AIMS Mathematics, 8(4): 8082—-8116.
AIMS Mathematics DOI: 10.3934/math.2023409

Received: 17 September 2022

Revised: 15 December 2022

Accepted: 21 December 2022

Published: 31 January 2023
http://www.aimspress.com/journal/Math

Research article

(al, 2, p1, 2)-complex intuitionistic fuzzy subgroups and its algebraic

structure

Doaa Al-Sharoa*
Department of Applied Science, Ajloun College, Al-Balga Applied University, Ajloun 26816, Jordan
* Correspondence: Email: dmalsharo@bau.edu.jo.

Abstract: A complex intuitionistic fuzzy set is a generalization framework to characterize several
applications in decision making, pattern recognition, engineering, and other fields. This set is
considered more fitting and coverable to Intuitionistic Fuzzy Sets (IDS) and complex fuzzy sets. In
this paper, the abstraction of (a;;, ;) complex intuitionistic fuzzy sets and (a; ,, 1 ,)-complex
intuitionistic fuzzy subgroups were introduced regarding to the concept of complex intuitionistic fuzzy
sets. Besides, we show that (@ ,, B »)-complex intuitionistic fuzzy subgroup is a general form of every
complex intuitionistic fuzzy subgroup. Also, each of (a », 51 »)-complex intuitionistic fuzzy normal
subgroups and cosets are defined and studied their relationship in the sense of the commutator of
groups and the conjugate classes of group, respectively. Furthermore, some theorems connected the
(a1 2, P12)-complex intuitionistic fuzzy subgroup of the classical quotient group and the set of all
(a1 2, f12)-complex intuitionistic fuzzy cosets were studied and proved. Additionally, we expand the
index and Lagrange’s theorem to be suitable under (@ ,, f; »)-complex intuitionistic fuzzy subgroups.
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1. Introduction

Intuitionistic Fuzzy Sets (IFS) [1] is a generalization of Fuzzy Sets (FS) [2]. Many problems have
been successfully solved using IFS compared to FS. IFS is characterized by representing information
that depends on human subjectivity with answers of “yes”, “No”, and “I am not sure, I do not know, ...
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etc. 1.e. IFS has membership, non-membership, and hesitant functions, respectively, which is help to
represent human information in medical application, multi-attribute decision making, renewable
energy, manufacturing industry, and other fields [3—7].

Two approaches in the literature have been generated from the idea of combining FS and the
mathematical field of algebra. In 1971, the first approach was given by Rosenfeld [8] under the concept
of fuzzy subgroup. Many researchers studied, generalized, and discussed Rosenfeld approach [9—-15].
In 1989, Biswas introduced intuitionistic fuzzy subgroup (IFSG) and its properties [16]. The notion
of (a, B)-cut of IFSG was presented by Sharma [17]. Sharma and other researcher have been widely
studied IFSG and its properties [18-23]. In 1994, the second approach was introduced by Dip [24],
named fuzzy group based on fuzzy space. Before started his new approach, Dib and Youssef
established a new structure of fuzzy cartesian product, relations and functions [25]. Dib approach can
be summarized in replacing fuzzy space and fuzzy binary operation instead of the universal set and
binary operation, respectively, at traditional algebra. The fuzzy normal subgroup is defined using fuzzy
space by Dib and Hassan [26]. Marashdeh and Salleh generalized the concept of fuzzy space to
intuitionistic fuzzy space to create the theory of Intuitionistic Fuzzy Group (IFG) [27] and then
Intuitionistic Fuzzy Normal Subgroup (IFNSG) [28].

Moreover, complicated information involving periodicity and changeable meaning for the same
data gives a new type of uncertainty. This type of complicated information comes from the rapid
development of our daily life and modern technology. Therefore, we need a proper mathematical tool
that has the ability to represent the uncertainty and periodicity semantics of information at the same
time. So, the expected tool should be helpful and easily used by decision-makers to decrease the
difficulties of giving a proper solution to the decision-making problems. To beat this obstacle,
Ramot et al. [29,30] introduced the concept of Complex Fuzzy Sets (CFS) and logic. Also, Alkouri
and Salleh [31-33] introduced Complex Intuitionistic Fuzzy Set (CIFS), relations and its operations.
Both CFS and CIFS generated an extra range which lies within the unit disk in the complex plane. This
extension helps to represent complicated information that carries time-periodic problems and two-
dimension data simultaneously in a single set. Differences between CFS and CIFS appear in the ability
of CIFS to represent information in more detail by using an extra complex non-membership function.
Besides CIFS is considered a generalization of CFS that can solve a problem that seems too much
roughs in CF [30,31]. Several enhancement and development applications using CIFS and its
generalizations have increased rapidly appeared in different fields [34—40], for example, decision-
making process, information security management, graph and group, cellular network and etc.

Thus, it is greatly necessary to create additional notions of IFS and CIFS relating to complex set
members. In 2016, Alhusbann and Salleh [41] introduced the notion of complex fuzzy group based on
Dib approach. One year Later, Alsarahead and Ahmed [42—44] produced different notions named
complex fuzzy subgroup, complex fuzzy subring and complex fuzzy soft subgroups from Rosenfeld
and Liu approach [8,45]. In 2021, (a, B)-complex fuzzy sets, subgroups, and their properties were
introduced by Alolaiyan et al. [46]. Furthermore, they introduced the notion of (a, B)-complex fuzzy
cosets to formulate (o, B)-complex fuzzy normal subgroup. Besides, (a, )-complex fuzzy quotient
ring induced by (a, B)-CFNSG and (o, B)-complex fuzzification of Lagrange’s Theorem were also
derived in [46]. Concurrently, with developing the fuzzy subgroup to the complex fuzzy subgroup. IFS
has been clearly developed into IFG and IFNSG [27,28]. Also, in the realm of complex numbers, the
notion of Complex Intuitionistic Fuzzy Group (CIFG) and Complex Intuitionistic Fuzzy normal
Subgroup were produced by Alhusban et al. in 2016 and 2017 [47,48].
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Recently, Xiao and other researchers studied, generalized and applied the Complex evidence
theory in the field of quantum mechanics and decisions. Also, they designed several algorithms, model
and methods using quantum information in complex plane to predicting and describing human
decision-making behaviors to be applied in pattern classification [49-52].

In this study, our motivations are, 1- to introduce more generalized notion under CIFS, i.e.
(al,z,ﬁl,z)-COmplex Intuitionistic Fuzzy Subgroups (CIFSG). 2- to define the reduced relations
between our concept and each of (a, B)-CFS, and CIFS. 3- to study the algebraic structure of
(0(1,2, Bl,z)-complex intuitionistic fuzzy normal subgroup (CIFNSG) and some algebraic notions as
coset, quotient group, and Lagrange theorem under (0(1,2, ,81,2) CIFSG. Therefore, the main purpose
of this study is to introduce a powerful extension of CIFS and (a, B)-complex fuzzy set and subgroup.
Besides, we show the relation between each of (a1,z, ﬁl,z)-CIFNSG and CIF cosets. Also, we prove
some theorems connected the (al,z, ﬁl,z)-CIFSG of the classical quotient group and the set of all
(0{1’2, ﬁl’z)-CIF cosets. Finally, we expand the index and Lagrange’s theorem to be suitable under
(@12, B1.2)-CIFSG.

2. Preliminaries

(Alpha 1,2, Beta 1,2) CIF- complex intuitionistic fuzzy cosets is a cornerstone in the structure of
Lagrange's theorem under CIFSG. Also, Cosets is a particular type of CIF subgroup named by a CIF
normal subgroup. Its can be used as the elements of another group called a quotient group or factor
group under CIFS. As a future research, Cosets OF CIFS also may appear in other areas of mathematics
such as vector spaces and error-correcting codes.

In this section, we recall some useful definitions to produce our work successfully.

Definition 2.1. [2] A complex intuitionistic fuzzy set A, defined by A = {{x, us(x), v4a(x)): xeX},
where u,(x):X = {ala€e(C, la<1}, ya(x): X > {dlaeC, [a <1}, and |us(x)+y (x)] <1,
and i = v/—1, each of ry(x) , k4(x) belong to the interval [0, 1] such that 0 < r,(x) + k,4(x) < 1,
also w” 4(x) and w* 4 (x) are real-valued.

Definition 2.2 [2]. Let A = {(x, u4(0),v4(0)): 0€0} be a complex intuitionistic fuzzy set. Define the

complement of A, c(A) : as c(A) = A ={x,v,(0),us(0)): xeX} =
{(x, k,(0). e a0 1 (9)eiW a(0)). 060}, where w*,(0) = w,(0), 2r — w,(0) or w,(0) + .

