 𝑥 ∈ 𝑋 = [0,

1

2
] , so we have 𝑢(𝑋) ⊂

𝑣(𝑋)  and 𝑣(𝑋) = [0,
1

4
]  is closed. Let 𝛼 =

1

4
, 𝛿 =

1

2
, 𝛾 =

1

4
, 𝜔 =

3

4
,  and 𝜃 =

1

8
.  These parameters 
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satisfy 𝛿 + 𝜔 > 1, and 𝛼 + 𝛾 + 𝜔 > 1. 

From (3.17) and for all 𝑥, 𝑦 ∈ [0,
1

2
], we have 

𝛼𝜌 (
𝑦2

2
,
𝑦2

4
) + 𝛾𝜌 (

𝑥2

4
,
𝑥2

2
) + 𝛿𝜌 (

𝑥2

4
,
𝑦2

2
) + 𝜔𝜌 (

𝑥2

4
,
𝑦2

4
) + 𝜃 (𝜌 (

𝑥2

4
,
𝑥2

2
) 𝜌 (

𝑥2

4
,
𝑦2

2
)) 

=
1

4
(

𝑦2

2
−

𝑦2

4
)

2

+
1

4
(

𝑥2

4
−

𝑥2

2
)

2

+
1

2
(

𝑥2

4
−

𝑦2

2
)

2

+
3

4
(

𝑥2

4
−

𝑦2

4
)

2

+
1

8
(

𝑥2

4
−

𝑦2

2
)

2

 

=
1

16
(

𝑦2

2
)

2

+
1

16
(

𝑥2

2
)

2

+
1

2
(

𝑥2

4
−

𝑦2

2
)

2

+
3

4
((

𝑥2

4
)

2

− 2
𝑥2

4

𝑦2

4
+ (

𝑦2

4
)

2

) +
1

8
((

𝑥2

4
)

2

−
𝑥2

2

𝑦2

2
+ (

𝑦2

2
)

2

) 

=
1

16
(

𝑥2

2
−

𝑦2

2
)

2

+
1

8
(

𝑥2

2
−

𝑦2

2
)

2

+
3

16
((

𝑥2

2
)

2

+ (
𝑦2

2
)

2

) +
1

8
(

𝑥2

2
−

𝑦2

2
)

2

−
3

8

𝑥2

2

𝑦2

2
−

3

8
(

𝑥2

4
)

2

 

=
1

16
(

𝑥2

2
−

𝑦2

2
)

2

+
1

8
(

𝑥2

2
−

𝑦2

2
)

2

+
3

16
((

𝑥2

2
)

2

− 2
𝑥2

2

𝑦2

2
+ (

𝑦2

2
)

2

) +
1

8
(

𝑥2

2
−

𝑦2

2
)

2

−
3

8
(

𝑥2

4
)

2

 

=
1

16
(

𝑥2

2
−

𝑦2

2
)

2

+
1

8
(

𝑥2

2
−

𝑦2

2
)

2

+
3

16
(

𝑥2

2
−

𝑦2

2
)

2

+
1

8
(

𝑥2

2
−

𝑦2

2
)

2

−
3

8
(

𝑥2

4
)

2

 

=
1

2
(

𝑥2

2
−

𝑦2

2
)

2

−
3

8
(

𝑥2

4
)

2

≤
1

2
(

𝑥2

2
−

𝑦2

2
)

2

≤ (
𝑥2

2
−

𝑦2

2
)

2

= 𝜌(𝑣(𝑥), 𝑣(𝑦)) 

From 𝑏𝑛 = 𝑢(𝑎𝑛−1) = 𝑣(𝑎𝑛), where 𝑢(𝑥) =
𝑥2

4
 and 𝑣(𝑥) =

𝑥2

2
, then we get 

𝑏𝑛 = 𝑢(𝑎𝑛−1) =
(𝑎𝑛−1)2

4
= 𝑣(𝑎𝑛) =

𝑎𝑛
2

2
. 

So we get 𝑏𝑛 =
(𝑏0)2𝑛

42𝑛−1 . Since 𝑏0 ∈ [0,
1

2
], then we obtain 𝑏𝑛 → 0, as 𝑛 → +∞. It’s clear that 𝑥 = 0 is a 

common fixed point of 𝑢 and 𝑣. 

4. An application in dynamic programing 

In this section, an application of the main results related to Theorem 3.2 on dynamic programming 

is presented, which is to find the common solution of two functional equations. 

A dynamic programming system involves having two spaces as its main components, namely the 

decision space (DS) and the state space (SS). The decision space is a collection of possible solutions 

of the problem that can occur, and the state space is a collection of states, initial states, state actions 

and state transitions. 