Definition ~ 23. [2] Let  u(0)=r.(0)e' “+® andv,(0)=k,(0)e' “*@  and
14,(0) =r,(0)e ' “2© and v, (0)=k, (0)e' “*® Be two membership and non-membership

functions of complex intuitionistic fuzzy sets A and B respectively, on O.
a. B is subset of A, “AoB or B A”, if for any 00O, I,(0)<r;(0), k,(0) >k (0),

o' ,(0) < w5 (0), and @*,(0) > ", (0).
b. AunionB, AUB, as
AU B = {x, max(r, (0), 15 (0))e ™+ ®/+), min(k, (0), ks (0))e ™'+ V.
c. Aintersection B, denoted by AN B, as
AN B = {x,min(r,(0),1; (0))e ™', max(k,,(0), kg (0))e"™ =)}

Some definitions related to («, §)-CFS and («, 8)-CFSG of a group G are selected from the reference
of Alolaiyan et al. [46], as follow:
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Definition 2.4. [46] LetA = {< a,S(a)ei“fo(a) >:aeG} , be CFS of group G, for any
ae[0,1], and B €[0,27], such that S(a) < a, wi < B,or (S(a) = a, wj = B). Then, the set A, pyis
called an (a, B)-CFS and is defined as:

. S(a)
Sa e = mm{S(a)e‘Wj( “ ,ae$} = min{S,(a), a}e!™n wa®, A3,

a

i S(a)
where, S, e Y45 js called a complex membership function of (a, 8)-complex fuzzy sets.

Definition 2.5. [46]. Let A, gy be an (a, B)-CFS of group G for @, B€[0,1]. Then, A p) is called
(a, B)-CFSG of group G if it satisfies the following axioms:

. S(pq) ia S(p) S(@)

SA,(pq)e" % > min {SA,(p)e 48 ,SAL(q)e "8 }

(p‘l) S ®

SAq(p~1e > SA,(p)e 46 ,Vp,q €G.

Definition 2.6. [46]. Let A, gy be an (a, B) — CFSG of group G, where a € [0,1] and 8 € [0,2m].
SgAq

Then the (a,f) — CFS gApp(a) = {( 9Aq (a)e Yo @ )> ac€ G} of G is called a
(a, B)-complex fuzzy left coset of G determined by A, gy and g and is described as:

S
. JAq
iaw 7" %(0)
Sga,(0)e 7k

Similarly, they defined (a, 8)-complex fuzzy right coset [45].

Definition 2.7. [46]. Let A gy be an (a, B) — CFSG of group G, where a € [0,1] and 8 € [0,2m].
Then, A p) is called a (a, B)-CFNSG if A 5y (gh) = A(q,p)(hg). Equivalently (a, B)-CFSG A, p)
is (a, B)-CFNSG of group G if: Ay 5 g(h) = gAp(h), forall g,h € G.

Definition 2.8. [45]. Let A, g be an (a, B)-CFSG of finite groupG. Then, the cardinality of the set
G/A@qp) Of all (a, B)-complex fuzzy left cosets of G by A, g is called the index of (a, 8)-CFSG and

is denoted by[G: Ay p)]-

Aq -1 .S _ .
= S4,(g7"0)e mwAB (7%) _ = min {SA(g‘lo)elWAA(g o) o e'f}.

3. (ayz, B12)-complex intuitionistic fuzzy subgroups

In this section, we define the hybrid models of (@ ;, B;2)-CIFSs and (a4 ,, B 2)-CIFSGs. We
prove that every CIFSG is also (a4 », B 2)-CIFSG but the converse may not be true generally, and we
discuss some basic characterization of this phenomenon

Definition 3.1. LetA = {< a, S(a)e‘“WA L(a) iaw, >-aeG} be CIFS of group G, for any
a1, B1€01], S,L,wi ,wi €[0,1] such that S < ay,L = a, wi < By ,wi =B, 0r (S=ay,L <
a,, Wi = f1,wh < f5,), Then, the set Aa, ,.p, 18 called an (ay 5, By 2)-CIFS and is defined as:

SAa1 (@)

iaw . S(a) . ] . s@)
SAale 461 = min{S(a)e'*Wa a , a,eP1} = min{S, (a), a, }e'@ Min Wy @) puy
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i LA“Z(a)
iaw L) . . L(a)
L, e “2 = max{L(a)e'*Wa ¢ ,a,e'P2} = max{L,(a), a,}e!@max(Ws ¢ B2)3,

az

where

Saq, = min {S(a), a3}, WAS;E?) = min {WAS(a),ﬁl}, Ly,, = max {L(a), az}, Wj;‘:) = max {Wi(a),ﬁz},

S+L<1, wi+wl<1l,a;,+a,<1,andB, +B, <1

oy SA21 (@  LAg,(@
In this paper we shall use SA, e “f1 ,LA,e “fz  asa membership function and non-
membership function of (a2, B1,2)-CIFSs, A, , 5, ,) and B, , p, ,) respectively.

Definition Let A, , g, ,)» B(a, ,.8:,) P& @ WO (@15, B1,2)-CIFSs of G. Then
(1) A (ai2,P12)-CIFS A, , p, ) IS homogeneous (e, By, )-CIFS if, for all p,q G, we have
. e Sag, (@ Saq, (@ Lag, (@)
Sty @) < St @, Lag, (@) < La,, (@) if and only if w,“ (@) <w, ™ (q), w, ™ (p) <
Lag, (@)
Wop~ (@)
(2) A (@12, P1,2)-CIFS Aq, , p, ,) is homogeneous (@12, B1,2)-CIFS with B, , g, ) for all p,q €G,
. . Sag (@ Sag, (@
we have S, (p) <S4, (@), Ly, (p) <Ls, (q) if and only if WAA e (p) < WAA 4 (@ ,
L@ L@ ’ ’ & o
Ag, @ < Aa,
Wt () Sw T (9).

In this paper, we take (a; ,, f1,)-CIFS as homogeneous («; ,, B 2)-CIFS.
Remark 1. Let, Ma,,p.,) and Ng, , g, ,) b€ two (a2, B12)-CIFSs of G. Then (M N N)(alz.ﬁlz) =

M(al,Z'ﬁl,Z) n N(a1,2'ﬁ1,2)

Example 3.1. Consider a group Z,={0, 1, 2, 3} isagroup. Let a; = 0.7, @, = 0.2, 8, = 0.4,and B, =
0.5,andaCIFS A = {< 0,0.8¢!%04 0.1e!?03 > < 1,0.4e'%01 (0.5¢!%0-6 > < 2 0.3¢!96,0.7¢!%03 >
,< 3,0.7¢1*0*,0.1e'*5 >} of a group Z,, Then, the set Aq, , 5, ,)is called an (a, ,, B, »)-CIFS and is

defined as:

Ay 1By = 1< 0,0.7€'%04,0.2e"05 > < 1,040, 0.5'906 >, < 2,0.3e'04,0.7¢'%05 >,
< 3,0.7¢'%04,0.2¢1005 >},

Definition 3.2. Let A(q, , g, ,) b€ an (a2, B1,2)-CIFS of group G for a; 5, B ; €[0,1]. Then, A, , g, )

is called (a4 », B1 2)-Complex Intuitionistic Fuzzy subgroupoid of group G if the following axioms hold:

. S, @D . San. @ . Sag. @
iaw, . iaw, “ iaw, “1
SAM1 (rq)e b1 = min {SAal (pe B, SAa1 (q)e fr}

. Lag, @) . Lag,® o Lag, @
aw 4 law 4 law 4
Lo, (p@)e  “Fz < max{l,, (ple “Fz L, (q)e “F2 1}
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Example 3.2. Recalling that A, , 5, ,) = {< 0,0.7¢7*%%,0.2¢'*%5 >, < 1,0.4¢'41,0.5¢'40¢ >, <
2,0.3¢04,0.7¢1905 >, < 3,0.7¢!%04,0.2¢1*5 >} from Example 3.1. satisfies all axioms of
Definition 3.3. for all elements in the group Z,. For example (Let p=1, g= 2), so pg=3, p~ ! = 3 in Z,.
Then:

Axiom 1:

iqwS® _ {04 ) iawS@® _ i01 iawS® _ 0.4
SAy;(3)e " T40a = 0.7e > minSA4g,(1)e' 404 = 0.4e1%01 SA,,(2)e' ™ 40a = 0.3¢
= min{0.4¢'*%1,0.3¢%4} = min{0.4, 0.3} e!@min{0-L04) = ( 3¢ia0-1,

Axiom 2:

S(p~1=3)

iawSC . 0, S(P=1) .
SAQ](}?_I — 3)elaWA0.4 — 0.76”10'4 > 5A0_7(p — 1)euwa0'4 — 0.4e‘“0'1.