Let U and V the DS and SS, respectively. We assume a problem of dynamic programming 

formulated in the form of functional equations as follows: 

𝐾(𝑡) = min
𝑣∈𝑉

{𝑄(𝑡, 𝑣) + 𝑓 (𝑡, 𝑣, 𝐾(𝛾(𝑡, 𝑣)))}, for 𝑡 ∈ 𝑈.   (4.1) 

𝐿(𝑡) = min
𝑣∈𝑉

{𝑄(𝑡, 𝑣) + 𝑓 (𝑡, 𝑣, 𝐿(𝛾(𝑡, 𝑣)))}, for 𝑡 ∈ 𝑈.   (4.2) 
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Where A and B are Banach spaces such that 𝑈 ⊆ 𝐴, 𝑉 ⊆ 𝐵 and 

𝛾: 𝑈 × 𝑉 → 𝑈, 

𝑄: 𝑈 × 𝑉 → 𝑅, 

𝑓: 𝑈 × 𝑉 × 𝑅 → 𝑅. 

Assume that the decision spaces and state spaces are U and V, respectively. We show that the functional 

equations (4.1) and (4.2) has a unique common solution. 

Let Z (U) be a set of all bounded real-valued mappings on U. For all 𝑔 ∈ 𝑍(𝑈), define 

‖𝑔‖ = max
𝑢∈𝑈

|𝑔(𝑢)|. 

Then (𝑍(𝑈), ‖. ‖) is a Banach space. 

Defined a function 𝜌: 𝑍(𝑈) × 𝑍(𝑈) → 𝑅+ as follows: 

𝜌(𝑔, ℎ) = max
𝑢∈𝑈

|𝑔(𝑢) − ℎ(𝑢)|2 

Based on Example 2.1, 𝜌 is a complete function weighted b-metric in Z (U). 

Let the following conditions hold: 

C1: 𝑄 and 𝑓 are bounded. 

C2: For 𝑢 ∈ 𝑈 and 𝑔, ℎ ∈ 𝑍(𝑈) define functions 

𝑆: 𝑍(𝑈) → 𝑍(𝑈) by 

𝑆𝑔(𝑢) = min
𝑣∈𝑉

{𝑄(𝑢, 𝑣) + 𝑓(𝑢, 𝑣, 𝑔(𝛾(𝑢, 𝑣))}, 

𝑆ℎ(𝑢) = min
𝑣∈𝑉

{𝑄(𝑢, 𝑣) + 𝑓(𝑢, 𝑣, ℎ(𝛾(𝑢, 𝑣))}, 

and there exists a function 𝑇: 𝑍(𝑈) → 𝑍(𝑈)  such that 𝑇𝑔 ⊆ 𝑆𝑔  and if 𝑇𝑔(𝑢) = 𝑆𝑔(𝑢)  then 

𝑆𝑇𝑔(𝑢) = 𝑇𝑆𝑔(𝑢). 

It is clear that S is well-defined, since 𝑄, 𝑓 are bounded. {𝑆, 𝑇} is weakly compatible. 

C3: For (𝑢, 𝑣) ∈ 𝑈 × 𝑉, 𝑔, ℎ ∈ 𝑍(𝑈) and 𝑥 ∈ 𝑈, we write 

|𝑓(𝑢, 𝑣, 𝑔(𝑥)) − 𝑓(𝑢, 𝑣, ℎ(𝑥))|2 ≥ 𝑀(𝑔, ℎ), 

where 

𝑀(𝑔, ℎ) = 𝜌(𝑆𝑔, 𝑆ℎ) 

≥ 𝛼𝜌(𝑆ℎ, 𝑇ℎ) + 𝛾𝜌(𝑇𝑔, 𝑆ℎ) + 𝛿𝜌(𝑇𝑔, 𝑆ℎ) 

+𝜔𝜌(𝑇𝑔, 𝑇ℎ) + 𝜃𝜌(𝑇𝑔, 𝑆ℎ)𝜌(𝑇𝑔, 𝑆ℎ), 

for all 𝑔, ℎ ∈ 𝑍(𝑈), here 𝛼, 𝛾, 𝜔, 𝜃 > 0, 𝛿 + 𝜔 > 1, and 𝛼 + 𝛾 + 𝜔 > 1. 