Axiom 3:

— )el@Ware ) ia0.5 _ a4y, lawh®e=D N iawh@=
LAg2(pg = 3)e os = 0.2e < max{LA4y,(p = De o5 ,LAy,(q =2)e 05 }

= max{0.5¢*%¢, 0.7¢!%%-5} = max{0.5,0.7} ¢!amax0-605} = (,7¢ia06,
Axiom 4:

L(p_lz?’) 1)

i i i L= .
LAg,(p~t = 3)e" ™05~ = 0.2e1%05 < LAy, (p = 1)e'40s = 0.5¢1905,

Definition 3.3. Let A, , g, ,) b€ an (a2, B12)-CIFS of group G for a; ,, f12€[0,1]. Then, Ay 2812

IS named.
(@12, B1,2)-CIFSG of group G if the following axioms hold:

SAal(pq) .S . SAal(q)

(1) Sa,,(p@)e "1 =min{Sy, (e 61,5, (e b1}

Lag, ®D Lag,® Lag, @

(3) La,,(@)e ¥ <maxily,@e 2 Ly, (e 2},

Lag, @) Lag,®

(4) La,(@ e "2 <Ly, (e 2 forallp,qeG.
Remark 2. A(q, , , ,) b€ an (ay2, B12)-CIFS of group G, for a; 5, B; ; €[0,1]. Then,

_ Sag, () _ Sag,® _ Sag, @
aw aw aw
(1) Sa, @1 ™ = min(S,, @5, (@ ),

Lag, (»"1q) Lag, (2] Lag, (@

(@) Li,(7'@)e "% <max{LA,,(pe b2 LAg,(@e %}

AIMS Mathematics Volume 8, Issue 4, 8082-8116.
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Theorem 3.1. If Aq, , g, ,) b€ an (@12, B1,2)-CIFS of group G, for all p, geG. Then,

LAaz (@

iaw
(3) La,, (e s

which implies that

and

SAal(e)

LAaz (e)

Saq, 1)

T @) Sy, (0Me e

Lag,®™ta)

aw iaw
462 (4) LAQZ(P_ICI)G 42

. Spg, @ _ Spg, @
laWAB _ laWAﬁ
SAal (pe 1 = SA[,[1 (@e 1
 Lag,® _ Lag,@
laWAﬁ _ laWAB
LA,I2 (pe 2 = LAM2 Qe 2

Theorem 3.2. Let Aq, , , ,) b€ @n (@12, B1,2) complex intuitionistic fuzzy subgroupoid of a finite G,
and then A, , g, ,) 1S (@1,2, B1,2)-CIFSG of finite G.
Proof. Let peG and G is a finite group; therefore, p"=e, where p has finite order n., where e is the
natural element of group G. Then, we have p~! = p™~1, now, by using the Definition 3.3 twice, we

get

iawsAal(p_l) SAal(pn_l)
_ A - A
Sag, (P De A =S4, ®@" e
SAq, (P"7?P)
n—-2 aWA
= Sa,, (" °ple A1
ag
LawSAal(p)
= SAa (p)e 461 )
Lag,®™1)  Lag, (™)
-1 a A n—1 aWA
(p™e “F =Ly, (P" e “he
Lag,®"7?P)
— -2 tawy
=Ly, (0" 2p)e "%
LAaZ(p)

Theorem3.3. Let A(q, , g, ,) Pe an (a2, B1,2)-CIFSG of a group G, Let peG and

AIMS Mathematics
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ia’WSAal(p) iaWSAal(E) iaWLAaZ ® ivaAw2 (e)
A _ A A _ A
Saq, (pe A =Siq, (e)e A1 | La,, (p)e B2 = Lag, (e)e B2
then
iothALZl ®a) io(WSAO‘1 @
4p =S Ap,
SAal(PQ)e 1 = O4q, (Qe )
and
. Lag, D) . Lag,@
laWA l(lWA
LAa2 (pq)e P2 = LAaz (g)e B2 forall geG.
Proof.
SAal(P) . SA(Zl(e)

(1) GiventhatS, (e’ A = Sta, (e)e' “s1 . Then form Theorem we have that

_ Saq, @ _ Saq,®
laWAB <S laWAB f " G
Sag, (e F1 <SSy, (pe 1 forall geG.

Let
SAq, PD . Spq, @ o Spq, @
law 4 i law 4 law 4
Sag, (@ ‘A1 =min{S, (ple 1 S, (qe h
SAq, @D _ Spq, (@
l(IWA laWA
Sa,(pe  “Fr =S, (e A

Now, assume that

 Saq, @  Saq,(P7'pa)
iaw , _ 1 iaw ,
Sag,(@e  F =5, (pTpgle
Saq, @ . Spg, (0D

> min SAal(p)emWAm ,SAal(pq)elaWAﬁl

Again, from Theorem 3.1, we have
SAq, ®) _ Sag, @D _ Sag, (P

. iaw iaw iaw
minjS,, (Ve *h1 Sy, (p@)e hr 1 =S, (pgle A

Therefore, we obtain

. Sag, @ . SAq, D
iaw , iaw ,
Shq, (@Qe A = Shq, (pq)e A1

From Egs (1) and (2), we have

(1)

)

AIMS Mathematics Volume 8, Issue 4, 8082-8116.
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mWSAal(pq) iawSAal(q)
A _ A
SAM1 (pq)e A1 = SAa1 (Qe b1
Ly, () Lag, (@
iocWAAo{2 i(XWAAaZ
e 2 = e)e 2, .
2) Assume that LAa2 p B LAa2 B Then from Theorem 3.3 we have that
Lag,® Lag, @

La,, (e 82 <L, (q)e 6= forall geG.

Let

LAg, ®D Lag,® Lag, @

iawA iawA iawA
La,,(p@)e  “Fz < max{l,, (ple “Fz LA, (qe "2 }

. Lag, D) . Lag, @
laWAB laWAﬁ
La,,(p@)e  "F2 <Ly, (q@e "F

Now, assume that

. Lag,@  Lag,(r7'pa)
L wzwAB2 —L 1 wchﬁ2
4q, (@) =Ly, (0" P)e
Lag,® . Lag, @)

< max{L,, (p)emwABz L, (pq)emWABz 1.

Again, from Theorem 3.1, we have

Lag,® . Lag, @) . Lag, D)

iaw iaw iaw
max{Ly, (e “F2 L, (p@)e P2 } =1L, (p@e F

Therefore, we obtain

. Lag,@  Lpg, @D
laWAB lCZWAB
Lag,(@e 7Pz <L, (pgpe “F

From Egs (3) and (4), we have

Lag, ®D) Lag, @

iaw iaw
LAO,2 (pg)e ‘b2 = LA,I2 Qe 62
Theorem 3.4 Every CIFSG of group G is also (a; ,, £12)-CIFSG of G.
Proof. Assume A be CIFSG of group G, and p, geG. then

Saq, P9 . Saq, (PD
iaw i law .
SAal (pq)e  “h = mm{SAa1 (pe b ) aelﬁ}

. Sag, @ . Sag, @
aw aw .
> min {min{S,, (P)e  “#1 ,SAq (e A} ae'’)

 Sag ®  Spp @
aw . Law .
= min{minJS,, (p)e 41 ,aelﬁ},min {SAO‘1 (Qe 1 ,ae'P}}

©)

(4)

AIMS Mathematics Volume 8, Issue 4, 8082-8116.
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iaWSAal(p) iawSAal(q)
=min{Sy, (e P ,Sy, (@e P}

Further, we assume that

Saq, P . Saa, @)
SAal(p_l)e 4By =min{S,, (p™ Ve “h ae'P
SAq, @

> min {S,,,, (p)emWABl ,aeP}

_ Sag, P
aw
A
=Su, (e 81
Consider
Lag, @) . Lag, (e
lC(WA l(ZWA .
Lu,(p@e  “f2  =maxl,, (pgle “F2 ,ae’
LA“Z ® LAaz (@

< max {max{Ly,_ (p)emwABz ' Lag, (q)emwABz ), ae'f}

Lag,® Lag, @

iaw . iaw .
max{maxil,, (ple 42 ,aef} min La,, (e “#2 ,aef

oy s @ o Ay @
A A
= maxjL,, (p)e ‘B2 Lag, (Qe ‘B2

Further, we assume that

wchAaz @™ iocWLAo‘2 @™
La,, (p™ Ve ‘52 = maxL,, (p™ Ve ‘52 ,ae'f
Lag,®

S max{l,, (p)elaWABz ,ae'f}

L'awLAaz(p)
= LAD[2 (pe 2
Theorem 3.5. Suppose A is a CIFS of group G where
_ Sae, @) . Sag,®
aw aw . .
Saq, (P e =Sy, (e "F1 Vp€G. Letajeft < e,
Lag, @)  Lag,®
1N lawy _ iaw 4 iB iw
Ly, (0™ e “F2 =La,,(P)e P2 Vp €EG. Letaye? =™,
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suchthat ay <1y, By S wy, ay < 15,0, < w,.
Where
. SAal(p) 3 LA“Z (p)
. aw . Law
re™=min{S, (ple “f1 :p€G }rpet2=max{Ly, (p)e 462 :p € G}

ay,711, P1, W1,05, 12, B2, Wy € [0,1].

Then, A, , .8, ,) 15 an (a2, B1,2)-CIFSG of G.

. SAal(p)
Proof. Let a, et < rye™1, implies that min{SAa1 (p)elaWA:Bl :p € G = aye'P1, which implies
SAq,® SAg, @
. iaw, ig ig L . iaw,
that min{S,,, (p)e “B1 ,a e'P1} = aje'P1,Vp € G, which implies that Saq, (ple A =
a ethr,
iaWSAal(pq) mWSAal(p) iaWSAal(q)
Sa,, (P@e 461 = min{S,, (p)e A1 »Saq, (@e A Y

Moreover,
 Saq, (@7 . Sag,®
aw aw
Sag, (@™ Ne =Sy, (P)e
This implies that
 Spe, (7Y Sap @
aw aw
Sag, (@™ Ne =Sy, (P)e A
i Lag,®
Let a,etP2 < r,e™™z, implies that max {La,, (D)e 462 :p € G < ayeP2,} which implies that

LA“Z ®

max {L,,_ (e 482 ip € G, aetfo} = ayeifz, vp € G, which implies that

) LAaz ®
iaw .
Lo, (e = el

. Lag, (D) . Lag,® . Lag, @
aw aw aw
La, @@e  “#2  <max{l,, (ple 2 ,LAg(Q)e “F }

LAaZ(P 1 Lag, @
La,, @™ De 52 =Ly, (e 4
 Lag, (™Y . Lag, @
a a
La,, @™ De 2 =1y, (pe “#
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Therefore, A, , p, ,) 1S an (@12, B1,2)-CIFSG of G.

Theorem 3.6. If Mg, ,p,,) and Neg, ,p,,) are two (a;,B12)-CIFSGs of G, then My, , 6 4N

N(a1,2',31,2) is also (al.Zl 31,2)' CIFSG of G.

Proof.
i (MNN)g, (pq) iaWSMalnNal(pq)

(MNN) — Mp. NN
Stmanyq, PP F. =SMgy, N No,(pgle  "F™F

lawsM"‘l(M) L_aWSNal(pq)

. M N

= min{Sy, (pQe “f1 Sy, (p@)e’ V)

. SMq,® - SMq, @ ) o S@
> min {mi“{sml(p)el“w“m Su, @e s }'min{SNaxp)e‘“W”ﬁl.SNal(qka”‘“}},

io:WSMM1 ® iaw
min {min SMal(p)e Mp1 ,SNal(P)e N

51\10[1 (»

SMal (@

iaw iaWSNal(q)
}’mi“{%@e Sy, @ }}

iawSMa1nN“1(p) iawsMalnNal(lI)
. M N M N
= min Sy, o, (Ple A" Sy, oy, (@e TR
iaWS(MnN)al(P) iaWS(MnN)al(q)
= minySunny,, (ple "k s S(MANY ., (@Qe M™5
Further,
iaws(MﬂN)al(p_l) iaWSMalnNal(p_l)
S(Mrw)g,1 (» De 10N :SM(,LlnNg,1 (» De Mg
iaWSMal(p_l) LOCWSNal(p D)
=min {Sy, (p™De " ' Sng, (@™ De e }
S, 7 SNy ()
> min {Sy, (ple "~ ,Sn, (P)e VA }
latws(MnN)a ®

:S(MnN)(,L1 (p)e MOy
And
Limnnyg, (pgle B2 =Lmy, 0N, (pgle b2 k2

wchM“Z P L'awLNo‘2 P
_ M N
= max{Ly, (pq)e “Fz Ly, (p@le "Fz }
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o Ly, @ . Lmg, @
iaw,, 2 iaw,, 2
< max {max,Ly, (p)e 2Ly, (q)e S

iawLNo‘2 ® io:wLNOL2 @ iozwLM”‘2 ® iawk®
Np L Ng2 = Ly (e M2 Ly (ple Ve
max L,\,a2 (p)e 2 Ly, Qe = max {max M, (P)e L, (Pe ,

LMg, (@ LNg, (@

iaw iaw
max{LMaz(q)e Mg, ,LNaZ(q)e Ng,

. LMaanaz(p) . LMtxz"\Naz(q)
_ lawMB N g LaWMB N g
= max LMaanaz(p)e 2z P2 'LM,,(vaa2 (@e 2Pz

iaWL(MnN)az ® iawL(MnN)“z @
_ (MNN) (MNN)
= max L(MnN)az (pe L :L(MnN),Z2 (@e B2
Further,
. (MﬂN)az(P_l) . Maanaz(p_l)
aw Law
-1 (MNN) — -1 Mp_ NN
L(MnN)az(P Je B2 —LMaanaz(P Je B2""B2
_ Lumg, (7Y _ LNg,®™h)
_ _ iaw,, _ iawy
=max {Ly, (p™De "2 Ly, (@e 2}
LM, () L g, ®

iaw iaw
=max {LMaz (pe ™Mbz LNaz (ple VB2 1}

LM g, )

ia:w(l\/ml\,)ﬁ2

:L(MmV)a2 (pe
Consequently, M(q, , g, ,) N Na, 5,8, ,) 15 alSO (a1,2, By 2)- CIFSG of G.

Remark 3. The union of two (&, 5, By ) —CIFSGs may not be (a2, B1,2) —CIFSGs.
Example 3.3. Let S3 be a symmetric group of all permutation of 3 elements. Suppose Mg, , g, ,) and

N(a, , 8, are two sets of (5, B;,) —CIFSGs of S,, and a; = 0.6,a, = 0.3,8, = 0.4,and B, =
0.5, given as:

Iy _ (< p,0.6e'992,0.3e9%7 > ifp=p,
(@12812)(P) = < p,0.2e'*01 0.5¢%07 > otherwise’

N _ (< p, 05901 0,505 > jfp =p,
(@12812)(P) = < p,0.3e1@01 0.7¢!@06 > gtherwise’

So,

< p,0.6e'%02 (0.3¢'%06 > ifp = p,
M(“1,2,31,2) U N(“1,2,31,2) =31 < P, O'Selwlo'l' O_Se.uxO.S > ifp = P2
< p,0.3e!01 (0.5¢1%%6 > otherwise
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— 0.2 i20.6 —
Take. M(a1,2,31_,2) U N(a’1,2,[>’1,2)(p1) =< 0.6e'%%4,0.3e'%%° > and M(a1.,z,ﬁ1,z) U N(“Lz’ﬁm)(pZ) =<
0501, 0.5e"%% >, and M4, , 5.,) Y N(ay,.:,) (P1P2 = Po) =< 0.3e'%%1,0.5¢'40¢ >,
Clearly, Axiom 1 from definition 3.3 does not hold

S(p1p2=p0)

SM U Nal(p1p2 = po)el MUNﬁ1 — 0_33“’—'0-1

S(p1) . S(p2)

2 min {SM U N, (pe’ V61, SM U Ny, (p)e” 7¥61)
= min{0_6eia0.2,0_58ia0.1} = (0.5eia0.1

4. CIFNSG and lagrange’s theorem under (a; 7, 81 2)-CIFSG

We get started by introducing the notation of (a, , B;2)-complex intuitionistic fuzzy cosets of
(0t 2, B1,2)-CIFSG. Hence, a quotient group induced by CIDNSGs generalized. After that we study
Lagrange’s theorem under (a; 5, B 2)-CIFSG.

Definition 13. Let A(q, , g, ,) D€ an (a2, B12) — CIFSG of group G, where a; 5, 81, € [0,1]. Then the

SgA aq Lga az
(a) (@
(0(1,2, 81'2) —CIFS ’gA((xl,Z'Bl,Z) (a) = {(a; SgAal (a)e gABl ) gAaz (a) gAﬁz ), aec G} Of

G is called a (a5, B1,2)- complex intuitionistic fuzzy left coset of G determined by Ay, , 6, ,)and g
and is describe as:

gal()

-1 . Sas ]
SgAa1 (0) Mo, = SAal (g~ lo)e aWAﬁl o) _ = min {SA(g_lo)e‘“WAA(Q 10)’0(131.31}’

and

gaz()

A2 1
a iaw, “*(g7'a)
Loa, (0)e 5% ;

. oL _ .
= LAD,2 (9_10)6 = max {LA(g_lo)emWAA(g to) , azelﬁz}’
forall o,g € G.

Similarly we can define (a; 2, B ) - complex intuitionistic fuzzy right coset is described as:

SAq

=S, (0 1y iaw, " Sa(og™)

. SgA(Zl
iaw , (0)
SgAa1 (0)e 9%

1(g1)

= min {SA(Og_l) taw, ) a1eiﬁl},

and

LA

2(g1)

gaz()

) _ ,
LQAaZ (0) “oag, = LAM2 (ag_l)e = max {LA (Og_l)el“WAA(OQ Y , azelﬁz}’

forall o,g € G.
Definition 14. Let A, , g, ,) be an (a2, f12)-CIFSG of group G, where ay,, 8, € [0,1]. Then,

Agay,p., 15 called a (@, B12) -CIFNSG if Aw,,p,,)(9h) = Aw,,p,,)(hg) . Equivalently

(a1, B12)-CIFSG Aay 581 is (a2, f12)-CIFNSG of group G if: A(al,z,ﬁl,z)g(h) = gA(al,z,ﬁl,z)(h)’
forallg,h € G.
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Remark 4. Let A, p,.,) be an (a12,8:2) -CIFNSG of group G. Then, A, p,,(h"gh) =
A(al,Z'Bl,Z) (g)’ for a” g; h E G.