Theorem 4.1. If the conditions (C1)–(C3) hold, then Eqs (4.1) and (4.2) have a unique common 

bounded solution. 
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Proof. Suppose 𝜀 > 0 and 𝑔, ℎ ∈ 𝑍(𝑈). Take 𝑢 ∈ 𝑈 and 𝑣1, 𝑣2 ∈ 𝑉 such that 

𝐹(𝑢, 𝑣1) + 𝑓(𝑢, 𝑣, 𝑔(𝛾(𝑢, 𝑣1)) < 𝑆𝑔 + 𝜖.      (4.3) 

𝐹(𝑢, 𝑣2) + 𝑓(𝑢, 𝑣, ℎ(𝛾(𝑢, 𝑣2)) < 𝑆ℎ + 𝜖.      (4.4) 

And 

𝐹(𝑢, 𝑣2) + 𝑓(𝑢, 𝑣2, 𝑔(𝛾(𝑢, 𝑣2)) ≥ 𝑆𝑔.       (4.5) 

𝐹(𝑢, 𝑣1) + 𝑓(𝑢, 𝑣, ℎ(𝛾(𝑢, 𝑣1)) ≥ 𝑆ℎ.       (4.6) 

Then, using (4.3) and (4.6), we get 

𝑓(𝑢, 𝑣1, 𝑔(𝛾(𝑢, 𝑣1)) − 𝑓(𝑢, 𝑣, ℎ(𝛾(𝑢, 𝑣1)) ≤ 𝑆𝑔(𝑢) − 𝑆ℎ(𝑢) + 𝜖 ≤ |𝑆𝑔(𝑢) − 𝑆ℎ(𝑢)| + 𝜖. (4.7) 

Similarly, by (4.4) and (4.5), we get 

𝑓(𝑢, 𝑣2, ℎ(𝛾(𝑢, 𝑣2)) − 𝑓(𝑢, 𝑣2, 𝑔(𝛾(𝑢, 𝑣2)) ≤ 𝑆ℎ(𝑢) − 𝑆𝑔(𝑢) + 𝜖 ≤ |𝑆𝑔(𝑢) − 𝑆ℎ(𝑢)| + 𝜖.(4.8) 

From (4.7) and (4.8) we have 

|𝑓𝑓1(𝑢, 𝑣, 𝑔(𝛾(𝑢, 𝑣2)) − 𝑓(𝑢, 𝑣, ℎ(𝛾(𝑢, 𝑣2))| ≤ |𝑆𝑔(𝑢) − 𝑆ℎ(𝑢)| + 𝜖. 

So we have 

|𝑓(𝑢, 𝑣, 𝑔(𝛾(𝑢, 𝑣)) − 𝑓(𝑢, 𝑣, ℎ(𝛾(𝑢, 𝑣))|
2
 

≤ |𝑆𝑔(𝑢) − 𝑆ℎ(𝑢)|2 + 𝜖. 

Thus for all 𝜖 > 0, we get 

|𝑓(𝑢, 𝑣, 𝑔(𝛾(𝑢, 𝑣)) − 𝑓(𝑢, 𝑣, ℎ(𝛾(𝑢, 𝑣))|
2

≤ 𝑑(𝑆𝑔, 𝑆ℎ). 

Using C3, we have 

𝑀(𝑔, ℎ) ≤ |𝑓(𝑢, 𝑣, 𝑔(𝛾(𝑢, 𝑣)) − 𝑓(𝑢, 𝑣, ℎ(𝛾(𝑢, 𝑣))|
2

≤ 𝑑(𝑆𝑔, 𝑆ℎ). 

So, we have 

𝑑(𝑆𝑔, 𝑆ℎ) ≥ 𝛼𝜌(𝑆ℎ, 𝑇ℎ) + 𝛾𝜌(𝑇𝑔, 𝑆ℎ) + 𝛿𝜌(𝑇𝑔, 𝑆ℎ) + 𝜔𝜌(𝑇𝑔, 𝑇ℎ) + 𝜃𝜌(𝑇𝑔, 𝑆ℎ)𝜌(𝑇𝑔, 𝑆ℎ). 

Therefore, based on Theorem 3.2, then the functional equation on (4.1) and (4.2) have a unique 

common solution. 
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5. Conclusions 

In this paper, we have revealed that the function weighted b-metric is a generalization of the 

function weighted metric. Some topological properties of the space of the function weighted b-metric 

related to open sets, closed sets, convergent sequences, the uniqueness of the limit of the sequences 

and the metrizable properties of the function weighted b-metric are also given. Furthermore, the results 

regarding the fixed point of an expansive mapping and its corresponding fixed point for two mappings 

are also revealed. Some examples to clarify the theorem are given. An application of the common fixed 

point theorem to dynamic programming is also provided. 
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