Theorem 7. If A is CIFNSG of group G, then Ay, , g, ,) 1S an (ay,2, B1,2)-CIFNSG of G.

Proof. Suppose o, g are elements of G. Then, for the membership function we have
Sa(g t0)eial970) = 5, (og1)ei@w(os™),
This implies that
min {SA(g‘lo)ei“Wi(g_lo), aleiﬁl} = min {SA(og‘l)eiawg(og_l), aleiﬁl},

SgAal

Sa
. dlg
anAB1 (0)

which implies that S, (0)e’ = Sy g(0)e 8 This implies that gA e, s, (0) =
A(a,,,)9(0). Now, for the non-membership function we have:

Ly(g™0)e@Wi(97'0) = L,(0g™")ei®Wa(0s™),
This implies that
max {LA(g_lo)emwi(g_lo)' azeiﬁz} - max {LA(Og_l)ei“W/Li(og_l), azeiﬁz},

LAazg

= LAazg(o)emWAﬁzg (O). This implies that gA 4, 5,)(0) =

L
. gA
w o, %z

which implies that Ly, (0)e " 946 ©

Aa,,p,)9(0).
Therefore, A, , g, ,) IS (@1,2, B1,2)-CIFNSG of G.

Theorem 8. Let A(,,, 5, ,) b€ (@12, B1,2)-CIFSG of group G such that for membership we have
a,eP1 < ret"" such thata; < rand B; < w”, where re!”" = min {SA(o)ei“Wf%("),vO € G} and for
non-membership we have a,ei¥? < ke such that a, >k and B, > wk , where kei"" =
max {LA(O)ei“W:L‘l(O),Vo € G} and ay 5, B2, 7, k,w",wk € [0,1]. with CIFS conditions: 0 < a; +
0 <1,0<B+B,<1,0<r+k<1and0<w"+wk<1.Then Ay, 5 ,)isa (212, B12)-
complex intuitionistic fuzzy normal subgroup of group G.

Proof. Having a;ef1 < re'’ then we get min {SA(o)ei“Wi("),vO € G} > a,eP1, which implies

that S,(0)e™Wa® > etf1 | for all o€G. And a,e >ke™  implies that
max {LA(O)ei“WzL‘l("),Vo € G} < a, e, which implies that L, (0)e’*W4(® < g, e forall o € G.
Thus,
SgAg,

iaw (0)

Sgaq, (0)e %1 "7 =min {SA(Q_lo)emWi(g_lo),a1eiﬁl} = ae'h

and

AIMS Mathematics Volume 8, Issue 4, 8082-8116.



8097

. L.gAdz
iaw (o N , .
Lga,,(0)e 9462 " = max {LA(g‘lo)eL“WA(g 10),a26132} = a,e'Pz forany a € G.

Similarly,

Sa
a1.9
) _ . _ . .
SAa g(o) laWAﬁ g Lo — min {SA(Og—l)elawi(og 1),a1€lﬁl} — alelﬁl

and

Ly
azg
LAazg(O)emWAﬁz © _ max {LA(Og—l)eiaw,’;(og‘l),azeiﬁz} = a,eihe.

This implies that

SgAal (0) S alg( )

iaw iaw
- SA g( ) 4619

Soay (0)e 701
and

iaw

LgAllz( ) azg( )
Lga,, (0)e 982 7 = Ly, g(0)e

iaw
Ap,9

Theorem 9. Let A, , 5,,) be an (1,2, B12)-CIFSG of a group G, then Alay0p:,) 1S @N (12, Br2)-
CIFNSG ifand only if A, , g, ,) is constant in the in the conjugacy class of group G.

Proof. Suppose that A, , 5., i @n (@12, B1,2)-CIFNSG. Then, so we get

s s
Aa (h=1gh) iawAzjl (ghh™1)

; 1
Sha, (h~lgh)e " " = Sa,, (ghh™e

j “1()
= S, () ,Vg,h €G,

and

LAaz n-1 . LAaz -1
gh hh
wchB (h ) wchﬁ2 (9 )

Ly, (h~'gh)e = Ly, (ghh™He

L
; a
= Ly, (e . @ vghec.

Conversely, suppose that A(a,,812) is constant in all conjugate classes of group G. Then,

Sa SA
iochBa1 (gh) iawABO‘1 (ghgg™)
1 1

Saq, (gh)e = S,, (ghgg™e

iaw, A (9(hg)g™?)
=S4, (g(hg)g e “#1

ia S [11
= SAa (hg)e B1 9 ,Vg,h €G,

and
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iaw;Aaz ) iaw;A“Z (pavp™)
La,, (gh)e "2 7 =1L, (ghgg=e “F

faw, 222 (9thg)g™t)
= Ly, (g(hg)g e "¢

L
ia az
=La,, (hg)e , M ,Vg,h €QG.

Theorem 10. If A, , 5, ) is an (ct1,2,B12)-CIFSG of a group G, then A(ay08:,) 18 @n (12, B12)-

iaw. %1 ((g,n))

complex intuitionistic fuzzy normal subgroup if and only if SAal([g,h])e B1 =
. SAoc1 . LALZZ h . LA(ZZ
Spa () 81 @ and La, ([g.hDe" 252 on < La, (g)e 252 “ vghea.

Proof. Suppose that A(al,z,ﬁl,z) is an (al,z,ﬁl,z)- CIFNSG. Let x,y € G be element of group. So,
iochAa1 (g7*h~1ghn) i(XWSAal (h=1gh) L'().'WSA‘Z1 (g™
Saq, (g7 Th 7T gh)e k1 > miniS,, (h"'gh)e "~ 'Sag, (g7 De

ia S a1 SAtx1
. ( (8
= min {SAO‘1 (g)e ® ) Shq, (ge Wag, g}

SAq,
iaw
g, (®

uxsz“l (lg.h])
F1 > Sa,, (e :

Saa, (L9, ADe

and

ap -1
La,, (g~ h™ ghye ¥ ag. @100

L 0!2( h1

ah) iaw A2 (1)
<max{LA (h~ gh)e 'LAaz(g_l)e ap, I }

. iasz“Z (® ian,A“Z (&
=minjL,, (e “Fz ", L, (ge “F2

o Lg Ly
iaw, 2 (19,1 iaw NG

Lag, (L9, hDe < Ly, (@e

Conversely, suppose that

S a
iaw
g, @

iocWZA"‘1 (Lg,hD)
B1 > SAa (9)e ,

Sa, (L9, hDe

and
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LA(IZ LA
iaw h iaw, *2
g, (lg.nD g, (9)

Ls,, (g, hDe

Let g,0 € G be an element. Consider

< La,,(9)e

Sa s
4 al(g—log) -1

_ iaw 0g)
SAal(g logle 4k —SAal(oo g~ og)e

1(oo g

SAq . Sa
awAB “1(0) LawABjtl (lo,gD

= minjS,, (0)e »Saq, ([0, gDe

Sa
a
LawAB 1(0)

= SAm1 (0)e )

and,
i 2(9—10 ) 1. -1 idijaz(oo_lg_log)
LAaz(g og)e = LAaZ(OO g togle k2
o FAa . Lag
( 2( ) )
< max LAaz(O)elaWABZ O)'LAaZ([O’g])elaWAﬁZ [0.g]
. Lag,
(0)

=Ly, (o) 4n2 (5%)

Thus,
iaw, (g7 0g) iaw’, A1 (o)

Sha, (g~ 09)3 B1 2 Sp,, (o)e ‘81 ,Yo,g €G. ©)

and,
iaw, %2 (g og) w292 )

LAaz(g-log)e 4B <LAa2(0)e 482~ ",Yo0,g €G. (6%)

Now,
. SAal i SAal 1 1
SAal(O)elaWAﬁl ()=5Aa1(99’1099_1)emw“31 (99709977
. SAal ] SAa ~
@) 1(,-1

> minfs, (@5 .5, (grog)e ™ N @)

And,
. LA[ZZ i LA[ZZ 1 1
La,, (0“2 @ = L, (997 0gg e "0z 0%
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8100

LAD(Z(

iaw 9) _
Smax{LAaz(g)e 42 ,LA,XZ(Q tog)e

La
iaw , %2(g~1
B2

"N 7

Here. Two cases have to be proved.
Case 1. If

Sag

: 1

iaw (9)
Aﬁl .

iozwflAw1 (9 iaijal (g7 0g)
min{S,, (gle “F1 7,5, (gTrogle = Sa,, (9)e

Then, we obtain

iochAo‘1 (0) i(XWSAal @
Saq, (0)€ 417 =8, (gle " T ,VYo,g €G.
And if
ia:w;Ao‘2 (@ iaw, “?(g7tog) iocw:Aa2 (9)
maxil,, (g)e 2 ~,La, (g7'ogle “F2 =Ly, (g)e P2

Then, we obtain

“az ()

A
| St
L, (0)e 02 ¥ < 1, (9)e "0 vo,g € 6.

This implies that A, , g, ,) 1S @ constant mapping.

Case 2. If

SAal(

, . SAo.'l 1 _ Sag
min SAal (g)eux Ag, g):SAal (g_10g)emwA»81 (g 09)} _ SAal (g_log)euwaBl

Then, from Eq (7) we have

i“WiAal (@ iozwiAa1 (g7 tog)
SAal (O)e B1 2 SAa1 (g_log)e B1 , (8)
and if
. LAIZZ i LAaz -1 ) LA(ZZ 1
max LAaz (g)ela'WABZ (g)' LAaZ (g—log)elaWAﬁz (g Og)} _ LAaz (g_log)elaWAﬁz (g og).

Then, from Eq (7) we have

. Lag
Wa

L
i Aa (g7 %og)
Ly, (o)e .

2 ,
hwﬂgu@w*wkm%z (8")
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In the view of Equations (6,6*) and (8,8*) we have

S

Ag Sa
faw 4 () “I(g709)

Sp, (0)e } = Sy, (g l0g)e” 8

and

Ly
az (-1
wrwAﬁ2 (g7 %0 )

. LAaz
LAaz(o)emWABz (O)} LAa (g rog)e

Hence, A(q, , 8, ,) 1S cONstant.

Theorem 11. Let A(,,, 5, ,) b€ (@12, B1,2)-CIFNSG of group G. Then, the set A(a g, = (X €
G: A(alz,ﬁlz)(x D= A(alz,ﬁlz)(‘d)} is a normal subgroup of group G.

Proof. Clearly thatA(a Bra) @ because id € G. Letx,y € Aéilz,ﬁlz) be any elements. Consider
ionSAOC1 (xy) ochAoc1 ) faw, @1 6%)
Sty G¥)e 4 ZmingS,, (e Sy, (e
) ) iaijal (id) ) iaijal (id)
= minyS,, (id)e “A »Sha, (id)e B1 :

And

iochAo‘2 (xy) iozwLAa2 (x) ioawLAo‘2 ()
La,, (xy)e 62 < max {LAM2 (x)e ‘B2 ' La,, (Y)e 82 }

faw. A% (id) I (id)
=maxjLy, (ide b2~ ", Ly, (id)e “f2 :

This implies that

iaw 54 al( ¥) iawSAU‘1 (id)
Spg, (yde 1 25, (id)e 6
and
. LAQZ . LAQZ .
Lag, Gon)e 2 7 < 1, (idye e 1,
However,
5 Sa
. 1( ) . a1 (d)
St Ge Ao <8, Gid)e M
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and
iawLA“Z (xy) iawLA“Z (id)
La,, (xy)e  “f2 > Ly, (ide "
Therefore,
. SAoc1 . SAoq id . LA(ZZ . LA(ZZ d
Sp. vy e ) =5, (idye' ™ P and L, (xy)e e Y = 1, (idye' ™4 Y.
1 ag ap ay
This implies that
_1 _ .
A(a1,2,31,2)(x ) - A(a1,2:31,2) (id),
SR id
which implies that xy € A(al,z,ﬁl,z)'
Further,
. SAa1 _ . SAa1 . SAa1 .
Sag, 70 O 25, (e e Y = 5, (idye e Y
and
X LAaz . Lag . Lag, .
. law y-1) iaw, “%(y) . iaw, “2(id)
La,, (v De 62 < La,, W)e A = Ly,,(id)e A
However,
iaWSAal (x) iawSA“l (id)
Sng, (e 1 TT <S5, (ide
and
iawLA“Z €3 iawLA“Z (id)
Ly, (X)e Az T > Ly, (id)e 4Bz _

Thus, Aﬁlz,ﬁlz) is subgroup of group G. Moreover, let x € Aéilz’ﬁlz) and y € G. We have

iothAo‘1 (y~*xy) io:wSAo‘1 (%)
SAal v~ xy)e A = SA(,[1 CI
and
2 -1 ay

S H -1 id id H
This implies that y™"xy € A @1 2.B12)" Hence, A(am’ﬁm) is a normal subgroup.

Theorem 12. Let A(,,, 5.,y be an (a1,2, B1,2)-CIFNSG of group G. Then,
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gA(aLzﬁLz) hA(O_,1 Br2) if and if only g_lh € A(Ol1z Bia)

Alar 819 = Alarzps )b ifand if only gh™t € A(alzﬁlz)

Proof. (i) For any g, h € G, we have gA(alz.ﬁlz) = hA(alzﬁlz).Consider,
WAt (g7 h) s
SAa (g—lh) — min {SA(g_lh)ei“WAA(Q_lh),aleiﬁl}
iaw 94 (n) ;
= min {SgA(h)e gA ’alelﬁl}

. g a
iaw 1

h
= gAal(h)e 9461 ®

Sha
= ShAa (h) !
= min {SA(h‘lh)ei“WjA(h_lh), aleiﬁl}

i SA i
= min {SA (id)el“WAA(‘d), alelﬁl}

Sag

. 1 .

iaw (id)
Ap4

= SAa1 (ld)e
and
Ly, (g_lh)eiwﬁ(g_lh) = max {LA(Q_lh)eiasz(g_lh), azeiﬁz}

iaw 94 (n) ;
=max{LgA(h)e g4 ,aze‘ﬁz}

. g az( )
= Lga,, (R)e “oap,

. LhA(ZZ
h
= Lya,, (e 62

. L — .
= max {LA(h_lh)el“WAA(h th), azelﬁz}
. Lp .. i
= max {LA (id)el“WAA(‘d), azel&}

. 2 .
iaw (id)
4B, .

= LAaz (id)e

Therefore, g™*h € A(“lz B12)’

Conversely, let g~1h € A(alz,ﬁlz) implies that

S _1 . SAa1 .
a0y (g7 0 T =, aaye e

and
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8104

Consider, S,

And, LgAlxz

iawAg
Aq, (0)e b1

Lag Ly
iaw, “2(g71h iaw, *2(id
48, (g ) 4B, ( ).

Ly, (g7 'h)e = Ly, (id)e

S Aal s
© =min{SA(g‘lo)el“WAA(g_la),aleiﬁl}

Sa
a (. -1
= SAa1 (g a)e aWA‘Bl (9 0)

. SAay g -1
= Su (g7 ) (h0)e Mgy M)

i SAal —lh Sa (Z]_ h-
> min {SAal (g_lh)elaWAﬁl (g )'SAal (h_lo)elawAB ( )I

A (i)

. S 6{1
= min {SA(Zl (id)elaWAﬁl SA (h_l )e aWAﬁ (h 0)}

SAay 4
= Spq, (R o)e @Wag, ' (n77)

) A
laWhA
= Spag (0)e M6

w94z (o)

i . L — .
(o)e Vg, = max{LA(g‘lo)e‘“WAA(g 1"),aze‘32}

La
awAﬁz2 (g7%0)

= LAa2 (g™'o)e

o Lhay g -1
:LAaz(g_lh)(h_lo)emWAﬁz (g7 h)(n"%0)

(‘1)

iotWLAOC2 (h™%0)

< max ILA (g_lh)

Lag,

. 2 .

iaw (id)
4p;

o FAay g
rLAaz (h_lo)elaWABZ (h O)}

= max {LAM2 (id)e

Ly
iaw Aaz h™
= Ly, (h™"0)e ag, (770)
1y
iocwhAﬁ‘;‘2 (0)

= Lpa,, (0)e

Replace the position of g and h, and we gain

and

Therefore,

Sha Sga @ (5

. aq .
iawy, 4 (0) A
ShAal (o)e < = SgA(,[1 (0)9 Yatp,

L
az . gAlZz
(0) iaw (0)

hA A
LhAaz(o)e B2 < LgAa2 (o)e 9Bz "7,

AIMS Mathematics Volume 8, Issue 4, 8082-8116.
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S
g aq . hAa1
(0) iaw (0)
gA hA
SgAal (0) B = ShAal (o)e F1
and
L
. g an . hAlZz
ia (0) iaw (0)
Wga hA
LgAaz (0)e L = LhAaz (0)e bz :

(i) Similar to part (i).
Theorem 13. LetA(alz'ﬁlz) be an (allz,ﬁl,z)-CIFNSG of group G and g, h, 0, and f be any elements in

G.If 'gA(aLz,ﬁLz) = OA(“1,2,B1,2) and hA(aLz,ﬁLz) = fA(aLz'ﬁLz)’ then gh'A(“Lz;.BLz) = OfA(“Lz;.BLz)'
Proof. Given that gA(, , g ,) = 0A(a,,p,,) ad hAw g )= fAa,,p,) - This implies that

g lo,h"f € Aéilz,ﬁlz)' Consider,

(g~ (of) = 7' (g o)f = h7 (g7 o)(hh™))f = [R™ (g™ o) (MI(RTHS).
As A(a ) is normal subgroup of G. Therefor,
(gh)™(of) € A(alz,gu)
Consequently,
ghA(a’LzﬁLz) = OfA(a’LzﬁLz)'

Theorem 14. Let G /A, , 5,,) = {gA(alz,ﬁlz):g € G} be the collection of all (@ 5, B ;)-complex
intuitionistic fuzzy cosets of (al_z, /31_2)-CIFNSG A(alz.ﬁlz) of G. Then, (x) is a well-defined binary
operation under G/A(,, ,p,,) @nd is defined as gAc, , g, ) * hA(a,, 8, ,) = 9NA(ay, 8, ,) TOr all
g, hEeQG.

Proof. We have gA(,, , 5, ,) = hA(a,,5,,) @0 0A(q,, 3, ,) = fA(ar,.8,,) TOrany o, f,g,h € G. Let

v € G be any element, then

[gA(“Lz'ﬁLz) * OA(aLz»ﬁLz)] (v) = (gaA(a’Lz.ﬁLz)(v)) = (U, 'upaAa(v)e”PpaAﬁ(v)).
Consider,

go aq

iaw v)
SgoA(,[1 (U) gOAﬁ

: iaw 9% () ;
= min {SgoA(v)e goA ,alelﬁl}
. S - ,
= min {SA((go)‘lv)e‘“WAA((go) 1”),ale‘ﬁ1}
o SA( =1 g .
= min {SA(O_l(g_lv))e‘“WA (o 1(g 117))’0[181[31}
iawozzlfl (g7 )

= SoAa1 (g_lv)e
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And,

AIMS Mathematics

LgoAa2 (v)e

iaw 1(g_1v)
= Spaq, (9" v)e fAf’

= min {SA(f_l(g_lv))eiawiA(f_l(g_lv)), (Zleiﬁl}
= mln{SA(g 1(Uf 1))elaWA ( “vf- 1)) aleiﬁl}

faw 10 (o)
= gAal(vf_l)e yAﬁ

o ShAay
_ iaw (vf1)
= ShAal(vf 1)@ hap,

= mln{SA(h 1(17]0 1))elawA ( (v~ 1)) aleiﬁl}

= mm{SA(h v)f 1ezawAA(h y)r—t a elﬁ1}

 SAf 1 —
mln{S lh—l(v))elawAA(f ip 1(1;))’0{16”;1}

mln{ ((hf) 1(v))elaWAA((hf)_1(U)) a elﬁl}

iaw, "Aas ()
:Sthal(V)e “nrag,

L
. goAgl2 L
taw @) iaw goA v i
goABZ = max {LgOA(U)e goA ( )' azelﬁz

L _ )
= max {LA((go)‘lv)e‘“WAA((QO) ) azelﬁz}
CLAf 1, _ _
= max{LA(o‘l(g‘lv))el“WAA(" (g 1”)),0[261&}
- LoAg,
= Loa,, (9_1V)elaW°ABz (g7v)

L tl
Wi 2(g7')

ia
= Lan (g~ v)e

= max {LA (f—l(g—lv))eL'asz(f—l(g—ly))’ azeiﬁz}

= max{LA(g Y(vf- 1))el“WA A(g7 (wr™)) azeiﬁz}
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Law az (vf !
- LgAa2 (Uf 1)

Ly e (o)
= Liag, (0f e M2

= max {LA(h_l(vf‘l))ei“WjA(h_l(vf—l))’ azeiﬁz}
= max {LA(h W)f- 1el“WAA(h W elﬁz}
= max {L lh—l(v))eiaij(f_lh_l(‘U))’ azeiﬁz}

= max {L, (b)) i (O 710, g ef:)

ShfAa,

iawthﬁ2 v)

= Snra,,(V)e

Hence, we concluded that the axiom of associative and closure under the presented binary operation *
are satisfied for the set /A, , s, ,.Further,

. SAa1 Sonc1 . Siddl S.g a1 . SgAal
S laWAB S awAB S l(ZWidB . S lO_’WAB lO_’WgAB
Aale o gAale ! - ldAale . gAale ! - gAale '
iaw 594 ioewiAa1
g
gAale P1 :SAale B1
and
LAO(Z LgAO(Z . LidA(lZ gACKz . LgAaz
LaWAB L CZWAﬁ L laWidﬁ * L laWAB L lanAﬁ
2 2 = L; 2 2 = 2 =
LAOCZ € * gAO(z e ldAlZZ e gAaz € gAaz €
. gAlZz
Law g g L
LgA(ZZ e 2 = A(Zz f

an element of G/A(al,z,ﬁl,z)' So the inverse of every element of G/A(al,z,ﬁl,z) exist if

ga1

law g,
SgAale "o fr € G/A(Cﬁzﬁu)

And

. LgAOLZ
laWAB G A
LgAOCZ e 2 E / (al,Zrﬁl,Z)’

and then there exists an element,

S iangﬁ G/A
g_lAale ! € /(0-’1,2:31,2)'

And

AIMS Mathematics Volume 8, Issue 4, 8082-8116.
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. hTlAg,
lawh_lA
Lh—lA e BZ
such that
S
aw ) 1A0£1 SAal
S g_lAﬁ _ S l(ZWAB
g—lA e 1 —_ A e 1

And

As a result, G/A(ay,p1,) is a group. And is called the CIF quotient group of the G.

Lemma 1. Let m:G — G/A((mﬁ1 ) be natural homomorphism and defined by the rule, m(g) =

9A(ay ,.p,,) With the kernel m = A(a12 B12)
Proof. Let g, h be any elements of group G, and then

taw. I - Sg4a; . Shag,
lawghAﬁ _ LangB lawhAB
m(gh) - ghA(alz ﬁ12) ghAa e 1 = gAale 1 % ShAale .
- gA(al,z'ﬁLz) * hA(“Lz.ﬁLz) = m(g) * m(h)
And
aw A . LgAa, _ Lhag,
h) = ghA — L lOlehAB = langﬁ xL LawhAB
m(gh) = ghA(q,,p,,) = Lgna,,® 2 =L, e » % Lyay e .

- gA(“Lz'ﬁLz) * hA(aLz,p’llz) = m(g) * m(h).
Thus, m is homomorphism. Now,

Kernal g € G: n(p) = ldA(alz ﬁ12)}

=1
{g € G: pA(a’1zﬁ12) ldA(a».B)}
{gecpidyreas , )
{‘g €G: pe A(a12ﬁ12)}

(a1 2,61 2)

Theorem 15. LetA(a Br2) be a normal subgroup of G. If

oAy . Lag
iaw (9) iaw, “?%(9)
Hesatna) = {<g' S, (e Ly, (g)e P )rg € G}

is (cty,2, B12)-CIFSG, then, the (@ 5, B1,)-CIFS.

AIMS Mathematics Volume 8, Issue 4, 8082-8116.
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. . S . L Ld
A(‘h,z.ﬁl,z) = {(gAEiLzﬁLz)'gAal (gAEil,z,/zu)) lawAB (g (a1,2,81, 2)) LA (gAl(iLZ’BLZ)) mWAB (g (@1,2.81,2) )>g 1= G}

of G/A®,

A .
= ; iaw gAY iaw
SAa1 (gAl(Cclh,z.ﬁLz)) "8 ( ( 12 2)> = max {SAal (go)e 461

And

T id
LAaz ('gA(a’LzlﬁLz)

5,,) s alsoa (a,)-CIFSG of G /Aﬁlz

) laWA: (9 (a12B12)) mln{LA (go)e

) where

SA“l(go) e 4
(“12312)

Ly
WA 2(g)
& o€ A(th 312)}

Proof. First, we shall prove that

§Aa1 (gA 2?11,2:31,2))

and

T id
LAaz (gA(aLz'ﬁLz)

- ; id
is well-defined. Let gA P
Now,

c id
SAM (hA (051,2;/31,2)

And,

iAa
) lawA

T id
LAaz (hA (051,2,31,2)

AIMS Mathematics

Bi2) —

Sa
iaw, 1 (h
) e B1

Saq
laWA

(g (@1,2.81, 2))

Lag,[ |
. 2 id
) elaWAﬁz (gA(aLz‘BLz))

hA(a1 £ )then h = go, for some o € A(a Bia)"
Sa
id iaw, “L(hf)
( 12312)) ax{SAal(hf)e 481 feA (alzﬁlz)
Sa
iaw, "1 (go N, .
= maxyS,, (gofle A =of € A(a12ﬁ12)
LawSA Lgc )
=maX{SA (gC) 461 A(a12ﬁ12)}

04 ap1)
iaw 9A(y
(g (a’lzﬁlz)) Ap (12B12)

ld

(a12512)) = min {EAQZ (h'f)e

[’Aaz
iaw h
g, (rf)

f €4 (0512 512)}
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Therefore,

and

is will-defined.

Consider

. LA(ZZ
' iaw (gOf)
= mm{LAaz(QOf)e 462 f € A(a12312)}
iaw 492 (gc )
= min {LAGIZ (gC)e 2 ce A(O-’12 B1 2)}

I:A ( )
_ . iaw
= LAa_'Z (gAI(CClZLZ,BI.Z)) AB ” (al ) ﬁl 2)

. SA(Z1
aw

5_‘A“1 (gAEil,zﬁLz)) € " (gAE(‘i{LZ'ﬁLZ))

ZAaz

o2 (gA Ei1,2,/3’1,2))

iaw

EAO(2 (gAlgcixLz.ﬁLz)) ¢

S_Aal {(gAl(il 2,81 2)) (hAEil 2,81 Z))} e iawjf:l {(gAEil'Z‘BLZ))(hA?;l,z'BLz))}

- SAal (gh (0!12 B1 2)

= max {SAM (gho)e

> max {min

= min{max

e id
= min s SAa1 (gA(al‘ZIﬁl,z)) €

And

AIMS Mathematics

io:wf1
SAM1 (gf)e

Sa
iaw, ¥ gho
ag, ( )

Sag .
1 id
) laWAgl (ghA(aLzﬁLz))

0€ A(“12 B1 2)}

" ah) faw % (he)
B1 ,SAal(hc)e ! } fic EA(a12 Blz)}

. SAal P SA“l
iaw @af) iaw (qc)
SAal (gf)e ABl }’ max {SA()q (qC)e Aﬁl } f € A(“lz B1 2)}

iaija (g ( B ))
A1 i S ( (a12ﬁ12)

) lawflAal( (0!12312))}
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L

. ) Aa id
L, (940 (na V) e' s 0 et (sl

Lag .
- LA“Z (gh (a1,2,81 2)) mWABZZ(ghAE“il,z.ﬁLz))

L a
aw
g, (g)

= min {LA (gho)e A(a1z .312)}

. LAaz . LAIZZ h
< min {max{LAaz (gf)e e O ),LAaz (heye ™46z ¢ C)} freeAl ﬁlz)}
. iaw, %2 gp)| iaw ;2 (qc)
= max ) minjL, (gf)e ‘b2 ,minjL, (qc)e B2 :f,c € A(alzﬁlz)

Ly

_ I .
. an id [ 2 td
_ id iaw , (gA(a B )) a ( id ) iaw , (hA(a B ))
= B2 1,2.81,2 B2 L
max LAaz (gA(aLz,ﬁl,z)) € ! LAaz hA(“l.Z»BLZ) € .

54

. -1 <
C ] -1 iaw, ** Al _ Aqq —1y4id
id Ag <(g (a1,z,ﬁ’1.2)) ) _ -1 4id iaw, (g s ))
SAal ((gA(aLzﬁLz)) )e 1 = SAa1 (g (a12.312)) B1 1,2:81,2

. SAa1
law (g0)
10 € A(alzﬁ )} > max{SAa1 (go)e ‘B

Aay 1
= max {SA(X1 (g_lo)el WAﬁ (67%), ‘0 € A(alz ﬁlz)}

Sa
= §Aa1 (9‘41&,2.&1,2)) l“WAﬁ (9 (alzslz))

And

L ' - Ly )
[ [ -1\ iaw, *?((gA(% _ az(  -1,4id
id Ag <(g (a1,z,ﬁ’1.2)) ) _ ~14id iaw , (g b ))
LAaz ((gA(aLz.ﬁLz)) )e 2 = LAa2 (g (a12ﬁ12)) B2 1,2:81,2

La
aWABaZ( -t ) “2 (go) id

=min{L, (g 'o)e 0 € A <min{L, ( o)eiaWAﬁz :0€EA
Aay 9 (a12B12)( = Ay 9 ) (a1,2.81,2)

- LAay( i
_ , A
- LAaz (gAl(?hz B1 2)) elaWABZ (g (“1,2.51,2))-
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Remark 5. 'fA(alz.ﬁlz) is an (allz,ﬁl,z)-CIFSG of agroup G, let g € G and

Saq S4
. 1 . aq

aw gh Law g
g, (gm g, )

Saq, (gh)e = Sa,,(9)e
and
L'ochAo‘2 (gh) L'ochAo‘2 @
La, (gh)e 462 7" =1L, (g)e 2,
for all h € G then
. SAa1 . SA(x1 d
Sag, )¢ 0 P =5, (id)e e Y

and

La, La
iaw, 2 iaw, *2(id
g, ®» g, ( ).

La,, (D)e = Ly, (id)e

Definition 15. Let A, , 5,,) be (1,2, B12)-CIFSG. Then, the cardinality of the set G/A(ay,5,,) Of
all (allz,ﬁllz)-complex intuitionistic fuzzy left cosets of G by A(alz.ﬁlz) is called the index of

(cxllz,ﬁllz)-complex intuitionistic fuzzy subgroup and is represented by [G: A(alz,ﬁlz)]'

Theorem 16. ((ay 2, B1 2)-Complex intuitionistic Fuzzification of Lagrange's Theorem): Assume that
a (1,2, B1,2)-complex intuitionistic fuzzy subgroup A, , s, ,y of finite group G. Then, the index of
(@12, B1.2)-complex intuitionistic fuzzy subgroup of G divides the order of G.

Proof. By Lemma _l, Define a subgroup M = {x € G:XA(q,,p,,) = idA(al_z'ﬁm)}. Using the
Definition 13 x € M and v € G, we have xA(alz,ﬁlz)(”) = idA(alz,ﬁlz)(”)- This implies that
Algy 1) F V) = A, 5, ,)(¥), by Remark 5, which shows that x € Alélz.ﬁlz)' Therefore, M is

. - id id N, id -

contained in A(al,z.ﬁl,z)' Now, we take any element x € A(al,z.ﬁl,z) and using the fact A(al,z.ﬁl,z) IS
subgroup of G, we have A(alz,ﬂlz)("_l) = A(a,,.p,,)(id). From Theorem 13, the elements xLve

Aé‘fmﬁlz) , Which means that xA, , g ) = idA(q,,p,,), Which implies that x € M . Hence,
A e o id

(1,2,812)"

Now, we define the partition of the group G into the disjoint union of right cosets, and this is defined

as G =s M

Aé‘élz ) is contained in M. From this discussion, we can say that M = A

U s,M U -+ U s (i)

where s; M = M. Now, we prove that, to each coset s;M in relation (i), there exists an (a; 3, f12)-
. aym - . . ld - . - - . -
complex intuitionistic fuzzy coset SJ'A(al,z.ﬁl,z) in G/A(al,z.ﬁl,z)’ and this corresponding is injective.

; id id
Consider any coset s;A(, , g - Letx € Af, o, then

AIMS Mathematics Volume 8, Issue 4, 8082-8116.
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m(ij) = S]'XA(lh,z'ﬂLz) = SjA(a1,2.31,2)xA(6¥1,2rﬁ1,2)
= SjA(“1,2'B1,2)ldA(aLz’ﬁLz)
= SJ'A(fXLz'ﬁLz)'

Thus, m maps each element of SJ'AEC;(“ ) into the (al,z,ﬁl,z)-complex intuitionistic fuzzy coset

SfA(“1,2»ﬁ1,2)'
Between the set G pid and s;A(q, ,5,,)»1 <J < k a natural correspondence m can be
(a1,2ﬁ1,2) ' '
defined by

— id _ .
m (SfA(aLz.ﬁl,z)) = SJ'A(a1,z.ﬁ1,z)’ 1<j<k

The correspondence m is injective.
For this, let SiA(aLz.[)’Lz) = SlA(aLz,ﬁ’Lz)’ then Sl_lSiA(al,z;ﬁl,z) = idA(“Lz'ﬁLz)' By using (4), we

-1 7 ; id — o pid = e ioiant ; ;
have s; *s; € M, which means that SiA(al,Z'ﬁl,Z) = SlA(al,Z'Bl,Z)’ and hence m is injective. It is quite
; ; . pid ,
clear from the above discussion that [G.A(al’zﬁl’z)] and [G.A(%Z,BLZ)] are equal. Hence,
.oald ]
[G'A(al,z,ﬁl,z)] divides 0(G).

5. Conclusions

The concept of (1,2, £1,2)-CIFSs was introduced as a generalization of («1,2, £1,2)-CFS and
classical CIFS. Then we defined (1,2, 1,2)-CIF Subgroup and studied its algebraic structure. In
order to establish Lagrange theorem under (1,2, £1,2)-CIFSs, we introduced the notion of (al,2,
B1,2)—CIFS cosets. A special type of subgroup, named (1,2, $1,2)-CIFNSGSs, is created by using the
notion of cosets under (al,2, 81,2)-CIFSs. Moreover, we established an (al,2, £1,2)-complex
intuitionistic fuzzy quotient ring induced by (a1,2, 81,2)-CIFNSG. As future research, we may use
our concepts to improve the assessment and prioritization method of key engineering characteristic for
complex products [53]. Also can be employed current concepts in decision making problems and
machine learning algorithm [54] to enhance the results in both references [53,54].
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